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Some Exact Solutions in String Cosmology
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Some Bianchi-type string-cosmological models are presented here. The
physical implications of the models are briefly discussed

1. INTRODUCTION

Gauge theories with spontaneous symmetry-breaking in elementary-
particle physics have given rise to an intensive study of cosmic strings.
It appears that after the big bang the universe may have experienced a
number of phase transitions [1]. These phase transitions can produce vac-
uum domain structures such as domain walls, strings and monopoles [2].
Cosmic strings have excited considerable interest, as they may act as grav-
itational lenses [3] and may give rise to density perturbations leading to
the formation of galaxies [4].

Letelier [5] has initiated the study of a new model of a cloud formed
by massive strings in the context of general relativity. This model has been
used as a source for Bianchi type I and Kantowski-Sachs cosmologies. The
possibility that during the evolution of the universe the strings disappear
leaving only particles has been examined.

In this paper we study the Letelier model in the context of Bianchi
types II, VI, VIII and IX. We reproduce Einstein equations coupled to a
cloud of strings in Section 2, derive the solutions in Section 3 and conclude
with a brief discussion of the solutions in Section 4.
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2. EINSTEIN EQUATIONS COUPLED TO A CLOUD OF STRINGS
The Einstein equations for a cloud of strings [5] are
R, — (1/2)g9u, R = —(puyu, — Az, z,) (1)

Here p is the rest energy density of the cloud of strings with particles
attached to them. p = p, + A, p, being the rest energy density of particles
and A the tension density of the cloud of strings. As pointed out by
Letelier, A may be positive or negative. The vector u¥ describes the cloud
four-velocity and «# represents a direction of anisotropy, i.e. the direction
of strings. We have

wtu, = —z#2, =1 and ufz,=0 2
u W 7

The contracted Bianchi identity for (1) is equivalent to

Vau(put) — Azu, =0 (3a)
Vu(Az") — pi¥z, =0 (3b)
Hi(pu” —Az™) =0 (3¢)
where
'’ = z¢V,(2") and @ =u*V,(v”) (4)

Egs. (3) are the evolutions for the cloud of strings. These equations
are also the integrability conditions for (1).

3. FIELD EQUATIONS AND THEIR EXACT SOLUTIONS

(i) The locally rotationally symmetric (LRS) metric for the spatially ho-
mogeneous Bianchi-type IT cosmological model is "

ds? = dt? — (Sdz + Szdy)® — (Rdy)? — (Rdz)? (5)

where R and S are functions of ¢ only.
From egs. (5), (1) and (2) we write

u* =u, =(1,0,0,0) (6)
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and z# must be taken along any of the three directions 8/9x, 8/dy, 8/0=.
Without loss of generality let us choose z# parallel to 3/0z so that

* =(0,571,0,0) (7)
With the help of egs. (5)—(7) the Bianchi identities (3) can be reduced to

a single equation ) ]
. S R
P+(p—A)'§+2p§:0 (8)

where a dot denotes derivative with respect to ¢.

As a consequence of Einstein’s equations p and X are also functions
of ¢ only.

The Einstein equations (1) are equivalent to

RS R? 18°

‘RSTR AR’ ©)
R R 352
E+E_Zﬁ=/\ {(10)
§ B SR 18
strYsetim ™ (11

Thus we have three equations for four unknowns R, S, A and p. A solution
for (9)—(11) is given by

R= %4 (12)
S= 7 (13)
p= (26/49)t™? (14)
A= —(39/49)t™2 (15)
and
pp = (65/49)17 (16)

The solutions (12)—(15) identically satisfy (8).
(i) The LRS metric for Bianchi type VIg cosmological model is

ds? = dt? — Ade? — Be~ ¥ dy? — Ce?™*d2? (17)

where A, B, C are functions of ¢ only and m is a nonzero constant.
As in case (i) we take

ut =u, =(1,0,0,0) (18)
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and
z* = (0,47Y2,0,0) (19)
The Einstein equations (1) and Bianchi identity (3) are equivalent to

1AB BC CA, m?

YV Tl Uy Sl 20
1,BC, 1,B2 C? BC, K m? \
23e) " imte o)t (2D

1.4 € 1,A2 ¢ CA, m?
23t i@ rtE D T 22)
1A B, 1,A2 B® AB, m?
3@ty i mteE a7 =0 (23)
B C
z-g=0 (24)
and
.1 A 1 B C
ptzlp=Ng+5p(5+5)=0 (25)
Eq. (24) gives
C=KB (26)

where K is a constant of integration. Eq. (26) shows that egs. (22) and
(23) are not independent.

Thus we have four equations for five unknowns, A, B, C,p and A and
hence we can choose one of the unknowns to be arbitrary.

Let us choose
A=t (27)

Then the field equations (20)-(24) give

B = K1t™(c;, 4 cot™2™)? (28)
C = thzm(q + Czt—zm)z (29)
2m e t?™ — 02 t?™ — ¢y m?

P="T3 ~ o pm 2( Im )Y - (30)

1 + ¢2 2 ‘c1t“™ + ¢o 1

and
5= 2ml@m - 1)e 2622 4 (2m + 1) e 2t~ (2m+2)]
_2m(clt2m + 62)2 (31)
m2  ¢1t?™ — ¢q 'rn_2

—_— _____)2
12 Clt2m + cs 12
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4m 1 t?™ — ¢y
A e A R 39
pp t2 [clth +CZ m] ( )

The solutions (27)—(31) satisfy the Bianchi identity (25) identically.
(iii) The LRS metric for Bianchi type VIII (6§ = —1) and Bianchi type IX
(6=+1)is

ds? = dt® — (Sdz — Shdz)? — (Rdy)® — (Rfdz)? (33)

where S and R are functions of £ only and

= amb ] ww=|_gv ] o= 1]

sinhy —coshy

Taking u# and «* as in (6) and (7) respectively, the field equations and
Bianchi identity are equivalent to

S R 1 b2 o 187
R ) 352
25 + R2(R +8) - 15 =2 (35)
S R SR 18
stTRY 3R Im (36)
and
. S R
pt(p=Ng+2p5 =0 (37)
A solution for egs. (34)—(36) is given by
R= °14 (38)
S= 7 (39)
p= (26/49)t"2 4 6t~/ (40)
A= —(39/49)t~2 4 6t=C/7) (41)
pp = (65/49)7° (42)

These solutions (38)-(41) satisfy the Bianchi identity (37) identically.
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4. DISCUSSION

For the Bianchi type II solution, we have from (15) and (16)
D=3 (43)

Thus, throughout the whole process of evolution, the universe is’dom—
inated by massive strings. For the Bianchi type VI solution we have from
(31) and (32) as shown in the following table (Table 1).

Table 1
At m<(1/2) |(1/2)<m<1 m > 1
o A~ | Im(4Em) 2m(2mt1) Zm(zmt1)
pv | G | -G | G
o | e e
Pp ~ 52%1:_—1,12 4—’"{%_—'22 -—ﬂtﬂ}‘_ll

Strings exist throughout the evolution of the universe for values of m
as shown in Table 1. But for all these values of m, particles have negative
mass and hence are unobservable in the early era of the universe. In the
later phase of the universe, however, particles appear with positive mass
only for m < 1.

Finally, for the Bianchi types VIII (6 = —1) and IX (§ = +1) from
(41) and (42)

att — Ol%pl- — g (44)
and at t — OOIPTP — %t’“ln (45)

(44) shows that in the early era the universe is dominated by massive
strings, but, according to (45), in the later phase the strings dominate
over the particles.

It would be in order to point out a peculiar feature of all four solutions
presented in this paper. Strings exist throughout the process of evolution
of the universe. On the other hand, matter (with positive mass) either
exists all through the process of evolution or appears only in the later
phase of evolution. It is, however, to be remembered that all these are
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classical solutions. Their character is likely to be different in the context
of quantum gravity, particularly in the early era.

We conclude with a comment on the case p = A (geometric strings).
The Bianchi type VIg metric (Section 3.ii) admits of a physical solution

A=1?
B = kt?

46
C= (46)

A=p=(3-m?)/t?
where k is a constant and m = 1.
For Bianchi types VIII (§ = —1) and IX (6 = +1) (Section 3.iii) in
the case p = A we have from (34) and (35)

S . 182

R§—R+Z‘ﬁ:0 (47)

Again from (36) and (47)
Z 492 = 48
gt25=0 (48)

R and S may be determined from (47) and (48). Unfortunately we
could not solve these equations. We may, however, make one or two general

remarks assuming that a physical solution exists. For A = p we find from
(37) that

A = p = constant/R? (49)

Egs. (47)-(49) also follow from Bianchi type II (§ = 0) (Section 3.i). Thus
R and S will be of the same form for all the three Bianchi types II, VIII
and IX. (48) shows that either S or R must be negatlve (47), however,
points to the fact that R must be positive assuming that both R and S
are increasing functions of ¢ (expanding universe). Since A(= p) depends
on & (which may be —1, 0 or +1), the constant occurring in (49) must be
different for different values of §.
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