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Abstract. We show that the Drinfeld-Sokolov reduction is equivalent to a bi-Hamiltonian reduction, in 
the sense that these two reductions, although different, lead to the same reduced Poisson (more correctly, 
bi-Hamiltonian) structure. In order to do this, we heavily use the fact that they are both particular cases 
of a Marsden-Ratiu reduction. 

Mathematics Subject Classifications (1991). Primary: 58F07; Secondary: 35Q53. 

1. Introduction 

The Drinfeld-Sokolov reduction [1] is a very important tool in the theory of soliton 
equations [2, 3], allowing the definition of generalized Korteweg-DeVries equations 
associated with an arbitrary Kac-Moody algebra. Recently, it has been attracting 
even more attention in relation with the definition of classical and quantum 
~#~-algebras [4-7]. 

This Letter aims to compare the Drinfel&Sokolov reduction with another 
reduction process, namely the bi-Hamiltonian reduction, which can be performed on 
any bi-Hamiltonian manifold. It is a particular case of a reduction process for 
Poisson manifolds by Marsden and Ratiu [-8] and has been suggested in [9], where 
a lot of properties typical of soliton equations (Lax and zero-curvature representa- 
tions, dressing transformations, z-function) are shown to be natural consequences of 
the existence of the bi-Hamiltonian structure. This point of view has been developed 
further in [10] and [-11]. 

Preliminary results about the comparison between Drinfeld-Sokolov reduction 
and bi-Hamiltonian reduction have been obtained in [12]. However, the main object 
of that paper was the technique of the transversal manifold, allowing to the 
performance of the bi-Hamiltonian reduction with a saving of computations. This 
technique is applied to the case where the bi-Hamiltonian manifold is the dual of (a 
loop-algebra over) a simple Lie algebra; the recipe for the construction of the 
transversal manifold turns out to coincide with the one of Drinfeld and Sokolov for 
the canonical form of their Lax operator, and this coincidence strongly suggests that 

*This work has been supported by the Italian MURST and by the GNFM of the Italian CNR. 
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the two reductions, although different, should lead to the same reduced structure. 
This Letter definitively settles the matter in the following way: the Drinfeld-Sokolov 
reduction is recalled in the form of a Marsden-Weinstein reduction, which is another 
particular case of the Marsden-Ratiu reduction. At this point, the comparison 
between Drinfeld-Sokolov reduction and bi-Hamiltonian reduction is nothing else 
but a comparison between two different Marsden-Ratiu reductions. 

In detail, in Section 2, we recall the definition of Poisson and bi-Hamiltonian 
manifolds, and three different reductions: Marsden-Ratiu, Marsden-Weinstein, and 
the bi-Hamiltonian one. In Section 3, we specialize the bi-Hamiltonian reduction to 
the case of the dual of a simple Lie algebra, getting the particular bi-Hamiltonian 
reduction to be compared with Drinfeld-Sokolov. Section 4 is the core of the Letter: 
the Drinfeld-Sokolov reduction is presented as a Marsden-Weinstein reduction [1, 
p. 2015], and the equivalence to the bi-Hamiltonian reduction is proved in Theorem 
4.4. Finally, in Section 5, the example of ~l(3) is discussed in order to point out the 
differences between the two reduction processes. 

2. Three Different Reductions 

In this section, we recall three different reductions which are strictly related: the 
Marsden-Ratiu reduction, the Marsden-Weinstein reduction, and the bi-Hamil- 
tonian reduction. The first two are defined on a Poisson manifold, while the third 
needs a bi-Hamiltonian manifold in order to be performed. Recall that a manifold 
J/f is said to be Poisson if it has a Poisson bracket, i.e. a composition taw {., -} on 
C~(J~) fulfilling R-bilinearity, antisymmetry, the Leibnitz rule, and the Jacobi 
identity. An important object on a Poisson manifold is the Poisson tensor, sending 
1-forms into vector fields, defined by 

(df, P d g )  --- {f ,  g}. (2.1) 

A bi-Hamiltonian manifold is a manifold endowed with two Poisson brackets {., "}o 
and {., "}1 which are compatible, in the sense that for every 2, {.,-}z:= {', '}1+ 
2{., '}o is still a Poisson bracket. Henceforth, {', "}4 will be referred to as the Poisson 

pencil of J~. 
We begin with the Marsden-Ratiu theorem. 

THEOREM 2.1 (Marsden-Ratiu). Let ~ be a Poisson manifold; {., .}~ (resp. P~)  its 
Poisson bracket (resp. tensor); 5 P a submanifold of ~ ;  i~:5,~J//[ the canonical 
immersion of 5¢ in J/L; D a distribution on dg such that: 

(1) E = D  c~ TSP is an integrable distribution of St~; 

(2) the foliation induced by E on 5P is regular, so that JV" .'= 5P/E is a differentiable 
manifold and 7r : SP ~ W a submersion; 

(3) if F, G are functions on J/g whose differentials vanish on D, then d{F, G} ~ also 
vanishes on D; 

(4) P~(D°)c  TSC + D, where D o is the annihilator of D. 
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Then the triple (J/t, J ,  D) is Poisson-reducible, that is to say, . ~  is a Poisson manifold 

whose Poisson bracket {., .}Y (the so-called reduced Poisson bracket) is given by 

{ f  g}~/o rc = {F, G}~'o is~, (2.2) 

where F, G are extensions o f f  o n, g o ~, with differentials vanishing on D. 

A very interesting example of M a r s d e n -  Ratiu reduction is given by the Marsden-  
Weinstein reduction for Poisson manifolds [8, p. 165]. We shall need this example 
in Section 4 for the comparison between bi-Hamiltonian reduction and Drinfeld- 
Sokolov reduction. 

EXAMPLE 2.2 (Marsden-Weinstein reduction). Let ~ be a Poisson manifold, G a 
Lie group and g its Lie algebra; suppose that G acts on ~ '  by a Hamiltonian action 
~b, with momentum map J:  Jg--+g*. This means that [13, p. 194], for every ~ ~ g, the 
fundamental vector field X¢ is a Hamiltonian vector field, 

X¢ = P dH¢, (2.3) 

with Hamiltonian H¢(m)=(J(m), 4). Suppose the momentum map J to be Ad*- 
equivariant, that is 

J(¢,  (u)) = Ad* J(u). (2.4) 

Let then # e g* be a regular value of J, so that 5 P = j - l ( # )  is a submanifold of J l ,  
and let D be the tangent distribution to the orbits of 4~. Then the triple (~{, 5 P, D) is 
Poisson-reducible. The quotient manifold turns out to be JV" = J - I ( # ) / G , ,  where G u 
is the isotropy group of/~ (the so-called small group). 

We are finally ready to state the theorem about bi-Hamiltonian reduction. It 
allows us to reduce simultaneously both Poisson brackets (that is, the Poisson pencil) 

of a bi-Hamiltonian manifold. The submanifold 5 p and the distribution D are 
pointed out by the bi-Hamiltonian structure itself, in the following way: 

(1) 5 p is any symplectic leaf of {., "}o which is an embedded submanifold (recall 
that symplectic leaves generally are only immersed submanifold); 

(2) Suppose D = {P1 dko ]P0 dko = 0} = P l ( K e r  Po) to be a distribution of constant 
rank*;  then D is integrable on account of the compatibility condition between 

{', "}o and {., '}1 (see [9, p. 2161). 

Then we can state 

T H E O R E M  2.3. Let (J{, {., "}o, {', "}1) be a bi-Hamiltonian manifold; 5 P and D as 
above; E = D c~ TCJ the distribution induced by D on 50. Suppose the foliation induced 

by E to be sufficiently regular, so that the quotient set Jff = 5PIE is a differentiable 
manifold. Then the triple (Jg, 5g, D) is Poisson-reducible w.r.t, every bracket {., "}a. 

*Marie [14] remarked that it is not necessary to suppose D to be of constant rank in order to get its 
integrability; it is sufficient to use a theorem by Sussmann [15]. 
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Therefore, Y is a bi-Hamiltonian manifold, whose Poisson pencil {., .}~ is given by 

{f, g}a<. o zc = {F, G}}go is~, (2.5) 

where F and G are functions on Jg extending f orc and g o ~, and constant on D. 

The proof can be found in [9]. 

3. Bi-Hamiltonian Reduction on the Dual of a Simple Lie Algebra 

In this section, we discuss, following [12], the particular bi-Hamiltonian reduction 
to be compared with the Drinfeld-Sokolov reduction. The bi-Hamiltonian manifold 
~/~ will be the dual of (a loop-algebra over) a simple Lie algebra. 

Let g be a finite-dimensional simple Lie algebra, and let ~ = C °° (S 1, g) be the Lie 
algebra of C~-functions from the unit circumference to g. More generally, if [ is a 
subset of g, we shall denote by ~ = {u ~ ~t  u(x) ~ I Vx ~ S 1} the 'loop-set' of I. For the 
basic notations regarding simple Lie algebras, we refer to [16], or to Sec. 5 of [1]. 
The appendix of [12] is a very short summary of what we shall need later on. 

First of all, let us suppose that ~* can be identified with ~ by means of the bilinear 
form 

(v, u)~= I (v(x), u(x))~ dx, u, v ~ ~, (3.1) 
J S  1 

induced by the Killing form (.,-)~ of g. Let a be any element in ~; then it is well 
known [13] that J / - - ~ *  can be endowed with the Poisson pencil 

{f, g}~(u) : (df(u), dg(u)x + [dg(u), u + 2a])~, (3.2) 

that is, with the following pair of compatible Poisson brackets: 

{f, O} l(u)= (df(u), dg(u)x + [dg(u), u])~, (3.3) 

{ f ,  g} o(U) = (df(u), [d0(u), a])~. (3.4) 

The corresponding Poisson tensors are 

(P1),v = vx + Iv, u], (3.5) 

(Po),V = [v, a], (3.6) 

where v ~ T* ~* ~- fq. 
Now we will apply the bi-Hamiltonian reduction theorem stated in the previous 

section to this particular bi-Hamiltonian manifold. 
The first step is to choose a symplectic leaf 5e of {., "}o. Since Ker Po=f#, (the 

isotropy algebra of a) and Im Po=(Ker  Po)a=f#~, where orthogonality is defined 
w.r.t, the bilinear form (3.1), one has that the symplectic leaves 5 a of {., "}o are affine 

± ± subspaces modelled on f#, : 5 p = f~, + b, with b an arbitrary element of ~. In view of 
the comparison with the Drinfeld-Sokolov reduction, we choose 
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a in the center of 1t_, a ~ 0, (3.7) 

rank g 

b= Z Ei, (3.8) 
i = l  

where the Ei are the vectors of the Weyl basis that generate n+ (i.e. the elements 
associated with the simple positive roots). 

Once we have chosen the symplectic leaf 5 P, we must study the distribution 
E = Pt(Ker  Po) n T5 p of 5 ~. Consequently, we fix a point u e 50, i.e. of the form 
u = b + s with s ~ f¢~. Because of the definition of E, one has that (P~),v E E if and 

only if v ~ f¢a and vx + [v, u] ~ T, :T = f#~. But Vx + [v, u] = vx + [v, b] + [v, s], and 

[v, s] e f ~  since Jig,,, f¢~] ~ f¢~. Hence, (P1)uv e E if and only if v e ~. and 
Vx+[V, b] e f~ .  In other words, E=Pl~ab ,  where 

(~ab = {13 e ~alVx -1- [/), b]  e ~ad-}, (3.9) 

The final step of the reduction process is the computation of the reduced Poisson 
pencil on the quotient manifold J V = Y / E .  An algorithm for simplifying this 
computation is described in [12]; it makes use of a submanifold of 5 ° which is 
transversal to E. This submanifold is strictly related with the canonical form of the 
matrix Lax operator of Drinfeld and Sokolov. We will not recall these results, 
because they play no role in the sequel. 

4. Comparison Between Drinfeld-Sokolov Reduction and 
Bi-Hamiltonian Reduction 

As we have already stated in the Introduction, this section is the core of the Letter, 
being devoted to show that Drinfeld-Sokolov reduction and bi-Hamiltonian reduc- 
tion are equivalent, i.e. they lead to the same reduced Poisson pencil. This is not 
surprising, as in the case g = ~I(2) both reductions give rise to the Poisson pencil of 
KdV (see [9]). 

In order to carry out this comparison, we first recall the Drinfeld-Sokolov 
reduction in a form very similar to the geometric interpretation given by Drinfeld 

and Sokolov themselves [1, p. 2015]. The only remarkable difference is that Drinfeld 
and Sokolov reduce only P1 (in the notations of last section), while we shall extend 
their procedure to the whole pencil. From now on, we fix a matrix representation of 
g. Moreover, we systematically identify ~* with ~. 

P R O P O S I T I O N  4.1. Consider the group N_  having as its Lie algebra J~_,  and the 
action of N_  on (¢* given by 

(on:u ~ nun-~ +nxn -1, u~fg*~-fq, n~  N _ .  (4.1) 

(a) This action is Hamiltonian on (f¢*,{., "}x) for all 2, and admits as momentum map 
J: f~* ~ A # *  the restriction to J~_ : 

J:  u ~ f¢* ~ u I~,_ ~ ~M*_. (4.2) 
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(b) The momentum map d is Ad*-equivariant: 

d((o.(u)) = Ad* J(u). (4.3) 

Proof. (a) Let 4 e Y _  and let X¢ be the associated fundamental vector field. It is 
easy to show that 

X¢(u) = 4x + [4, u]. (4.4) 

On the other hand, let us consider the function H~(u)={J(u), ~): since J is the 

restriction to X _ ,  and ~ e Y _ ,  one has that H~(u) = (u, 4> and therefore dHe(u) = 4. 
It follows that the Hamiltonian vector field with Hamiltonian H¢, w.r.t, the Poisson 
bracket {., "}i, is 

(Pz), dH¢(u) = (P~), 4 = 4x + [4, u + 2a] = ~x + [4, u], (4.5) 

where last equality is due to the fact that a belongs to the center of iF_.  From (4.4) 
and (4.5), we have the first part of the thesis. 

(b) First of all we observe that under the identification of f#* with f#, Y *  is 
identified with Y + ,  and J is nothing else but the projection on J r+ ,  henceforth 

denoted by rex+. Therefore, 

J(4),(u)) = nx+(nun- 1 + nxn- i) = rc~?(nun- i) 

= ~H+ [nrc~4(u) n-  1 + nn~_(u) n- i] = n~+[nrcy+(u)n- i] (4.6) 

= Ad* J(u), 

where the last equality follows from the fact that the coadjoint action of N_ on 
.At* ~_ JF+ is given by 

Ad* v = 7t~+(nvn- 1), v e J#*. (4.7) 

Equation (4.6) shows that J is equivariant, and the proof is complete. [] 

Bearing in mind what we said in Section 2, we realize that the Drinfeld-Sokolov 
reduction can be seen as a Marsden-Weinstein reduction, conforming to the 
following scheme: 

(1) we consider b as an element of Y*-~.A/+; 
(2) as J is identified with 7z~+, then J - l (b )  turns out to be ~_  + b; 

(3) we remark that M_ + b is invariant under the action ~b, that is to say, the 
isotropy group of b is the whole N_; hence the quotient manifold is 
(~_  + b)/N_. 

In Section 2, we saw that the Marsden-Weinstein reduction is an example of 
Marsden-Ratiu reduction, where one chooses ~9 ° = J - l (# ) ,  with k¢ in the dual of the 
symmetry algebra, and D to be the tangent distribution to the orbits of the symmetry 
group. Hence, we have led the comparison between bi-Hamiltonian reduction and 
Drinfeld-Sokolov reduction back to a comparison between two different Marsden-  
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Ratiu reductions on the Poisson manifold (if*, {., }4): 

Biham. red.: 5 ~ 1 = ~ + b ,  DI=PIN. ,  El=PIN.b,  ~/'1 = ~ I / E 1  • 

DS red.: 5P2 =M_ +b,  D 2  - -  P1 , / t / ' _ ,  E 2 =P1JV_,  X 2 ---- ~°92/E 2. 

The fact that D 2 - -  PI,./V'_ follows from Equat ion (4.5). E 2 coincides with D 2 because 
of item (3) above. 

We want  to show that the two reductions are equivalent; this means that, if we 
call {-, .}~1)(resp. {., .}~2)) the reduced pencil on Jffl (resp. ~2) ,  then the Poisson 
manifolds (JV1, {', .}~1)) and (JV'2, {., .}~2)) are isomorphic for all 2. As a first step, we 
state 

L E M M A  4.2. 

(a) g~cb_; 
(b) g,  c~ gb = 0; 
(c) g~ +adb (n_ )=b_ .  

Proof. 

(a) g a ~ r t _ ~ g ~ c n l _  =b_ .  
(b) Let V~g°C~gb; recall that  g b c n +  [17, p. 1008]. Hence, v is nilpotent. But 

v ~ ga +b, which is a Cartan subalgebra, because a + b is a regular element [17, 
Cor. 6.4]; then v is semisimple. But the only element which is nilpotent and 
semisimple is v = 0. 

(c) g~ + Im(adb) = g~ + g~ = (ga c~ gb) ± = 0 ± = g; it follows that  g~ + adb(n_) = b _. 
[] 

We remark that, on account of item (a) of the previous lemma, ~1 c 502; moreover, 
D~ ~D2 because a belongs to the center of JV_. The following lemma will entail that  
El cE2. 

L E M M A  4.3. (gab is a subset of Jff_. 

Proof. Let t s (gab, and let g =  ®f= -kgi be the canonical gradation of g. It is not 
difficult to show that  t=Ek_k h, with h~(q,c~ ff~. Furthermore,  tk=0,  since tk is 
proport ional  to the Cartan involute o-(a) of a that  does not belong to (¢a. As 
t~ + [t, b] E ~f~ ~ ~ _ ,  one has that  t~ + [ti- 1, b] = 0 Vi > 0. For  i = k, we get 

Irk- a, b] = 0  ~ tk- 1 ~ (Ya C~ ~b ~ tk- 1 ~-0 

on account of Lemma 4.2(b). In the same way, for i = k - 1 ,  we have tk-2 =0.  Finally, 
we get t~ = 0 Vi >~ 0, that  is Nab ~ J#- .  

It is not difficlt to show that  ~ab is a subalgebra (see [12]), but later on it will 
suffice to know that  N~b c JV_. 

Now we are going to prove that  the Poisson manifolds (JV1, {., .}(1)) and 
(Jff2, {', .}~2)) are isomorphic. This amounts  to saying that  the bi-Hamiltonian 
manifolds (JV1, {', "}(o 1), {', "}(11)) and (JV2, {', "}~o 2), {', "}(12)) are isomorphic. 
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T H E O R E M  4.4. (a) X~ and ~ 2  are diffeomorphic. (b) The reduced brackets {., .}(~) 
and {', .}(2)coincide. 

Proof. (a) The leaves of the distribution E2 are the orbits of the action q~ of the 
group N_. As N,b c JK_, the intersections of such leaves with ~ are exactly the 
leaves of the distribution E~. From this, we deduce that JK1 injects in Y2. In order 
to affirm that this injection is surjective, we have to show that every leaf of E2 
intersects 5~, i.e. that 

V~l ~ ~ 2 Bn e N_  s.t. nun- l + n~n -1 e f f ~ + b .  (4.8) 

This can be shown in the following way (see also Proposition 6.1 of [1], p. 2010). 
Fix u e ~_  + b, and look for an element n ~ N_ of the form n = exp(v), with v e Y_ ,  

and for an s s (¢,~ + b such that 

exp(v)u e x p ( -  v) + (exp(v)), e x p ( -  v) = s. (4.9) 

Decompose u, v, and s w.r.t, the canonical gradation: 

u= ~ ui+b, v= ~ vi, s= ~ si+b, (4.10) 
i>~O i>~1 i>~O 

with u~, vi, and sl ~ ~- i .  If we take the ~- i  projection of Equation (4.9), we get 

[v~+l, b] +(terms in vj with j <<. i)= s~, i>>.O. (4.11) 

Lemma 4.2(c) ensures that it is possible to determine Vi+l and si in such a way that 
Equation (4.11) is satisfied. Hence, the injection of J#l into ~#2 is surjective, and the 
two quotient manifolds are diffeomorphic. 

(b) Let f and g be two functions o n  ~/ '1  "~ ~/ '2-  We have to compare the brackets 
{f, g}(1)and {f,  g}(2), defined in the following way: 

{f,  g}(k) o 7~ k = {Fk, Gk};~o ik, k = 1, 2, (4.12) 

where 7rk: 5Pk--'Xk and ik: ~o~g._~fff are, respectively, the canonical projections and 
in jec t ions ,  Fk, Gk are extensions of f o gk and g o rCk, which are constant on the leaves 
of Dk, and {., "}4 is the bracket (3.2). We observe that, for what we proved in part 

(a), rc2 ] s~ = rci. 
Suppose now F to be an extension of f o r q ,  which is constant along D1. Then F 

is constant along D 2 and, therefore, it is not hard to see that F is an extension of 
f o re2, too. Obviously, the same is true for g and G. Consequently, F and G can be 
used to compute both {f, 9} (1) a n d  {f, g)x~(z).. 

{f, g}(x 1)° ~1 = {F, G}io il, (4.13) 

{f, g}f) o n2 = {F, G}Zo i 2. (4.14) 

If we evaluate (4.14) on a point u ~ ~1, and we recall that ~2 I s~ = 7h and i2 ]S~l = il, 
we immediately have that { f , a } f  ~ also satisfies (4.13). But {f,g}(1)is uniquely 
determined by Equation (4.13) and, therefore, we can conclude that {f,g}(~)= 

"~(2) 
{f, g~z • [] 
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In this way we proved that the result of the two reductions is the same. As a 
concluding remark, we observe that the Drinfeld-Sokolov reduction is based on the 

existence of a symmetry group, while the bi-Hamiltonian reduction, being defined on 
any bi-Hamiltonian manifold, makes use only of the information given by the two 
Poisson brackets. 

5. Example: 9 = ~1(3) 

The purpose of this section is to show an example where the differences between the 
Drinfeld Sokolov and the bi-Hamiltonian reduction processes can be explicitly seen. 
As in the case g = ~1(2) (corresponding to KdV) the two processes coincide, we are 
forced to consider the case g = ~I(3) (leading to the Boussinesq hierarchy). 

The elements a and b are 

a =  0 , b=  0 , 

0 0 

(5.1) 

and, therefore, in the notations of the previous sections, ( 10 
( ¢ } = I m P o :  v2 0 

\ / )3  V4 --/)1 

(5.2) 

where the vk are C°-functions from S 1 to N. It follows that the elements s I of 
5P1 = ~ + b have the form 

Pl 1 0 ) 

$1 = P2 0 1 . 

q i  q2 - - P i  

(5.3) 

The choice for the notations in (5.3) is motivated by the fact that Pl, P2, ql, q2 are 
'canonical coordinates' on the symplectic leaf 5P~, but we will not prove this 
assertion. The elements s2 of 502 = N_ + b are given by 

Pl + r 1 0 ) 

$2 = ~ P2 - - 2 r  1 , 

\ qi q2 --Pl + r  

(5.4) 

so that 5~1 is the submanifold of 5~2 corresponding to r =0. In order to determine 
the distributions DI=PIN~,, D2=E2=P~J¢'-, and El=PJab, let us consider the 
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generic element t e Ker Po = f#,: 

t =  - 2 a  . 

d 

(5.5) 

It follows that, at the points of 5P1, 

D I :  

l a x -- b 

b ~ + p l b - 3 p 2 a - c  

c:, + 2p 1 c + p2d-  qzb 

and that PI(0 ~ TSe~ ~" 

3a 

- 2 a ~ + b - d  

dx + c + 3q2a + pld 

--3a , 

a~, +d,] 

(5.6) 

t =  0 . 

d 

(5.7) 

In the notations of Section 3, (5.7) is the form of the generic element of Nab. One can 
check that ~q,b ~+ X _  ~ Na (see Lemma 4.3). This obviously implies that E1 ~ D z ~ D1 
at the points of 5~1. The distribution E1 is given by 

El: dx + p l d - c  0 , (5.8) 

\ c~+2plc+p2d-q2d  d~+C+pld 

o r  

/)1 ~ - - d ,  

[)2 =d~ + pld--c, 
(11 =c~ + 2plc + pzd-qzd,  
(h=d~+c +pld. 

(5.9) 

A rather long calculation shows that a possible choice for the coordinates (Ul, uz) 
on the quotient manifold ./~1 =SP~/Et is 

u 1 = q 1 - -  P lq2  -b p lP2 + PlP ix '~ P2x -I- Plxx, 

u2 =qz T pz + 2plx + p 2. 
(5.10) 

This is also the form of the projection rc~. Another way to compute gl is to observe 
that the leaves of E1 are the orbits of the action (4.1) of the group Gab whose Lie 
algebra is ~q,b. Thus, ~ 1 can be obtained by writing s'=-gsg-1 + gxg-1, with s', s e 5P a 
and g ~ Gab, and eliminating g- 
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N o w  we turn to the Dr in fe ld -Soko lov  reduction. If  

301 

n =  0 

d 

(5.11) 

then the distr ibution D2 =PLY#_ at the generic point  s2 ~ 5P2 is given by 

( b 0 

D2" b x + ( p l + 3 r ) b - c  b - d  . 

\ c x + p l c + p 2 d - q 2 b  d x + c + ( p l - 3 r ) d  

(5.12) 

After long computa t ions ,  one can find (a possible form for) the project ion g2: 

ul = q l  - p l q 2  + p lpz  + p lp l x  + pzx + p l x x -  p 2 r - q z r  + p l x r  + 

+ 2 p ~ r -  2r 3 + 3plrx + rxx + 3rrx, (5.13) 

u2 = q2 -~ P2 + 2p ix + p2 + 3r 2. 

C o m p a r i n g  (5.10) and (5.13), we see that  71"215ol : 7 [ "  1 .  

This example  shows very well that  the submanifolds  and the distr ibutions taking 

par t  in the Dr in fe ld -Soko lov  and b i -Hami l ton ian  reductions are really different. 

Nevertheless,  we proved  in T h e o r e m  4.4 that  the quot ient  manifold  is the same 

Poisson (more correctly, b i -Hamil tonian)  manifold.  

A detailed s tudy of the Boussinesq hierarchy f rom the b i -Hami l ton ian  point  of 

view will be the object of a for thcoming  paper.  

Acknowledgements 

I am grateful to P. Casati ,  (3. Falqui,  F. Magri ,  C. Morosi ,  and L. Pizzocchero for 

useful discussions. 

References 

1. Drinfeld, V. G. and Sokolov, V. V.: Lie algebras and equations of Korteweg~de Vries Type, J. Soviet 
Math. 30, 1975-2036 (1985). 

2. Dickey, L. A.: Soliton Equations and Hamiltonian Systems, Adv. Series in Math. Phys, 12, World 
Scientific, Singapore, 1991. 

3. Newell, A. C.: Solitons in Mathematics and Physics, SIAM, Philadelphia, 1985. 
4. Zamolodchikov, A. B.: Infinite extra symmetries in two-dimensional conformal quantum field theory, 

Theoret. Math. Phys. 65, 1205 1213 (1985). 
5. Di Francesco, P., Itzykson, C., and Zuber, J.-B.: Classical W-algebra, Comm. Math. Phys. 140(3), 

543-567 (1991). 
6. Belavin, A. A.: KdV-type equations and W-algebras, in M. Jimbo et al. (eds.), Integrable Systems in 

Quantum Field Theory and Statistical Mechanics, Advanced Studies in Pure Math. 19, Academic 
Press, Boston, 1989, pp. 117 125. 



302 MARCO PEDRONI 

7. Fateev, V. A. and Lukyanov, S. L.: Poisson-Lie groups and classical W-algebras, Internat. J. Modern 
Phys. A 7, 853-876 (1992). 

8. Marsden, J. E. and Ratiu, T.: Reduction of Poisson manifolds, Lett. Math. Phys. 11, 161-169 (1986). 
9. Casati, P., Magri, F., and Pedroni, M.: Bihamiltonian manifolds and v-function, in M. J. Gotay et al. 

(eds.), Mathematical Aspects of Classical Field Theory 1991, Contemporary Math. 132, Amer. Math. 
Soc., Providence, 1992, pp. 213-234. 

10. Casati, P., Magri, F., and Pedroni, M.: Bihamiltonian manifolds and Sato's equations, in O. Babelon 
et al. (eds.), The Verdier Memorial Conference on Integrable Systems, Acres du CoUoque International 
de Luminy, 1991, Progress in Math., Birkh/iuser, Basel, pp. 251-272. 

11. Magri, F.: On the geometry of soliton equations (to appear). 
12. Casati, P. and Pedroni, M.: Drinfeld-Sokolov reduction on a simple Lie algebra from the bihamil- 

tonian point of view, Lett. Math. Phys. 25, 89-101 (1992). 
13. Libermann, P. and Marle, C, M.: Symplectic Geometry and Analytical Mechanics, Reidel, Dordrecht, 

1987. 
14. Made, C. M.: private communication. 
15. Sussmann, H. J.: Orbits of families of vector fields and integrability of distributions, Trans. Amer. 

Math. Soc. 180; 171-188 (1973). 
16. Serre, J.-P.: Complex Semisimple Lie Algebras, Springer-Verlag, New York, 1987. 
17. Kostant, B.: The principal three-dimensional subgroup and the Betti numbers of a complex simple 

Lie group, Amer. J. Math. 81, 973-1032 (1959). 


