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ABSTRACT

Flows of a perfect fluid in which the flow-lines form a
time-like shear-free normal congruence are investigated.
The space-time is guite severely restricted by this con-
dition on the flow: it must be of Petrov Type I and is
either static or degenerate. All the degenerate fields
are classified and the field equations solved completely,
except in one class where one ordinary differential equa-
tion remains to be solved. This class contains the
spherically symmetric non-uniform density fields and
their analogues with planar or hyperbolic symmetry. The
type D fields admit at least a one-parameter group of
local isometries with space-like trajectories. All vac-
uum fields which admit a time-like shear-free normal con-
gruence are shown to be static. Finally, shear-free per-
fect fluid flows which possess spherical or a related
symmetry are considered, and all uniform density solu-
tions and a few non-uniform density solutions are found.
The exact solutions are tabulated in section 7.

8(1): INTRODUCTION

Non-degenerate vacuum fields admitting a shear-free normal con-
gruence of time-like curves were considered by Trilmper [I] and were
shown to be static. It is interesting, therefore, to investigate
whether this result can be generalised. It is found that this is
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the case for degenerate vacuum fields and non-degenerate perfect
fluid fields. In the latter case the generalisation -depends essen-
tially on the fact that the stress tensor is spatially isotropic.

If the mean dynamical velocity, energy-density, and pressure are
denoted by u®, n, and p respectively, the energy-momentum tensor
can be written as

Tap = wuaup + phab, (1.1)

where %Zgp is the projection tensor into the infinitesimal three-
space orthogonal to u2, defined by

hab = gab + Ualb. (1.2)
Equation (1.1) represents a vacuun field if p = -u = A, where A is
the cosmological constant. The field equations, Ra}y - ZRggh = Tabs
become
Rip = 3(u + 3plugup + 3(u - plhap, (1.3)

where units are chosen so that 871G = ¢ = 1.

The tensor ug;p may be split up as follows [2]
1 .
Ugsb = Wab + 0gp t ?3‘ ehab = Uglp, (1.4)
where

w(ab) = 0[ab] = wab? = oapuP = pub = Py = 0.

The kinematic quantities wz}, 0szn, 8, and &; represent respectively
the vorticity, shear, volume expansion and acceleration of the flow.
The conservation equations, Tab;b = 0, are

haPp b + falp + w) = 0, (1.5)

U+ (p+uo =0. (1.6)

The following propagation equations for the kinematic quantities
defined above may be obtained [3-5] from the Ricci identity,
=ldR
Ua;[be] T 2% fdabe>
and the field equations

2

8 + %-e - 0®a + 2062 - w?) + I(n + 3p) =0, (1.7
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. . 2
hachbdwcd - hachbdu[c;d} + 20d[awdb} t3 Bwgh = O, (1.8)
hachbdécd - hachbdﬁ(c;d) - latp + wadwdb + Uadodb

L 2 2 N
+ %-ecab + %—hab(Q(w -07) +4%c) + Egp =0, (1.9)

Wlabse] = “[aze¥b] - “[avbe] = O, (1.10)

hab(wa;C - cbc;c + %— 8sD) + (w8 + o3P = 0, (1.11)

Zﬁ(awb) + hcahdb[w(ceéf + 0(ce3f]nd)gefug = Hap, (1.12)

where Egb and Hah are respectively the 'electric' and 'magnetic'

parts of the Weyl tensor with respect to u2, and are defined by
Egp = Cacbducud:

and

Hab = InacesC®Tpqucud,

the Weyl tensor Capog being defined by the equation

b . pab . _ b Lsa b
oy = B g - 26[3 [ RPgy 4 5 63604 R.

The Bianchi identities, Faplcd;e] = 0, are equivalent to the
equations

cabccl;d - gelasb] % gc[aR,b}' (1.13)

Equations (1.13) are equivalent to the conservation equations
(1.5,6) and the sixteen integrability conditions [3-5]:

1
hbaEbc;dth + SHabwb + nabcduboceHde = g-u’bhba, (1.14)

il

hbaHbc;dHCd ~ 3EgpwP + nabcdubdceEde (0 + plug, (1.15)

hcahdbﬁcd + hf(anb)cdeuchd5e + Eapb - 3E°(50h)c *+ ... (Cont)
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+ habEchCd - ES(atb)e + QHd(aﬂb)cdeuCT:ie (Cont)
= - 1y + ploap, (1.16)

heahdp ey - hf(anb’cdeucEfdie + Hap® ~ 3HC(30b)e

+ habHchCd - HC(awb)c - 2Ed(anb)cdeu°ﬁe = 0. 1.17)

§(2): SPACE-TIMES ADMITTING A SHEAR-FREE NORMAL CONGRUENCE

If the vorticity vanishes a congruence is called normal and the
vector u@ is hypersurface-orthogonal [6]. If in addition the con-
gruence is shear-free, coordinates may be chosen [I] so that

Py = P2 (2 )yuv (), 2.1)
and consequently the metric may be written as
G = P 2y pdetday - V2 (22)dt?, (2.2)

where Greek and Latin indices run from 1 to 3 and 1 to 4 respec-
tively. The expansion and acceleration of the flow are given by

6 =- 3N, dy = VIV, (2.3)

where a prime and a single stroke represent respectively differen-
tiation with respect to ¢ and xM.

It follows immediately from equation (1.12) with wgb = ogh = 0,
that Hgh = 0, and consequently that the space-time is of type I
with vanishing eigenpseudoscalars. If (ep2,u2) is a tetrad of Weyl
principal vectors, we may write

3
g = ) uAeAaeAb. (2.4)
A=1

This result, which does not depend on any assumption concerning the
energy-momentum tensor, was proved by TrUmper [I6], using different
methods.

Attention will be confined from now on to shear-free normal flows
of a perfect fluid. With the aid of equation (2.3), Raychaudhuri's
equation (1.7) and equation (1.11) become

1

_ 12 _ 1
v lvlu"u—a[g—] + 3V l[%] = 1(u + 3p) (2.5)
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and

6y =0, i.e. 8 =6(8), (2.6)

where a double stroke denotes a covariant derivative taken with the
metric Ayy. The remaining field equations are [I]

~ - l2 _lPl'
Ru, -V lV'””v + [SE%J -V Eiﬂ ]duv = 3(u - pisHy,, (2.7)

where éuv is the Ricci tensor of 7%yy,. The equations for the prop-
agation of vorticity (1.8) and shear (1.9) are respectively

. 1l .

Ula;b] t U[aup] * g‘eu[aub] =0, (2.8)
3 2 1,2

Byy = Ryy= 5 = 3 07 Ayy = Py, (2.9)

where Py, is the trace-free part of ﬁpv- If the acceleration is
Fermi-propagated along 22, i.e. if Blaup] = 0, it follows that

(ﬁ[a - % eu[a);b] = 0, and the space-time admits a conformal Kil-

ling vector, or, if 6 = 0, a Killing vector parallel to u@ [2].
From equation (2.9) it follows that the Weyl principal vectors are
eigenvectors of Ry, with eigenvalues

2 1 .2
ap + 3 (n 38 ).

If tetrad components of equations (1.14-17) are taken with res-
pect to a Weyl principal tetrad (ep@,u®) and the summation conven-
tion is suspended, the following equations are obtained:

1
oap.a + ) (ap - ap)yapp - 5 H.A = O, (2.10)
D

ap.uac + (a¢ - eadycay + 8opdac = O, (2.11)

Yi23lay = @) = yp31lap = ag) = v3y5(a3 = 03) = E, say, (2.12)

-1
ap,c - op.ct (oc - eplyers ~ (ac ~apdycan + 2V "V, clap - op) =0, (2.13)

where a dot signifies a tetrad component of a covariant derivative,
upper case Latin indices run from 1 to 3, and the y's are the Ricci
rotation coefficients of the tetrad. Equation (2,11) is equivalent
to the equation (P‘lPuv)' = 0, and with the aid of equation (2.3)
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we obtain
3g, (2
= P Bplx?), (2.14)
(ag - aplyeay = O, for A4 C. (2.15)
Since oy = wgy = 0, it follows from equation (1.4) that

YusB = O, Y4AA = Y4BB: for 4 4 B.

For non-degenerate fields it follows from equations (2.12,15) that
the Ricci eigenvectors are Fermi-propagated along u® and that either
all or none of the eigenvectors are hypersurface orthogonal. For
degenerate fields the following theorem is valid.

Theor. 1. A degenerate field contains a Weyl principal
tetrad which is hypersurface orthogonal.

Proof: For type D fields we may choose aj = ap, without loss of
generality and from equations (2.12,13,15) it follows that

Y314 = Y234 = Y312 T Y231 = Yyll T Yu22 = ¥311 " Y322 =0.(2.16)

The vectors ela and e»® are only determined up to a rotation of the
form

812 = e1%cos ¢ t ep¥sing, &% = - e13sin¢ + epdcos ¢ .(2.17)
Equation (2.16) is unaltered by this rotation, but since
Yiou = viou * b.us Y123 = Y123 * 9.3,

Y154 may be set equal to zero by means of a suitable rotation. If
v123 # 0, it may be made so by means of a time-independent rotation
of the form (2.17). This can be seen as follows: the orthonormal
triad (na¥) of the auxiliary metric yyy(@*) defined by ngH = P~ lepv,
nay = Pepy, is time-independent (since ycay = 0) and hence so are
1ts rotatlon coefficients Tppc. The rotation coefficients are rel-
ated to those of (egH) by the equation

vaBc = FTapc * 28¢[aP:B]- (2.18)

where P,g = P,jnp?. Hence P31y = Tp31 = 0, and yip3 = PT323, and
since under the rotation (2.16) T'ipg = T193 + ¢:3, Yip3 may be set
equal to zero by a suitable time-independent rotation. For the

conformally flat case it follows from equation (2.8) that P v = 0,
and consequently the space cross-sections are of uniform curvature
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K(t) [7], and coordinates may be chosen so that [8]

P=aqa+ 8r2 - 2r.a(t), Yav = Spus K = 4(aB - a2), (2.19)

where r = z1i + %2j + 23k, and o, B, and a are functions of £. The
coordinate vectors, P~1642, and the velocity vector u® are hyper-
surface orthogonal.

Since the vectors are hypersurface orthogonal, coordinates may
be chosen so that

hpdaidz” = P21 Hazl)? ¢ (€¥2422)7 4 (¥3d2%)%),  (2.20)

where vy = yA(xA). The coordinate vectors are Ricci eigenvectors
and they and the rotation coefficients are given by

epd = Pe Yhsp3,  yppc = 0,
for A4,B,C 4. (2.21)
vaBp = Pe "A(yp - logP) ads?,

From equations (2.13,14,18) it follows that
(Ba - 8pl:c + (Bc - Bp)Tepp - (Be - BadTcaa
+ 2(By - 8p)(logPV}.c = O. (2.22)

The only term involving ¢ in this equation is logPV and consequent-
ly if the space is non-degenerate, it may be deduced that PV = f(x})
g(t). After a suitable redefinition of vy,y, ¢, and V, we see that
the metric (2.2) is of the form

G = Plyyy (@ )datda - de?). (2.23)

The metric admits a conformal Killing vector and from equation

(2.8) it follows that #j5up] = 0, and hence that 1= A(z) + B(E).
Consequently we have proved that a non-degenerate perfect fluid field
admits a conformal Killing vector parallel to the flow. A theorem
of Trilmper [1], which states that a vacuum space-time admitting a
conformal Killing vector is either conformally flat or static, may
be generalised immediately to include the case of a perfect fluid
field in which the flow-lines are parallel to a conformal Killing
vector field (since the only additional term in the field equations
is proportional to vy,). Hence the following theorem is valid.

Theor. 2. A non-degenerate perfect fluid field in which the
flow-lines form a normal shear-free congruence is static.
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Degenerate fields will now be considered, the conformally flat
ones in section 3 and those of type D in sections 4-6.

§(3):CONFORMALLY FLAT SPACE-TIMES
Since Eyy = 0, it follows from equations (2.7,8) that

1
AT 3 lenxauv = 0. (3.1)

It may be deduced from equations (2.3,19) that the metric can be
written in the form

G = (a + Br2 - 2r.a) 2{dr? + p2(do + sinZ0de2)} - V2dt2,  (3.2)
where

{o' + B'r2 - 2r.a'}
(o + Br2 - 2r.a)

y=-2
b

where a, B and a are functions of ¢ only and where three-dimension-

al vector notation has been used for conciseness. V satisfies equa-
tion (3.1) identically and from equations (1.6) and (2.8) it follows
that the energy-density and pressure are given by

W= oK+ 30° =12 - a0) + 5 67, (3.3)
- - 1.2y 1 L2y
p = (8K+36) eV(31<+39). (3.4)

The metric (3.2) admits no Killing vectors in general since four
functionally independent invariants may be constructed from u, p
and their derivatives if the rank of the five functions a, 8, a(%)
over the real constants is four or five. If the rank is three,
only three invariants may be so constructed and there exists a
space-like Killing vector. If the rank is two, the isometry group
is of dimension three with two-dimensional space-like trajectories.
The spherically symmetrical members of this class were obtained by
Thompson and Whitrow [9]. The metric may be written in the form IB
(see Table) with y given by equation (6.5). If the rank is one,

V = V(t) and the flow is geodesic and the solution is one of the
Friedmann models [3].

If 6 = 0, the above analysis is not valid. However, coordinates
may be chosen so that P = 1 + 1kr? where K is a constant. V is
given by equation (3.1) and on integration it follows that

_ fate) + B(£)r” + r.a(£)} . (3.5)
(1L + 3kr?)

i4
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The energy density and pressure are given by
1
w = 3K, p=-23K+ V(QK + 4g). (3.6)

If the rank of the functions a, B and a is greater than two, the
dimension of the isometry group is the same as in the corresponding
case with 6 $ 0, If the rank is two, the metric admits a three-
dimensional isometry group acting on two-dimensional space-like
trajectories of constant curvature. The spherically symmetrical
members of this class are the interior Schwarzschild metric with
time-dependent pressure [10,11]. If the metric is static (i.e. if
the rank is one) the metric is equivalent to that obtained by Step-
anyuk [12] and admits a four-dimensional isometry group [13]. If
p % constant, this group is complete. If, however, p = constant #
-1 the solution is the Einstein universe and admits a complete
seven-dimensional group. If p + u = 0 the space is an Einstein
space and being conformally flat is of constant curvature [7] (i.e.
it is one of the de Sitter universes).

If the rank of the functions is one or two, the metric may be
written in one of the following forms

G = (k - °) Tdr® + pld?

]

- D() + Bk - ke2)RYoar? for X 40, (3.7)

G = dr® + r2(d6° + sin%0de?)

- {E(%) + D(£)r2)de? for X =0, (3.8)

where do? = do? + f2(0)d¢? with f(0) = sino, 0, sinhe, for k = +1,
0, -1, respectively. The energy-density and pressure are given by

- ax + 22X for K40, (3.9

W = 3K, p 7

nw=_0 P =>%g,, for XK =0. (3.10)

Finally, it is noted from equations (3.7-10) that all static
conformally flat perfect fluid fields with non-negative density
are spherically symmetrical.

8(4): SPACE-TIMES OF TYPE D

With the aid of equations (2.20,21) it follows that the integra-
bility conditions are equivalent to the equations:

(o - % w).3 + 3alye - logP) 3 = 0, } (4.1)
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1 3 4
(o + 5 u) ot 3 alyg + log[ﬁ]).c =0, (4.1)
1
(a - 3 u).c + 3a(logW).c =0,
where ¢ = 1,2, and @] = ap = -2a3 = -2a. It follows from equation

(2.14) that P can be chosen equal to al/3 in these equations and
hence it may be deduced that

- A A - 3
G=a 2/3(e2y(x )d02 N 82y3(x )(dm3)2 - v3+2Z(x ’t)dtz), (4.2)

where do? is a two-dimensional metric involving @l and 22 only and

1
@ W3, , (4.3

O~

Yi3 =

1/3 -1 1
(loga™ "V)jc =3 @ Hc=- 5 Y3.Ce 4.4

Ol

The conservation equation (1.5) becomes
-1
Py ==V Valp + ), (4.5)

and it is easily seen that since V 4 V(t), otherwise Ey, = 0,
p = p(V,t), o= u(V,t). (4.6)

The volume expansion is given by

8(t) = - (a1 Tal. 4.7)
It follows from this equation and (1.6) that if 6 = O,

o = a(mx), u o= ulx?).
The fields may be divided into four invariant classes:

I. we=u(t); II. u=uxd,t); III. u = u(zl,x?,8);

IV. p = p(xl,x2,23,¢).
Class I may be subdivided into four invariant subclasses defined
as follows:

A. a = constant;
B. o = a(x3,£). i.e. the hypersurface, a = constant, contains
the space-like eigenblade of the Weyl tensor;
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€. o = alzl,z?), i.e. the hypersurface, a = constant, con-
tains the time-like eigenblade of the Weyl tensor;

D. o = alxl,z?2,23,£), i.e. the hypersurface contains neither
eigenblade.

This classification generalises that of static perfect fluid and
vacuum fields [13,14].

Clase T
Since u = u(¢), the conservation equation (4.5) can be integra-
ted to yield

p+ =200 (4.8)

From equations (4.2-4) it follows that the metric may be written
as

27.(x3,t)
e

6 =a?%? + (ax®)? - a?). (4.9)

Class IA

For this class it can be shown that p + 1 = 0, and that both the
eigenblades of the Weyl tensor are two-dimensional spaces of con-
stant curvature u. Consequently the metric is [13,15]

¢ = T(u)(do? + £F2(0)do? + (ded)? - Fad)as?),

where f(8) = sin6, 6, sinh o, and I(u) = v, 1, -uL, for u > 0,
=0, <0, respectively. The invariant « is given by a = -2u/3, and
for u = 0 it is easily seen that the space is flat. For u % 0, the
space is static and the complete isometry and isotropy groups are
of dimension six and two respectively.

Class IB

As a = a(x3,t), the metric (4.9) can be expressed as

G = Rz(z,t){do2 + z_QdZQ} - Vz(z,t)dtz, (4.10)

by means of a coordinate transformation of the form z = z(x3). The
field equations are

2
s (1-k R V,aR,3J —Q{R" or1? V'R'J

- = + Vo — +
R2{ z2 R VR R B2 VR

=2 - p), (4.11)
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2
- _Z__[VI33 L i3 2Riss 2R 2R, 3° _ Vlal?la)
B2( v vz R Rz B2 VR

2
_2 " 2R' 1 1
+V [R—R— +_R_2—ZT-/%) = 3(p - p), (4.12)

2
2 V V V _ R! Vl Rn
——L—Lﬁé +-—L§El§ + _;E] + 3V 2[ ] = 2(u + 3p), (4.13)

R v TR Va RV R

3R'
[WJ@ = 0. (4.14)

It can be deduced from equation (4.11) that the Gaussian curvature
k of do? is constant and consequently coordinates can be chosen so
that do? = d62? + £2(9)d¢2, where f(6) = sin®, 0, sinh0, for k = 1,
0, -1, respectively. If 8(¢) =0, i.e. if o = a(z), it follows
that in terms of curvature coordinates the metric can be written

as

G = p2de® + WP (m)dr® - V(p,t)dt?. (4.15)

Integration of the field equations yields [13]

W2=k- 2 w? - oot (4.16)
v = WB(t) + A(t)fr(k -2 w? - e 2. (4.17)
The pressure is given by equation (4.8) and o = -omr~3., Ifm=0

the space-time is conformally flat and the metric reduces to the
form (3.7). If A(t) is proportional to B(£), the field is static,
and, in particular, if A(£) = 0, the metric represents a static
vacuum field, and it is the exterior Schwarzschild line-element
with cosmological constant or a related solution possessing planar
or hyperbolic symmetry [70,17]. If a = a(z), it follows from equa-
tion (4.7) that either V = V(t) or o = constant As V % V(¢),
otherwise Eyy = 0, it follows that a = constant and that the fields
belong to class IA. The cases with a = a(z,%) will be considered
in section 6.

Classes C and D

For these classes oa,c % 0 for ¢ = 1,2. The field equations
(2.7) become

-1/3, 1/3
(a

H -2, 7
Ru\) + 2a )uu\) - e (e )uu\) = 4 (Cont)
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- 1 2 t7
o {52

- aZ/Se-Z(u—Q/SeZ)‘Y”Y guv = 0, (4.18)

where Ruv and 1 denote the R1cc1 tensor and covariant derivative
of the metric guvdxﬂde = do? + (dx3)2. From equations (4.7,18)
with u = 3, v = 1,2, it may be deduced that

v o8 x(el,?) + ¥(@3,E). (4.19)

For w,v = 1,2, equation (4.18) is equivalent to the equation

A =
Xy ~ 1x! ixduv = O

and consequently the metric do? is of the form [14]

do? = £l + f£de2, (4.20)

where f = f(X).
Class C

As o = af{zl,z2), after a translation of the coordinate X, Y may
be set equal to zero. It can be shown [I3] that p + u = 0, and

= (k - % uxQ - me_l) dx + (k - %-uxQ - me_l)d¢2

+ x2(dz2 - f2(z)dt2), {4.21)

where Ff(z) = sinz, 2z, sinhz, for k = 1, 0, -1, respectively. The
time-like eigenblade of the Weyl tensor is of constant curvature
and the solution is static. The complete isometry and isotropy
groups are of dimension four and one respectively.

Class D

Only three of the field equations are not identically satisfied:
the (3.3) component and the trace of the equation (4.18) and Ray-
chaudhuri's equation (2.5). These equations are equivalent to

(X + 12,35 + Z,5° - 3F"(X)) - 27, 45 + £1(X) = 0,  (4.22)

(X + Y)Q(Z,Sg + Z,32) - 20X + ¥)(¥,53 + Y,32,3 + 2f") + ..(Cont)
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2 2 =27
33X v ) =p (X 20X+ DY\ yZyle 7T, (4.23)

2Z

(Y33 + ¥,32,3 - Y,uZ,5e 220X + 1) = 3(u + p) = ¥, (4.24)

From equations (4.8,24) and the equation

v o= (x + 7) L,

it may be deduced by equating coefficients of X that
-Z
Yy =0, _Y,33-_Y|3213=A(t)e .

Consequently the volume expansion is zero and the analysis of [13]
shows that

G = (x+ Y)—2{f:ldX2 + £do% + g H(yyar?

- g(I(B(E) + A(t)Jg—S/QdY)thQ}, (4.25)

where

fix) = ¢ X o+oex+ d, g(X) = - f(-x) - % u,

with X + ¥ > 0, and o = #(X + ¥)3, The field is static if A(%£) is
proportional to B(%), and in particular if A(¢) = 0, the metric
represents a static vacuum field. The complete isometry group is
Abelian and of dimension one or two.

It has been shown that all fields of classes A, C and D with
p+u =0, i.e. vacuum solutions with a cosmological constant, are
static. This result is also valid for class B since the proof of
Birkhoff's theorem [18] generalises immediately to include the
cases with planar or hyperbolic symmetry. Consequently the follow-
ing theorem is valid.

Theor. 3. A vacuum space-time admitting a shear-free normal
congruence of time-like curves is static.

8¢5): CLASSES TI-IV (VARTABLE DENSITY)
Class IT

In this class u = u(x3,t) and consequently it is easily seen
from equations (4.3,4,6) that V = Wx3,t), p = plx3,t), a = alxd,t),
vy = y(x3), and vz = v3(x3), and by means of a coordinate transforma-
tion of the form 2 = Z{x3), the metric may be put in a form identi-
cal with equation (4.10).



ON SHEAR-FREE NORMAL FLOWS OF A PERFECT FLUID 119

If 8 = 0, it follows that o = a(z), and that the metric may be
written in the form (4.11) with

r
W2k - ij u(r)rgdr - 2mr l,
r
6]
r
a = l-r SJ u'(r)rsdr - 2mr 3.
8 6]

The remaining field equation for the function V cannot be integrated
in closed form except in special cases. This class contains the
static spherically symmetric fields which have been considered ex-
tensively [219-2I], and their generalisations with either time-dep-
endent pressure or planar or hyperbolic symmetry. The general case
with o = a(2,£) will be considered in section 6.

Classes III and IV

Since uw ¢ $ 0, for € = 1,2, it follows that V,c ¥ 0. As the coord-
inate vectors in equation (4.2) are eigenvectors of the spatial
Ricci tensor Ay, it follows that B3¢ = 0, and from equation (2.7)
that V'3, = 0, i.e.

) -3
(Vize ")ic - By3Vice =0, .1
-8
(BISQ )lC =0, (5.2)
where for simplicity we have written
- - - -1
P a l/aey, b =a 1/32Y3, Vo= o H/87EYsE
Integration of equations (5.1,2) yields
-8
Bige = hlz,t), (5.3)
Vg S = nz, 0V + 2(2,8), (5.4)

where % and % are arbitrary functions of integration.

From equations (4.4,6) it follows that
Y3|[CV}b] = al[Cvlb] = 0, for b,ec = 1,2,
and consequently from equation (5.1) that

Vigri¥i21 = Ysy3[1¥s12] = 9
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where the last index 3 is not included in the antisymmetrisation.
On integrating the last equation it follows that v3 = y3(f(xl,x2)
x 3y, and on making the coordinate transformations, ZX = X = f(zl,
®2), 3 = x5, that y3 = y3(X,z). It is easily seen from equations
(4.4,6) that

= V(X,Z,'f/'), Y = Y(st)5 a = 0L(X>Zst): u = U(stst),

If the coordinate z2 = ¢ is chosen so that the xl- and x2-lines
are orthogonal, the metric can be.written in the form

¢ = 2Pa2(x,0)dx% + B2(X,8)d6°) + e2%dz% - vPas’.

Since the space is of type D it follows that B, and consequently
V!'¥,, are proportional to &M, for u,v = 1,2. Hence

-3 -28
A AoV e =0,

-28

(V,1e 2®),p - @Tta,q + BBV, %% = 0.

Consequently, 4,,= 0, and B = B(X)g(¢). By means of coordinate
transformations of the form ¥ = X(X), § = §(¢), A(X) may be set
equal to B(X), and on redefining B as B + logd, the metric becomes

G = 2Pt g2 | gy?y ¢ 28KZ )02 L 2y 5 00att. (5.5)

The equations Bl = R25 and v'1,1 = V'2,2 become, on integrationm,
q! 1 2 1 u

§-28

71 %P - pla,e), 6160 %P = glse), (5.6)

where f and g are arbitrary functions of integration and f # O,
otherwise V,; = 0. It follows from equation (5.6) that

b = mlz, 07 + k(z,8), (5.7)

where m = g/f and k is a function of integration.

If B, V3, u and 6 are eliminated from equation (5.1) with the
aid of equations (4.3,4) and (5.3,4,7) it follows that

»

1 2
Vll[g V{ZZ,3m - m3 " 32 m}

+ 3 {2Z,3k k.3 - 6m£k} - szV’l] = 0.
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As V1 4 0, it may be deduced that either

k =0, 322m - 2Z,am - my3 = 0.
or

2 =0, my3 = 2Z,3m, ki3 = 22, 3k. {5.8)

In the former case it may be seen from equations (4.4,5,7) that
ysic = wyc =0, € = 1,2, and consequently such fields do not belong
to classes III or IV, but to classes I or II. Hence equation (5.8)
is valid. It follows from equations (5.3,4) that B3 = V" 1V,3,

and hence V2 = H(X,t)e?B, or equivalently

e Y37 L H(X,t)e—QZ(Z’t).

Since the left-hand side of this equation is independent of ¢ it

can be deduced that eZ = C(t)eZ(Z). Consequently the metric (4.2)

admits a conformal Killing vector and is therefore static. All
the functions in equation (5.5) may be made independent of ¢ and
the analysis of [13] applied to obtain the following solutions.

Class IIT

G=1(n+ mx)_Q{F_lde + chp2 + dz2 - xzdtz},

with

F=Fx)=>b+ c(n210gx + 2mnx + %msz),

where x > 0, m = 1,0, and n, b, and ¢ are constants. The pressure,
energy-density, and the invariant o are given by

2p = cx_2(n + mx)e(n - mx) + 2mim - %?)F,
2u = cx_Q(n + mx)s(n + 3mx) - 6m2F,

1 -2 3
a = = = new (n + mx)™ .

If ne = 0, the space-time is conformally flat. If nec % 0, it admits
a complete three-dimensional Abelian isometry group.

Class IV

G n_z(z){F‘ldx2 + Fd¢2 + dz2 - x2dt2},

with F = F(x) = ax2 + blogz + ¢, and n = Asinvaz, 4z, Asinh/(-a)z,
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for a > 0, =0, <0, respectively, and where a, b, ¢ and 4 are con-
stants. The pressure, energy-density and o are given by

2p = 64%I(a) + bn’x 2, 2u = - 64°I(a) + bn’x 2,

where I(a) = 1, Ia!, for a = 0, a ¥ 0, respectively. The complete
isometry group is two-dimensional and Abelian. '

8(6): CLASSES 1B AND 11

We recall that the space-time possesses spherical, planar, or
hyperbolic symmetry and that for class IB p = u(¢), whereas for
class IT u = u(z,t), with 1,3 # 0. On equating the left-hand sides
of equations (4.11,12) and integrating, it can be seen that

1

zQRZZ - 22%R 'R,% 4 2R, + KR + b(3) = O,

where b is an arbitrary function of integration, or equivalently,
writing y = R71,

22yzz + 2yz - ky = b(z)y2 (6.1)

From the field equations (4.13,14) it is easily seen that

g = n,3 = 26" ()R 3 (6.2)
o =2pR"° (6.4)
v = 3(eR) 1R, (6.4)

If b = 0, the space-time is conformally flat and equation (6.1) is
easily integrated to give :

y = A(t)z_l + B(t)z, for k = 11,

0, (6.5)

y = A(£) + B(t)logz, for %k
y = A(t)coslogz + B(t)sinlogz, for %k = -1,

where A(¢) and B(%) are abitrary functions of integration. The
energy-density is given by the equations

- %—62(75) = 1248, -8B%, -3(42 + B°),
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for k = +1, 0, -1, respectively. These solutions are special cases
of those obtained in section 3, but those with ¥k = 0 and k = -1 are
expressed in a different coordinate system. The spherically sym-
metric solutions (i.e. kK = +1) have been used by a number of authors
[9,22,23] to investigate the motion of spheres of uniform density.

The fields of class I are characterised by the condition b(z) =
b % 0, where b is a constant. The integral of equation (6.1) is

y = (zb)‘l{%-p(B(t) + logz) - 1}, (6.6)

where p is the Welerstrassian elliptic function with invariants go
and g3 given by [24]

g =5 K. gs = - a52cen’ + T K0,

and where B(¢) and C(¢) are arbitrary functions of integration.
The density is given by u = %~62(t) - 3C(%¢), and the mass function

[25] by m = (b/3) + pRS/6. Since my = 3uR2R,, it follows that b/3
may be interpreted as a point-mass at R = 0.

The elliptic function reduces to an elementary function in cer-
tain special circumstances. For k= +1 and C = 0,

y = 60 ga(l - 8a) 2, (6.7)

and for k = 1 and C = -(3b2)—l,

y = (2b) M1 + stan®(3logez)}, (6.8)

where B = B(£) is an arbitrary function of integration. For k = 0
and ¢ = 0, equaticn (6.6) becomes

y = 6b 1(8 - logz) 2, (6.9)
whereas for Xk = -1 and ¢ = 0,
y = %-b_lseCQ(%long), (6.10)

and for ¥ = -1 and C = (3b2)—l,

y = 7L + ugz + 8%2%)(1 - B2) 72, (6.11)

These metrics are not regular at 3 = 0 nor 2 = =, and for this
reason they have usually been ruled out on physical grounds. How-
ever, the solution could represent an annular region, z; < 2 < 25,
surrounding a core with a different density distribution.
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Space-times of class II are characterised by the condition 3'(z)
$+ 0. As both the metric and the left-hand side of equation (6.1)
are invariant under the coordinate transformations & = az*l, where
a is a constant, fields with b = f(2) and b = f(aztl) are equiva-
lent. If the transformations

z =+ J(qu)_ldz, (6.12)

<
"
® =

are made, equation (6.1) becomes

Vg = A(.’L’)v2, (6'13)

where A(x) = b(z)ud and u is a solution of the linear equation
2
3 Ugy t BUy - ku = 0.

If A(x) is a constant (= 34/2) the general integral of equation
(6.13) is

1/3

o=+ [:%J p(B(E) + %(420(7&))1/6

z), (6.14)

where B and C are arbitrary functions of integration and the invar-
iants g, and g5 are given by g5 = 0, g3 = -4, If ¢ = 0, v may be
written in terms of elementary functions, i.e.

v = (B(s) - 2(-m)Em) 2, (6.15)

From equation (6.12) for k = 1, it follows that u = a3 + bz"Ll, x =
+(2a)"Y(az2 + b)-1, for a $ 0, or = 167222, for a = 0. Three
distinct solutions of equation (6.1) with k = 1, corresponding to
b = 3435/2, (34/2)(z + z72)~5, (34/2)(z - z~1)~5, may be obtained
from equation (6.14) or (6.15) by means of the substitutions above
witha=0,b=1,a=1, b =1; anda = 1 b = -1, respectively.
The solution corresponding to b = 3435/2 and ¢ = 0 has previously
been found by Faulkes [26]. Solutions corresponding to k = 0, b =
(34/2)(logz)~5, and k = -1, b = (34/2)(coslogz)~>, may be obtained
in a similar manner by means of the substitutions u = logz, z =
(logz)'l, and u = coslogz, x = tanlogz, respectively.

It is also possible to obtain solutions of equation (6.13) cor-
responding to other forms of the function A(z) by applying a trans-
formation of the form (6.12) to equation (6.1) with b(z) = constant.
In this way the following solutions of equation (6.13) are obtained:

v = (2711 + %P p(B(E) + tan H(ew)) - 1)
(6.16)
Alx) = bc5/2(l + c2x2)_5/2,
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where

gy = f?, and gz = - %5(20(t)b205 - %0;

1 -
v = é%[Qm(l - 2abx)]2{%-p(B(t) + % log(x Yo o2ap)) - 11,
(6.17)
AGz) = ACa) Y21 - 2abe)™>?,

where

gy = 7%3 and g3 = - %3(20(t)A2 + %).

Four special cases arise where the elliptic function in equation
(6.16) or (6.17) degenerates into an elementary function. These
cases correspond to equations (6.7,8,10,11}.

From equation (6.16), with the aid of the substitutions u = az
+ bz, x = (2a)"1(qz2 + b)"L1, and u = 1, x = logz, it is possible
to obtain the solutions of equation (6.1) corresponding to k = 1,
blz) = beb/225{(az2 + b)2 + ¢2}75/2, and k = 0, b(z) = bad/2(1 +
c210g2z)~5/2, respectively.

Similarly, from equation (6.17) by means of the substitutions,
u=az + bzl, x=(2a)yaz2 + p)"L; u =1, x = logz; u = logz,
z = (logg)™l; and u= coslogz, # = tanlogz; the solutions of equa-
tion (6.1) corresponding to k = 1, b(z) = A(1 - abz2)"5/2; k = 0,
b(z) = 275/24(1logz)~5/2(1 - 2ablogz)~5/2; k = 0, b(z) = 2-5/24(log=
- 2ab)~5/2; and k = -1, b(z) = A(2sinlogz)~5/2(coslogz ~ 2absin
logz)~5/2; respectively can be obtained. If ¢ = 0, in equation
(6.17) it may be deduced from equation (6.7) that

- - 1 _
v = 6aBA T(1 - 2abxz){a - B(Ix ooy,

If the substitutions x

= (232)"1, and u = z, are made, the solution
of equation (6.1) with k =

1, b(z) = 425(22 - ab)~5/2, namely

N

y = 6aB(4z) 1 (2% - ab)(a - B(z? - ab)?) 2
is obtained. This solution was found by Nariai [27]. As far as
the author is aware, all solutions in this section have not prev-

iously been obtained, except where it is explicitly stated to the
contrary.

8(7): SUMMARY

All solutions of Einstein equations representing a degenerate
shear-free and twist-free flow of a perfect fluid have been found
and are displayed in the Table. The type D solutions all admit at
least one space-like Killing vector field. In general the conform-
ally flat solutioms admit no Killing vector fields.

The expanding flows of class IB are the uniform density spheri-
cally symmetrical shear-free flows considered by Thompson and
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Whitrow [9] and their analogues with planar and hyperbolic symmetry.
Those in class II are their generalisations with non-uniform dens-
sity. The rigid flows of class IB are the interior Schwarzschild
solution and its analogues with a point mass at the centre and a
time-dependent pressure. Such solutions could represent a motion-
less annular region onto which matter is accreting and which sur-
rounds a core of a different density. The rigid flows of class II
are generalisations of those of class IB with variable density.

Class IA fields are Einstein spaces and are the direct product
of two two-dimensional spaces of constant curvature. Classes IC
and ID are generalisations of the vacuum B and C metrics of [14]
and as far as I am aware no physical interpretation is known for
even the vacuum metrics. Classes III and IV have no analogue in
the vacuum case. Class III solutions possess cylindrical symmetry.
Class IV have axial symmetry but are unrealistic physically since
p >

In column two of the table E, R or S signify that the flow is
expanding, rigid or static, respectively. In columns six and seven
the dimensions of the isometry and isotropy groups are given and
the S and T in column seven denote whether the isotropy group has
a space-like or time-like trajectory, respectively.
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