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Abstract

Penrose’s abstract index notation and axiomatic introduction of covariant derivatives in ten-
sor calculus is generalized to fields with internal degrees of freedom. The result provides, in
particular, an intrinsic formulation of gauge theories without the use of bundles.

§(1): Introduction

Traditionally, the subject of tensor calculus was approached in two different
ways. Physicists, in general, introduced tensor fields in terms of the transforma-
tion properties of their components and defined covariant derivatives using
Christoffel symbols; all tensorial operations were reduced to the familiar manip-
ulations of functions. Mathematicians, on the other hand, regarded tensor fields
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as cross sections of suitable bundles and defined covariant derivatives in terms of
certain (Lie-algebra-valued) connection 1-forms; the emphasis was on geometry.
Although both approaches are of course completely equivalent locally, the dif-
ference in orientation can be quite significant in practice. In particular, the first
approach is much more convenient in long calculations while the second has the
virtue of bringing out the invariant significance of the various operations. Thus,
one was always faced with a choice between practical convenience and aesthetic
elegance. This state of affairs persisted until Penrose [1] pointed out that one
can adopt a third viewpoint which combines the advantages of both traditional
approaches. The key ingredient in Penrose’s approach is the use of the so-called
abstract indices. These are to be thought of as labels indicating the valence of
tensor fields and do not take on numerical values. Thus, one can regard a tensor
field with abstract indices as an intrinsic object in its own right; no mention need
be made of its components and their transformation properties. The availability
of indices, however, provides a great flexibility in calculations. The overall view-
point is a practical one: one introduces the various algebraic operations as well
as the derivative operators on tensor fields directly in terms of those properties
which one uses in practice. This procedure pinpoints the mathematical structures
involved in the operations normally performed, thereby adding a great deal of
clarity. As a general rule, proofs, e.g., of algebraic properties of Riemann tensor,
of Bianchi identities, etc., are at least as simple as those in the component nota-
tion and at least as elegant as the ones in the bundle formalism.

The current situation in the mathematical formulation of gauge theories is
analogous to that in tensor calculus prior to the introduction of Penrose’s nota-
tion: in the particle physics literature, gauge fields are treated in terms of their
components in some specified internal frame field, while in the mathematical
literature, one regards them as cross sections of suitable bundles. One would
therefore like to have a framework which combines the computational facility of
the component formalism and the intrinsic character of the bundle description.
That is, it is desirable to extend Penrose’s framework for tensor calculus to cal-
culus of gauge fields. The purpose of this paper is to present such an extension.
The basic idea is to introduce abstract indices also for gauge degress of freedom.
These indices will again serve as labels indicating the valence of the field (in the
space of internal degrees of freedom) and will not assume numerical values. As in
the case of tensors, the algebraic properties of these objects with abstract in-
dices—the generalized tensor fields—will simply mirror the properties of com-
ponents of gauge fields and novel features will appear only when a derivative
operator is introduced. Throughout, gauge and Higgs fields will be described by
generalized tensor fields on the épace-time manifold itself; we will not need to
introduce any bundles. Overall, the approach is more algebraic than geometric:
the derivative operators on gauge fields, for example, will be introduced in terms
of their “algebraic” properties rather than in terms of, say, parallel transport, or,
horizontal subspaces in a principal fiber bundle. Moreover, the gauge group which
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plays a dominant role in the geometric picture—one uses it in the very first step
in the construction of the principal fiber bundle—will play a relatively minor role
in the present framework. Nonetheless, the final picture is completely equivalent
to the usual one as far as “local” issues are concerned. The difference, as in the
case of Penrose’s approach to tensor calculus, is in emphasis: computations are
simplified by bringing to the forefront the properties of various operations which
one needs to use repeatedly while the conceptual issues are made clearer by
avoiding the use of frames and maintaining the intrinsic character of various
objects.

In Section 2, we introduce generalized tensor fields together with their alge-
braic properties. Section 3 is devoted to calculus. First, we define derivative
operators on generalized tensor fields axiomatically, construct the curvature ten-
sors, and derive Bianchi identities. Then, we discuss the issue of uniqueness of
derivative operators and show that there is a natural one-to-one correspondence
between derivative operators with zero curvature and equivalence classes of
frame fields in the internal space, where two fields are considered as equivalent
if they differ by a global gauge transformation. In Section 4 we consider the
issue of “trivialization.” The generalized tensor fields, the derivative operators,
and their curvatures are all intrinsic objects. On introducing a basis field, the
structure trivializes as follows: first, any generalized tensor field can now be re-
duced to ordinary tensor fields via contraction of the “internal indices” with the
basis. Second, the derivative operator with zero curvature corresponding to the
given basis can be used as an “origin” in the affine space of all derivatives, so that
any derivative operator can now be represented by (the components of) the gen-
eralized tensor field which describes the difference of the given derivative from
the “origin.” A different choice of basis leads to a different trivialization and the
two structures are shown to be related by the familiar gauge transformations.
The Appendix considers the special case with one internal degree of freedom and
discusses some examples familiar from general relativity.?

In view of the widespread use of Penrose’s notation in the relativity com-
munity, it is hoped that this presentation of gauge theories® will be especially
useful to relativists.

§(2): The Algebraic Structure

- Fix a finite-dimensional C** manifold M. Let ¢ %" 8,...8, denote a real, C™
tensor field of valence (7). Here, o . . . &, and By . . B, are Penrose s {1] “ab-
stract” indices. We now wish to introduce the generalized tensor fields which will

4 After this work was completed, we learned that a detailed treatment of gauge fields along
the lines indicated here appears in [2] (R. Penrose, private communication to GTH).

5For the sake of generality, the entire discussion is carried out on #-manifolds which do not
carry any preferred structure, e.g., a metric. Therefore, the framework may well have ap-
plications besides gauge theories.
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carry, in addition to the Greek indices, contravariant and covariant latin indices.

Denote by §** a”’gl.,_ﬁnal P, by... by the set of symbols

0 .eenOyy Ajn
t By...Bn pbl...bq9
where the stem letter (¢, in the example) varies from one symbol to another but
where the index structure of each symbolis the same as that of S. We shall permit
only those index structures in which no index appears more than once in each
of the four slots. Thus, for example, the set

Q.. Oy a1...8p (<P 379 al...ap_lap_l
S 8181 Bn1 by.bg O S B1.wBn by...bg

is not permissible. Denote by S the union of all permissible sets.

Next, we introduce certain structure on §. We require the following.

(i) BEach Sa""amgl .8, With no Latin indices is precisely the set of C%,real-
valued tensor ﬁelds on M with the corresponding (abstract) index structure.

(i) Bach $™*%m; ﬁna’ K4 by... b 18 an Abelian group inder the operation
addition, denoted by +.

(iii) Associated with any two generalized tensor fields

®j... 0y al...ap
t BiBn bj... bq and

Cma1--Cmei Gpay-nfprk

u Br+1--Bnsj Bg+1--Pg+l

(where no index is repeated in any one of the 4-slots), there exists an element

0o Oy Qg oo Epn b 1...Gplp 43+ 8p
S B1or- BBy +1--Brisj byebgbgu1-bgap

called outer product and denoted by the juxtaposition

tal...&mgl“',gnal...ap by bq . uam+1...&m+iﬁn+1"-ﬁn+jap+l woelp +kbq+1”. bq‘*r
Furthermore, we demand that the outer product be associative, commutative,
distributive over addition.

(iv) A generalized tensor field (such as tal'"amﬁl_._ ﬁnalaz'"a” brag... bq) in
which the latin index appears both in the contravariant and the covariant slot is
identified with the generalized tensor field with the same stem letter and with
the index structure obtained by omitting the repeated indices

01w Oipp . #a3..4p
@ By--Bn Byb3... bq)~
We shall say that
tal...am a1a3...ap
Bi.+Bn blbg...bq
is obtained from
Cfeeppy a1a3a3...ap

~

B1.Bn bibgb3...by
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by contraction of indices g, and b, . We demand that the operation of contrac-
tion commute with addition and (if carried out between the indices of the same
generalized tensor field, also with) outer product.

(v) Given a generalized tensor field (such as 7 e " 8B nal" L by yand
two Latin indices one of which appears either in the contravariant or the covari-
ant slot of this field (say, ;) and the other of whlch appears in neither €say, ¢; ),
there exists a unique generalized tensor field (™" ammmﬁnq 2Py ) in
which the second index replaces the first. This operation will be called index
substitution. We demand that it commute with addition, outer product and con-
traction (provided these operations are well defined both before and after the
desired index substitution.)

Remarks. (1) as with tensors [1], addition, outer-product, contraction, and
index substitution are the only algebraic operations that we shall need while deal-
ing with generalized tensor fields.

(2) The requirement that the outer product be commutative is a key one.
This requirement may seem to be contrary to the usual conditions imposed on
the outer product in the mathematical literature. However, it is not: as is ex-
plained in [1], it is the availability of indices that enables the imposition of this
condition. Thus, for example, the generalized tensor field ¥ W? is being identi-
fied with WP V2 (not with Vo w*?).

(3) Contraction and index substitution are of course well defined also on
Greek indices. We did not introduce these requirements explicitly simply because
they follow from condition (i). Each of these operations on Greek indices is re-
quired to commute with contraction and index substitution operations on Latin
indices. Finally, note that the operation of index substitution may be denoted
by 8: ¥ —§2, V%= V? This operation merely sets up isomorphisms. Thus 44
in 87 is the image under index substitution of ¥ in §%; V'? is not identified
with V.

As a consequence of the requirements imposed on S, one readily obtains the
following result:

Theorem 1. Each set Sal"'amﬁl,_'Bna""apbl,_.bq is a module over the ring
of C functions on M.

Using this result, we impose the last condition on §.

(vi) §%1%m Bt P ¢ consists prec1se1y of the (functionally)

an..
;‘..ﬁn

linear mappings from $°* oy t0 5%
index combinations. ,

We can now introduce the basic definition which will make the physical in-
terpretation of § evident.

1,2 .bg and similarly for other

Definition 1. S will be called a system of generalized tensor fields with N
internal degrees of freedom provided the module 5% is N dimensional, i.e., pro-
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vided the maximal number of linearly independent, nowhere vanishing® elements
of S?is V.

Thus, while the Greek indices are “space-time” (or tensor) indices, the Latin
ones are the “internal”; a generalized tensor field represents, e.g., a tensor-valued
gauge or Higgs field.

To probe the structure available on S, it is convenient to introduce two addi-
tional definitions.

Definition 2. A collection {¢?;},a=1,2,...,N, of nowheré vanishing, lin-
early independent elements of §¢ will be said to consiitute a basis in $°.

Definition 3. The group of N X N invertible matrices whose entries are C*
functions on M will be called the local general linear group and will be denoted
by GL(N, R)iqe.

Remarks. (1) In the terminology of [1],4a,, by, .. . are the “abstract in-
dices,” while a, b, . . . take on numerical values 1, 2, ..., N. Thus, {e?,} stands
for a collection of N elements of $¢. Elements of GL (N, R)y. can be denoted by
symbols of the type A®y. Clearly, GL (V, R)y,. has a well-defined action on the
collection of bases in §%: &%, = &%, = AP, €%, Here, and in what follows, Ein-
stein’s summation convention is used for the numerical indices a, b, . . . .

(2) It follows from the last requirement on S that S,—being the space of lin-
ear mappings from S?% to C* functions on M—is again N dimensional. Given a
basis {e%,} in $%, we acquire a natural dual basis {e?,} in S;: €%, €, = §,°, the
identity element of GL (V, R)yoc. The two bases also satisfy €%, e, = §%, the
index substitution operator.

(3) From the requirements (ii)-(vi), it follows that any generalized tensor
field £ P b, ...b, Can be obtained, as a sum of outer products of elements of
s, ...,8%,8,,,...,8p,. Consider, for example, a field #*;. By (vi), #5 is
a linear mapping from 8% to §°. Hence, given a basis {¢?,} in $%, we can set
p = (t°5€%p) €2, t% is an N X N matrix whose entries are C** functions
on M. Therefore, it can be expressed as a sum of decomposable matrices of
the type A?ry,, whence %5, can be expressed as a sum of terms of the type
Ay e e, = A%y, say. Since the expression of 12y, in terms of decompos-
able matrices is not unique, neither is the expression of £, as a sum of outer
products.

Lemma 2.1. GL(N, R)yy acts simply and transitively on the collection of
bases in $¢.

Proof. Let A*; in GL(V, R)oc be such that A% e?, = €%y, for a basis {e?,}.
Then, by transvecting with e®, we obtain A®, = §°,. Thus the only element of

6% is said to vanish at a point p of M if the function kata vanishes at p for all elements ¢,
of S,.
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GL (N, R)oc which leaves a basis invariant is the identity, whence the action is

simple. Next, consider any two bases {¢?;} and {€%,} in S%. It is easy to check

that A%, := 22, €, is in GL(V, R)ioc and €%, = AP, %y Hence the action is

transitive. "
Lemma 2.1, leads to the following result.

Theorem 2. Any two systems S and S’ of generalized tensors with V internal
degrees of freedom over the manifold M are isomorphic and GL (V, R)jo acts
simply and transitively on the collection of isomorphisms.

Proof. Fix a basis {¢%,} in §% and {¢'"?,} in §'. It follows from the require-
ments (i)~(vi) that an isomorphism between these bases extends uniquely to an
isomorphism between S and S’. Hence S and S’ are isomorphic. Next, any iso-
morphism between S and S’ provides, in particular, an isomorphism between the
collection of bases. Hence, by Lemma 2.1, GL (N, R)y acts simply and transi-
tively on the set of isomorphisms between S and S’ n

Remarks. (1) Theorem 2 says that there are “as many isomorphisms be-
tween S and S as there are elements of GL (N, R)joc.” This, then, is the free-
dom one has in constructing a system of generalized tensors with N internal
degrees on a given manifold M. We shall see, in the next section, that the intro-
duction of a derivative operator reduces this freedom considerably.

(2) Note that the basic objects in the discussion are fields, rather than gen-
eralized tensors evaluated at a point. It is this fact that led us directly to the
local gauge groups without using bundles.

(3) The restriction to real fields is for convenience only: the use of complex
fields would have led to two types of indices, a, b, ...anda, b, . . ., and made
the general formalism in this section more cumbersome. The extension to com-
plex fields of all our results is straightforward.

(4) Sometimes, physical considerations lead to the introduction of certain
preferred generalized tensor fields such as a positive definite metric g,5 or an
“alternating tensor field” €,,. .4, . Then, one can restrict oneself only to those
bases which are adapted to this structure, e.g., orthonormal, right/left-handed
bases. This restriction causes a reduction of the gauge group from GL (N, R)j,.
10, €.8., OV, R)ipc or SOV, R)ipc -

(5) We must emphasize, however, that the framework of generalized tensors
itself does not require the use of a basis: We have introduced bases only to make
contact with the more familiar frameworks. The primary objects are the general-
ized tensor fields with abstract indices; derivative operators, for example, will be
introduced directly on these objects. If the introduction of bases is avoided, the
local gauge group GL (N, R);o makes its appearance at the algebraic level only
via Theorem 2.

(6) The algebraic structure on generalized tensors is exactly the same as that
normally used in the particle physics literature and the “abstract” indices have
all the familiar properties of “‘component labels.” One might therefore feel that
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nothing new has been achieved. Recall, however, the motivation behind the for-
malism: one wishes to obtain the flexibility and manipulation power of the com-
ponent notation without having to use components. Thus, the fact that abstract
indices appear to have the algebraic properties of components is not a drawback;
this is precisely what is aimed at.

8(3): Calculus

Fix a system § of generalized tensor fields with &V internal degrees of free-
dgm on M A derzvatlve operator J, on Sis a mappmg from sets of the type
1 “m “%p

S 8. ﬁn pr by 1O those of the type S, ﬁl---ﬁn by... b
satisfying the following condmons (i) Linearity:

(iii) Given any (C*) function f and a vector field V' on M,
V&af=Lyf and V[aVB]f= 0

where, as usual, £ denotes the Lie derivative with respect to ¥ and square
brackets around « and f§ denote skew symmetrization.

An immediate consequence of these assumptions is that the restriction of ¥
to tensor fields (i.e., generalized tensor fields with no latin indices) yields a
torsion-free connection on M. However, V, as defined, can operate on any gen-
eralized tensor field. In particular, it is possible to have several distinct derivative
operators on S whose restriction to tensor fields coincide. The algebraic proper-
ties of S and the defining properties of V imply that the action of V on elements
of §% (or S,) and §* (or §,;) determines its action on all of S.

Fix a derivative operator V and consider the operator Vi, Vg . We have, for
any C* function fand any element t* of §%,

ViV (F1*) = Vo Va1 t* + 1°Via Va1 f + (Vi ) (Ve ) + (Vig ) (Vay t*)
= VeVt

where, we have used conditions (ii) and (jii) in the definition of V. Thus, the
operator V[ V) maps §* into So” and the map is (functionally) linear. Hence
[by the requirement (vi) on the algebraic structure of S|, there exists an element
Fog®p of Sog”p such that

2V[a Vg t* =Foppt? @)
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for all #* in §%. An identical calculation shows that there exists a tensor field
Rama on M, such that, for all covector fields .,

2Via Vo1 y = Rapy° 5 2)
Combining (1) and (2) and using the Leibnitz rule, we have
ViaVeity® = § (Rapy*8%5 + Fug"58,°) 15" ®3)

for all £,% in S,°. The expression in the bracket is the curvature tensor of V on
S. If we restrict ourselves to tensor fields alone, the curvature reduces to the
Riemann tensor, while if V is an extension to § of a flat connection on M, the
curvature expression yields the familiar “Yang-Mills” field.

Next, we derive certain properties of the curvature tensor. By the very defi-
nition of curvature, we have

Faﬁab =F{aﬁ]ab and Raﬁ’fﬁ =R{a5376 @)

Next, since any vector field ¥, can be written as a sum f @ V8o for some func-
tions f® and gq (@ runs from 1 to dimension of M), we have

Via VsVt = Via Ve [ V8 =0
whence
Riagu1” =0 &)

This is the first Bianchi identity on the Riemann tensor. Using this, we have, for
any % in §¢,

VialFpy152°) = 2V[aVpVy T°
=Riagy)” Vs T+ Fiag" s Vy) £
whence, by (5), we obtain
ViaFay1®s =0 ©)
Similarly, one has, for the Riemann tensor,
Via@Rgy1p” Vo) = 2V1a Vg Va1 Vu
= Riagy1® Vs Vi + Riagius” V1 Vs
whence, from (5), we obtain the second Bianchi identity
ViaRgy1s" =0 Q)

This establishes the basic properties of the curvature fields.
Let us now analyze the issue of uniqueness of derivative operators on S. Let
V and V' be two derivative operators. A straightforward calculation shows that,
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for all functions f on M and for alt % in $%,
(Vo= Va)(ft*) = f(Va - Vo) £°
Hence there exists a generalized tensor field @,%; such that
(Vo - Va) 1° =@a’p1° ®)
Similarly, it follows that
(Vo= Vo) tg = Cagty 6]

for some tensor field Cy 4" satisfying Cog? = Cnp)”? . Thus, the derivative opera-
tors form an affine space; the difference between any two can be completely
characterized by a pair (,"5, Cag”) of generalized tensor fields (where Cyg” is
symmetric in a and g).

In the rest of the paper, for simplicity , we shall restrict ourselves to those
derivative operators which are extensions to S of a fixed flat connection (i.e.,

a connection with zero Riemann tensor) on M.

Denote by C the collection of these derivative operators. Then, any two ele-
ments, V and V' of C, are related via (8) by some generalized tensor field @ ,°
Thus C is again an affine space.

To conclude this section, let us note certain properties of derivative opera-
tors V in C with vanishing F,g%5.

Lemma 3.1. Thereis a natural one-to-one correspondence between elements
V of C with zero curvature and equivalence classes of bases {¢°,} in S where
two bases are con51dered as equivalent if they are related by an element of
GL (N, R). The pair (V, {¢%,}) satisfies Vo %, = 0 for all ain (1,...,N).

Proof. Fix a basis €%, in $?. Then, by the defining properties of derivative
operators and property (vi) of S it follows that the action of a derivative operator
on 8% suffices to determine it completely. (Recall that, by assumption, the ac-
tion on ordmary tensor ﬁelds has been prespecified). Set Vae 2a=0. Then since
0= V[QVB] ey =Fag @, e, for all basis vectors, the derivative operator V has
Ze10 curvature Let us suppose that there emsts in addition, a basis €%, such
that V2%, =0. Let &%, = Abaeab Then Va = 0, whence for each value of
aandb, A a is a constant. Thus, €%, and ¢°, are related by an element of the
global gauge group GL(V, R).

Let us now fix a derivative operator V' with zero curvature. Then, for k% in
S¢ we have

0= % oﬁb]k" = %[a%b] k¢ "’G[aalbl%k]kb
= Vi Vg K% + ﬁ[a(ﬁalabk”) + @11 Va1 K + Qo j/@g) "ok
=(V 1«@s1%c + Ao’ 151p) L
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whence the field @,?, relating ¥ and V' must satisfy
Vialg % + Bl 585 " =0

Transvecting this equation with €?, e, and using the fact that Vy e®, vanishes,
we obtain

\%[a@ﬁ] 3.+ Cf[aam@ﬁ] bc =0

which is a partial differential equation involving ordinary vector fields on M. This
equation can always be solved on M:

o' = (A1) Va A%
where A%y, an element of GL(N, R)joc, is determined up to a global gauge trans-
formation.” Set €', = (A1), &% Then, one has

Vaes = Val(A™)%,e%]
= _(A—I)Ca&abceab + (A—l )ba§:¥eab
= (A Vae =0

Hence V' determines an equivalence class of bases {€'%,} via Vi e'®, = 0. .
Using this Lemma and Theorem 2, we can now establish the following.

Theorem 3. Let S and S’ be two systems of generalized tensor fields on M
with NV internal degrees of freedom. Let V and V' be derivative operators with
zero curvature on S and S, respectively, such that their action coincides on ten-
sor fields on M. Then, (S, V) and (§', V') are isomorphic and GL(V, R) acts
simply and transitively on the space of isomorphisms.

Proof. Fix any basis €%, in S and €%, in §"® such that V,¢%, =0 and
Va ey = 0 and consider the unique isomorphism ¥ from S to S’ which maps
&, to ¢'®,. Then, clearly,

a

‘I’(ﬁaTOll mﬁl. Bna,...ap )= ﬁa\lf(Tal...amﬂ ﬁnal--. D bq)

for all T*'~ %y g 4Py bq in S ¥ maps ¥ to V' Thus, (5, V) and

', V )are 1som0rph1c Next, conmder any other isomorphism . Then,

0= B(Vye®,) = Vi T(e?,). Hence, , by Lemma 3.1, $(e?,) is related to €',

by an element A%y, of GL(V, R); W(e® a) = AP e'“b AP, ¥(e%,). Thus,

GL (N, R) acts transitively on the space of isomorphisms. Since the only ele-
ment A%, of GL (N, R) satisfying A%, e’®, = e'? is the identity, the action of
GL (N, R) on the space of isomorphisms is simple. "

N 4

"That is, A%, = k3, AS b solves the equatlon on @,y iff &2, is an element of GL(N,R). To
establish the result le a point p and set A b(x) =Pexp f &aab dS where P is the path-
ordenng syrnbol A b(x), so defined, is path independent because FaBa = (. It satisfies
@, b= (A 18 < VaASp by very construction. We thank V. P. Nair for suggesting this
argument.
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Remarks. (i) Theorem 3 shows that the introduction of a derivative opera-
tor with zero curvature greatly reduces the freedom in the construction of sys-
tems of generalized tensor fields; the remaining freedom is trivial since it involves
only global gauge transformations. This fact underlies the particle physicists’
formulation of gauge theories although the chosen curvature-free derivative
operator is ngt always explicitly exhibited. ,

(i) The derivative operators with zero curvature are often referred to as “clas-
sical vacua.” Lemma 3.1 shows that each classical vacuum is left invariant by the.
global gauge group GL (N, R) and that the quotient, GL (N, R)oc/GL(N, R), of
the local gauge group by the global one acts simply and transitively on the collec-
tion of classical vacua. Classification of vacua by topological quantum numbers
rests on this fact.

(iii) In Section 2, we saw that the introduction of preferred generalized ten-
sor fields reduces the gauge group. For example, if we introduce a (positive
definite) metric field g3, the local gauge group reduces from GL (Y, R)y, to
O(N)joc: if, in the statement of Theorem 2, we consider only those systems of
generalized tensor fields which are equipped with such a metric, then we must
also replace GL{N, R)joc by O(N )¢ in that statement. How does the introduc-
tion of g, affect calculus? It is now natural to restrict ourselves to derivative
operators V in C which satisfy V, g,; = 0. Given any two derivative operators,

V and V' satisfying this condition, we have

0=(Vo~ Vo) a» =0 a8op 05800 = 28&(411))'

(Internal indices can now be raised and lowered by g,3.) Hence, the compo-
nents & a1 of @o0p in any basis which is orthonormal with respect to g, satisfy
Qa(ab) = 0; @ agp is a 1-form which takes values in the Lie algebra of O(NV)ioc. A
corresponding result holds if one introduces, in place of g4, other generalized
tensor fields with no space-time indices. More precisely, i is easy to establish the
following result. Fix an NV-dimensional, vector space V and denote by G the sub-
group of GL(N, R) which preserves a specified list

{Tal...amb

of tensors on V. (The reason behind the use of latin indices here will be clear
from what follows.) Then, if we introduce on S, generalized tensor fields

41...ap
1. b2 U by...by" - }

Gyl ay...a
{t by by U pbl...bqa . '}

which have the same algebraic properties as

ay...4a aq...a
{T ! mb U ! pbl...bq' . '}5

respectively, then, the difference between any two derivative operators which
annihilate these tensor fields can be represented by a 1-form @,y which takes
values in the Lie algebra of Gige.

1 by
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8(4): Triviglization

The space of derivative operators V in C has a natural affine structure. In
many circumstances—e.g., in the variational calculations, quantum field theory,
ete.—it is convement to reduce this affine space to a vector space by choosing an
operator  with zero curvature as an origin and Iabehng any element V of Chy
the generalized tensor field 4,%; defined by (V, - Va) k% =A%y kP for all k°
in §%. (From now on, we shall use the symbol 4,%, in place of &%, when one
of the connections, i.e., the “origin,” hasg zero curvature.) However, by Lemma
3 1, the choice of such an origin is not a natural one: By selecting a particular
V, one introduces an auxiliary structure which is not available naturally. One
must therefore investigate how the resulting framework changes in response to a
change in the choice of origin. It is via these transformation properties that gauge
makes its appearance_ in the “intrinsic,” basic-independent framework.

Fix an operator ¥ with zero curvature and coordinatize C by generalized ten-
sor fields A% ,: to each point, there corresponds a unique 4,”5, and, conversely,
every generalized tensor field 4, labels a point of C. One can therefore express
any property of elements V of C'in terms of A,°;. Associated with every V in
C, we have a curvature field Fog” ) Vo Vg k® = Fag®s k? for all k% in S9. We
can express this curvature in terms of 4,5 as follows: Since

3 Fag®sk® = ViaVa1 b = Vi Va1 £ + Ao Va1 K
= TtaVark® + Vialdp) "o k%) + A1 o1 Vg K” + Afa” 51 4p) " oK
= (Viadg) e + AL’ 151451 *c) &
for all k¢, we have
1Fug'e= Viadg e + Ao g1 e (10)
an expression familiar from the Yang-Mills theory. One can now express Blanchl

identities (and, Yang-Mills source-free equation, V*Fa”p = 0) in terms of v
and Aa b

Let %’ be another derivative operator with zero curvature. By Lemma 3.1,
there exists a generalized tensor field A%, such that

(T - Vo) k%= (A5 Va AP K,

where (A™)?; and A%}, are related by (A™1)?, A%, = 8%. Let us choose V' as
the origin in C and label elements V of C by 4,%;, defined by

(Vo - VL) K% = AL kP,
Then, we have
ALk = (Vo - V) k% = (Va - Vo) k% - (Ve - V) &°
= AaTpk? - (A1) TaA%H) K
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whence
Aoy =40’y - (M) VA (11)
is the transformation law. Since the curvature field Fo5% ), of V depends only
on V and not on the choice of origin, we have
Fog®s=Fag®s (12)
a result which may also be verified by a direct substitution in (10).

The transformation laws used in the particle physics literature differ from
equations (11) and (12). This is because the framework there is not intrinsic but
depends on the choice of basis. More precisely, one chooses, at the outset, a
basis {¢”,} in S* and expresses generalized tensor fields in terms of their com-
ponents; one trivializes generalized tensor fields tal'"amgl...ﬂ,,al'"ap by by 1O
ordinary tensor fields tal'"amﬁlm Bnal'"apbl_,_b o+ The derivative operator Vv
which annihilates.the choen basis {€%,} is then selected as the origin in C and
derivative operators V are labeled by the components 4,2y, of A, in the basis
{e%a}: APy = A p e, Py, Under the change of basis {e%,} = {¢'%,}, the label
A2y is transformed to A4y, which, in view of equation (11), is given by

Ayt =43 pePpe?,
= AL (A )p e AP ged,
= (Aa®s ~ (N Va A (A™)p el APy,
= A% As (A% - (A (Ve AR A ™), A%
= A Ao (A% + A Va(A™)% @13)
Similarly, for the curvature field, we have
as® = Fog’pe®ee%
= Fog’s(A" ) pe? (A g%,
= A*aFap (A7) (14)

Thus, the change in basis has a dual effect: components of generalized tensor
fields transform according to the familiar law [equations (13) and (14)] and the
origin in the space C of derivative operators is shifted.

To summarize, one can work at three levels. The first level is the most in-
trinsic one. One introduces generalized tensor fields abstractly (Section 2) with-
out any reference to bases or any other auxiliary structure, defines derivative
operators axiomatically (Section 3), and analyzes properties of curvature tensors.
The fundamental variables are the derivative operators in C. Yang-Mills equations
can be introduced directly on these variables and the subspace of C satisfying
these equations can be given the structure of a symplectic manifold. At the sec-
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ond level, one introduces an origin V in C and labels elements V of C by gen-
eralized tensor fields 4,%;. Under a change of origin, these labels transform via
equation (11). However, no basis is introduced and one deals, throughout, with
generalized tensor fields, rather than with their components. It is because of this
that the curvature F5°, remains invariant under the change of origin [equation
(12)] . (Thus Fog%5 is thought of as an intrinsic object which is manifestly gauge
invariant and not merely gauge covarlant That is, Fog®y is treated in the same
spirit as, say, the Riemann tensor R, B"r is, in general relativity.) This level is the
most convenient one in computations and in the problem of quantization. The
last level is the least intrinsic one. Here, the entire framework is tied down to the
choice of a basis. Thus the generalized tensor fields are trivialized to ordinary
tensor fields and the emphasis is on transformation properties under the change
of basis [equations (13) and (14)].
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Appendix: N = 1 Case

Generalized tensor fields with only one internal degree of freedom arise nat-
urally in several different contexts in relativistic physics. Therefore, in this
Appendix, we consider this case in some detail.

Since GL(1, R) Jand GL(1, €)] is Abelian, applications of this framework will
yield only Abelian gauge groups. Moreover, since the module $¢ is one-dimen-
sional, an important simplification occurs: §“1 by... by 1S alsO one -dimensional
for all m and n. Hence a generahzed tensor field £*1~ apﬁ .8 a- ..by, Can
now be denoted simply by i n; 'ap ..6g» Where the integer below the stem

letter is the difference between the number of contravariant and covariant latin
indices. [Let us, for simplicity, suppress the tensor indices. Then, in a basis ¢*
inS% ¢ A Om by... by Teduces to a functlon t ~am by...b, 0N M and the change
¢ = Ae® induces the transformation £*" by (A e B ambl b
only the d1fference (m - n) matters.] Note, in part1cu1ar that generahzed ten-
sor ﬁelds t *1- pﬁ1--- Bq ATC naturally isomorphic with ordinary tensor fields
P Bl...Bq-
Consider a derivative operator V in C. We have, for any t* =¢ in 57,

1
Via Vg1t = Fagt; the curvature is represented by a 2-form Fog on M. More gen-
1 1
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erally, we have V[aVﬁ] t= nFaﬁt Thus, n may be interpreted as the “charge” of
the field t Bianchi 1dent1ty 1mp11es that Fyg is closed. Given a ¥ with zero cur-
vature, one can introduce a vector potential 4,: (Va Va) t =44 t Thus, A,

satisfies V[oAg) = Fog on M. The  change of origin V—>V'inC causes the famil-
iar gauge transformation: Since ¥ and V' are related by

(Vo - va)g =(A™! VaA) 1 =(Vaf)1,

say, A, is transformed to Ay = Ay - V, f. Thus, the main simplification in the
calculus of generalized tensor field is that the curvature F,5) and the potential
A%y are now ordinary tensor fields on M since the difference between the num-
ber of their contravariant and covariant internal indices vanishes.

We now consider some examples.

(1) Tensor-densities. Let M be n dimensional and orientable. Then, any
two nowhere vanishing n-forms, €4, . o, and Eo‘l---an are related by

€ay...0p =A€a1 .ay,

for a nowhere vanishing function A. A tensor density t**" 5 of weight n
n

is an a331gnment to each n- form €qy...a, Of a tensor field ¢ 1 61 Bp (€) such
thatt - p By (A€) = A" a”ﬁl .6,(€) for ail nowhére vamshmg func-

tions A (By mtroducmg charts on M, it is easy to verify that this definition is
equivalent to the familiar one involving transformation properties and Jacobians.)
A derivative operator V defined on tensor fields can be naturally extended to one
on densities: Using the fact that V, €q;...ap = Aatay...a, hOlds for some vector
field Ay on M, one sets

(Vat ™1 %p,...5)(©) = Valt™' ™ g, gy (€)) = mhat™ gy _g,(€)

It is easy to verify that (Ve ™2™ P 8y...64) is again a tensor density of weight .
To show that tensor densities yield a system of generalized tensor fields with one
internal degree of freedom, one can first verify, step by step, that the algebraic
axioms of Section 2 are satisfied. Next, a simple calculation yields

ViaVa1Z == (Viahg)) 2.

Thus, the curvature Faﬁ is given by Fop = - Via ! ﬁ] (Note that, although the
definition of A4 involves a choice of €4,...q,, Faﬁ is independent of this choice
since under the transformation €, .. o, ™ A€q...a,, ONE has A > Aq A1V, A)
However, since the action of V on ordmary tensor ﬁelds extends uniquely to
that on generalized tensor fields in this example, the ‘internal” curvature Fg is
intertwined with the “manifold” curvatureRaM to a certain extent. For ex-
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ample, if Rama = 0, there exists an #-form ‘éalman such that ¥, Céal_,_an ={,
whence Vy €y, .. q, = (A1) €q,...a,, for any n-form, for some A, so that
Fyg=0. This is a special feature of this example; it is not universal even in the
N =1 case. Finally, note that the choice of a specific n-form, goq.--an’ say,
corresponds to the introduction of a basis e in § =5°: ¢ is the density of
weight 1 which assigns to any n-form ealn_la - tl’lxe functilon A defined by
€ay...ay = Agal...an

(2) Charged tensor fields. Fix an electromagnetic field F, g on the space-
time manifold M and consider a matter field with a given spin and mass interact-
ing with this fixed, background Fg. Such a matter field with charge n will be
represented by a “charged tensor field” t *1--p By..6q which assigns to each
choxce Aa of vector potential of Fyp a tensor field z‘"‘l g, . ,eq(A) such that

r g (A +df )= (exp inf) 1™ % 4 (A) A derivative operator V on
ordmary tensor fields can now be gxtended to charged tensor fields as follows:
(Va£ ﬁl...ﬁq)(A) Voz(f 8,(4)) - in Aartz ﬂl...ﬁ‘q(A)

It is easy to check that (V¢ 1'"“”‘31,_,‘%) is again a charged tensor field with
n

charge . The structure of charged tensor fields is similar to that of densities
except that the “internal” curvature F,4 is now detached from the space-time
curvature Rag,, It is easy to verify that the charged tensors provide an ex-
ample of the system of complex-valued® generalized tensor fields with one in-
ternal degree of freedom. In addition, the system is now equipped with a
Hermitean metric field g,; which reduces the gauge group from GL(1, C) to
U(1). Other examples include conformally weighted tensor fields, spin and
boost weighted fields on null infinity, 4, and normal modes of perturbations on
a nonstatic, stationary background.

Finally, we wish to point out a curious property of the N =1 case which, to
our knowledge, has not found an application in physics. In the framework above,
n denoted the difference between contravariant and covariant latin indices and
could therefore assume only integral values. However, having obtained the frame-
work, we may let n, the “charge,” assume any real value. (Indeed, tensor densities
do assume nonintegral weights in physical applications.) one can generalize fur-
ther and consider objects whose “charge” takes values in any Abelian group. This
can be achieved by letting the curvature depend on the charge g in such a way
that Fog(gy +82) = Fap(g1) + Fap(g2). The charge group may either be chosen
arbitrarily or intertwined with the gauge group by requiring, e.g., that it be dual
to the gauge group in a suitable sense. The resulting framework, however, is
tied down to the N = 1 contexts and Abelian charge groups.

¥See Remark (3) at the end of Section 2.
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