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Abstract

The scalar and electromagnetic radiation emitted by relativistic particles moving along the
stable nongeodesic trajectories in the Kerr gravitational field are described. Two particular
models of the nongeodesic motion are developed involving a slightly charged rotating black
hole and a rotating black hole immersed in an external magnetic field.

§(1): Introduction

Considerable attention has been given lately to the theoretical description of
the radiation from test bodies moving in the vicinity of black holes [1-4]. It was
shown that the radiation from the relativistic particles performing an unstable
circular motion in the Schwarzschild and Kerr fields called “geodesic synchro-
tron radiation™ (GSR) [3~4] does not share the properties of usual synchrotron
radiation (SR) in flat space [5]. In particular, the gravitational GSR has no maxi-
mum in the region of high frequencies. This distinction is due to the fact that
the gravitational field acts both on the radiating particle and the emitted pho-
tons, while the electromagnetic field acts on the charged particle only. The
transition from the SR regime to the GSR one for charged particles moving
along circular trajectories in the Schwarzschild space-time in the presence of an
external magnetic field was studied in [4, 6].
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In the present paper a similar theory is developed for the Kerr space-time.
We consider two models in which both the nongeodesic and geodesic motion of
charged particles along ultrarelativistic circular trajectories can occur: (1) a rotat-
ing black hole carrying small electric charge; (2) a rotating black hole in an ex-
ternal magnetic field [6-8]. Though the motion of particles in the Kerr-Newman
field was considered in various aspects previously [9-13], the domains of exis-
tence, stability, and binding of the circular orbits fora # 0, Q # 0 have not been
given explicitly. Here this problem is studied both analytically and numerically
(Section 2). In Section 3 an equatorial motion of a test particle in the field of a
rotating black hole immersed in the uniform magnetic field is considered. The
scalar radiation from the relativistic particles in nongeodesic motion in the Kerr
metric is briefly discussed in Section 4; the case of electromagnetic radiation is
considered in Section 5. Throughout the paper the unit system G=c=1and
metric (+ - - -) are used.

§(2): Existence and Stability Bounds for the Circular Nongeodesic
Equatorial Orbits in the Kerr-Newman Field

In the Boyer-Lindquist coordinates the space-time associated with a charged
rotating black hole is described by

2Mr - Q@

ds? = (1-
5= (1- 2

)dﬂ - %drz - zde?
2Mr-Q*

- sinzB(r2 +a? + a? sin 0) dg?

2Mr - Q°
+2(;2Q—~a sin26> dodt (1)

where T =r2 +4? cos?0,A=r? - 2Mr +a* + Q*, M, Q, a are the mass, charge,
and angular momentum of the lole, respectively. Consider the equations of
motion of a particle with the mass u and charge e

a*x . dX* dxf , dx” ax*

e
+ —F , Uts= 2
a7 Tles 5 w7 ds ds @

where F*¥, is the electromagnetic field tensor, the nonvanishing components of
which are

F1y =—————(E 2r?), F20=——2Q;a2 sin 26

3

A r
F13=—-E—3Q—-a()3—27‘2), F23=3:Q’3‘a(72+az)5m26



RADIATION FROM RELATIVISTIC PARTICLES 901

For the circular orbits in the equatorial plane 8 = /2 equations (2) with u = 0,
2, 3 become trivial. The remaining equation (u = 1) leads to the following ex-
pression for the angular velocity of rotation:

; 2 1/2
~ wQ a OJQ 2 (IJQ
w =(1—a2w§)1{i[w§——(l—— -a|w?-—= @
P p 4r,, 5o,
Here
Mr, - 07 eQ
— a4 s W~ w072
rp rU%r;,
The upper sign holds for prograde, the lower for retrograde orbits. Using the

normalization condition g,, U*U” = 1 and equation (2) with u = 1, we get the
relation between the particle energy and the frequencies Wy, W

2 =
s

w

2Mr, - Q*
E=u7=u[1———:2 (l—awp)] {1—w§,(r?,+a2)
p
2Mr, - Q° )
- W [w?,r?, +erp(l - awp)]} 12 (5)

Introduce a dimensionless ratio of the Coulomb force to the Newtonian one

1 = eQ/uM. It is known that the ratio Q/M for the black hole of a solar mass
cannot be greater than ~107%, otherwise the electron-positron pair creation
takes place near the event horizon [14]. However, even in this case the param-
eter n can be nonsmall for particles with large charge-to-mass ratio (for the
electron e/ ~ 10?'). When the gravitational force is dominating, || << 1, we
get from (4) and (5)

wp = W (1 - [1-2r;wi(1 —awK)]>

2yo
*eog 17 2r} wywi
Wk = e = 6
K7 (1 tawy) Yo [1- wk(@3ry +a*)]? ©
LA 2, 2
Y= " WK [1-2rpws(l - awg)]
ryta® ¥ 2awgr} 2awir} o
1- Wk @y +a®)  wg F2riwk ws

In the opposite limit || >> 1 the circular orbits can exist only for eQ < 0. Com-
paring (4) and (5) one can conclude that the point 7 =7, at which the denom-
inator in 1y, is zero, does not correspond to the singularity of energy (5) pro-

vided eQ > 0. It means that the circular orbits exist also for r <rpy,. Forn+#0
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from equation (2) with g = 1 we obtain
2Mr, - 0?
e (1-awy)

M o
=n—5(1-aw,) 8
7 rg( Pl wi(l - awp)® - W) ®)

It is seen that the ultrarelativistic circular orbits with the radius r not close to
Fpn are possible if [n] >> 1.

Consider now small perturbations of the circular equatorial orbits described
above, Substituting £*(s) = X*(s) ~ Z*(s) into equation (2), where Z¥(s) =
U° -5(1, 0, 0, wp,) and separating out all terms linear in £* one gets

E4 + 0T824 + Tk, zazﬁs”——(F LET HFRENZY) =NEE) (9)

where the dots mean the derivatives to the proper time: I" and F are the values
of the Christoffel symbols and field components at the unperturbed trajectory
ZH(s).
For small £ the solution of (9) can be obtained by successive approxima-
tions, In linear approximation the equation with y = 2 decouples:
d2 SB
dt?

+w3E? =0, dr=dsdz°ds (10)
and the corresponding frequency is given by

wh = wi(1 - awp)? {1 +-——(rp +4Mr, - 20°)

2Mr, - Q? [a 2aw,, ”
+ ' 2 2
Mr,- 0% [ry (1-awp)
2
wg a ) ) 2aw, ]
221- 14— (3r2 +4Mr, - 20%) - 11
. (1 awp)[ r‘;( o rp ~ 20%) [ aw, ayn

The equations with u =0, 1, 3 can be put into the following form:

A
€ . - —
st [2(F01 *wp T) - E(ZO) IFAl] £'=0, A=t (12)
d2 r
L a0 (13)

The corresponding solution
= const * sinw,?, g4 = const - [2(F01 + wpI‘13)

- E(Z")“Fﬂ] L (14)
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describes the radial-phase oscillations with the frequency

Wy = {w?(l - aw, )’ [A—zp (1 - g-)_l + MO L) + Sacdp }
r

2 _
P Mrp 14 1 aw,

w 50% - 3a* - 6Mr 4aw 1/2
——r—Q-[l—awp] (1+ 5 L+ £ )-JQ} (15)
p

rp l—awp

We note that w, is neither equal to the axial frequency wy nor to the orbital
angular velocity w,,. That accounts for the effects of periastron rotation and the
Lense-Thirring precession. The stability regions of circular orbits are defined by
the conditions w? > 0, w} > 0. The analysis of (11) in the case of neutral
particles (e = 0) shows that w3 is always positive, i.e., the circular motion of
neutral particles in the linear approximation is axially stable. The numerical
results for the existence, radial stability, and binding of the circular neutral
particle trajectories in the Kerr-Newman field are given in Figure 1. Note that
the existence and stability domains are enlarged with the increasing Q both for
prograde and retrograde trajectories.

Taking into account the nonlinear terms on the right-hand side of (9) we
observe the appearance of coupling between the orbital motion and oscillations.
If the frequencies w, and wy are in the rational relation K, w, = Kqwy,

K =|K,} +|Ky|, where K, and K, are integers, the resonances take place. The
positions of low-order resonances for different charge values are shown in
Figure 2.

§ (3): Motion of the Charged Particles in the Vicinity of a Rotating
Black Hole Immersed in a Homogeneous Magnetic Field

The exact solution of the Einstein-Maxwell equations describing a slowly
rotating uncharged black hole in an external asymptotically uniform magnetic
field has been obtained in our paper [8] within the framework of the Ernst
method [15]. If the magnetic field strength is relatively small, B << By, =
2.4 X 10'° gs M /M, there is the region Br << 1 outside the black hole where
the space-time is described by the Kerr metric and the nonvanishing components
of the electromagnetic field tensor are

aMB

272 M
Fo =%~ <1 - %)(1 +c0s20), Fop = —aB—E-zf(r2 - &%) sin26

2 + 2 2 M 2
Fs, =Bsin20{r 2a ——Ezaz [cosz(i +;—Esin26(1+00326)]} (16)

Ma? ( 272

= in? - - + 2
F3; =Bsin G{r S 1 2)(1 cos 6)]
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1 4 X
2 a/p1 .4

Fig. 1. The bounds of existence (—), binding (- - -) and stability (- - -) for circular orbits
of neutral particles as a function of Q/M for the given /M (a), (c) and as a function of a/M
for the given Q/M (b), (d) are shown. Notice that with the growth of the charge value @ the
bounds are displaced toward the event horizon. The symbols (+), (-) correspond to prograde
and retrograde orbits.
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Fig. 1. Continued.

For the circular orbits in the plane § = n/2 we obtain from equation (2) with
u=1

wp =Pl - wi)! {i {1 +

W2} - W1 +awg) |t?
5 i

p="2 (1 +a?w}) +aw} (17)
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1k s

Fig. 2. The curves which characterize the position of low-order resonances for different
values of Q are given. (-~-) fork=3;(—) fork=4;(---) fork = 5.

Here wp = eB/uU? is the cyclotron frequency in the gravitational field; w, =
M2 312 is the Kepler frequency; and the plus and minus signs correspond to
the prograde and retrogade trajectories, respectively. In each case the “Larmor”
motion (Lorentz force is directed towards the black hole) and the “anti-Larmor”
motion (Lorentz force is in the opposite direction) is possible on the condition
that the expression in the square brackets in (17) is positive.

The energy of a particle can be expressed through the orbital frequency as
follows:

(18)

2,2 2

PR PO LR

M p ws (1 - awp) - wp
Where the dimensionless parameter ¢ = eB/uBj, characterize the relative influ-
ence on the particle motion of a magnetic field. For sufficiently large values of
¢ the circular motion with the ultrarelativistic velocity y >> 1 far from the null
circular geodesic is possible. In analogy with the results of the previous section
one can show that the small axial and radial-phase oscillations around the cir-
cular orbits have the frequencies
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s o 3¢, , 3a® )
wg = wp |1 +7+ 4a* wg | +wpwp (1 +—r—2 - 2aw5 2wy + wg)
p P
(20)

As it is seen from (19), the radial stability regions for the anti-Larmor orbits are
enhanced with the increasing magnetic field strength up to the event horizon.
The analysis of the expression (20) shows that wj > 0 so in the linear approx-
imation the circular motion is always axially stable.

§ (4): Scalar Radiation in Nongeodesic Motion

Three different radiation regimes for the circularly moving particles in the
Kerr field are to be distinguished: (a) the emission of the fundamental mode
in the nonrelativistic motion, (b) the emission of the harmonics of the order of
v? with respect to the basic frequency for the ultrarelativistic geodesic motion
(GSR), (c) the generation of ¥> harmonics in the case of relativistic motion
along the essentially nongeodesic trajectory lying far from the null geodesic
(SR). We consider the radiation of the scalar and electromagnetic waves for
the cases B << Byy or O/M <K 1. As is known [16], the scalar wave equation
in the Kerr metric admits the solution in the separate variables form

&1, 0)=Y > R ZZ(0,9) g it w= mwy, 2D

where Z(0, ) are the spheroidal harmonics.

For the nonrelativistic motion Mw <X 1 the mode / = [m| = 1 dominates.
Using the quasistatic solutions of the homogeneous radial equation [17] we ob-
tain the intensity of radiation at infinity and at the event horizon, respectively:

() w01 - ) <1 - —Z—A—{>2 <r§ v+ 2Maz>
3 A, n
[ +2X) +40%]

out _
P = "
P

P i(fu)z wp, (1- 2M/r,)? .(r?, +a? + 2A24a2 Jrp) (22)
2 R AMr, 1+4Q
- [(1 + 2X) sing + 2Q cosy]?
x=L g M e o
20 - MY r.-M’ ’
i ro=M+M? - )2 (23)

H ™ 2Mr,’
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The expression (23) contains an oscillating factor due to the interference between
the incident and scattered waves. Since in the nonrelativistic case Mw << 1, we
see that the basic part of ingoing radiation from the particles moving near the
event horizon is absorbed (if w, > Q) or is amplified (if w, <2g).

Consider now the scalar radiation from the ultrarelativistic particle in the cir-
cular nongeodesic motion under the condition w(r - 7,,) >> 1. In this case the
high harmonics of orbital frequency dominate and one can use the WKB approx-
imation for R, that leads to

JEIN SR (_f_g)’ 1+y?

Lmso 37 U/ QL(3ri+ad)-1
1ZE@[2, 0P Kya@). P =0 (24)
where K /3 (z) is the McDonald function,

\b=272 l—|m|(1 L. 7= 20m| o AYP(1+y2R
r3Q; m| Pl 373 b p92(3r +a*)- U
2MaFNA, 1y

2, = 20 e (o5)

rp+a Fp + 2Ma

Since the function Ky;; falls exponentially for large values of the argument,
it is clear that the main contribution comes from the harmonics

Y IQL(3rE +a*)- 1]
msm

~ max = 3
2r505 A;,/Z

(26)

The cutoff frequency is proportional to the cubic function of energy as in the
case of flat space-time; however, when the radius of the orbit approaches that of
the circular null geodesic, the dependence of the cutoff on y becomes quadratic.
In fact, for the case [n] <<'1 one can see that for r =7, the quantity

2M ph M
o o #3007 TP

is finite as y = oo, In the region of high harmonics / >> 1, |m| >> 1 the spher-
oidal function ZJ*(m/2, 0) can be approximated by the expression

T+(-DF" 1y
Z;"(n/z,0)|2=———~———() = -

y[Bri+a*) QL - 1] = 3Mryy, +a*)  (27)

1
- (1-a2 Q)2 (28)

Pass from the sum over [ and m in (24) to the integral over ¢ and

4lm| 293 AI/Z
38 PRI} +a?)- 1

(29)
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we get
d*Pt 9 (fu72>2 [Q2(3r} +a*)- 1]2
dydy 16n* \ 1, r2A32 Q8

[1 - %—(1 - aﬂp)] Y21+ Kip(z) (30)

Integrating over ¥ in (30) we obtain the followmg spectral distribution:

dPOut _ 3.\/§ {f“72
dy  lén

[Q2(3r} +a*) - 1]

2M 2y fy Ky () dx
I-—(-aQ2 — 57— (31
- Ha-w || 2 o

P

For small y the radiation intensity grows as y°/2, for the large y it falls exponen-

tially. Integrating (31) over y we find the total radiation intensity

fuy? 92 GBri +a?)- 1 2M 2
Pout = { L 1-=—(1-a2,) (32)
12 A4 Q3 " P

Note that (32) is y? times greater than the intensity of scalar GSR [2, 3].

8 (5): Electromagnetic Radiation

In the Teukolsky formalism [16] the eleciromagnetic field is determined by
the Newman-Penrose scalar ¢, which has a separate variables form.

For the case of nonrelativistic motion one can use the quasistatic solutions
[17] that lead to the following expressions for the wave flux at the horizon, for
rp > M:

PH~ 46w, (wp - Q) Mr. (33)

The flux at 1nﬁn1ty in this approximation is given by the flat-space formula
POt~ 2% o33 r? . For the case of ultrarelativistic motion, for the two indepen-
dent polarization states we get

out - Y 8e S A, __(_@2__ ZMn)2,0)2 K25 (2)
PW - ,.y mQ 14 P QZ (3 2 + 2) [ 1 (T( 2/3
1L,m>0
2 03 1+y2 dZ"(n[2, 0)|?
pgut= 2 8 lp v ‘ (] )\ K}s (@)

Lm0 3y mr, QRGrita®)-1
(34)

Using the asymptotic formula



RADIATION FROM RELATIVISTIC PARTICLES 911

‘dz;"(w/z,O) D G ) i I/
do 2 ™y

1y Qpm? (1 - a® Q3)Y? (35)

in analogy with the results of the previous section, we obtain

(1+¢*)K35(2)
V2K 5(2)

argy  9¢° 2 [QF(3r% +a%)-1]2
4
dydy 32n* A2 Q31

(1+w2)-{

(36)
After the integration over ¢ in (36) the spectral distribution takes the form

dPo%  3v/3 [Q2(3r2 +4%)- 1] >
0,0 2.4 p\~"p
= . K dx+K
ay 3 A3 7 Uy s/3() dx + Koy (y )]
(37

These expressions generalize the well-known formulas for the synchrotron radia-
tion in flat space-time [5] to the case of the Kerr metric. Integrating (37) over y
we find the total radiation intensity
eyt . [Q2(3r2 +4%) - 1]?
/203 .4
6 A3

Ptot=

(38)

The total electromagnetic radiation power in the SR regime is 4> times greater
than that in the GSR regime [1-3]. Note that the degree of polarization

does not depend on the gravitational field parameters.
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