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Abstract

Using a fast-motion approximation method we obtain the second-order gravitational field
and equations of motion for two pointlike objects in algebraically closed form, A regulariza-
tion procedure is used which is shown to guarantee the consistency of the approximation
scheme. The equations of motion are then transformed within the framework of relativistic
predictive mechanics into a system of ordinary differential equations.

8(1): Introduction

We consider in this paper the problem of obtaining the gravitational field and
the equations of motion for two gravitationally interacting bodjies in the post-
linear approximation of general relativity. The results of this paper are the first

1 present address: Universidad de Salamanca, Salamanca, Spain.
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step of a program aiming at studying the dynamics of gravitationally bound sys-
tems up to a precision sufficient to include secular effects due to gravitational
radiation.

This work is motivated by the fact that the Einstein “quadrupole formula”
(which links the energy loss at infinity due to gravitational radiation to the
quadrupole moment of the system) has been proved convincingly only for sys-
tems interacting via nongravitational forces. Moreover, the quadrupole formula
does not tell us anything about the effect of this energy loss on the motion of
the system. These problems have been extensively considered in the literature,
but have not yet been solved satisfactorily. Their resolution has, however, be-
come an urgent necessity in order to be able to compare theory and observation
in systems like the binary pulsar PSR 1913 + 16 where damping is probably due
to gravitational radiation [1].

Since an exact solution of the two-body problem in general relativity is at
present beyond reach, past analyses have used approximation techniques which
may be classified into two main categories. In the “slow-motion” approach,? the
velocities are assumed from the outset to be small compared to the velocity of
light (this presupposes the use of some coordinate conditions corresponding to a
frame of reference where the system is nearly at rest); although it has been possi-
ble to push this approximation scheme quite far [to order (v/c)®] [3], it suffers
from a serious drawback: since no convincing matching of the near-zone and far-
zone fields has been yet performed, the simultaneous determination of the equa-
tions of motion and of the gravitational field far from the sources is not possible.
In the “fast-motion” approach [4-6] one uses an expansion in powers of the
strength of the gravitational field without making any assumptions about the
magnitude of the velocities in the system. This approach also has the technically
interesting feature of being Poincaré invariant because a formally Poincaré-
invariant coordinate condition is used, and is, in principle, better suited to deter-
mining the gravitational field throughout space-time. In this paper we use a
“fast-motion” approximation.

The interacting objects must be described by an appropriately chosen stress-
energy tensor. However, since most often nothing is known observationally
about the internal structure of the objects and since one is usually not interested
in a detailed knowledge of that structure, the objects are frequently assumed to
be pointlike, that is, characterized by their masses alone. Two techniques can be
employed to deal with this assumption. The first considers extended bodies and
formally lets their dimensions tend to zero at the end of the calculations; in such
a technique the choice of the stress-energy tensor is arbitrary and is often arti-
ficially restricted for the sake of technical simplicity [7]. The second technique
introduces the pointlike character of the sources from the very beginning by

2For a review of this approach and references to the pioneering works of Einstein, Fock,
and Papapetrou, see Reference 2. X
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making an appropriate choice of a stress-energy tensor involving “delta func-
tions™; although the introduction of delta distributions in a nonlinear theory cer-
tainly leads to difficulties, we chose this technique because it seems more
straightforward and susceptible to yield quickly the significant physical results.
It must be emphasized that in both techniques the assumption of pointlike
sources leads to divergences.

In the line of approach we have chosen (fast-motion approximation with a
stress-energy tensor involving delta functions), the first attempt to go beyond
the linear approximation was that of Bertotti and Plebanski [5]; however these
authors limited themselves to a discussion of the general features of the algorithm
and ignored the problem of the divergencies. Later Havas and Goldberg [6] cal-
culated the “Abraham-like” self-action terms, which form a small part of the
full postlinear approximation. (For a critical review of the literature up to 1976,
see [8]). Recently Rosenblum [9] claimed to have handled the full postlinear
approximation and published a result which contradicts Einstein’s quadrupole
formula. Unfortunately his paper does not contain complete information on
how the problem of divergencies has been addressed nor does it contain explicit
results concerning the determination of the gravitational field and the full equa-
tions of motion. Westpfahl and Goller [10] give second-order equations of mo-
tion in an explicit form which agree with our results but no regularization tech-
nique is presented.

Our approach is the following. Using harmonic coordinates and a flat re-
tarded propagator, the first-order metric is obtained straightforwardly by an
unambiguous integration.? The first-order harmonicity condition (the zeroth-
order equations of motion) requires the accelerations of the particles to be at
least order one in G, the gravitational constant.

The postlinear stress-energy tensor constructed with the first-order metric
is an undefined expression because it involves terms which are the product of
a delta function 8 and a function which is infinite on the support of §. This
problem is handled by prescribing a definite regularization procedure which is
based on a mean-value technique, and is chosen in order to ensure the consis-
tency of the approximation scheme at order 2. The first-order equations of
motion are then unambiguously obtained from the equation of conservation of
the regularized second-order stress-energy tensor. They are shown to be equiva-
lent to the regularized first-order geodesic equations.

The differential equations satisfied by the second-order metric are constructed
with the first-order metric and its derivatives, taking account of the fact that the

3Using a flat retarded propagator at all steps (here at orders 1 and 2) introduces unknown
errors (for an evaluation of these errors for a distribution of continuous matter see [11]).
However this has the non-negligible advantage of leading to handleable calculations. The
attitude adopted here is to use the flat retarded propagator, keeping in mind that it
shouid be checked whether the obtained solution actually approximates the exact solu-
tion and satisfies the no-incoming-radiation condition.
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accelerations of the particles are first-order in G. The second-order solution ob-
tained using the flat retarded propagator diverges. A well-defined second-order
metric is obtained, in algebraically closed form, by working out integration pro-
cedures which guarantee firstly that the second-order Schwarzschild metric is
recovered in the one-body problem and secondly that the metric is a solution of
the full Einstein equations (in other words the second-order harmonicity condi-
tion yields the first-order equations of motion as previously obtained). These in-
tegration procedures are shown to be consistent with the chosen regularization
prescription.

The second-order equations of motion are obtained in algebraically closed
form from the equation of conservation of the regularized third-order stress-
energy tensor (constructed with the regularized second-order metric). They are
shown to be equivalent to the regularized second-order geodesic equations.

The equations of motion we obtain are of hereditary character; they depend
on the past history of the two particles. This complicated form leads both to
technical problems—how can they be integrated?—and to problems of principle—
how can important concepts like the total energy momentum of the system be
defined? These problems are handled here without abandoning the manifest
Poincaré invariance of the formalism by using the framework of relativistic pre-
dictive mechanics [12]; we derive explicitly the predictive Poincaré-invariant
system associated with the second-order equations of motion.

8(2): Theoretical Framework

2.1. A Guideline to the Problem. In this section the metric and its deriva-
tives are assumed to be well behaved everywhere.

Einstein’s equations for the metric g,5(x”) are written in harmonic coordi-
nates:

2lg| §%F = 16nT*F §))
358 =0 2

where
g% = (-g)!/2g*f (3)

[c=1;0,=0,1,2,3;i,k=1,2,3;signature (-+++); g is the determinant of
the matrix gog] . S%8 is the Einstein tensor reduced by (2):
21g18%F = g+”8},0°F + Q¢ @
where Q%P is quadratic in the derivatives of g*” (cf. Appendix A for the explicit
expression of Q%F).
TP =G|g|T*? 5)



POINCARE-INVARIANT GRAVITATIONAL FIELD 967

where 7%# is the stress-energy tensor.
If the metric were well behaved everywhere, T would be chosen as

+ o0
Ty = Ym [ dsty e 20l gty N ©)
The equation of the world line L is parametrized by s: x% = z%(s); u® =dz®%/ds is
the tangent to L at point z; the sum Z is taken over the two particles of mass m
(world line L) and m' (world line L'); 6 4(x) is the four-dimensional Dirac distri-
bution, normalized by

]@@MwAwUWan% )

The choice (6) for the stress-energy tensor is deduced from the following consid-
erations [6]:

(i) It depends only on the metric and the world lines of the particles.

(i) It is symmetric.

(i) It is independent of the parameter s chosen to parametrize the world
lines.

(iv) It is conservative if and only if the world lines are geodesics of the
metric.

Choosing a Minkowskian parametrization of, e.g., the world line L,

ds? = -nggdz® dzf 8)
(u -u)Enaﬁu"‘uﬁ=—1 )
(u - 1) = ngguif = 0 (10)
where u® = du®/ds, the geodesic equation reads for L:
u* = -utw [T, (2) + u®u, I, (2)] 11
where
T8y = 2879580y + 01805 ~ 3p&sy) (12)

Equation (11) together with the similar equation for L' is equivalent to the equa-
tion of conservation of T'%:

VT* =0 (13)
or equivalently,
VpZT*® = 05T + T TPk - Ph TR =0 (14)

V,, denoting the covariant derivative, I'g,, being the Christoffel symbols (12).
Were the metric well behaved the problem would be the following: Obtain g*#
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as a functional of the unconstrained world lines L, L' by solving equation (1)
with £# given by (5) and (6). Then, find the equations of motion restricting
the world lines by requiring either (i) that the solution of (1) is a solution of the
full Einstein equations, that is, the harmonicity condition (2) is satisfied, (ii) that
the equation of conservation for T*® [equation (13) or (14)] is satisfied, or
(iii) that the geodesic equation (11) and the similar equation for L' are satisfied.
The equivalence of (i)~(iii) is a check of the assumption (6).

Now, since we are dealing with pointlike particles and, at the same time, we
are going to perform formal expansions in powers of G, the metric actually di-
verges on the world lines; the expression (6) for T*# is thus meaningless and the
equivalence between the above three ways of obtaining the equations of motion
(when given a sense by means of a regularization procedure) is not guaranteed.
Therefore this formal framework cannot be considered as anything more than a
guideline to be followed as closely as possible.

2.2. The Approximation Scheme. Let h*® denote the deviation from
7P = diag(~1, +1, +1, +1):

hozﬁ = gaﬁ _ naﬁ (15)
and expand (4) in powers of A*? (see [5]):
2|g|S*F =K% - N*F + O(n®) (16)

NF = -p#vo2 n*F + L8, ot h - 50%hoPh - $n*Po,hy, 0 KM
+ 103, h,, 0 HPY + Lo%HH PRy, ~ 0%h,,, 0" KPP
- PRy, B4R + 9, h*V O] + B, K3 KM (17)
where [1 = n“"ag,ﬁ, h= naﬁhaﬁ , and all indices are henceforth moved with the

Minkowski metric.
Then replace (5) and (6) by a regularized expansion in powers of A"”:

B =Glg|T* = Zc;mfdsa4(x - 2)utubf[l+ 7+ 7+ O] (18)
) @
1(z2) = 3h(2) - Sutu’hy, () (19)
)
=41 - Lh, 0" - LU uPhhy, + JuFuP by G+ 3uPuPuP Uy,
@)

(20)

where the bar denotes a regularization procedure which eliminates the diver-
gences in #(z), ¢(z) and which is defined in Section 2.3.
o @
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Finally we rewrite the equations of motion (2), (14), and (11) as*

0,1 =0 (21)
ZGmfds84(x— 2) [; [Wf(1 + 7 +7)] + B utu* - F°‘ % utub
e @ o
+ (rﬁ uPut - I‘°‘ ubuP)(1+ 1)+ O(h3)] =0 (22)
03 o' )

ug =-ufug [(1" uv(Za) + F uv(Za) t uaufa(l‘ﬁu(za) + F ﬁu(za))] + O(r*) (23)

where

205,(2) = ~0gh - D5 + 0%hgy + 1(8%0gh + 850, h - ng,0%h)  (24)
1

and where ng(z) is a sum of terms of the form h,gd, A, and is given in Appen-
)

dix A. The equivalence between (21), (22) and the set of two equations (23) is
not guaranteed and will have to be shown explicitly as a test of the consistency
of the approximation scheme.

Our problem is to determine the gravitational potentials A*# = W*f(x?; L,)
together with the equations of motion 42 = I'3(z8, u?; L); h*? is a function of
x® and a functional of the world lines L,; &5 is a function of zJ, u£, the tangent
to L, at z7, and a functional of the world lines L, ; the equations of motion then
restrict the class of possible world lines.

We now assume that the solution can be expanded in power series of the
gravitational constant G [physically, this means an expansion in the dimension-
less number Gm/c?d which is usually very small (d being the characteristic length
of the problem)]:

BB = g8 - B = G B + G2 1% + O(G?) (25)
€Y )
i =T*(zP)=T*+GI*+GI'* + 0(G?) (26)

(0 ) (2)

(and a similar expansion for #'®); #*f and I'* are linear in the masses m and m’;
¢)) ¢y

h*? and I'* contain terms proportional to m?, m'?, and mm'. We expect

€)) )

r*=r'*=0 @7
@ (o
4When it is convenient we shall use the index a to label the particles (¢, b,...=1,2;

Ll =L;L2 =L’).
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when the gravitational interaction is shut off (G = 0), the world lines must re-
duce to straight lines in Minkowski space-time. [Equation (27) will be demon-
strated in Section 3.]

Now when transforming the previous expansions for §*#, T *#, I'§, in powers
of h*” [see (16), (18), and (24)] into expansions in powers of G care must be
taken with derivatives of #*” in view of the assumed expansion (26) of the equa-
tions of motion. For instance, it will be shown in Section 3 that the functional
dependence of A** on the world lines L, reduces to a dependence on the re-

(€))
tarded points z5% (associated with x on L,) and on the retarded tangent vectors
ugr =23z . Since the derivatives of uJ are proportional to #5, that is, at least
order 1 in G according to (26) and (27), the derivative of #*® can be written as
3,h*f = Gd, h*F + (G, h** + G*d, n*F] + O(G?) (28)
) (1) 0 0 (2)
where 9., means that the derivative is taken “as if ” the trajectories were straight
0
lines and where 9, 1P takes care of the terms proportional to #° = GT'? + O(G?)
() () 6)]
and is order one in G (see Appendix A for examples of @ and 9 ).
©) 1)

We shall also have to consider partial functional derivatives with respect to L

(or L"). They are defined by

Do f(x?;L; L") = lim % [fGcP;L +84L;L") - f(x?;L; L") (29)
h—~0

where L + 8, L is the parallel displaced world line with parametric equations

x%=29(s) + h83 (30)
Note that

3a + Dy +DL=0 (31)
The functional derivatives D, and Dy, can be decomposed, as in (28) in
Dyt Dy+-e-.
@ @

The field equations (1) are expanded step by step in powers of G and are in-
tegrated at each step using the flat retarded propagator D(x) such that

OD(x) = -4m8 4(x) (32)
D(x) = 25(x?)0(x®) = 8(x° - |x|)/Ix| (33)

where |x| = (x,-xi)ll 2 and @ is the Heaviside step function.
The integration of (1) at first order will be straightforward. On the other
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hand, at second order, some retarded integrals will diverge and will have to be
regularized. A remarkable result is that this regularization is not arbitrary but is
in fact imposed by the structure of the theory, plus the demand that the second-
order Schwarzschild metric be recovered in the one-body problem, as will be
shown in detail in Section 5. Moreover, this regularization of the divergent re-
tarded integrals restricts in turn the regularization of divergent ficld quantities
on the world lines.

2.3. Regularization Procedure. let x® be in the hyperplane orthogonal to
L at z® such that

xX*-z=en®, (m-m)=1, @ -uw)=0 (34)

where u® is the tangent to L at z% The function functionals f(x; L,) we shall
have to deal with in the postlinear approximation can be expanded in a Laurent
series in €:

00

fFESLLY= 2 €™ fim (%) (335)

m=-g

Inspired by the regularization procedures commonly used to deal with diver-
gent quantities in classical electrodynamics, one is tempted to regularize f(z) by
taking the mean value of (35) over n®5 In this case € (and €') would enter the
formalism as additional parameters which may or may not be eliminated by re-
normalization at the end of the calculations. When necessary we shall refer to
this regularization procedure as W-regularization (“wrong” regularization). In-
deed when applied to the present problem W-regularization leads to inconsistent
results because the nonlinearity of the theory together with the fact that the
equations of motions are not independent of the field equations but rather can
be deduced from them, imply that the integration of the field equations and the
regularization of the source cannot be considered separately. The regularization
procedure we shall use throughout this paper replaces f(z%) by

T = Ui (= o [ dfia)r) ()

LA

Q being the measure on the unit 2-sphere in the 3-plane orthogonal to u®.

The regularization procedure (36) need not be complemented by a renormal-
ization procedure since it does not introduce any additional parameters.

Finally, we note that a completely different approach based on a regulariza-
tion using the Riesz potentials yields the same final results [14].

5 For a critical review of the regularization procedures used in classical electrodynamics to-
gether with a consistent use of the mean-value techniques see [13].
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8(3): The Linear Gravitational Field

The first-order Einstein equations relaxed by the harmonicity condition are

0K =161 S m fds64(x— 2yutuf 37
(1)

The integration of (37) by means of the flat retarded propagator (33) is straight-
forward:

N

B8 =-4 Sm fdsD(x— z)u®ub

)
o8 ra, 18
‘ =~4m(“ ”) -4m'(-———“ ke ) (38)
r /r r Jr

where if zp is the retarded point on L associated with x [(x - zg)* = 0], then
rr =-(x® - z%) uyR, u% being the tangent to L at z%. [See Appendix C, equa- -
tion (C6).]

The solution (38) of equation (37) will be a solution of the full Einstein
equations if the harmonicity condition is satisfied at order 1.

From (38) we have

u® ('
dph*f =-am|—| -4m'|—- (39)
(1) T /r rJr ’
(cf. Appendix A for calculation of derivatives of retarded quantities).

Because of the assumed expansion (26) of the equations of motion, (39)
reads

3G h*F = -4Gm(T%r)g - 4Gm'(T'*/r")g + O(G?) (40)
¢}) (0) (0)
Now the first-order harmonicity condition is
3.6 = 0(G?) (41)
€3]
Therefore we must have
r“=r*=0 (42)
0 (o)

as already anticipated [equation (27)].

Equations (42) are the zeroth-order equations of motion. They have some-
times been considered puzzling because they were ambiguously written as
#* = 4'® = 0 and interpreted as meaning that the field equations had to be solved
with a source moving on a straight line.

Equation (42) actually restricts the class of possible world lines only in the
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sense that they have to be solutions of a system of equations which reduces to
(42) when the gravitational interaction is shut off (G = 0); this does not mean
that the trajectories have to be close to straight lines when G % 0 but only that
the right-hand sides of the equations of motion have to be at least first order in G.

The linear gravitational potentials, solution of the linearized Einstein equa-
tions, are therefore

«f = of uuf (uou'® 2
g*P =n* - 4Gm " R—4Gm p R+®(G} (43)

g = 0(G) (44)

8(4): Conservation of the Second-Order Stress-Energy Tensor;
The First-Order Equations of Motion

The nonregularized second-order stress-energy tensor T constructed with
the first-order metric [equation (43)] reads [cf. (18) and (19)]

+ uyV
200 = X [ dsoate- z)uauﬁ{cmmzmz [1__&_1}
R
' . 2
TR

]} + 0(G?) (45)

The second term is meaningless because the functions which multiply 84 {x - z(s)]
are infinite on the world lines x = z(s). Therefore, strictly speaking, the approxi-
mation method breaks down here, and the formalism does not even allow a der-
ivation of the first nontrivial term of the equations of motion.

Replacing the meaningless expression (45) by its regularization (36), a straight-
forward calculation leads to

TP = S 6m f ds8 4 (x - 2)u%u® (1 +Gm' lig-‘i’i) +O(GY) (46)

where if 2" is the retarded point on L' associated with z, then w = (u - '),
p=-(z%- 2", i' being the tangent to L" at Z". (cf. Appendix B for detailed
expansions in Laurent series of retarded quantities).

The regularization procedure amounts here to ignoring the contribution
from the self-field:

3, h*F(z) = 4m'0"* 0%, [p* + O(G) 47
€))

where

W =-0 (-2, @-v)=1, @-1')=0 (48)
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Since
2 p=(w-»)+0©) (49)

the equation of conservation of the regularized second-order stress-energy tensor
[equation (22)] is obtained straightforwardly:

> Gm fds64(x - 2)[u* - GT%(2)] = 0(G?) (50)
w
where | , ’
GL*@) =G [(1 - 26?) ”—+—(f’:z—“—)“— + 4w - u) %;] (51)
with
W=t wu®, @ u)=0 (52)

Therefore the first-order equations of motion as obtained from the conserva-
tion of T*# are

ug = G(F)Z‘(Za) +0(G?) (53)
1

with l")"‘(z) given by (51). Had we used the first-order geodesic equations (23) to-
¢!

gether with the same regularization procedure (47), we would have obtained the
same equations (53).% It should be noted that if we had used the W-regulariza-
tion procedure mentioned in Section 2.3, we would have obtained a different
regularized second-order 3¢ (the W-T*# contains terms proportional to 1/e
and 1/e"); the first-order equations of motion would nevertheless have been the
same. At first order then, the inconsistency of the W-regularization procedure is
not evident,

8(5): The Postlinear Gravitational Field

The second-order Einstein equations relaxed by the harmonicity condition
read

OG> h* =16r 3 Gmf dsda(x - 2)u*uft + G*NF (54
) ¢ (2) )

where, as shown in equation (46), T = [Gm'(1 + 2w?)]/p, and where care must
€Y

$Since (d/ds)(1/rg) = u - a(1/rg) (= 0).
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be taken with derivatives to calculate N**. N®# as given by equation (17) is a
(2
linear function of 34 X 8k and & X 8% k; therefore according to Section 2.2 it is
sufficient to replace & by Gh, 3k by Gd h, and 32 by G 8° h, thereby leaving
) (0)(1) ©0) (1)

out third-order terms proportional to &. It is clear that this does not mean that

we are replacing L and L' by straight lines but simply that up to second-order

in G we do not have to consider those terms which would appear at third order.
We shall separate the solution of (54) as

(}21)“6 W + H3f (55)

where h‘;‘ﬁ is generated by the first term on the right-hand side of (54) (see be-
low for its computation) and where

1 .
G2 h2B(x) = - Ef‘d“y D(x-y) GZ.(l\z/‘)"‘ﬁ(y",ng,y;’R) (56)

where the functional dependence of N*#() on the lines L, reduces to a de-
@

pendence on the retarded positions and velocities associated with y. The calcu-
lation of haﬁ can be further simplified by remarking that we only need to know
G? haﬁ up to second order in G. Since the integration in equation (56) concerns
only the parts of the world lines L, below the retarded point z,5 associated with

x, we can replace under the integral sign N *B(y, Yar, Var) by its lowest-order
value, {V) *P(y, J’,(,;g) ,yl(l?g) ), where y,(l‘,’a) and y(o) are calculated “as if” the lines L,
2

were straight below z,z, Z,z. [Note that these fictitious straight lines used to
evaluate (56) depend on the point x]. More precisely we define

IO =l =35 (57

yzzg") 'ZaR - uaR({ [k - ugr) - 7R]* + 2k - (x - Z'aR)}l/2 +(k - uar) - rar) (58)

k% =y - x® (59)
Since the curvature of the lines are O(G) we can write (formally)

GZ{\zr)“"(y,yaR,yaR) = ng)“ﬁ(y ¥ 5+ 0(6?) (60)

so that

G2 () = G2 3 (%, Zgg, Zgg) + O(G?) (61)
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where by definition

e ZaRaZaR)"'__ f d%y Dex= )N R O8N ()

Finally, it can be checked explicitly that hN(o) is a zero-order solution of equa-
tion (54):

O Hfo) @ Zags Zar) = N, 2,5, 240) (63)
© @
with 0 = 9 - 8 (cf. Section 2.2 for the definition of a ).

© (o) (9

Once again we insist on the fact that replacing yz by yR) does not mean
that we are considering L and L' as straight lines but only that calculating the
integral (54), taking into account the curvature of L, below z,z, would intro-
ducehigher-order corrections. However, once the integral has been so calculated,
h?‘v(o)(x Z,ps Z4g) is considered as a functional of the actual (curved) lines L,.
Were we to push the approximation scheme to third-erder, this integration pro-
cedure might need revising.

In the following we shall decompose hfvﬁ as

iy = hg 4 mE (64)
where hgﬁ contains the self-terms (m? and m'?) and where h‘;‘(ﬁ contains the
cross-terms (mm').

5.1. The “Self-Terms” hg®. The equation satisfied by h§’ is

B - af a, B
n*n 2(174 + 8uu )] + 0(GY) 65)
R

06 =3 ¢*m? [4
r
where ng = -up + (x* - z3)/rg.
The retarded integral of (65) obtained by means of the flat retarded propaga-
tor is

d*k [4N°NP - 2P + 8uul
2 2 092
G hde 4 Z G*m Ikl [ R4

where k° =-|k| and

] + O(G?) (66)

= [r? + (k- u)? + 2r(k - n)] {2 (67)
RN® = [m* +k* + u®(k - w)]g (68)

The expression (66) diverges and must be regularized. We first calculate the inte-
grals (66) removing a small ball of radius e (¢’ ) centered at R = 0 (R’ = 0); per-
forming the integration in the frame where u3g = 1, n)z = 1, we obtain
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(TutuP + n®n®) " an®® + pu®uf
2

G hly = 2. m* G [ ] +0(G?) (69)
R

with:

r re

a=%, B=14+(%) (70)

Now we demand that the metric reduce in the one-body problem to the
Schwarzschild metric. In harmonic coordinates it reads [16]

a,6 TuCuB + n®nb
g, =1 - 4Gm(” - )R - Gm? (,—)R ECHINGY

Therefore the extra terms in (1/rg €) and (1/rge") in (69) must be discarded.
This amounts to taking the Hadamard partie finie [17] of the divergent integral
(66). Thus we have

o, B o 8
GCHf=-3 G*m (————7” e )R +0(6?) 2

This regularization of (66), imposed by the requirement ggﬁ = g%, Te-
quires in turn the regularization of quantities which diverge on the world lines,
and justifies the regularization procedure (36) we have chosen. Let us consider
the conditions under which (72) is indeed a solution of (65) and compute the
d’Alembertian of (72).

Using the Leibniz rule for the derivative of a product, we can write

a, B ] o, N
_D<7uu +nn) =_2(7uu +nn)Di
R R

2

r r R
a8 af + a, f
+|:4n n 2(1:4 8u’u )] + 8(G) (73)
R

The first term of the right-hand side of (73) is meaningless unless regularized.
Rewriting it as [cf. Appendix C, equation {C5)]

%8 4 3% 8 @B 4 pouh

-2(—7“ u_tnn ) oL =g fdsa4(x—z) [—————7” urnn ] (74)
F R TR r R

the regularization procedure used throughout the paper leads to

o, 8 a. B
_2(7u u” +n n) D~1—=O (75)
¥ R TR

thus ensuring that (72) is indeed a solution of (65).

Had we used the W-regularization procedure mentioned in Section 2.3,
then (69) and not (72) would have been the consistent solution of (65) [since
2(TutuP + n®nPYg rg) = - (an®® + Bu®uP), rr €] ; therefore the W-regularization
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procedure must be eliminated at this stage, since it does not allow to recover
the Schwarzschild metric in the one-body problem.

We emphasize here that this consistency link between the integration of (65)
and the regularization procedure cannot be overlooked if one wants to be sure
that the results do not depend on how the Einstein equations are written down.
Indeed any inconsistency at this point would have shown up as a failure of the
Leibniz rule used in (73), so that the equivalence between solving 2| g| S*#(g*?) =
167| g{T*f and, €.8., Rop5(8up) = 8m(Top - %gagT), where R, is the Ricci
tensor, would not have been guaranteed.

It can be noted that the regularization procedure used to give sense to (66)
amounts to solving (65) in the framework of the theory of pseudofunctions
{15]: to the right-hand side of (65) one can associate a pseudofunction whose
retarded integral is the pseudofunction associated with (72).

Moreover, one can iterate Einstein’s equations beyond second order in the
one-body problem (m' = 0). The same regularization of the divergent integrals
(Hadamard’s parties finies) used at all orders leads unambiguously to a series in
powers of (Gm/r). This series is convergent when Gm/r < 1 and its summation
leads to the exact Schwarzschild solution outside the horizon. This fact shows,
at least in the one-body problem, that the use of § distributions is consistent
with Einstein’s theory, provided that a suitable regularization procedure is used.

5.2. The “Stress-Energy” Terms haﬂ . Using the regularized second order
stress-energy tensor defined in Section 4 the equations satisfied by hT are

;14 26?

Ox3 = 16n S m fds84(x—z)m u®ub (76)

They are straightforwardly integrated by means of the propagator (33):

@, 8 8
KB = —amm’ (1 +20%) L2 - amm’ (1 + 200'2) u’ Cu )
W |r p R
~t "t At Nt . .
where wr =ug - Ug,pr =-(2g - Zg) ' UR, Zr being the retarded point on
L' associated with zz, i being the tangent vector to L' at £.
Equation (77) is the exact solution of (76); since we are looking for a
second-order solution, we can write

a B8 e, 18
“] - 4G mm' [(1+zw2)”,f‘ ] +O(G?)
70(0) P(o)

G*h “ﬁ =-4G*mm’ [(1 +2w?)

(78)

where wg =up - ug; PR =-(r - z(o)R) uR, z (O)R being the retarded point
associated with z on the tangent up to L' at zp (cf. Figure 1 in Appendix A).
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5.3. The “Cross-Terms” h#. The equation satisfied by A$® is
1 1 1 1
O0G*h%P =G? mm'{— 16u%u® py u'tu'"a2, . 16u"u"® ” utu’al, Py

' 1 1 1 1
+16(uu’® + u"uf) [u"“a” ~u'd, Pk wok = Ay -r—,]
1
;

1
r

- 16wuu'd, L af*i, - 16wu'*u*9, -1—, P
roor r
- By L ga By L ga
lowu"u*9, — 0% = - 16wu*utd, = 9
roor r
40wt - 1)(a“laﬁi,+aﬁ—1—a“ i,)
roor roor

+ 4P [4wu'“6“ L, Low-nor L 3, —1—,” +0(G?  (79)
r r r g
(79a) can be written as

0 G*hF = G*mm’ [(Mg‘{iz)“ + N D) (—rl— D* —lr-)

+(M;PD" + N2ED®) (lr D'’ ri)] + O(G?) (79b)
R
where
M 55)R =16 uPu,uy)r (80)
WV 5DR = 8(2u®u™ + wn™F)upu, + 2[8wuu’ - (2w? - )11,

~ 16wu'*u,88 - 16wu'Puy8% + 4(2w? - 1)8%681, (81)

and where the functional derivatives D and D'® were defined by (29).
Let us now consider firstly the zero-order retarded solutions of

N | n
OP%=\= D% —] =53 (82)
O] r@ /R \F'T/R
1 d’k N®
P =-—
4r J |kl R'R? (83)

(and similarly P'* obtained by exchanging the roles of L and L"); secondly let
us consider the zero-order solution of

o 3In® B _ (B 4 %P
O G*8 = pB (_"‘_5) ___[ n®n (13 _ u®u )J 84)
(0) © \'rjr rr R
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3 B_ B4,2,B
gt VB (2K 3NN - (0 +uu) 55
4 J |kl RR
where VP denotes the Cauchy valeur principale [15] and where R, N%, are de-
fined by (67) and (68).
Now because of the pole in the integrand of (85) at R = 0, DPP® # G*£,
(0

When calculating DFp® by differentiating the integral which has as a domain
(o)

of integration the complement of the ball of radius e centered at R = 0, and

letting € = O, we obtain

DﬁPa = GO‘B + _!_[M] (86)
() 3L mw Ir
On the other hand, the zero-order retarded solution of
o o 18
D FQB = D’ﬂ (r'l_) = (.Zl'—’l.__) 87
© @ \r'r’fg \r?r g ®7)
is
1 [d®k N°N'®
e )
F*? converges and we have
Fof = 5) "Bp (89)
and therefore
D'"p* = pep'# (90)
(0) (0)

There are therefore two nonequivalent ways of obtaining the retarded solution
of (79):
G5, = G*mm' (M ¥sGP® + NE, FP° + MR5,G'*" + N5, F'*°} + 9(G?)
©n
G*hSP = G2 mm' (M ¥, D°P? + N, D'°PP + MBS, D'°P" + N§§,D°P'"*}
+O(G?) (92)

However, here too, a definite choice is imposed by the theory: (92) is the cor-
rect solution, since it ensures that the second-order harmonicity condition is
satisfied, as demonstrated below.

It should be noted that an integration of (79) within the framework of the
theory of distributions would have led unambiguously to (92). Associating with
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(1/r"Ngr D¥(1/r)g the corresponding distribution, the zero-order retarded solu-
()

tion of (82) is the distribution P%. Since distributions are indefinitely differentia-
ble, the retarded integral of the distribution (1/r' ) D*#(1/r)g is the distribution
(0

DPP* (and not G*?). Thus (92) is obtained as the zero-order retarded integral of
(0
(78).

Finally the explicit integration of (83) can be carried out, so that P% is
known in terms of elementary transcendental functions. (Cf. Appendix C.)

5.4. Second-Order Harmonicity Condition. The metric we obtained [equa-

tions (72), (77), and (92)] will be a solution of the full Einstein equations if the
second-order harmonicity condition is satisfied.
Gathering the results, the metric reads

g% =% - 4GmuCuP PR - 4Gm' WU P Ir g - G*m? [(Tu®u® + n®nP)/r? )5
- GCPm? [(Tu'u’® + n'n"®)r' 1z - 4G mm'{[(1 + 20*) u®u®]/ro} g
- 4G mm'{[(1 + 20" u"u"P[r'p"} g + G* mm'{- 16u*uPuy u;, DPP°
- 16u"u"Pu,u, D'PP' + [8Q2uu"® + wn*F)upu,
+ (16wuu'® - 2*P2W? - 1)) npe - 16w u,65 - 16wu'Pu, 8%
+4(2w? - 1)6%881D'°PP + [8(2u"uf + wn®F)u, ul,
o+ (16w uP - 20%P(2w? - D) mpe - 16Wuugdh - 16wuPugss

+4(2w? - 1)8%8651DP"P15 + O(G?) 93)
where the explicit expression of P¢ is given in Appendix C.
Now
3G = -4Gm(i®r)g - 4Gm'W'Ir")g (94)
(1)
3G H3P = O(G?) (95)
2 .
3G Hy = 4G mm' [(1 LEL )2u°‘(v u)]
7p R
1+ 2040 o'
+4G*mm'’ [( @ ?sz @ u )} + O(G?) (96)
rp R
. o
2128 = G2’ |16’ L _ 420 - 1)
0G* h mm [ wi Py (Qw ) il

U to
+ G2 mm!’ [16w'u“ G4 4w - 1) 1—2] + 0(G?)(97)
rpe rp-ir
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where

~re

vg =-Ug +(zk - £§)ler

To compute (97) the following property of P* was used

e L o

as can be deduced from (86) and (85). Equation (98) was then rewritten as
Dy P* = [1/rp]g + O(G) (99)

We also replaced wg, by either wg or wg since
wr = wg + O(G) = wi + O(G) (100)
The second-order harmonicity condition then reads
099 = ~20M o ray, - 4G e Groey, < 06%) (101)
1) TR (1)

which implies
% =GTg + O(G?), ig =GIg +0(G?) (102)
™ €

where

¢y (p - o &
GT = Gm'{(l -2t LI 60 E’E} (103)
(1 p PR

with
v} = U + wrup (104)

Equations (103) and (104) are nothing but the first-order equations of motion
(52) written for zp.

We have therefore shown that the first-order equations of motion can be
obtained either from the conservation equation of the regularized second-order
stress-energy tensor, or from the first-order geodesic equation, or from the
second-order harmonicity condition, thus ensuring the consistency of the ap-
proximation scheme at this order.

§(6): Conservation of the Third-Order Stress-Energy Tensor;
The Second-Order Equations of Motion

The equation of conservation of the regularized third-order stress-energy

tensor is obtained from (22) where 2% is replaced by Gh*® + G*h*F. Some
(1) )

elementary algebra yields
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Ve = 5 Gm f asbate= )i + [T, + T8, + P, (08, + 21}

+ O(G?) (105)

[that is, VBS_I-“‘T; = 0 is equivalent to the second-order regularized geodesic equa-
tions (23)], provided that the three following conditions are satisfied:

H*PREY = 5B X hRY +0(6) (106)
Mo O @
HEB Y = 1B X 97 nHY +0(G) (107)

W @n O @O

(h“ﬁ + Gh*®) = u (0, h“ﬁ + Ga}\h"‘ﬁ) +0(G?)
$ () @) (1 @)

=uM3, h*P + 0, h*P + GO, h*F)+O(G?)  (108)
@0 GO @

Now since
IMAEY = dmm —»”““V”A) +4m' ———”'“”,w ” (109)
© ” Jr "k

(cf. Appendix A for the calculation of derivatives of retarded quantities), and
since

(1rk) = @"Ir")g = (1/rr")g = "[rr'™)g = ("[r*r)g = O(G) (110)

(cf. Appendix B for developments in Laurent series and the regularization of
retarded quantities), the conditions (106) and (107) are clearly fulfilled. The im-
portance of the last condition (108) for the consistency of any regularization
scheme has been stressed in [13]; extending the methods in [13] it can be seen
easily that (108) is fulfilled when using the regularization procedure we have
chosen.

Therefore the conservation of the regularized third-order stress-energy tensor
is equivalent to the regularized second-order geodesic equations. We shall not de-
duce here the second-order equations of motion from the third-order harmonic-
ity condition since we do not calculate the third-order metric, However, the
equivalence between the third-order harmonicity condition and the regularized
second-order geodesic equations can be shown explicitly by using a procedure of

analytic continuation based on a generalization of the Riesz potentials [14].
The second-order geodesic equation is obtained from (23) by replacing he#
by G(h;‘ﬁ +G 2(h;‘ﬂ given by (94). We shall separate it as
1
G(I‘)“+G2(F“+I‘“ +I'%+T§+T%) + 0(G?) (111)
1

Introducing the quantities
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TG = 7 (1~ 2 -]+ (ng ) ([0 + 2tg ']
1 R
+4(ug wugh +- - (112)

n% + (ng -u)u‘”]
fr

Gri(x)=m {[1- 2(ug -u)*1(ng - ug) - 4(ug - ¥)(ug " u)}

+am [—”ﬂ—*%—”—)—“«] (ur ) (g - ) * (ug )]

‘m [uj“g +(ug 'u)u“]

[(n - i)g + 4(ng - u)(ug - u)(ng - ug)

TR
+ 4(71R . u)(l.lR . u) + 2(uR . u)2 ("R * uR)] kL (113)
R e T a

amm I 01+ g - g )+ 20k ) 1)
R

R
’ [2(u}2 .u)2 - 1]

[

+2[ug + (ug - w)u*lug - w)}+2mm

rRTE
{ng +(ng - w)u® + 2(ng ug)ug + g )+ (114)
T%(x) = mm’ (1 - 2W2> {[nﬁ *(ng Wt Hor + PR "W ua]
7P) /R Tr P(o)rR
(1= 2(ug - u)*] +4(ug - u)ug + (g - w)u®]
-[("R 4, Por '“)]}+.-- (115)
TR P()R
o 2m’ o 2
g(x) = . {[ng *+ (nr - w)u®]{1 + (ng - w)°]
- (ng * )(ug WU + (up W) uT}+ - (116)

Xx ' ' pt
r:z(m') = 4(u'*u'Y3°D, P, + u*u”u'*u'*3,D,P,) - 16cv*u’utu’d,D, P,

+42u? - V(U u?d*D Py + u*uutu’d,D P))

- 16v°*u”u*u'd, D, P;, + 16w(UPu’™d, Dy P"™ + u*u’u™u’3, D, P,)
- 4Q2w? + 1)uPubd, D°P), - 16wv°u?d,D,P"

+80?(3*D, P + u*u”d, D, P'™) a1n
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I'% T'%, etc. are the regularized values of F“(x) T'%(x) etc., when x tends to the
1 ¢V

point z on the world-line L. In (112)-(116) the dots (- - ) mean the exchange of
the particles (m - m', ug - ug,ng = ng,rg = rg, etc.). Equations (112)-(114)
yield the contributions to the second-order geodesic equation due to the linear

field Gh*P. Equation (112) yields the first-order equations of motion. When cal-
v

culating (113) from equation (23) all the terms proportional to #? were discarded
since they are second order in G; the vector #% entering (113) is a known func-
tional of the wortld lines given by the first-order equations of motion (102) and
(103); equation (113) contains the term (11ii%/3) first obtained by Havas [6].
Equation (114) is obtained from equation (A.28) in Appendix A by replacing
h*E by (h;m. Equation (115) is the contribution of the stress-energy terms #%%;

it is obtained from (23)-(24) by replacing #** by haﬂ Similarly (116) is the
contribution from the self-terms h"‘ﬁ Finally (117) is the contribution from
the cross-terms A%’

Equations (1 12) (117) are then expanded in Laurent series around the point
z,x being in the hyperplane orthogonal to L at z. The resulting expansions are
then regularized by taking the mean value of the term of the expansion which is
independent of € = [(x - 2)*]Y/2. A rather long but straightforward calculation
outlined in Appendices B and C then yields

T =m'p2[(1 - 2w*)A% - (1 + 20 + 4w A)v°] (118)
)

MY A% 40841207 -1 -40" +120° - @, 40°- |
mm'  p

s PE * Az 4

8w + 12
- 1w+ 220° + 114Qw? - 1)] +p— [_222__&1

~8w* + 28w? 4% 17
+ LA—%’—— #2607 @+ 1AL+ 662 + 4wA)] (119)
2m'
re = ;’2 (262 - 1)(A% - v%) (120)
ry _4* 4w4—1+4w5—w_ 4wt~ 1
mm'  p3| A4° A? A
¥ [8wi+4w 4wt-1
+ —p—3 [ ye + 1 ~4w- 80)3] (121)
2m'2

rg= [4%(1 + * + 24w + A%) - v*(1 + Aw + 4?)] (122)
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% =_4[d r“] nd  A4° [_g_+5_c£+(22w2—7)

mm ds | m  pPla® A A3
40 8(1 - 2w? - w?)
v Gt D A
o {47 48w
+17w(1 - 20*) + SA(1 - 2w2)] - —;3— [ﬁ + Ve

2 _ X 31
N 4(wA 2 re- i3_ w? - A(5 +78w?) - 20wA2] (123)

where if £ is the retarded point on L' associated with z, i the tangent to L' at

p=-(z-z")-a' (124)
w=(-%") (125)
v*=1"+ wu® (126)
A*=u®[(z-2") ullp+ @ - 2o, (A uw)=0 (127)
A= -A)P=-[c-2")ullp (128)

Gathering the results we obtain

4% =GIr* + G*T* + O(G?) (129)
(1 )

where I'® is given by (51) or (118) and where
1
T =p 3 [m?HE + mm'(@4® + bv®)] - 4md[T'® In A]/ds (130)
) )
with:
HE =24%Gw* + 24w + A?) - 20%QQw* + Aw + 4?) (131)
a=-24"5-5wA"*+5(01 - 20473 + 2w (3 - 4w?)A™?
+4Qw* + 20 - DA 200w - D+ 12Qw* - N4 (132)
b=-(47/3)47% - 32wA™? +(3+ 16w? - 4w*) 47! + 20w (2w? + 3)
+4(3 +26w?)A +48wA? (133)

The equations of motion (130)-(133) are equivalent to those obtained in [10].
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§(7): Predictive Poincaré-Invariant System Associated with the
Second-Order Equations of Motion

The second-order equations of motion obtained in Section 6 are of heredi-
tary character. The acceleration of each particle is a functional of the past his-
tory of the two particles. Indeed equations (129) can be symbolically written as

az* AU B B 518 48 3
7 =y s =Wz, u®, 2%, 4'") + O(G?)
5 ' (134)
where W® denotes GT'® + G?T'® [the differentiation in the last term of (130)
n &)

having been worked out “‘as if ” the lines were straight].

s(s") is the Minkowskian proper time along L (L')and 2' €L’ (2 €L) s the
retarded point associated with z € L (z' €L"). Equations (134) exhibit a heredi-
tary character, since the right-hand side involves configurations of the particles
(4-positions and 4-velocities) which are connected by light cones and which are
not therefore generic. This kind of equation is known in the literature as differ-
ential-delay systems or retarded-functional differential systems. Unfortunately,
there is at present no theorem of existence and uniqueness of solution for those
systems, except in very particular cases which do not include the present one.

In order to transform equations (134) into an ordinary system of second-
order differential equations, we shall use here the hypotheses and the framework
of predictive relativistic mechanics [12]. In this theory it is assumed that the
evolution of an isolated system of interacting particles is described by an ordi-
nary differential system of the type

dZ;)(j\) = ua, du;)(\?\) - Sa(Zﬁ, uB, Z'ﬂ, .urﬁ)
dz'*(N) du'*(N) (135)
o C u'® —ud)\ = §"%(z8 uf, 28, u'f)

or

e _ o, sy

d}\ uaa dk Ea( b’ C

where, for compactness, the Latin indices labeling the particles have been rein-
troduced: a, b,d’,...=1,2;2; =z,2, =z", with the conventions: « # 4’ and no
summation on repeated Latin indices. The function §5 must satisfy the follow-
ing requirements

(D) Be invariant, under the transformations of the Poincaré group.
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(ii) Satisfy the orthogonality condition
Eqlga =0 (136)

so that the unitarity (in general, the constancy of the modulus) of the 4 -velocities
uy is a consequence of the corresponding condition imposed on the initial con-
ditions. In other words the common parameter A measures the Minkowskian
propertime along both lines z(X), z'(®).

(iii) Be solutions of the following nonlinear system of partial differential
equations [18]:
P ﬁ + £P _a_zg._

]

) =0 137
a aZgl a au;?: ( )

Equation (137) can be obtained from the requirement that the solution of (135),
i.e., a pair of world lines, is unchanged when the initial data z,(0), u,(0) are arbi-
trarily shifted along the trajectories. This condition together with (136) ensures
that the general solution of (135) depends on 12 essential parameters and not on
16 as one could expect (case of two particles). Thus the system (135) can be
changed, in each frame of reference, into another one of Newtonian type, (i.e.,
using ¢ = z° = z'° as parameter \ for both particles), preserving the invariance
under the Poincaré group {19].

According to the above considerations, we construct a Poincaré-invariant
predictive system of the type (135) such that the functions £5 coincide with the
right-hand side of (134) when the configurations of the particles are connected
by light cones. (This requirement plays the role of a boundary condition.) In
order to do so we assume that the functions £ can be expanded in a power
series of the gravitational constant G as

£2=GEg+G E3 + O(G?) (138)
6)) €]
so that the proposed program can be carried out order by order.
Substituting the expansion (138) into equation (137) and equating terms of
the same order we obtain the following equations:

dtg
p (1 =
u, 28 0 (139a)
3k, kg
ub @ = _sap, KON (139b)

@ 3zh (Y oub

and so on. Equations (139) give a recurrent method to compute the different
terms of the expansion (138) once the first one is known, provided that we have
a criterion for the selection of solutions [20]. An essentially equivalent method
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would consist in transforming the differential equation (137) into integro-
functional equations [21] [12] which automatically include the boundary condi-
tion (134).

7.1 First Order. To obtain the first-order term £5 of the expansion (138)
(1)
we impose the “boundary condition” (134) to the general solution of (139a) at
first order. As is well known [20], we thus obtain a unigue result, which can be
deduced from T'§, [equation (118)], by means of the following substitutions:
1)
47

—zy - [z, " uy) trlu
a

o

“ (140)

Q
a

A
2
05— u

where the final configurations (z,, 4, Z,', u,) are generic, and where the follow-
ing notations have been used:

o =zo - zo (141a)
ra =4[22, + (2, Uy (141b)

The final result (see Appendix D for detailed notations and a sketch of the
derivation) is

(%3‘ =mar73[(1 - 2K*) Ky + k(3 - 2k*) 7,15] (142)
with
k=-(u, ‘uy), A*=k*-1 (143)
Ta =N [(2ag * ta) - k(2o ~ Ug)]
hga' = zgy - Tolg + Toug (144)

t§=ul - kuy

This result was first obtained by Portilla [22].

The vector A, is orthogonal to the two velocities ug. Its length is the least
distance between the straight lines constructed from the generic configurations
(25, ug ). The scalars 7, are the parametric distance on the above straight lines,
between z& and the endpoints of their common perpendicular A5, . Equation
(141b) can be rewritten as

ry = {12y + 27212 (145)

Note that in order to obtain (142) we have used neither the condition of in-
variance under the Poincaré group nor the orthogonality condition (136). These

requirements are automatically fulfilled as a consequence of the structure of I'g.
6}
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7.2. Second QOrder. The second-order term in the expansion (138) is ob-
tained from equation (139b), where £5 is given by (142). We shall write the gen-
1)

eral solution of (139b) as

£ =Ego+ ET° (146)
@ @ @
where £} represents the general solution of the associated homogeneous equa-
)
tion, and Ef  is a particular solution of (139b), which is chosen in order to van-
@
ish when the configurations of the particles are connected by retarded light
cones. Thus, at second order, the “boundary condition” (134) selects a solution
from the family £X¥¢. This solution is obtained as in Section 7.1 by making the
)]

substitutions (140) in the expression (130) of I'g. We obtain
).

(253"”‘ =mirg’Hgg + momgr; * {Ashgy - [k7oAq - 74(Aq + By)] 25}
- dmgmgrypgt (1 - 2krg pg + 1% p2){(1- 2K% ) gy
+k(3- 281,13} + dmymyr; 4 In(r;ip,)
{3(1- 26 (k - 73 pa)hge + k(5 - 2K (k- 753" pa) 7,
+(1- 2K 1, - 4r,(1 - 2kriip, +r2p2) 12} (147)
where
H s =2rg {3k - 2krg g + 137 p)) Maw
- k1o(1 +2Kk* - 2kr;'p, + 172 p2) 15} (148a)
Ag=-2rgp® + 5krgpz® + 5(1- 2K*)ripz® - 2k(3 - 4K*)rip;?
+4(2k% + 2K - Drgp;t - 20k(2K% - 1)+ 12(2k% - 1)r;'p, (148b)
B, =-21rdpz® +32krip;t+ (3 + 16K* - 4k*)r,p;" - 20k (2K + 3)

+4(3+26k*)r;  py - 48kr;? p? (148¢)
Pa=kry - A1, (149)
The particular solution & f ¢ is given by
i
g fo dNRy(N) (51;,’ WL, (150)

where
/)\‘a"_:_(zaa' “Ug) =Ty (151)
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and R,(X) is an operator acting on any function f of the argument (z},, ug) in
the following way:

R(NF (g, 28 u, ub) = £ (&5 + Nu, 285 u, ul) (152)

and similarly for R (), which “shifts” z,. The computation of the integral
{150) using (142} is rather long but straightforward. Noting that

(i) The computation of the quantity in brackets in (150) is notably simpli-
fied when introducing the linear differential operators:

3 o 0

Na' = hg’a 5%, Qa =1 (153)
a

whose action on the different scalars and vectors is

Nd'{htzul's Ta: Tu's k} = {_2h2a’7a’a A—Z kh?la': A_2 hga'; 0} (1543)

Qu{Waas Tas Tar K} = {0, 74, k7, - A’} (154b)

Nyrg=-r; bly(ty - k7,) (154¢)

Qura = Nr3t1,(7y - k74) (1544)

Nohgy = N2 Woutd ~ Tohgw,  Qahze =0 (154e)

Nptd =-hyy, Quty =kt (154f)

(ii) The operator R,()) acts on the variables depending on zj as follows:

Ry(N)74=1,

Ry(N)1y =7y + A (155)

Ry(Nhag = hgy
and hence
Ry(Nry =1,
Ry(Nry = [Bg + A (1 + NP ]V2 =1p(N)
We finally obtain
o= mmgr S -k (2K - D[3QK* - DRy + k% - 3)ri 7,1y
@ (2K - 1)*(3h2p - r2) + k2 A2(2K? - 3)[3Q2K* - 1)72 - 4r2])J,
- 3kA2(2K% - 1)(2K? - 3) 7Kz} hey
+ mgmyr P {(2k% - 1)63k2 (2K - 3) 12 + A2 [(2K* - 1)
+ k2 (2K% - )2 W2l + k[3(2K% - 1)(2K% - 3) (B2, - A*r2)
+ k2 (2k% - 32 (3A?72 - 1) 10y + K2(2K? - 3)(-3A%72 + r2) K}t
(157)

(156)
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where
kt -1, Ta'>
= —_— - — 158
Ia aa' ( r — A2 Ta ry ( a)
Jy =-A2[(kry, - A21,)"t - rgt] (158b)
(Arg + 1)k - A)

Ky=-A"2hiuly + A3 In (158¢)

ATy try
As at first order, the result is invariant under the Poincaré group and the condl-
tion (136) is automatically fulfilled.
The expansion (138) where £5 is given by (142) and where £J is the sum of
&) 2

% given by (147) and of § f % given by (157) solves the problem of writing
@)

the equations of motion in the form of an ordinary system of second-order dif-
ferential equations.

By known methods already used at first order by Portilla [22], the equations
(135) can be transformed in Newtonian-like equations of motion which reduce
to the usual Einstein-Infeld~Hoffman (EIH) equations of motion [2], when one
neglects all terms of order higher than or equal to Gm(v/c)® or G*m?(v/c).

Moreover it is possible to construct by known methods [23, 24] a Hamil-
tonian formulation (invariant under the Poincaré group) for the dynamics of this
two-particle system and thereby to define unambiguously the energy, linear mo-
mentum, and angular momentum of the system. The computation of these quan-
tities was done at first order in [22].

Appendix A: ¢ =1; signature -+++;a=0, 1, 2, 3;ds* = —naﬁdz"‘dzﬂ

A.1. Einstein’s Equations in Terms of the Deviation from the Minkowski
Metric. The Einstein tensor $%% = R*# - %Rg"‘ﬁ reads in harmonic coordinates
[16]

2Ugls°F = g*0%, g™ - 1g12I*HV I, - poy* +g°PL) (A1)
where
g*f = (-g)'/2g** (A2)
is such that
350*% =0 (A3)
and where

_zlglna;kw = Q#Pap gaV + ngap ga# - gal’apg#V (A4)
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6, = g,,8,,01°°° (A5)

o =g%ys,  yg=0g[In(-&)"*] (A6)
1 1

L= Wde8 + 5 7,5° (A7)

g being the determinant of the matrix g, 4 (or equivalently of g*#).
Introducing the deviation from the Minkowski metric:

hoP = g*F - P (A8)
we obtain the following expansions in powers of A"”:

~g= 1+ h+ 10 - hy WYY + LB + Sl RO R - Shby, BP + O(H*) (A9)

g% =™ + 1 - In®fn + P (L0® + Lhy, hY) - 1hR*F + LH2noE
+ %h"‘ﬁhwh“” - Pk + i, WP RS + Lhiy, B*Y) + O(RY) (A10)

8o =Nap = hag + 3Magh + Napg(GH* = Ghuyh*Y) - Shhog + oy hf

+ Nog(agh® + Shyy WPRY - Shby BHY) ~ § 1P hog + 3 hbo, HE

+ L hgghy b ~ Ry h*P g + O(RY) (A11)

In equations (A.9)-(A.11) and henceforth, the indices are moved with the
Minkowski metric n%F; A = Mg 1*®. A similar expansion of the Christoffel sym-
bols I'g, yields

Ty = 28%°(0p8py * 3,805~ 2p85y)

=T'§, + g, + O(%) (A12)
(1) )

with
2(F)§7=%5‘;aﬁh+%5 G0y R~ 3mp 0%h~ 3y hE - dgh +0%hg, (A13)
1

2(1—‘)%7 B —%62‘,}1“”35}1#1) - %thﬂ"a7 R + %nﬁ'y huvaahw)
2 .

+ iy dgh™ + hp, 8, h** - g, 3%RY - Ry, 0% Y
~ ingy OB,k + Fhe, 0%h + h** kg, (A14)
The expansion of (A.1) then is
2121 S*F =0 K*6 - NP - M8 + O(1*) (A15)
where (=17 6823 and
N =-piva2 p*f + In®By, hoth - L0°hoPh - 1n*Fo, h,, 0 H"°
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+ 1008,k 0" + L3%HHV PRy, - 0°NPVD, hE - OPRHV, K
+ 9, K*HQVhE + 0, h*H oK (A16)
MO = Ln*F3, o, i + Ln*Po, ho*n - Lo%hd, hh e - 10PhD, hhte
- An*Porhd by, P + L3%H0Ph, MY + L0PRO% R, h*Y
+ 2h°P0, P8, bl - 1H*P0, by 0RRYP - QMR RPPY by,
- *hPn*PR - OPHOHD, PP Ry, , + VR P RER,,,
+ 3" hPRY ROy, + LOCHHPRPPY, By, + LOPREV P b,
- 0*hHOPhE hy, + HPPD, RV DS - Ln*PB, hEVRPO Dy,

- 30°P8, RV 0, hP%hy g + An*F3P H*YD, H Ry, (A17)
From (A.16) and (A.17) we deduce
3pN*# = -20%h0h + 33°h** O by, - *1* Oihy, (A18)

3gM P = J0%hN - L0*hP'N,,, + OMH*VN,, - L0, hH** Tk
+ 30%RR* O Ry, + 30%h* Ry, O h + 3" R by, O K
+ 3H08, O REY - 3% RMV Ry, OO RS, (A19)

where N = naﬁN"‘B.
The stress-energy tensor density

T =G|g|T* = > Gm fds84(x - 2)u®uPlglV? g, utu’| Y2 (A20)
can be formally expanded in powers of A*:

T = 5 Gm fds54(x - D) utuf[1 +(t)+(f)+ o] (A21)
1 2

t =%h- I, utv’ (A22)
t = 5h? - T, B4 - Lhhyute? + (b, utu Y+ LubuPhy, , hE (A23)
The covariant divergence of the tensor-density $*# of weight + 2 is

VpT* = 9,T*F + g, TFY - 1 T (A24)

where I'g., are the Christoffel symbols (A12). Equation (A24) reads, when for-
mally expanded in powers of A*?,
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d
V3% = > Gm fds& (x- z){——- [u*(1 + ¢ + )] + T% ulu”
g 2 * ds W e o

- Dhyutu + (D ufu? - DEutu?)(1 + 1)+ ®(h3)} (A25)
(@) ¢)) 1) ¢

where ¢ and ¢ are given by (A22) and (A23); I'g, and I'g, are given by (A13)
o @ €)] (2)
and (A14).
Finally the formal expansion of the geodesic equations (which could be de-
duced from VB‘ISO‘B = (0, were the metric well behaved) read

u® =-ubu’[Tq, +u®u, Tf, + Ty +u®u, Tf, ] + O(R) (A26)
1 (1) (2) 2

where

M VO e - T T (I TN LN _laa
uu[(l:)“,,+u u,,ll‘u,,] utu’o by - sutut o h,, - 20%h

- u*(Guto - TutuPuPa, ny,) (A27)
~uty” [(12*);';,, + uaup(l;‘)ﬁ,,] =-%0,hh** - 20%huMuhy, + L1y, 0%HY

+u’utd%hy,  ht - Jutu"o,hy, h*P

- uPuP B, HGhE - u® [Lu,d,hR"Y

+ LubuPuyd g by BP0 + JuPuPuto by,

- 2uPd,h" hy,] (A28)

A.2. Notations and Derivatives of Retarded Quantities. By definition

rr=-(x-zg) ug, rgp=-(x-zg) ug (A29)
ng =-uf +(x* - 2g)/re, ng =-ug + (" - zg)Irg (A30)
pr =-(2g - ) Ug, pr=-(2g - Zg)-1g (A31)
vk =-UR + (2% - TR)pr, VR =-U% + (K - Z%)Irr (A32)
PR =~(@r- Z(r) "Ur, PR =R~ Z(0)R) " UR (A33)
V)R =~ur t (2% - ZHr)P(Or:  VOR = Uk T @R - Z)R)p(r (A34)
WR SUp ‘Up, Wg=Ug-Ur, wg=ug-Ug (A35)

0=(n-wr=0" u)g =@ g =0 g =g Uk =@w Wr
(A35)

1=nk =ng = vk =vQ = ¥{or = V()R (A35)"
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Fig. 1. (x - zg) = (x - zR)* = (zg ~ TR)? = (zgr - ZR)* = (2 - 5\'(())R)z =
(g - ?(O)R)z =0.

Since the curvature of the world lines is of order 1 in G, we have
PR =Pr + OG), pyr =Pr + O(G), PGHr =VR + OG) (A36)
Vor =V t 0(G), wrp=wgt0(G), wr=wg+(G)

The derivatives of the retarded quantities are deduced from differentiating
the identity

(- zg) ={x-z[sr)]P =0 (A37)

and read

-0%sg(x) = (x* - zZR)[rg =ng +uk (A38)
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0°(x? - 2§) =1 + uly(x° - 2R)rg =-D°(xP - 28),  D(x*- 2§)=0

(A39)
3%ub =-ub (% +u@)=-D%%, Db =0 (A40)
%rg =n% trr(nk + up)(ng ug)=-D%g, D*rg=0 (A41)

and similar expressions for 34,(x” - 21'5); uR, aarR Up = dug /ds and D, is
the partial functional derivative associated with parallel displacements of the
line L; {cf. equation (29) in text]. Equations (A40) and (A41) can be rewritten
as

%ul =-D*ub =0, 0%ub =-D°ub =-4uf (n% +u) (A42)
@ B o R o 5w RYR R
% =ng=-D%p, 3%rg=-D%g=rg(ng +u})(ng -ug) (A43)
(0) 0) (1) ¢)]
where 0, D means that the derivative is taken “as if” the world lines were
(0) (0)
straight lines and where 8, D are the first-order correctionstod - d,D- D
w W (0) (0)

due to the curvature of the world lines; 9 f, D f are proportional to ”.Ea and are
m @

first order in G. Similarly we have
a“n% = [(-n*nf + 0 + u*uP)/r]g = -D*nb, D'a =0 (A44)
©) (0) (0
-D'"pp =vh,  -D"*v% = [(-v*vF + 0% + 80" p], (A45)
(0 (0

8 PR = V()R> 8 vlor = [Pl + 1™ +uuDjp ] (A46)

Noting that p(g)r and V‘("O) r canbe expressed as a function of retarded quantities:
(P or = +r[n + (o a)u™ +u il (A47)
(V : V)(O)R =1 (A48)
D* P(or and D%# (R 2T€ easily calculated using (A43) and (A44).
(0) (0

Appendix B
B.1. Notations. By definition
x% - z%=en®, (n-u)=0 (n-m)y=1, e=[x-2?]Y* (B
p=-(z-2")-f', ¥*=-8""+(E*-2'%, w=u-i' (B2)
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Fig.2. (x-2)-u=0; (z-2")* =0.

It will be also convenient to introduce

AL
v =0" + wu®

A% =0+ @)t + o =ut[@ - £') ullp + (2% - 27%)p

A-u)=0, A=A -AV=-[z-2")ullp=-[w+(@ u)]
B.2. Laurent Series Expansions of Retarded Quantities. We have

n% =n“+ % [® - (n - @)(2u® + n*)]

+ 6—62 [(n - #)(3u™ + 2n%) - 2u*] + O(e®) + O(G?)

(B3)
(B4)
(BS)

(B6)
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re=et & (n w)- — (n i)+ O(e*)+ O(G?) (B7)
ub =u® - ei® + = 7 i+ 0(e*) + 0(G?) (B8)
u% =u* - eii® + O(e?) + O(G?) (B9)

ng=v +;[n t(n-0)A" - (v + 0+ 0(G)  (B1O)

"1'2=P+€(n"’)+§—2 [L+(n-2) - (nvf] + O(e?)+ OG) (B11)

=2 + 0(e) + 0(G) (B12)

aR =%+ O(e) + O(G?) (B13)

bR =0~ €01 S [1+@wP - ]+ 0E)HOG)  (B14)
(0" )o)r =0V - e(u® + wu'“) + O(e®) + O(G) (B15)

B.3. Regularization of Retarded Quantities. The regularization procedure
used throughout the paper consists in taking the mean value of the term of the
Laurent series expansion which does not depend on e. For a simple method of
calculating them see [13].

Sk _ -8(2) (B16)

TR

aa@ﬁ) = —‘; (i - WP uy) + Stie, + Sttgy
= % + Sity, + Suy + O(G?) (B17)
where

Sk =8(zg). (B18)
(n®*/r")r = 0(G) (B19)
(n"Irr'*)g = 0(G) (B20)
(n°lr'r)r = 0(G) (B21)
(n°Ir’p)r = O(G) (B22)

From (B6) and (B23) the contribution of (I:)“B, nP, and h$E to the geodesic

equation can be calculated {equations (118)-(122) in text].
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Appendix C

C.1. Calculation of P*. The equation satisfied by P* is

ope=-tgeloylped 1)
) fr TR 'R TR

where the index (0) indicates that we are looking for a zero-order solution of
(Cl):
rr=-(x-zg) ug, rr=-(x-2zR) up (C2)

2R being the retarded point on L associated with x, up the tangent to L at zp.
D(x) being the flat retarded propagator:

DID(x) = - 415 4(x) (C3)
D(x)=8(x - [xl)/Ix], |x|= (et (C4)
we have
- O(frg)=-4=n fds64(x-z) (C5)
1/rg =fdsD(x -2), 1rg =jds' D(x-z") (Cé6)

so that the solution of (C1) is
P°‘=~ZI;T-fd“yD(x—y)fds’D(y*z')D“fdsD(y—z) (o1)]

The integration on d*y is performed using cylindrical coordinates:
x-y=t, t=(@{%'=Rcosy,t* =Rsing, %) (C8) -
in a frame such that
x-z' =a"%°% x-z=0a%"+a3e® (C9)
One thus obtains (cf. [5])
1 R 2R ,
P“(x)=—5 j:m ds' D® j:w dsO[(z- 2P {I(x-2): (x- 2")]?
- (-2 (x- 2 YR (C10)

where 6 is the Heaviside step function. In lowest order we can integrate on
straight lines tangent to L and L' at zx and zg. The integration of (C10) on
ds then is elementary and yields
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zR Ba
P%(x,zp,zR) =+ f ds'

2
Ho)R rrB

(C11)

where 2() is the retarded point on the tangent to L' at zg associated with zg,
and where

B%(s")=R'™ - rgnk - ng[R' - rgng)*1"? (C12)
R(s") = [x* - 2'%(s")] + {[x - 2'(s")] - up}ug (C13)
n% =-u% +(x* - z%)/re (C14)

Finally the integration on ds’, using three-dimensional vector notations after
a projection II orthogonal to u% such that

1=0[z'(")- zg], 1=11 (C16)
wg =(ug " UR) (C17)
yields
) _ vX (vXng) N l'v
2(v X ng Y rgP [—‘————(W?a_ 1)1/2 In |1 ————~—(w122_ 1)1/2
ZR
-ng X(vXng)ln(l+1-ng)-2(vXng) tan'lc} (C18)
2'(o)R
with

1-(vXng)e=I[(wh - DY2 +v-ng]+1- [v+(wk- DY?ng] (C19)

where X denotes the vector product.
From (C18) we deduce

2R (P up) = [n (+1-np)I5E o (C20)

C.2 Laurent Series Expansions of P* and P'*. The Laurent series expansion
of P* around the point z defined in Appendix B is

1 1
ESgL(uV)S#EV + gsé(“vp)’é”‘évép] +Rgz +Rézu€”

Po=g {Sa,,s“ +
1
+ L R uEeE + 0(e) (C21)

where

£%=en® (-uw)=0 (C22)
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(cf. Appendix B for notation) and where
=285y =Tgu/p (C23)
~28% (uyy = [21p P - Moy, - Mow,1/20° (C24)

1o ~ o~ 1 ~ o
=283 uve) = F [?a V(ullypy = VaP(ullyp) - 3 N (utvtp) + Maubn¥p)

[3(F)* - v* - 3]
o 1| TR § BN (€25)
.
_Ap0 - _ "2
2R% A (C26)
1 Ayv,  Apv 4-v)| 4,4
_2R1 = _#__”cﬁ.}.[ +__.__°‘.E
an 2p2{ A A 4 A A?
- la- (Af'l")] nau} (€27)

[

A bAv cA A
_2R¢2¥(‘“)) = ?{_ 'Ia [anuv + 2UMUV - 1(4“ V) + :2 V] +fHa(uv,,)

2A(”U,,) bA“A ena( A )
+ Vg {dH“,, St Ll - A" z (C28)
where
a=-3+v*- (4 -v)/A% - 3(A -v)/A? - 3(4 -v) +34°
b=2(A-v)A+34, c=3(4-vP/A?-v* +3(4 v)+ 347
(C29)

d=-3/A-2(-v)JA+34, [f=(A-v)/A-34]2
e=1{-v? + (4 -v)*/A* +3(4 -v) - 34%]

with v, 10) Zvull, + vl +vplly,, etc., and A v, = A0, +A,v,, ete.,
and

M,y =Ny + Uy, w=@-a", p=-(z-2"-4' (C30)
P ="+ (2% - 2 p +u-w + [(z- £') - ulfp} =v" + (v w)u® (C31)
o =8 +wu’ (€32)
A®=7%+0%  A=(4- A (C33)

2’ being the tangent to L' at £, retarded point associated with z.
The derivatives of P* are deduced from (C21), using

D)ap =P, =y, + (v -w)u® (C34)
(o
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(lg)&/’ =V (C35)
(lg)a”ﬁ = [Mgg + Bgoe - vasl/p (C36)
g)&l’ﬁ = [~Nag - Uallg + vavgl/o (C37)
The Laurent series expansion of (u®Py,) is
(u-P)=8"le+R"+E“R;} + O(?) (C38)
§'= (8- A)]/4¢’ (C39)
R =(InA)/p (C40)
e (R LR )
2p 4p A A 4p
where
B,=v,-v,, B=(B-BY. (C42)

From (C21) and (C38) the contributions of h‘;ﬁ to the second-order equations
of motion can be calculated [equation (123) in text].

Appendix D

The notations of Section 7 for a generic configuration (z,, u,, 2, t,) are

Haw =25 - Zg' - Talg + Tgty, (Mo *tg) = (Mg " Ug)=0 (D1)
18 =uS- kul, (ty-u,)=0 (D2)
k=-(ug " uy) (D3)
A2=k2-1 (b4)
o= (Hog + NP7 )2 (D5)
Ta ™ A2 (za ~ 2g) * (g - kug) (D6)

As a consequence of (140) we obtain the basic formula for the replacement of
a Ao : s . s
z% - 2% when passing from a light cone connected to a generic configuration:

25 - 28— Myt Toud + (ry - k) ud (o))

from which one deduces easily (@a=1,4' = 2)
p——1, (D8)
w—> -~k (D9)
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Ua —> t‘axr (DIO)
A—>rzlkr, - N21)=r'p, (D11)
A% —— 7 WSy + (1 - k1) 3] (D12)

From (D8)-(D12), £ [equation (142)] and £ [equation (147)] can be de-
1) (2)
duced from (129).

[N

AU bW
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