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The determination of the past and the future of a physical system are complemen-
tary aims of measurements. An optimal determination of the past of a system can
be achieved by an informationally complete set of physical quantities. Such a set
is always strongly noncommutative. An optimal determination of the future of a
physical system can be obtained by a Boolean complete set of quantities. The two
aims can be reconciled to a reasonable degree with using unsharp measurements.

1. INTRODUCTION

Assume that a measurement is performed on a physical system and a cer-
tain result is obtained. This result may be used to infer which properties the
system had before the measurement, or it may be used to deduce which
properties the system possesses after the measurement. We refer to these
two aspects of a measurement as the determination of the past and the
determination of the future of a physical system. Here they will be
investigated within the Hilbert space formulation of quantum mechanics.
In quantum mechanics pure states represent maximal collections of
properties which a physical system may possess at a time. Thus an optimal
determination of the past or of the future of the system is obtained when-
ever the measurement result, or results, lead to the specification of a pure
state of the system, either in its past or in its future. It turns out that in
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quantum mechanics these two aspects of a measurement are mutually
exclusive in the sense that an optimal determination of the past of the
system requires measurements of strongly noncommutative quantities
whereas an optimal determination of the future of the system can be
obtained only via the preparatory measurements of maximal quantities, or
complete sets of commuting quantities. On the other hand, the constitution
of physical systems requires their persistence from the past to the future,
even in the course of measurements, showing thus that the two aspects of
measurements are equally important for a full description of a physical
system. The determinations of the past and the future of a physical system
then form a new mode of complementarity in quantum mechanics.

In Sec. 2 of this paper the problem of determining the past of a physi-
cal system is investigated by means of the notion of informational com-
pleteness. As it is reviewed in Sec. 2.2, informationally complete sets of
physical quantities allow optimal determinations of the past of the system.
After giving the basic formal definitions in Sec. 2.1 we show that no single
physical quantity nor any set of commuting quantities is informationally
complete. A necessary condition for a set of physical quantities to be infor-
mationally complete is that the quantities are strongly noncommutative
(Thm. 2.1.8). However, even total noncommutativity of a pair of physical
quantities is not sufficient for the informational completeness of this pair.
This observation then leads to a search for informational completions of
pairs of totally noncommutative quantities. In Sec. 2.3 this is done in the
important case of complementary position and momentum observables,
whereas in Sec. 2.4 the same is done for the spin quantities of a spin-1/2
system. In both cases, the informational completion of the totally
noncommutative pairs is obtained only via replacing the pairs with
informationally equivalent unsharp but coexistent pairs. The existence of
an informationally complete joint observable of a coexistent unsharp pair
of quantities then depends on the degree of unsharpness involved.

The optimal determination of the future of a physical system via the
preparatory measurements of maximal quantities (or complete sets of
commuting quantities) is already well-understood in the quantum theory of
measurement. But in order to compare the two aspects of measure-
ments—the determinations of the past and the future—it becomes relevant
to study the maximal degrees of certainty of the values of totally non-
commutative quantities and to consider the introduction of unsharp values.
Theorem 3.2.1 of Sec. 3 gives necessary and sufficient conditions for the
existence of the so-called maximal information states for pairs of physical
quantities. It also gives a complete characterization of such states. It is then
demonstrated that the introduction of unsharpness, which is necessary for
an informational completion of a noncommutative pair, cannot increase
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the maximal information on the values of such quantities (Secs. 3.3 and
3.4).

Section 4 finally summarizes the results of the paper in discussing the
new mode of complementarity which manifests itself in the competing aims
of determining the past and the future of a physical system in quantum
mechanics.

We close this introduction with recalling the basic notations and
terminology of the Hilbert space formulation of quantum mechanics used
in this paper.

In the Hilbert space formulation of quantum mechanics the descrip-
tion of a physical system & is based on a (complex, separable, generally
infinite dimensional) Hilbert space 2, with the inner product {-|->. Any
physical quantity of the system is represented as (and identified with) a
self-adjoint operator 4 in 4. The spectral measure of 4 is denoted by
E*: B(R) - Z(#), where B(R) is the Boral g-algebra of the real line R
(#(R?) that of R?), and £ (#) is the set of bounded linear operators on
H. Any state of the system is represented as (and identified with) an
element of T of 7,(#){ of positive normalized trace class operators on .
In this representation the pure states of the system appear as the one-
dimensional projection operators PLe] (PlolYy=<{e@|y)>¢p) on #,
@ € A, so that they may be identified, modulo a phase factor, with the unit
vectors of #. A, denotes the set of unit vectors of #°.

Any pair (4, T) of a physical quantity 4 and a state T defines a
real normalized measure on the Borel g-algebra #(R) of R, ie.,
E{: B(R)-[0,1], X+ EXX):=tr(TE*(X)). According to the Born
interpretation, E% is the probability measure of the possible values of the
quantity A in the state 7, i.e. E4(X) is the probability that the value of 4
is (in) the set X when the system is in the state 7.

The concept of a physical quantity as a (real) spectral measure E* (or
self-adjoint operator A4) is unnecessarily restricted. In fact, it is insufficient
for a quantitative analysis of the topic of this paper. As a natural
generalization one defines a physical quantity as a semispectral measure
E:of » £(#) on a measurable space (£, /), like (R,%4(R)), ie., a
positive operator valued measure for which (0 < E(X) <) E(Q)=1 Spec-
tral measures are then exactly those semispectral measures E for which
E(X)=E(X)? for any Xe./. The unsharp quantities are examples of
generalized quantities. Clearly, any pair (E, T) of a generalized physical
quantity E and a state 7 again defines a probability measure E, for which
the Born interpretation may be adopted.

In the course of this work we shall also refer to the usual formulation
of the quantum theory of measurement. In that theory a measurement of
a physical quantity A4, say, on the system & is represented as a quadruple
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{Hos Ay, Tag, V>, where 5, is the Hilbert space of the measuring
apparatus .#, A,, is the pointer observable of .# (i.c. the quantity of .#
which corresponds to the measured quantity 4 of &), T,, is the initial (or
premeasurement) state of .#, and V is the state-transformation represent-
ing the measurement coupling between & and .#. For further details, see,
e.g., Beltrametti er al,") or Beltrametti and Cassinelli.® In the latter
reference the reader will also find a more systematic exposition of the
Hilbert space formulation of quantum mechanics as it is used in this paper.

2. INFORMATIONAL COMPLETENESS

2.1. General: Mathematical Aspects

Let # be a complex separable Hilbert space, ¥#(#) the set of
bounded operators on #, and F,(#), L(H#)*, and T(#)] its subsets
of self-adjoint, positive, and positive normalized trace class operators,
respectively. A positive operator valued measure E: .of > ZL(#)" on a
measurable space (£, «/), the value space, is a semispectral measure if
E(Q)=1I A semispectral measure E is a spectral measure if E(X)= E(X)?
for any X e o/. This is the case exactly when E(X n Y)= E(X) E(Y) for any
X, Ye /. If the value space of a spectral measure E is the real Borel space
(R, #(R)), then E defines a unique self-adjoint operator A in #. According
to the spectral theorem each self-adjoint operator 4 in # is so determined.
Thus, when a spectral measure is defined on the real value space (R, Z(R))
we denote it as E“ to indicate that it uniquely determines and is uniquely
determined by the self-adjoint operator 4 in 4.

Let < P(H#). In the physical applications considered here &
usually appears as the union of the ranges Z(E)= { E(X): X e &/} of some
semispectral measures E: .o/ - Z(#)*. Let T\, T,e T(H);. States T,
and T, are L-equivalent (cf. Jauch®) if

tr(T, L)=tr(T,L) forany Le¥ (1)

If T, and T, are .#-equivalent states, we denote it as T, ~, T,. The
relation ~ , is an equivalence relation in J,(#){. [In fact, it is an
equivalence relation in any subset of states I cJ (). Cf.
Remark 2.1.1.] For a given .¥ < () we denote

[T19={T"eT(H)}:T'~4 T} (2)
for any TeJ(H#)}. If L=REYU --- UR(E"), or L =R(E") we

simply write [77%>~£", or [T]" instead of [T]#(EDY ~ v#ED o [ T]RE,
respectively.
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Let (T,);.,=J,(+); be a countable subset of states, with a coun-
table index set .#, and assume that T,~, T, for any i, je.# for some
FcL(A). Then for any ie d, Ty~ 3, s JT for all (1, )j&,cR such
that 3, ~ #;=1. Thus [T]¥ is a o-convex set for any & < F(H), and for
any Te ?’(%’) . Let Ex([T]¥) be the set of extreme points of [T]%.
Clearly, Ex(J(#); )0 [T]1Z <Bx([T]¥) for any Te J(H#){. But the
converse inclusion need not hold true as Ex([ 7]%) may be nonempty even
though [7T]¥ contains no pure states. In fact, this is the case whenever %
is informationally complete (see the following) and T is a nonpure state,
for then [T]¥={T}# @ =[T]* nEx(F(H)]), and Ex[T]¥={T}.
However, we note that for any ¥ « L (#)

[71%= () [T1"= [} dconv{Plol:@es, Plol~s T} (3)

Le¥ Le¥

(Hadjisavvas,'” Theorem 3). This result is based on the following fact (ibd.,
Corollary 2): For any Te 7(#);, T=AP[e]l+ (1 -2)T, for some >0,
@ e #,, if and only if ¢ € Z(T"?).
let . L' <cP(H) f LcF, then [T]*>[T]¥ for any
eJ(#);{. In other words, we have the following set-theoretical
inclusions:

T(H) =[T1 = [T1 = [T]17 = [T17={T} 4)
for any Te T(H);.

2.1.1. Remark

Instead of [T]¥, Te T(H#){, £ = £(#) we might also consider the
following equivalence classes [T]% :=[T]1YnJ or [T1%, TeT, for a
given subset of states J <« J(#);. Instead to developing the general
theory along these options we shall return to them only in some special
cases.

Let &, L' c(H). & and &' are informationally equivalent with
respect to a set of states I < T(H); if

[T]¥=[T]%  forany Ted (5)

If # and £’ are informationally equivalent w.r.t. all states Te 7,(#)],
then % and &' are informationally equivalent (cf. Ali and Doebner™®).
The subsets P(#)={PeL(H): P=P*'=P}, S(H#)={AcZ(H#):
0< A<}, and Z(H) of L(#) are informationally equivalent. Moreover,

[T]700 = [T]*) = [T]9) = [T]4Y) = (T} (6)
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for any Te 7(#){ . Indeed, if T, e [T17™), then tr(T, P) = tr(TP) for any
PeP{H)}, so that, in particular, {(@[{T,—T)e)>=0 for any pc#.
But this implies that 7,—7=0, ie, [T]?"'={T}. As Z(H)c
E(H )Y L (H )= L(#) we have Eq. (6) by Eq. (4).

Let X<« Z{(#). If £ is informationally equivalent with £(#) (or
with any &' = Z(#)) w.r.t. a set of states 7 < (5 ){, then

[T1¥={T} forany Ted (7)

In that case we say that & is informationally complete with respect to
T cI(H)]. If £ is informationally complete w.r.t. all states Te T (#) ',
then % is informationally complete (cf. Prugovecki‘®).

There is an immediate characterization of informational completeness
of a given ¥ < £(4#) in terms of the following functional

|tr(TL)]
L]

T(H)-R, THHT}Iy::sup{ :Leff,L%O} {8)

Namely, assuming that the identity operator [ is in &, then || -] o is a norm
on J(H) (the real vector space of the trace class operators on #) if and
only if & < #(4) is informationally complete. Indeed, if |-| . is a norm
on J (), then its positive definiteness implies that [7]% = {T} for any
TeJ(s);. On the other hand, the functional defined in Eq. (8) is always
absolutely homogeneous and subadditive. If % is informationally complete,
ie. [T]¥ ={T} for any Te J,(H)], then also |T,—T,|, =0 for
any T, T,eJ (), only if T\=T, (for Ie ¥), ie. ||, 15 a norm on
(). The physical relevance of this characterization of informational
completeness of an £ < ¥ (#) has been discussed by Busch.!”

In the light of the physical applications considered here it is important
to ask whether

[T17={T}, Teg(X){ %)
for some physically interesting ¥ < Z(#), and if not, whether, at least,
[T1¥={T}, TeT (10)
for some physically interesting 4 = J(H#°);", and/or whether
[T1¢'={T}, Tegyx)} (11)
for some physically interesting extension ¥’ of ¥. Moreover, as the pure

states Ex(T(H) ) (={TeT(H)]: T=T"}={TeT(H#)]: T=Plo]
for some ¢ € #,}) determine all the states Z(#)], ie. T(#); =cl conv
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Ex(7(#);) (Davies®), it should also be important to know whether for
a given ¥ c £(H) its informational completeness w.r.t. Ex(Z,(#)])

already implies its informational completeness, ie., does the condition
[(T1?={T} forany TeEx(T(H#)])

imply that (12)
[T1¢={T} forany TeJJ{#)]

Clearly, Eq. (12) holds true for any . = 2(5#) as well as in the case of two
dimensional Hilbert space # =C? (cf. Sec.2.4). Whether Eq. (12) holds
true also in some nontrivial cases is an open question. We shall return to
that subsequently.

In Secs. 2.3 and 2.4 we shall give important physical examples of
the cases for Egs. (9)-(12). In order to fully appreciate those examples
we shall first discuss some basic results on the problem of informational
completeness.

A semispectral measure E: o - L(H)" is commutative if
E(X)E(Y)=E(Y) E(X) for all X, Ye /. Clearly, any spectral measure is
commutative. But there are also important commutative semispectral
measures, like unsharp position and unsharp momentum te be discussed in
Sec. 2.3. Our first result refers to such measures.

2.1.2. Theorem

No commutative semispectral measure F: o — £(#)" is informa-
tionally complete, when dim(#) = 2.

Proof. For any O#£E(X)#1 there is a ¢@ei#; such that
Y =eF P #e“p for any aeR. Then P[] # P[¢], but tr(P[y] E(Y)) =
(PP | E(Y)e" o) = @|E(Y)p)=11(P[p] E(Y)) for any Ye o/, as
E(X)E(Y)=E(Y)E(X) for any X, Ye.o/, and thus also ¢*E(Y)=
E(Y)e'™® for all X, Ye o/. If E(X)e {0,1} for any Xe o/, then E is con-
stant and [T]%=J,(#){ for any Te F,(#){ so that E is informationally
incomplete whenever dim(#°) =2. |

Any Boolean sub c-algebra £ of 2(#), the projection lattice of 5,
can be represented as the range of some spectral measure Z(R) -» L(H#)*
(Varadarajan,”® Lemma 3.16). Thus Theorem 2.1.2 has the corollary:

2.1.3. Corollary

If <c¥(#) is an informationally complete set of projection
operators, then % cannot be a Boolean sub g-algebra of #(#). Especially,
& cannot be a commuting set of projection operators.
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As no Boolean sub s-algebra of 2(s#) is informationally complete we
also have the following corollary.

2.14. Corollary

No family of mutually commuting spectral measures is informationally
complete. Especially, no commuting set ¥ < Z(#) is informationally
complete.

There are two physically important special cases of these results which
deserve to be mentioned separately: No maximal quantity nor any com-
plete set of commuting quantities is informationally complete.

Spectral measures E: of - Z£{(# )", or more generally Boolean sub
g-algebra of #{H#), are, of course, physically very important quantities. As
they cannot be informationally complete it is important to ask along with
Eq. (10) what, if any, is the largest set of states F < F{#) war.t. which
E, say, is informationally complete. The following theorem answers this
question. Let Z (E) denote the set of one-dimensional spectral projections
of E. As there are at most countably many different one-dimensional
spectral projections of E we may write 7 (E) as 7 (E)={P[¢.]: ¢,€ #],
Plo.]1=E, ie#<N}. Occasionally, we shall refer to the elements of
T (FE) as the nondegenerate eigenstates of E. Clearly, 4 (E} may also be
empty.

2.1.5. Theorem

Let E: of —» P(A#)* be a spectral measure. Then [T]%= {T} if and
only if Te J(E).

Proof. We shall show first that the only pure states P[o], o,
w.rt. which E is informationally complete are the nondegenerate
eigenstates P[o,J=E,, ie s, of E. If Te[P[o;]1% then tr(TE(X))=
tr{Plo,] E(X))=tr{E,E(X)) for any Xe /. Hence (¢, Tep;>=1, which
shows that T= P[¢,]. Indeed, if T=3 t,P[¥,] is the canonical decom-
position of T, then 1= (@ | Tp,> =3 t|{¥;|@,)|* so that [P, [ ¢, 3> =1
for any k, ie. T=P[,]. Assume next that [P[¢]]* = {P[¢]} for some
@ e #,. We claim that P[¢]= P[og,] for some ie #. Assume that P{p]#
Plg,;] for any ie f. If Plo]<E(X) for some Xe o, let P=A (E(X}):
Xeof, P[o]<E(X)) so that dim(P(#))=2. Then {P[¢¥]:Py=4y,
we# )< [P[p]]° On the other hand, if P[¢]+# E(X) for any Xe o,
E(X)#1, then for some 0# E(X)#1, e #e“p for all aeR, which
again implies that [P[@]1% # {P[¢]}. Thus the nondegenerate eigenstates
of E, if any, are the only pure states w.r.t. which E is informationally
complete.

Let F(E)=clconv 7 (E). We show next that [T]5 = {T} for any
TeJ(E). Indeed, if T,T'€¢F(E), and T’ ~.T, then clearly T=T"
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Assume further that Te J(E). Then [T1%= {T} if and only if T=P[¢]
for some peH. If T=P[o], o, then [T]1*={T} if and only if
Plo]=Ple,] for some ie.#, as shown earlier. On the other hand, if
TeF(E),and T=Y 1,P[¢,], t,>0, at least for some P[¢,] #Plo;], i#],
then any ¢ =3 (¢, |go>go,, with [{¢,|¢>|*=1, determines a state P[¢p]e
[T]% Finally, if T¢.7(E), then T=AP[op]+(1—A)T, for some A>0,
peR(T'?), Plel¢ T(E). As Plo]~ P[P p] for some 0+# E(X)#1
for which ¥ s#e“p for any aeR, we have T'=J1P[eFNp]+
(1—A)T;~zT though T#T". }

This proof contains a partial answer to the question of Eq. (12). The
set 7 (E) of the nondegencrate eigenstates of a spectral measure E is the
largest set w.r.t. which £ is informationally complete. E is not informa-
tionally complete w.r.t. F(E)=clconv 7 (E), though [T]% s =1{T} for
any Te 7 (E). Thus it still remains open whether the informational com-
pleteness of an ¥ c ¥ (#) w.rt. Ex(F,(#){) implies its informational
completeness.

There are two immediate corollaries to Theorem 2.1.5.

2.1.6. Corollary

H #£cP(H) is a Boolean sub g-algebra of #(5#), then for any
TeT,(#){ [T1?={T} if and only if T is a pure state corresponding to
an atom of %. If ¥ has no (one-dimensional) atoms, then it is informa-
tionally complete w.r.t. no state.

2.1.7. Corollary

If a spectral measure has no nondegenerate eigenstates, then it is infor-
mationally complete w.r.t. no state.

It is now clear that a commutative .¥ < %(#) cannot be informa-
tionally complete. Our next result characterizes the degree of noncom-
mutativity which is necessary for the informational completeness of a set
¥ < F(H). According to the usual terminology, the set &« Z(#) is
commutative if L,L,=L,L, for and L,, L,e.%. A natural generalization
of this notion is the commutativity domain of &£, com(Z):={pe#:

L,o=L,4y-Ly,o forany L,,.., L, e %, and for all permutations
p of {1,.,n}, neN}, neN} (cf eg. Pulmannova and Dvurecenskij. !>’
Clearly, com(.%) is a closed subspace of #, and & is commutative {in the
usual sense) if and only if com(&)=4#. In the other extreme case,
com(Z)= {0}, & is said to be totally noncommutative. One immediately
observes that com(.#) is invariant under each Le %, ie. L(com(¥))c
com(Z) for any Le . Moreover & | omzy= {L|comz),: LE L} is a com-
mutative set. Thus denoting " =com(%¥#) and P, the projection on %,
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then {P,LP,: Le ¥} is a commutative set of bounded self-adjoint
operators on the Hilbert space . Clearly, for any pe X', {p|Lo) =
{@|PxLPrq) for all Le #. By Corollary 2.1.4 we then have the following
result:

2.1.8. Theorem

Let c¥(#) If ¥ is informationally complete, then dim
[com(Z£)]< 1.

There are two special cases which deserve to be mentioned separately.
If £ o - ZL(H#)*, i=1,2, are any two spectral measures, then their
commutativity domain com(E!, E?)=com(Z(E"') u Z(E?)) reduces to the
set com(E', E*)={pe#: E'(X) E*(Y)p=E*(Y) E'(X)g for all Xe o,
Yeoh}=:com,,(E', E>) (as the relation E(X)E(Y)=E(XnY), X,
Ye .o/, holds true for spectral measures E: o —» ¥ (5#)). If, in addition,
E'=E* and E? = E® for some self-adjoint operators 4 and B, and if 4 and
B are bounded, then com(E', E*)= {p e #: ABp= BAg} =com(4, B). If
E' o, » P(H)*, i=1,2, are semispectral measures, then com(E', E?)
does not reduce to such a simple form. Even in the case of commutative
semispectral measures EY, i =1, 2, com(E”, E?) is usually a proper subspace
of comg(E', E?) (={pe#: E'X)E (Y)o=EXY)E'(X)p for all
Xe s, Yedh}). In any case we have:

2.1.9. Corollary

Let E: o — %(H)*, i=1,2, be any two spectral or semispectral
measures. If ¥ =R(E')u #(E?) is informationally complete, then dim
[com(Z)]< 1.

The examples of Secs. 2.3 and 2.4 will demonstrate that the condition
dim[com(E?, E?)] <1 is not sufficient for the informational completeness
of the pair (E', E?). The final example of this Section demonstrates the
existence of countable sets of projection operators which are informa-
tionally complete. Moreover, they can be used to define informationally
complete discrete semispectral measures or informationally complete coun-
table families of simple spectral measures (Remark 2.1.11).

2.1.10. Example

Let {¢,:neN} be an orthonormal base of #. The collection of
one-dimensional projection operators Z = {P[¢,], P[\/Ui(¢k+ir¢1)]:
r=0,1,2,3; n,k,le N, k>1} is informationally complete. Moreover, the
set & is totally noncommutative.

Proof. Let {¢,:neN} be an orthonormal base of #. Then for any
Ae L(#), A=0 if and only if {¢,|Ap,>=0 for all m,neN. The
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polarization identity (¢, |4¢,>=1/43] i@+ Q| A(@n+i'®,)>,
m,ne N, then shows that the projection operators P[\/l_/§(<pm+i’qon)],
r=0,1,2,3, m,neN form an informationally complete set. In fact the
set 2= {P[p], P[/1/2(@n+i0,)]: r=0,1,2,3; ,mneN, m>n} is
already informationally complete, as T* =T for any Te 7(#°); so that
o | To,m> =L@, | Te,> for all m,neN. The set # contains mutually
noncommutative one-dimensional projection operators so that com(#) <
com,(Z)={0}. 1

2.1.11. Remark

This Example (2.1.10) can be used to construct a discrete semispectral
measure which is informationally complete. We omit the somewhat lengthy
but straightforward proof; it amounts to showing that the set & is the
union of at most countably many subsets £, each of which contains a
collection of mutually orthogonal projections adding up to unity. Introduc-
ing a sequence of positive numbers 4,> 0 such that 3 4,= 1, then defining
the sets 4, %= {A;P|PeZ} of effects, one shows that 3,3 p c 5 4;P;=
> Ad=1I Thus &=1J 4,% is an informationally complete set of effects
satisfying the normalization condition. Therefore it can be used to con-
struct a discrete (generalized) observable which then is informationally
complete. Clearly, this observable is totally noncommutative.

2.2. General: Physical Motivations

Assume that a measurement of a physical quantity is performed on a
physical system % and a certain result, a real number a, say, is obtained.
What is the relevance of such a single measurement result on #? This
question splits up in a natural way into two parts according to the modes
of the past and the future. The result of the presently performed measure-
ment may be used to infer some properties of the system prior to the
measurement, or it may allow one to deduce some properties of &
immediately after the measurement.

According to quantum mechanics the measurement result a € R means
that the system ¥ was initially, ie., prior to the measurement in a state
T,e 7(A){, i-initial, in which it was possible to obtain this result, ie.,
E{({a})#0. The measurement could also have left the system in a state
T,e J(H);, final, in which the quantity 4 has the measured value, ie.,
E7({a})=1. As the pure states P[¢], ¢ €.#, characterize the maximal
sets of properties that the system may possess at a time, it would be most
favorable if the measurement would lead to a determination of a pure state
of the system either before or after the measurement. As was said earlier,
these two options turn out to be complementary aspects of measurements.
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It is a well-established fact of quantum mechanics that a discrete maxi-
mal quantity, or a complete set of commuting discrete quantities admit
measurements which lead to an optimal determination of the future of the
system. In the case of noncommuting quantities such measurements do not
exist but still some reasonable determinations of the future of the system
are feasible. In Sec. 3 such options shall be investigated. Here we shall
concentrate on the question of the determination of the past, ie., the
premeasurement state of the system on the basis of certain measurement
results. We now drop the subindex i in referring to the initial state of the
system.

In general, a single measurement result does not suffice to infer the
initial state of the system. According to quantum mechanics this is simply
because there is no projection operator PeP(#) (nor any effect
Ec&(#)) for which the set of ‘possible initial states’ {I'e 7.(H#),:
tr(TP)#0} would be a singleton set {T}. But we may repeat the same
A-measurement under the same conditions many times, say N times. This
then leads to a (factual) finite measurement result sequence I'%, =
{ai,..,ay}, where ¢ refers to “the same conditions to which the system &
is repeatedly subjected.” But the situation with 1"/ is not essentially better
than that with I'/,. We have to take the step of inductive generalization
to replace the (factual) finite sequence I'/, with a (conceptual) infinite
sequence I'={a,a,,.}. The problems of induction and statistical
inference are, of course, foremost here. As we do not intend to propose any
solutions to those questions here we simply omit them now. (There is a
vast literature on the subject matter, the references to van Fraassen'! and
Salmon®? are relevant illustrations of that.) Rather, we refer to the
quantum theory of measurement (Ozawa'"® and to the relative frequency
interpretation of probability (van Fraassen''") to give the measurement
statistics interpretation of quantum mechanics (Cassinelli and Lahti"¥). In
that interpretation the quantum mechanical probabilities E7 are obtained,
in a systematic way, as relative frequencies in the measurement result
sequences 14 ={ay,.., a,..} obtained in repeating the same A4-measure-
ment under the same conditions, given now by the state 7, infinitely many
times; EA(X) =relf(X, I'3) :=1lim, _, ,, T5_, xx(I'7(i)), with I'}(i)=a,.

The determination of the past of the system & on the basis of
measurements on & now appears as the determination of the state T of the
system from a given measurement result sequence /7, say. Formally, the
question could be restricted to determining the state T of the system from
a given QM-probability measure E%, say. However, the physical motiva-
tion of the problem is most apparent with respect to the measurement
result sequences 7'#.

Consider a set of physical quantities E',..., E”, represented as spectral
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or semispectral measure o, > L{#)*, i=1,.., n. The informational com-
pleteness of the set {El,..., E"} now means that the measurement result
sequences [~ f,..., TE" always determine the (initial) state of the system as
in that case [T]5~%" = {T} for any TeJ,(#);. The state distinction
power of informationally complete sets of physical quantities is optimal.
Their measurement result sequences can distinguish between all the states
of the system. According to Corollary 2.1.4, no single physical quantity A,
represented as a spectral measure E4, nor any complete set of commuting
quantities A4,,.., A, is informationally complete. The measurement result
sequences 4, or I'4,..., ' of such quantities do not suffice to infer, in
general, the state T in which the sequences were obtained. The sequence I'4
determines the state 7' if and only if 7 is a nondegenerate eigenstate of A
(Thm. 2.1.5). Results of Thms. 2.1.2, 2.1.8, and 2.1.9 show that a certain
amount of noncommutativity is always needed in order the measurement
result sequences would lead to an optimal state determination. This already
shows that optimal determinations of the past and of the future of the
system are mutually exclusive. In the next two subsections we shall
investigate the state distinction power of the important pairs of com-
plementary position and momentum observables and the components of
the spin quantities.

2.3. Example. The Pauli Problem

In a footnote on p. 17 to his 1933 Wellenmechanik, Pauli*® remarked
that the question under which conditions the position and the momentum
distributions |¢|? and |@|? define the state function ¢ uniquely (modulo a
phase factor) “has still not been investigated in all its generality.” This
problem is now known as the Pauli problem, and it simply refers to the
question of informational completeness of the canonically conjugate
position and momentum observables.

To some extent the Pauli problem is still open, though there is now a
good number of important results on that. Here we shall attempt to give
a systematic presentation of the main questions and results related to this
problem.

It is to be emphasized that there is a rich literature on investigations,
both theoretical and experimental, of, e.g., electron spatial and momentum
distributions. Usually such investigations do not explicitly refer to the Pauli
problem but they rather develop theoretical tools for determining in some
important concrete cases the position and momentum distributions of the
physical system. The experimental investigations are then considered as
testing the validity of those, usually approximative, methods. However, the
Pauli problem appears implicitly in some important cases; e.g. in the
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investigations of the atomic electron densities, the set of admissible states
is usually restricted to the energy bound states. In such cases the Pauli
problem appears in a restrictive form (cf. Remark 2.1.1), and the
experimentally obtained spatial and momentum distributions do then, in
principle, suffice to determine the state of the system. (Cf. Secs. 2.3.3 and
2.34. See e.g. Williams''® for a review of the mentioned investigations.)

Let us introduce Q and P as the usual position and momentum
observables in the sense of a Schrdodinger couple. Hence without any
loss in generality we may identify the Hilbert space # as the Lebesque
function space # = #*(R, dx). Position Q is then defined as the multi-
plicative operator (Q¢)(x)=x¢(x) with the domain dom(Q)= {pe #:
faid?>dES ;< 0}, and with the spectral projections E2(X)¢ =y o,
XeB(R), p e #. (Here y, denotes the characteristic function of the set X.)
The conjugate momentum P may then be defined through the spectral
projections EX(X)=F'E2(X)F, Xe#(R), where F is the Fourier-
Plancherel operator on . (Here we have used the units A2z =1)
Then P is nothing else than the usual differential operator (Po)(x)=
—i(d/dx) p(x) with the domain dom(P)=F '(dom(Q)), and with the
same spectrum as Q. There are two well known properties of the pair
(Q, P) which follow from their Fourier connection P= F~'QF. Firstly, Q
and P satisfy the uncertainty relation as Var(Q, T) - Var(P, T) = 1/4 for any
TeJ,(#){. (Here, e.g., Var(Q, T') denotes the variance of the probability
measure £%.) Secondly, Q and P are complementary as E4(X) A EX(Y)=0
for any bounded X, Ye #(R). (Here A denotes the meet operation in the
projection lattice 2(3#).) Either one of the previous two ‘coupling proper-
ties’ of O and P implies that the pair (Q, P) is also totally noncommutative,
i.e., their commutativity domain com(Q, P) is the null space {0}. (For that
see Lahti and Ylinen,"'” which contains also references to other relevant
original papers.)

2.3.1. The informational incompleteness of both the position Q and the
momentum P is already given by Thm. 2.1.2. But as the point spectra of @
and P are empty we also have the stronger result, based on Thm. 2.1.5, that
neither Q nor P is informationally complete w.r.t. any state, i.e., for any
TeT(H)

[T1°#{T}, [T1"#{T} (13)

Consequently, neither the position measurement statistics I'¢ nor the
momentum measurement statistics I'5 ever determine the state T of the
system. A similar result is well known also in the classical phase space
mechanics.
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2.3.2. Position ¢ and momentum P are complementary and thus also
totally noncommutative. Hence the pair (Q, P) fulfills a necessary condi-
tion, Cor.2.1.9, for being informationally complete. But as already
remarked earlier, this pair is not informationally complete. Indeed, if
¢ € LA(R, dx) is a unit vector for which ¢@(x)=|p(x)| e?™), 0<0(x) < 2x,
lo(x)] =lo(—x)] ae xeR, 6O(x)+60(—x)+#constant (mod2n) then
@1(x) :=|p(x)| e~ represents another state than ¢(x), ie.
PLo,1# P[o], but |@,(x)]*=|e(x)|* and [§,()I*=|4(y)|? ie., Q and P
do not distinguish between these states. (Here ¢ denotes the Fourier
transform of ¢.) (This example can be found in Prugovecki® or in
Reichenbach,*®’ but Corbett and Hurst!® contains a wider class of similar
examples.) The informational incompleteness of the pair (Q, P) means, in
particular, that the combined measurement statistics (I'¢, I'%) do not, in
general, suffice to infer the intial state T of the system. This is contra to the
situation in classical physics, and it may be taken as an illustration of the
“surplus information” (von Weizsicker®) coded in a quantum (pure)
state when compared with its classical counterpart.

We shall now turn to study questions posed in Egs. (10) and (11) of
Subsection 2.1 for the canonical pair (Q, P). Though these questions are
related to each others we shall study them here separately starting with the
first one.

2.3.3. Let ¢ be a unit vector in dom(|Q|*) n dom(|P]'/?). This condition
quarantees that both Exp(Q, P[¢]) (:=[gidE%,;) and Exp(P, P[¢])
exist and are finite. (Recall also that e.g., the domain of Q is contained
in the domain of |Q|"Y2) Applying the two-parameter family of unitary
operators U, =¢" "2~ (g, p)e R’ on ¢ we obtain the following subset
of pure states 7 (¢) := {P[U,_,01: (9, p)e R*}. We claim that

[T]19FnT ()= {T} forany TeJ(¢) (14)

Indeed, if Efv,, o1 = EZru,, 01, then the expectations Exp(Q, P[U,,01)=¢
and Exp(Q, P[U,, @])=¢q’ are the same, ie., ¢=g¢'. Similarly, the condi-
tion Eppy, ,1=Epru,,»1 NOW implies that p=p’. We recall that the set
{U,,0: (g, p) e R?*} = 4, is overcomplete (ie., [p2|U,,0><U,_,0|dgdp=
2nl) and its linear span is dense in 3 (see e.g., Klauder and Skagerstam?V).

There is an important application of the result of Sec. 2.3.3 referring to
the so-called coherent or minimal uncertainty states. Consider the uncer-
tainty product Var(Q, T')- Var(P, T) of Q and P. This product has the well
known lower bound 1/4 (in the units 4/2z = 1} which is reached exactly by
the pure states (cf. Thirring,*” Remark 3.1.14.2) of the form P[U,_,¢¢],
where ¢¢ is the Gaussian ¢%(x)=n""46""2¢~*/* with the variance
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Var(|p%|*) =g The set T (¢%) is a special case of the earlier sets 7 (o),
¢ e dom(|Q|"?) n dom(|P|*?), so that

[T127 AT (¢)={T} forany TeJ (¢%) (15)

The restriction of [T]%F, TeJ(H#)!, to [T1%FnT(¢S), TeT (¢2),
has now a special relevance: If the combined measurement statistics
(I', 'Yy is such that Var(I"$)-Var(I'2)=1/4, then Te 7 (¢?) with ¢°=
Var(I'$), and it is uniquely determined by the expectations Exp(/'§) and
Exp(I'¥). We recall that the set I (¢¢) of minimal uncertainty states can
also be characterized as the set of maximal information states w.r.t. a
global Shannon type information functional for the pair (Q, P). (For that
see e.g., Grabowski,®® cf. also Remark 4.1.1.)

2.3.4. We next consider the question of Eq. {11} in Subsection 2.1 asking
first whether there is some physical quantity 4, with the spectral measure
E4, such that the triple (Q, P, 4) would be informationally complete.
A physically important class of such quantities 4 are of the form

A=1(Q)+&(P) (16)

where f and g are real valued Borel functions in R such that f(Q)+ g(P)
is self-adjoint. We note first that if either f=0 or g=0, then
R(ECYL R(ETY=R(E2)U R(ET)U R(E*), as eg., R(E/ D)< H(E?Q) for
any f. Thus in order 4 would increase the state distinction power of the
pair {(Q, P), both f and g must be nonzero. Furthermore, as

[(T12PA=[T1%" N [T =[T12n [T n[T] 2 {T} (7

for any Te (), the triple (0, P, 4) is informationally complete w.r.t.
any set 7 < Z(#);} wart. which either (Q, P) or 4 is informationally
complete. Due to the fundamental role of the pair (Q, P) it seems also
interesting to ask whether the informational completeness of 4 w.r.t. a set
T < (A#){ implies the informational completeness of the pair (Q, P)
w.r.t. that set. According to Thm.2.1.5, [7T]*={T} if and only if
TeJ (A). Assuming that F(A) is nonempty, ie., 4=/(Q)+ g(P) has
nondegenerate eigenstates, then also

[T197 nT(4)= (T} (18)

for any Te 7(A4). (This should not be confused with the trivial result
[T12Fn[T1*={T} for any Te T (A).) Indeed, if P[o,], P[o,]e T (A),

o _FQ P _EP D) _ N
and E%. 1=FE%,; and Epp  =FEp;, ,, then also E = F and

PLei] Pl

Ei([fp),] =Ef>([1;)j]7 so that (o,| f(Q)e.> = {o,| f(Q)o,;> and (| g(P)o;> =
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(@;18(P)g;>. But then also <¢;|(f(Q)+ g(P))o,> = <o, |(f(Q)+
g(P))o,>, ie., the nondegenerate eigenvalues of A associated with P[¢,]
and P[¢,] are the same, so that P[¢,]=P[¢,]. (Recall, that for any
Plop,]e T (A), p,edom(A4)=dom(f(Q))ndom(g(P)) so that the expec-
tations like e.g., Exp(f(Q), Plo.:]1)= {@;| f(Q)p,;> are now finite.)

The relevance of the result of Eq. (18) is similar to that of Eq. (15).
There may be some physical arguments to restrict the study of [T]27,
TeJ(H){, to those of the form [T]9 T, T < F,(#). If for exam-
ple, A=f(Q)+ g(P) represents the Hamilton operator of the system &
then J(A4) consists of the nondegenerate energy eigenstates of .% and it
may be justified to study the position and momentum distributions of &%
just for those states in 7 (A4) (cf. the discussion in the beginning of this
Section).

This result of Eq. (18) is an illustration of the attempts to find an
informational completion of the pair (Q, P). Some interesting special cases
of the operators 4 of the form in Eq. (16) have been investigated in detail
in the literature (see e.g., Corbett and Hurst"*®’). However, no informa-
tionally complete triplets (Q, P, f(Q) + g(P)) are known. In the case
g(P)=P* and f(Q)e £ (#)" the informational incompleteness of such
pairs have even been demonstrated (Pavicic'*®). In lack of a general result
we close this subsection with challenging the reader to (dis-)prove the
following statement: No (Q, P, A), with a self-adjoint A, is informationally
complete.

2.3.5. We continue to study the question of Eq. (11) of Subsection 2.1 for
the canonical pair (O, P). A physically relevant informational completion
of Z(E2)U R(E) in P(#) were of the form Z(EC)u R(EF)yu R(EY),
where A4 is a physical quantity (a self-adjoint operator) of the form 4=
S(Q)+ g(P). Such an extension may single out some interesting subsets of
states, like 7 (A4) in Sec. 2.3.4 or T (9?) in Sec. 2.3.3, w.r.t. which the pair
(0, P) is informationally complete, at least in a restricted sense as indicated
e.g., in Egs. (15) and (18). However, no such extension is known to lead
to informational completeness. In the most interesting cases, with 4=
P2+ V(Q), V(Q)e Z(#)™, the triple (Q, P, A) is demonstrably informa-
tionally incomplete. Thus it seems natural, or even necessary, to seek for
the informational completion of the pair (Q, P) in the set £(#) of effects
by replacing the pair (Q, P) with an unsharp pair (Q,,P,). In studying the
state distinction property of the pair ((, P) such a replacement is justified
by the fact that the pairs (Q, P) and (Q,, P,) are informationally equiv-
alent, so that they have exactly the same state distinction power (see the
following).

Let /: R — R be a probability density function, or a confidence func-

825/19/6-2
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tion (ie, f(x)>0 ae., xeR, [z f(x)dx=1). The pair (Q, f) defines a
semispectral measure EY: #(R) —» £ ()" through the formula E¥(X) =
(f* xx)Q), Xe B(R), where f * y, is the convolution of the characteristic
function y, with the confidence function f (see e.g. Davies'®). The effects
E%(X) are thus obtained by “smearing” the original spectral projections
xx(Q) with the confidence function f. EY is called an unsharp position
observable, and it is occasionally denoted by Q,. Similarly one defines
unsharp momentum observables P, with any confidence function g. The
physical relevance of such unsharp quantities have been discussed exten-
sively in the literature, see e.g., Ali and Doebner,”® Prugovecki,® Busch
and Lahti,®> or Busch.®®

By construction, Q, and P, are commutative semispectral measures.
Thus Thm. 2.1.2 holds for them, too.

The informational equivalence of the pairs (Q, P) and (Q,, P,), where
f and g are arbitrary confidence functions, can now be formulated:

[T]2F=[T]%F  forany TeJ(#); (19)

As [T]12F=[T)9n[T]?, TeT,(#);, the result of Eq.(19) follows if
only
[T19=[T]¥ and [T]°=[T]" forany TeJ(#); (20)

Ali and Doebner® have shown this for the pure states P[o], ¢ € #;, but
the extension of their proof to all states is straightforward.

The informational equivalence of the pairs (Q, P) and (Q,, P,) means,
in particular, that all the results concerning the pair (Q, P) hold true for
the pairs (Q,, P,) as well. Especially, the combined measurement result
sequences (I'$, I'Y) and (I'¥, I'%s) have exactly the same state distinction
power, and, in general, do not suffice to determine the initial state T of the
system.

One of the important advantages of replacing the sharp pair (Q, P)
with and unsharp pair (Q,, P,) is that the latter pair may have a natural
informationally complete extension. We shall study such cases next.

Consider a pair (Q,, P,) of unsharp position and momentum for
which the confidence functions are Fourier-related, ie., f=|¢|> and
g =|9|* for some ¢ e #,. (Here, again, |@| is the Fourier transform of ¢.)
In that case Q, and P, are obtained as the marginal observables of the
joint observable

E:BR*) > P (H)*, Z—EZ)=(2n)"’ fZIqu(p>(qu(p| dgdp (21)

where U_,, ¢, peR, is the two-parameter family of unitary operators of
Sec. 2.3.3, and ¢ e . Indeed, then E(XxR)=E%(X) and E(RxY)=
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E%:(Y) for any X, Ye#(R), where now f=|¢|* and g=|@|* (see e.g.
Davies®®). As the ranges of 0, and P, are now contained in the range of
E we have [T]9 %2> [T]* for any Te J,(#);. But we also have

[T)*={T} forany TeZ(#)} (22)

whenever E is the joint observable of Eq.(21) with ¢edom(Q}n
dom(P) such that {@|U,,¢>+#0 aec. (g, p)eR* Indeed, if T'e[T]%,
ie, tr(T'E(Z))=t(TE(Z)) for any Ze%(R?*), then by Eq.(21)
[2<U,,o(T"=T)U,,¢>dgdp=0 for any Ze #A(R*). But this shows
that (U,,o(T'-T)U_,0>=0 ae., (g, p)e R?* Applying here again
Eq. (21) we obtain jz @l Up_gpp@2{U, 0 (T"=T)U,,0>=0 for
any ZeZ(R?) and for ae (g, p)eR? e, <olU,_,, ,0>
Uppo{(T'=TYU,,@>=0 ae. (q,p), (¢,p)eR’. By assumption,
@lUy_gp-p0>#0 ae (¢—gq p'—p)eR® so that (U, ¢
(I'=T)U,,0>=0 aec. (g, p), (¢, p)eR? ie. T'—T=0. (This proof is
essentially due to Klauder and McKenna,?” but see also Prugovecki,®
Klauder and Skagerstam,?") or Werner.®

We show next that this joint observable £ of Q, and P, is
totally noncommutative. As com(%#(E)) < com(Z(E% ) u #(E"¢)) < com,y,
(R(EYy U R(E"s)) = com,)(Q;, P,) it suffices to show that com (0, P,)
= {0}. Assume that ¢ ecom(Q,, P,), ¢ #0, ie. (E¥(X) ET(Y)— E"*(Y)
E%(X))p=0 for all X, Ye%(R). Due to the covariance of Q,and P,
under the Weyl group (ie. E¥(X+¢)=U,,E¥(X) U} for any X e B(R),
g, peR) we then have also (U, Y[(EY(X)E™(Y)—E"(Y)
E%(X))U,,@»=0 for any ¢ € #, and for all ¢, peR, X, Ye #(R). But
this implies that com,)(Q,, P,) =, ie, E¥(X) E(Y)=E"(Y) E¥(X)
for all X, Ye #(R), as the linear span of any {U,,¢: g, peR}, Le i,
¢ #0, is dense in #. The result com,,(Q,, P,) = # is known to be wrong
(see, Busch, Schonbek and Schroeck®). Hence com,,(Q;, P,)={0}.

Results of Eqs. (19) and (22) now have the following physical content:
The combined statistics {(Ex(XxR), Er(RxY)): X,Ye%(R)} are
“informationally equivalent” with the combined statistics {(EZ(X), EL(Y)):
X, Ye#(R)}. In general, they do not determine the initial state
TeJ (#)] of the system. However, the richer statistics {E (X x Y):
X, Ye #(R)} always suffice to determine the state 7 of the system. This
result is very important as the joint observable F can be taken to describe
the approximate path of e.g. an electron.*®

2.4. Example. Spin-1/2 System

As another example of determining the past and the future of a physi-
cal system through measurements we consider the spin measurements on a
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spin-1/2 system. It is well known that spin measurements show up similar
features as position-momentum measurements but in a much simpler form.
In this subsection we shall discuss mainly the problem of determining the
past of a spin-1/2 system along the ideas and results of subsections 2.1 and
2.2. The aspects of measurements which address more directly to the deter-
mination of the future of the system will again be postponed to Sec. 3.

The spin-1/2 system has been discussed in great detail in the literature.
As a standard reference and introduction to the topic we shall take Chap-
ter 4 in the monograph of Beltrametti and Cassinelli.?’ Measurements of
unsharp spin quantities have also been investigated in detail, the paper of
Busch®® serving as our main reference on that topic.

Due to the importance of the spin measurements we shall collect here
a number of known results in attempting to give a systematic exposition of
the present problem.

2.4.1. Preliminaries

We consider here only the spin quantities of a spin-1/2 system. Thus
the Hilbert space of the system may now be identified as # = C? In this
case, like in any finite dimensional Hilbert space, the classification of the
operators in FL(H), LK), L(H)*, E(H), P(H), and T(H)] is
straightforward, and they all can be constructed from the one-dimensional
projection operators in a simple way. This means, in particular, that the
ranges of the & (#)"-valued spectral and semispectral measures can now
also easily be characterized. We shall present first these mathematical
results here, applying them subsequently to the physical problems in
question.

Let 6=(0,,0,,0.) be the Pauli spin matrices. Then any linear
operator on # = C? can be written as

A=a-c+a,l (23)

where a=(a,, a,; a.) e C? aseC, and I is the identity operator on #. The
self-adjoint operators on # are thus exactly those operators 4 in Eq. (23)
for which (a, a,)e R*. The spectrum of any Ae Z(#) is then sp(4)=
{a,—|la|, a;+ [la] }, which shows that 4 e # ()" if and only if (iff, for
short) |a] <a,. In the case of positive operators Aec L (A#)* it is
customary to write A=a-6+a,l in the form 4A=0/2(a’ -6+ 1)=ad(a’},
with A(a’}=1/2(a’ -6+ 1), a2 0, ||a’] <1, in which case the eigenvalues of
A are o/2(1—||a’|]) and a/2(1 + Jja’||). With this convention we have:

Ae P(#)t Hf A=0d(a),a>0,aeR |jaj <1 (24)
Aeé&(H) it A=cd(a), 0<a<2/(1+a]),fall<1 (25)
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AeP(H) iff A=o0d(a),x=1,]aj=1ora=0,ora=0,a=2 (26)
AeT(H) iff A= A(a), |a] <1 (27)

We shall now follow this convention.

As already remarked previously, the one-dimensional projection
operators A(4), e R?:={ae R’ [a| =1} (which are also the pure states
of the system) determine the whole class #(#); they generate the
base F,(H#)] (= conv(Ex(Z,(#);))) of the positive cone L(H#)*
(=T (H)) of L(H)=L(H#)" —L(H)" which again determines
L(H)=L(H)+iL(HA). Indeed, any A(a), |a] <1, can be written as
A(a) = (1 + |a]|)/2 A{@) + (1 — ||a||)/2 A(—4&). The projection operator
A(—a) is, in fact, the complement of A(4), ie., [—A(d)=A(—a).

Let A(4), B(b)e 2(#). As A(a) B(b)= B(b) A(d)=1/2(ax b)-o, and
as (@xb)-6=0 iff 4= +b, the only Boolean subalgebras of #(#) are
R(a)= {0, A(a), A(—a), I}, aeRY{, and {0, I}. Hence the range of any
nonconstant spectral measure E: of - P{#) is of that form, ie., Z(E)=
#(a) for some deR;. The spectral measure E: B(R) > P(H') associated
with the unit vector 4 R} and with the spectrum {—1/2, 1/2} determines
the G-component of the spin S;=1A4(4)—31A(~d)=a-6. The projection
operators A(d), aeR;, are the spin properties of the system. The spin
property A(d) and its complement property A(d)" =I— A(d)= A(—4) thus
determine the spin component S,.

Consider the spin components S, and S;. If 4 # +b, then com(S,, S;)
= {0}, ie, any two different spin components S, and S; are totally non-
commutative.

The structure of the semispectral measures E: o/ — &(H) is not as
simple as that of the spectral measures E: &/ — 2(#) even in the case
# = C? There is, however, a similar characterization for any two effects
A=aAd(a) and B= B(b) to belong to the range #(E) of some semispectral
measure E: .o — &(), ie., to the coexistence of A and B. If A and B
are coexistent, ie, A=EFE(X) and B=E(Y) for some E:of - &(H),
X, Ye A4, then E(XY) is an effect satisfying the conditions E(X n Y) <
E(X)=A4, EIXnY)<E(Y)=B, and A+B—-EXnY)=EX)+E(Y)—-
E(XNnY)=E(X v Y)< I On the other hand, if for given 4, Be () there
is an effect C e &(#) which satisfies the above conditions, i.e. C< A, C< B,
A+ B—C<I, then A and B are coexistent. Indeed, then e.g.,, the map E:
i»E, i=1,2,3,4, with E,=C, E,=A—-C, E;=B—-C, and E,=
I— A— B+ C defines a semispectral measure #({1,2, 3,4})—> &(#) with
A=E({1,2}) and B=E({1,3}). (Note that if 4, Be Z(#), A+ B, then
necessarily C=0, and A+ B</ iff d-6+b-6=0, ic, d=—b, ie
AB=BA.)

This coexistence condition can be explicated further for the case
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a=f=1 with using the special form in Eq. (25) of the effects on # = C>
and the fact for any two effects C and 4, C < A iff tr(TC) < tr(T'4) for any
TeJ(#)}, where now eg., tr(TC)=y/2(t-c+1), with T=T(t) and
C=7yC(c). This then leads to the following geometric characterization of
the coexistence (cf. Busch®?): Effects 4(a) and B(b) are coexistent iff

la+b] +la—bll<2 (28)

Moreover, any effect C<yC(c), with Slla+bj<y<l—ija—b]|, is an
effect satisfying C< A4, C<B, A+B-C<1I

The condition of Eq. (28) shows that a maximal violation of coexistence
of A(a) and B(b) is expected when a-b=0. There are two special cases
which deserve to be mentioned separately: (i) If 4= A4(&), then the only
coexistent B(b) are those for which b-da= +1; (ii) If 4= A(a)e&(H#),
lall <1, then Eq. (28) can be satisfied in any direction b for some b.

These results do by no means characterize all the semispectral
measures E: o7 —» &(5). They give only necessary and sufficient conditions
for some pairs of effects A, Be #(#) to belong to the range of some
E: o/ - (). However, with respect to sharp as well as unsharp spin
quantities this characterization is sufficient. We recall (see Busch®®) that
an effect A =oA(a) is an unsharp property if its eigenvalues satisfy the con-
ditions: «/2(1+ [|lal|)>1/2 and «/2(1 — ||a])<1/2. An unsharp property
A =o0Ad(a) is an unsharp spin property if At =I1— A= uA(—a). This
is the case exactly when a«=1. An unsharp spin property A(a) and iis
complement property A(—a) determine again a simple unsharp spin
quantity #(a)= {0, A(a), A(—a), I}. The semispectral measure E™:
B({—1/2,1/2}) - &(o#), with E*({1/2}) = A(a), might again be taken as
the canonical representation of Z%(a). The condition of Eq. (28) charac-
terizes now the coexistence of any two simple (sharp or unsharp) spin
quantities #(a) and Z(b), or E* and E® with |a|| <1, ||b| < 1. There is
also a canonical way to construct a joint observable of the coexistent
unsharp spin quantities E* and E®. Indeed, if A(a) and B(b) are coexistent,
and if C is an effect with C < A(a), C< B(b), and A(a)+ B(b) — C </, then
E:B({1,2,3,4}) > (), as defined previously, is a semispectral measure
generated by C. The function f: {1,2,3,4} - {1/2, —1/2} x {1/2, —1/2},
with  f(1)=(1/2,1/2), f(2)=(1/2, =1/2), f(3)=(-1/2,1]2), f(4)=
(—1/2, —1/2), induces then the semispectral measure E,: #({1/2, —1/2} x
{12, —1)2}) > &(H#), X > E,(X) := E(f (X)) which is a joint observable
of E* and EP®, ie., E* and E® are its marginal observables. We denote it as
Ea,b;C_

2.4.2. We shall now turn to study the question of informational complete-
ness of the spin quantities starting with the usual (sharp) spin quantities
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S; or #(4), deR3. For any T=T(t)eT(#)], [T]%=[T]""=
[T1*D = {T(t'ye T(H)]: (' —t)-a=0}. Identifying 7 (#); with
R, ={t'eR% |t'| <1} the equivalence class [ 7]7'% appears as the sec-
tion of the unit sphere R, by the plane {t'e R*: (t'—t)-4=0}. Clearly,
[T1#®={T} only when T'=A(d) or T=A4(—a) (cf Thm. 2.15).
Similarly, [7]%S=[T]#OV#O=[T]2O~[T]*® s the interval
defined by the two sections [ T]%® and [T]#® . Again, the class [ T]55¢
reduces to {7} only if T is one of the eigenstates A(d), A(—a), B(b), or
B(—b) of S, and S;. Thus any two spin quantities #(d) and #(b) are
informationally incomplete, even though they are totally noncommutative,
whenever d# +b (cf. Cor. 2.1.9).

The measurement statistics I'3¢ of a single spin quantity S,, de R},
determines, in general, only one component of the state 7T1(t}, te Rf\:,, the
projection of t along 4. For a full determination of t three linearly
independent directions are needed, in general. In other words,
[T]F@vREO RS = [T for any Te J,(#); iff the vectors 4, b, and ¢ are
linearly independent. This is the well known result (see, e.g, von
Weizsicker®!)) that no single (usual) spin quantity S, is informationally
compiete and that a minimal informational completion of S; among the set
of all (usual) spin quantities is {S,, Sz, .}, with (@x45)-¢#0. In other
words, no Z(d)c P(H)c &(H) is informationally complete and a
minimal informational completion of #(4) in #(H#), # =C2% is of the
form #(&) U #(b) U %(¢), with linearly independent 4, b, and ¢é.

As in the case of the Pauli problem it is possible to find other physi-
cally relevant informational completions of S,, or #(4), with replacing the
spin quantity S;, or #£(4), with some of its informationally equivalent
unsharp counterparts #(a), ac R%,. We shall discuss these options next.

24.3. Consider a (sharp) spin quantity %#(d) and any of its unsharp
counterparts #(a), a=aa, 0<a<1. Clearly, [T]7@ = [T]#*® for any
TeI(H#),, ie. #(d) and #(a) are informationally equivalent. The state
distinction powers of #(d) and #(a) are the same. Consider next two spin
quantities #(a) and #(b). From this we know that #(d)u #(b) is not
informationally complete and it is informationally equivalent with any
Z(a) U A(b), with a=ad, 0<a<1, b=bb, 0<b< 1. Take then any ée R3.
If 4, b, and ¢ are linearly independent, and thus also (axb)-¢#£0, with
c=c¢é, 0<c<1, then

[T] R(E&)w Bb)Y O R(E) — [T] Ala)u #(b) v K(e) _ {T}

for any Te 7,(#);.
To determine the initial preparation (state) of a spin-1/2 system we
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may collect the measurement statistics of three independent (mutually
exclusive) spin measurements: I'3%, '3, I'7*. The same can be achieved by
the statistics (I'5s, I'$, I'3%), as well, In the first case the spin d@-, 5-, and
é-measurements are always mutually exclusive and they can never be com-
bined as a joint measurement of the spin quantities S;, S;, and S,. This
means, in particular, that there is no combined spin (4, 5, ¢)-measurement
to provide any information on the pre- or postmeasurement states of a
spin-1/2 system. To obtain informationally complete measurement statistics
'3, I'sE, I's we need three mutually exclusive spin measurement program-
mes which cannot be combined to determine the future of the system. But
to determine the past of the system via the measurements of the unsharp
spin quantitics #(a), Z(b), and Z(c) opens also the possibility to deter-
mine the future of the system, at least to some reasonable degree. Indeed,
if e.g. #(a) and #(b) are coexistent, i.e.

la+bf+a—b[<2 (29)
then there are joint observables E*™¢ of #(a) and #(b) and if
la+bji+la—bji<2 (30)

(and if lin span{a, b} = R?) it is always possible to choose E™™ such that
it is informationally complete (i.e., it is possible to choose C=7yC{c} such
that (axb)-c#0). For the given directions & and b, a=ad, a>0, and
b=bb, b >0, may always be so chosen that Eq. (30) is satisfied. The quan-
tity #(c) above may then be taken to be the one associated with the chosen
fower bound C of A(a) and B(b) which generates the joint observable
E** Then clearly

[T].%(d)uy?(l;)u%(é) - [T]%(a)u.%(b)u%(c) c[T] EabC {T}

for any Te Z(#)}. What is gained here is, indeed, that the informa-
tionally compiete measurement statistics can be obtained not only through
three mutually exclusive spin measurements but also by measuring a single
unsharp observable E**“. A (preparatory) measurement of the observable
E®*%C Jeads to a postmeasurement state of the system (the determination
of the future of the system) in which we also have probabilistic information
on the three independent (unsharp) spin quantities #(a), Z(b), and %(c),
as well as on the three mutually exclusive (sharp) quantities S;, Sz, and S;.
Clearly, the observable E*™¢ is again totally noncommutative. Finally we
remark that Busch®? discusses realizable proposals of informationally
complete spin measurements.
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2.5. Remarks on Higher Spin

We note first that for no value s(>0) of spin a pair like {S,, S,} is
informationally complete, although the necessary condition of
Corollary 2.1.9, in always satisfied: com(£°x, E®) = v, with v,=0 for half-
integer s and v, =1 for integer 5. In the following we shall specify for which
values of s the triple {S,, S,, .} is informationally complete.

2.5.1. Theorem

Let # (= C") be the n-dimensional Hilbert space hosting an
irreducible unitary representation of the rotation group SO(3) (n=2s+1,
s=0, 1/2, 1, 3/2,..) with the self-adjoint generators S,,S,, S.. The set
{S,,S,, S.} is informationally complete if and only if s<1.

Proof. The case s=0 is trivial The case s=1/2 was treated in
Sec. 2.4.2. For the remaining cases we proceed as follows. Informational
completeness of the set &£ =R(E>)uR(ES)U R(ES)c £(H) is
equivalent to the equation span(%)=%(#). In fact, if this equation
holds, then clearly % is informationally complete. Conversely, if & =
span(¥) # Z,(#;) then choose an orthonormal basis {L,|i=1,.., N} of
Z(#,) such that {L,]i=1,.., Ng< N} is a basis of Z. Recalling that now
T(H) = L(H,) we then have for any T=> t,L,and L=3 [ L;, tr(TL)=
SY i te(LL)=Y t,l;. Thus, for any 0#TeZ", tr(TL)=0 for all
Le ¥; in particular tr(7)=0, as I .. Thus £, and therefore %, is not
informationally complete. Now we observe that .& is in the span of the set

,@:{E}lv:x, »ei=—s, —s+1,..,5—1,5}

(Here we use the notation E}=E®({i}).) Moreover this set is already
spanned by

Lo=2 U{IN{E}, EL, E3}, ig€ { — sy, 5} fixed
%, contains N = 3n — 2 elements, and we find:
n=3N=7>dim[Z(#4)]1=6
n=4:N=10=dim[ £ (H#5,)] =10
n2z5: N<dim[ Z(+)]

This shows that for n>5 (i, s>2) the set %, cannot be informationally
complete. We turn to the remaining two cases.

Case n=3. We show that the sel %= %\ {I}={Ef, E*,, E{, E”,,
7, E*.|} is linearly independent. Assume that

0 Ef+ B EL + o0, EY + B, EY + 0, E{+ B.EZ =0 (31)
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This is of the form
$(S)=f(S,)+ g(S,)+r(S.)=0

Applying rotations about the x, y, and z axes by an angle = shows that the
functions f, g, h are symmetric (functions on {—s, —s+1,., s—1, s}).

Thus
f(S\') = afo + ﬂxEx—l = ax(E)lc + Ex—l) = ach;(z

g(S,)=o,E{+B,EY =a (E{+E” )=a,S;
h(S,) =0 Ef + . E* | =a(E{ + E ) =0.S?
Applying rotations by an angle n/2 yields a, = «, = «. = a. Therefore,
$(S)=a(SZ+S;+52)=0
But the commutation relations for the §; give the well-known relation
S2+82+82=s(s+1)I (#0 fors>0) (32)

Therefore a =90, and all the coefficients in Eq. (31) must vanish.

Case n=4. Introducing the notation Pi=Ej,+E",,, P;=
Eip+EY 5, (v=1x, 3, z), Eq. (32) reads (note: s=3/2):

3(P5+ Py + P+ 5(PT+P{+P)) =51
Substituting P} = I — P yields:
0=31—-2[P5+ P3+ P3]
which shows that the set {I, E3,, E%,,, E3,, EYs,, E5,, E7 ;) is

linearly dependent; therefore its extension to any set of the form %, (above)
is linearly dependent, too. }

Referring again to Theorem 2.1.8 or Corollary 2.1.9, we remark that
the informational completeness of {S,, S, S.} for spin 1 goes along with
dim[com(E~, E’, E*)]1=0. Thus so far we encountered only instances of
informational completeness in connection with total noncommutativity.
{Note added: in a forthcoming paper it will be shown that total
poncommutativity is a necessary condition for informational complete-
ness.)

3. STATES OF MAXIMAL INFORMATION

3.1. General Considerations

We shall now turn to the problem of determining the future of a physi-
cal system % on the basis of a measurement performed on it. We remark
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first that the pure states P o], ¢ € #;, of & are its maximal information
states in the folowing obvious sense:

PLol=N\{PeP(H): {p|Pp)=1}

(33)
(=N\{E€é(H#): {p|Ep)=1})

In other words, the pure states of & are in one-to-one onto correspondence
with the maximal sets of properties (effects) which the system may posses
(with probability equal to one) at a time. (Cf, e.g, Beltrametti and
Cassinelli,® Piron,®* or Mittelstaedt.***>)) An optimal determination of
the future of & is thus obtained whenever &% is prepared in a pure state.
It is one of the basic assumptions of quantum mechanics—consistent with
the quantum theory of measurement—that & can be prepared in any pure
state (cf. below). Here we shall be concerned with the question of preparing
& in pure states with some particular properties. To motivate our
approach we shall start with considering the sequential measurements of
pairs of physical quantities 4 and B within the quantum theory of measure-
ment.

Assume that a measurement {#,,, A, Ts, V) of a quantity 4 on &
in a (initial) state T, is performed. This measurement induces a transforma-
tion of the state of &: T, I4(R)T,, where I#(R)T, is the state of & after
the A-measurement but before reading of the actual measurement result.
Assuming that the actual measurement result is the set X e Z(R), then
tr[T,E*(X)]#0 and T,=tr(T,E*(X)) ' I$(X)T, is the final (or post-
measurement) state of &. (Here the possibility of “reading the actual
measurement result” shall not be questioned, at all. Beltrametti et al.‘™)
contains a systematic analysis of this question and there can also be found
references to some other relevant work.) The probability that the measured
quantity 4 has the measured value X in the postmeasurement state T,
of & is now tr(T,E*(X))=tr(T;E*(X))™" tr(I£(X)*T,), which shows
that tr(T,E4(X))=1 if and only if tr(JZ(X)°T,)=tr(IHX)T,) (as
te(T,EA(X)) = tr(I4(X) T,) #0). Thus a measurement {#y, A,y Tar, VD
of a quantity 4 on & may or may not leave the system & in a state T, in
which the measured quantity has (with probability equal to one) the
measured value, ie. tr(T,E4(X))=1. Also, T, may or may not be a pure
state.

It is a basic result of the quantum theory of measurement that any
discrete quantity 4, i.e., a quantity with a pure point spectrum, admits this
type of pure preparatory measurements (see e.g. Beltrametti et al.,"’). The
von Neumann-Liiders measurement of (a discrete quantity) 4 is the well
known prototype of such measurements. In particular, any property
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PeP(H), like P=E*(X) or P=P[o], pe#, defines such a quantity
through the range {0, P, P*, I}.

Assume next that a measurement of the quantity B follows the earlier
A-measurement, which lead to the state T,. Then tr(7,E%(Y))"
IB(Y)T,=te(I5(Y) I4(X)T,) ' I5(Y) IA(X)T,=T is the postmeasure-
ment state of & with the condition that the B-measurement (with the
instrument 1%,) lead to the result Ye #(R) (so that, again, tr(7,E5(Y))
#0). Again, tr(TE2(Y))=1 if and only if tr(Z5(Y)? I4(X)T,)=
tr(I5(Y) I4(X)T;) (# 0), and the state 7 may or may not be a pure state.

We come now to the following question: Under which conditions does
the sequential measurement (“first the 4-measurement with the result X,
then the B-measurement with the result ¥”) lead the system to a state T
in which E4(X) = EZ(Y)=1. A necessary and a sufficient condition is that

A(T) = E*(X) A EX(Y)(H) (34)

where EA(X) A EB(Y)(#) is to be nonzero. If the projections E#(X) and
EB(Y) are disjoint, ie., E*(X) A E*(Y)=0, then Eq.(34) can never be
fulfilled. This is most typical for complementary pairs of observables, like
position and momentum or the different spin quantities of a spin-1/2
system. For such quantities we may still ask what is the maximal informa-
tion that can be obtained on them e.g with this type of sequential
measurements on .. This is exactly the question which we aim to study
here. To answer this type of question a suitable “information functional”
T INFO(EL(X), EE(Y)), or T+ INFO(E%, EZ), should be given with
respect to which the posed question could be analyzed. Here we shall be
concerned with the problem of information on the values of the quantities
A and B so that we consider a functional of the form T INFO(E4(X),
E2(Y)), the so-called local information functionals, and for that we simply
choose the map

T tr(TEA(X)) + tr(TE3(Y)) (35)

A state ToeZ,(H#)] is a state of maximal information of A and B
associated with the value sets X and Y if tr(To(E4(X)+E3(Y))=
sup{tr(T(EA(X) + E*(Y)): Te IT(A)[ }. If such a state T, exists, and if it
is pure, ie. To= P[¢], for some ¢ € #], then the positive outcome of the
von Neumann-Liiders measurement of the elementary quantity {0, P[¢],
Plo]*, I} would lead the system into a (pure) state To= P[] in which
the information on the values X and Y of A4 and B is maximal If
E4(X) n EB(Y)=0, then clearly the question of the existence of such a 7
becomes relevent. Theorem 3.2.1 will give necessary and sufficient condi-
tions for the existence of such states T, as well as a complete description
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of them. The results will then be illustrated with the position-momentum
(Sec. 3.3) and the spin quantities (Sec. 3.4).

3.2. Mathematical Interlude

In this subsection we shall present some results from the operator
theory which are relevant for the problem of the existence of the maximal
information states. When no explicit reference is given here the results can
be found in the standard texts like Halmos,®® Dunford and Schwartz, "
or Kato.G%

The map Z(H#)— T(H)*, Ar>tr(-A4) is an isometric isomorphism.
In particular, this means that the norm of an Ae %(#), |4l :=
sup{||4o|: ¢ € #, }, equals the norm of the functional T tr(TA4), ie.,

4] = sup{[tr(TA)|: Te T(H), |T|l, =1} (36)

The norm of 4 e Z(s#°) can also be given e.g. by its numerical range or by
its spectrum. They all are of use for us.

The numerical range of 4 is, by definition, the set w(4) := {{@|A4@):
@€ A} which is a subinterval (as a convex set) of [ 4, {4]] (for
(pldp>eR and [<@|Ap)|<|A4] for any weffi Let v(4)= {tr(TA):
Te J(H)] }, so that w(4) = v(A4) for Ex(Z7(#){ )= {P[e]: pe #,} and
tr(P[p]A4)=<¢p|Ap). From Eq.(36) we get that also v(Ad)c [ —|Al,
4] ]. Moreover, it is a o-convex set of reals, for J () is a g-convex
subset of Z,(#) (in the ||-||-topology). Let tev(A) so that ¢ =tr(TA) for
some TeJ,(#);. According to Hadjisavvas') (Thm. 3) T has a decom-
position T=3 o;P[o,], @;>0, > a,=1, ¢,;€ H#, such that {¢,|4¢,>=1
for any i (cf. p. 2-2). Hence re w(4), as well. Thus we have the result:

w(d)=v(A) (37)

In particular, this result shows that w(4) is not only a convex set but also
a g-convex set of reals. It is important to note that the set v(4) (= w(4))
need not be a closed one. Indeed, if e.g. 4 = E2((— o0, x]) + EF((— 0, ¥]),
x, ye R, then v(A4)=w(4) is the open interval (0, 2) (cf. subsection 3.3).

The spectrum of A is, by definition, sp(4):={ileC: 4— Al is not
invertlble} and it now equals the support of the (real) spectral measure E-
of 4, ie. sp(4)=supp(E?) =) {XeB(R): X closed, E*(X)=I}. For
bounded self-adjoint operators A the spectrum sp(4) is a compact subset
of R. Let sp,(4) denote the point spectrum (the eigenvalues) of 4. Then
clearly sp,(4) = w(A4), but only sp(4) = w(A), where w(A4) is the closure of
the set w(A4).
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In addition to Eq. (36) the norm of A € %,(2#) can now be expressed
as

(a) [Alf=sup{lt]:tev(4)}
() =sup{lal:aew(4)} (38)
(c) =max{|A]: Aesp(4)}

The equality of Eq. (38c) shows, in particular, that at least one of the num-
bers + | 4| belongs to sp(4) (, and thus || 4| € sp(4) whenever 4 > 0). We
note also, that if 4 is compact then | 4| =|4,], where 4, is the maximal (in
absolute value) eigenvalue of 4. However, in general neither — || 4| nor
4| need be an eigenvalue of 4. (Cf. the example A= E2((—o0, x])+
E”((— o0, y]), x, yeR, where ||A] =2, but sp,(4) = w(4)=(0,2).)

Assume that |a| =] A|| for some aew(A4). Then a is an eigenvalue
of A. Indeed, if a=<@|Ap)>, @eH, and |A4|=|a|=|{p|Ap)| <
loll|Apll < All, we have, in particular, that |<{¢|4¢ )| = e[ [4¢]. But
this is known from the Cauchy-Schwarz inequality to be the case only if
A = Lo for some (eigenvalue) . Now A= {¢@|lp)=<{¢@|Ap)=a, which
shows that aesp,(4). (Consequently, then || 4], or —|{4], is an eigenvalue
of 4.)

Let kern(4 — AI) = E4({A})(s#) be the eigenspace associated with the
eigenvalue Aesp,(4). If (¢,) is a sequence of unit vectors in kern(4 — A1),
then tr(TA)=Afor any T=3 o,;P[@;], 2,20, > o,= 1. On the other hand,
if TeJ(#); is such that tr(TA)=/ then T can be decomposed as
T=Y B,P[¥.], B.>0,> B,=1, such that ,ekern(4 — Al) n 4 for any {
(cf. again Hadjisavvas,” Thm. 3). Together with the earlier resuits, this
now shows that for any 4 e Z(3#): If |a] = || 4] for some aew(4)=v(A4),
then a=tr(TA4) exactly for those TeZ () for which #(T)c
kern(A4 — al).

The following theorem, based on these results, is useful in studying the
existence of maximal information states of pairs of physical quantities.

3.2.1. Theorem
Let Ae #(#)". The following four conditions are equivalent:
(a) tr(Tod)=sup{tr(TA): Te T(H);} }forsome Toe T(H)]
(b) || 4|l is an eigenvalue of A
(c) lAllew(4)
(d) 4l ev(4)

If one of these conditions, and thus all are satisfied, then a state T, satisfies
(a) if and only if #(T,) =kern{4 — | A|| ).
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In this work we shall apply Theorem 3.2.1 to study the existence of
maximal information states for some pairs of projection operators, ie.,
A=P+R, P, ReP(H#), and for some pairs of effects, i.e, B=E+F,
E, Fe §(#). Before entering the physically relevant special cases we shall
point out some general features of such cases. First of all, both 4 and B are
positive operators and their norm is at most 2. Hence their numerical range
“isin [0,2]

Let A=P+ R, P, Re (). Clearly, |P+ R||=2ew(4) if and only
if PA R+#0 (and 0e w(A) if and only if P+ A R*#0). On the other hand,
IP+R|=1 if and only if (PAR=0 and) PR’ Then kem
{({(P+ Ry—1)=P(#)D R(# ). Thus the nontrivial case occurs only if the
projection operators P, Re 2(#') are disjoint (i.e, P A R=0) but not
orthogonal (ie., P £ R*). In that case | P+ R| may or may not belong to
w(A4). Nontrivial examples of both cases will appear next.

Let B=E+F, E, Feé(#). Again, |[E+ F|=2ew(B) if and only
if Ep=¢ and Fp=¢ for some ¢@es. In that case Lb.{E, F}
(:= {Ge&(H) GLE, G<F})+ {0} (recall, that &(#) is not a lattice),
but the converse need not hold now since an effect G need not have the
eigenvalue 1. (Similarly, 0 e w(B) if and only if kern(E) nkern(F)# {0}.)
In the case of effects E, Fe &(##), the nontrivial case thus occurs when
kern(E—I)nkern(F—I)={0}.

3.3. Example. The Position-Momentum Pairs

As the first physical application of the results of the previous section
we shall study the existence of the maximal information states of the spec-
tral projections E2(X) and E”(Y) of Q and P, and of their unsharp coun-
terparts E%(X) and E”#(Y), associated with the given sets X, Y € #(R).

The degree of commutativity of the spectral projections of Q and P
have been investigated in detail (see e.g. Lenard,® Busch and Lahti,“?
and Busch, Schonbek, and Schroeck®). Also the question of the existence
of the maximal information states for the pairs (E2(X), E?(Y)),
X, Ye #(R) has already been discussed (Lahti,“") Busch and Lahti“?) so
that here we may be content with stating the relevant results, only.

Let X, Ye%(R) be bounded. This is a nontrivial case for now
E2X)AEX(Y)=E2(X)* A EF(Y)=E2(X) A EX(Y)* =0 (though, of course,
all the involved projection operators are nonzero). In this case E2(X}+ A
E”(Y)* #0 so that Oew(4), with 4= E2(X)+ EF(Y). Moreover, ||4]
{<2) is an eigenvalue of 4, so that w{4)= [0, [[4]|] for any 4 = E2(X) +
E®(Y) with bounded X, Ye#(R). According to Thm.32.1, any
Toe Z(#); such that #(7,)<kern(4 — |4 ]) is now a maximal infor-
mation state for O and P associated with the value sets X and Y.
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The eigenvalue [E9(X)+ E”(Y)| and the corresponding eigenspace can
also be constructed explicitly e.g via the compact operator B=
EP(Y)EQ(X) EP(Y). |E2(X)+ E”(Y)) =1+ )y, where 1} is the maximal
eigenvalue of B, and kern((E9(X) + EX(Y))— (1 + Ag))=kern(B—Aj1) N
EX(Y) (). We emphasize that this resuit holds true for any bounded value
sets X and Y. Thus, though E9(X) A EX(Y)=0, and E2(X) € EZ(Y)*, for
any bounded X, Y e #(R), the system % may always be prepared in a pure
state P[g,], say, in which tr(P[o,] E9(X))+ tr(P[oy] EX(Y))
(=14 4, 4g = Ao(X, Y)) is maximal for given X, Ye B(R). (We note also
that for any ¢>0 there are bounded X, Ye #(R) such that 1 + A;>2—¢
(Maczynski‘*®).

The other interesting case are the pairs (E2(X), E(Y)) associated
with the half-lines like X' =(—o0,x], Y=(—0o0, y], x, yeR, for such
projection operators are totally noncommutative, ie. E9(X) A Ef(Y)=
E2X)t A ER(Y)=E2X) A EP(Y): = E2(X)* A EF(Y)* =0. In that case
w(E2(X)+ E*(Y)) is the open interval (0, 2), so that | E2(X)+ E*(Y)| =2
and no maximal information state exists now. It may be appropriate to
note also that w(E£9(X)+ E*(Y)) = [0, 27, whenever X and Y are periodic
sets, X=X+d, Y=Y+ 2n/d. They are exactly those (nontrivial) spectral
projections of Q and P which commute (Busch, Schonbek, Schroeck,®
see also Ylinen'**)),

In studying the Pauli problem in Sec. 2.3 it turned out that an infor-
mational completion of the pair (Q, P) may be obtained with replacing this
pair with an informationally equivalent pair (Q,, P,). Thus it becomes
important to ask whether such an informational completion of (Q, P) also
leads to an increase in the information on the values of such quantities. To
answer this question we shall next attempt to compare the numbers
COI(E2X)+ EX(Y))g)> and (@|(E2(X)+E™(Y))p). pei, of the
pairs (Q, P) and (Q,, P,) associated with the value sets X, ¥ € Z(R).

Let A =E2(X)+ EF(Y) and B= E%(X)+ E":{Y), X,Y e %(R).
Clearly, w(A) as well as w(B) are contained in the interval [0,2]. If
X, Ye #(R) are bounded, then w(A)= [0, [ A ], with 4| =1+ 1, <2. We
shall demonstrate first that for bounded X, Y e #(R) also 2 ¢ w(B). In fact,
we shall show here that w(B)< [0, ||4|] in any case, ie. for all
X, Ye #(R). But the case 2¢w(B), with bounded X, Ye#(R), is of
interest in itself, as now Lb.{E¥(X), E"(Y)} # {0} (with Fourier-related
confidence functions f and g), though E9(X) A E(Y)=0. The fact that
2 ¢ w(B) implies that the system % cannot be prepared in a state in which
it would have (with probability equal to one) the unsharp (coexistent)
properties E%(X) and EF:(Y). Assume now that 2ew(B). Then 1 is an
eigenvalue of both E%(X) and E’*(Y), with a common eigenvector y,
say. But 1 is an eigenvalue of E¥(X)=(f* yx)(Q) if and only if the
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corresponding spectral projection of (f*y,)Q) is nonzero, 1iec.
0 EV @ ({1}) = E((f » 1) "({1})=E({xeR: (f*z)x)=1}).
Similarly, E”({yeR: (g* xy)(¥)=1})#0. As | f=[g=1, these relations
show that supp(f)<X, and supp(glcY (as eg {(f*yyHx):=
[nf (=) 1x(y) dy =1, f(x— y)dv ac. xeR). But Lb.{EZ(X), E*(Y))

= {0} for any bounded X, Ye%(R) whenever f and g have compact
supports (Busch®“). Thus 2ew(B) leads to a contradictory result 0#
Py ]elb.{EY(X), EP(Y)} = {0}.

Assume next that 0ew(B). Then, as shown previously, one obtains:
supp(f) <= R\X, and supp(g)=R\Y. If X and Y are bounded, and if
supp(f) =supp(g) = R, as was the case in Sec. 2.3.5, then 0 ¢ w(B), though
Oew(A4).

There is no general result on the order of magnitude of the numbers
{@lAg> and {¢|Be), with 4 and B as earlier. However, it turns out that
the introduction of unsharpness cannot increase the maximal information
on the values of the complementary position and momentum observables
QO and P. In fact, w(B)c [0, |4]|] for any A= E9(X)+ E”(Y) and B=
E%(X)+ E®(Y), X, Y e #A(R). Indeed, for any ¢ € #,

(@|Bp> =@ (EY(X)+ E"(Y))o)

=[] 100 80)<o 12X+ )+ E*(Y + y)g > dx dy

<[ [ 1) 141 dv dy< )41, for
RYR

E2AX+x)+Ef(Y+y)

=e"PEUX)e P + eVCEF(Y)e P9

=™ P e[ EAX)+ EF(Y)]e ¥2e > x, ye R, and
CQUEAX+x)+EN(Y+y))g)

={@|e*Te"[E%X) + EF(Y)] e "2e " p)

< |E2(X)+ EF(Y)|| forany p e #,,and for all x, ye R

As an important special case of the above result we obtain the
following:
w(d)=1[0, 4T and  w(B)<=(0, [4]]
with A4 =E2(X)+ EF(Y), B=EY(X)+ E™«(Y), whenever X and Y are

bounded value sets and supp(/) =supp(g)=R. With this result we close
our discussion of the position-momentum example.

825/19/6-3
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3.4. Example. Spin-} System

We continue to study the spin quantities of a spin-3 system of Sec-
tion 2.4. Now the Hilbert space # =C? is finite dimensional so that the
operators 4 e P(H )" are compact, and thus the maximal information
states are exactly those states 7, for which #(7,) is in the eigenspace of the
maximal eigenvalue A} of 4. In spite of this trivial character of the
problem it seems worthwhile to explicitly give the maximal information
states associated with the complementary spin properties A(a@), B(b), 4,
be R} and their unsharp counterparts 4(a), B(b), a, be R% .

From Sec.24.1 one immediately gets that w(A(d)+ B(b))=
{1+4t-(a+5b): teRY,}, and [A(d)+ B(b)| =1+4|a+b|, which is
attained by the pure state T=4(7- o +1), with 7= (d+ )/l + b||. Clearly,
| 4(4)+ B(B)| =2 only if 4=5b. E.g., for the two orthogonal spin com-
ponents S, and S, [A4(i%)+ B(j9)| =1 +/3, with i, j= +, —, and the
corresponding (pure) state of maximal information is 7= %(i\/; o+
iEe,+D, i j=+ —.

In Sec. 2.4.3 the introduction of unsharpness was again seen to lead to
an informational completion of a pair of (complementary) spin quantities
RA(d) and R(b) (or S, and Sj), 4,beR3, a-b+# +1. Consider thus an
unsharp (informationally equivalent) counterpart (#(a), %(b)) of (%(a),
(b)), with a=ad, b=>bb, 0 < a, b < 1. Again, w(A4(ia) + B(jb))= {1 + 5t -
(ia+jb): teRY,}, i, j= +, —, so that |A(ia)+ B(jb)| =1 + }|lia+ jbl|,
which is again attained by the pure state along the vector ia-jb,
Lj=+, —.

In case of the position-momentum pair we observed that with intro-
ducing unsharpness the maximal information on the values of the quan-
tities cannot be increased. In the present case this is, however, possible.
Indeed, e.g., the condition |A(a)+ B(b)| > | A(d) + B(b)|| can be satisfied
with an appropriate choice of the directions & and 5 and of the lengths of
a and b even together with the coexistence condition |ja + bj| + {la —bj <2.
(For example, the case @-5= —0.98, a=0.8, b= 0.6 is such.) In the impor-
tant case of orthogonal spin quantities (d-5=0) we always have
lA(ia)+ B(jb)l = 1 + 1/ + 87 <1+ /3 = | AGid) + BUB), i, j= +, —.
The coexistence condition ( /a*+5b*<1) and the condition for the
existence of an informationally complete joint observable of %#(a) and
A(b) (Ja*+b*<1) then give [[A(ia)+ B(jb)| < | A(id) + B(jb)|| for all
Lj=+,—.
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4. THE PAST AND THE FUTURE IN QUANTUM

MEASUREMENTS — A NEW MODE OF COMPLEMENTARITY
According to Pauli"® quantum mechanics might have been called the
theory of complementarity. This was to emphasize the importance of the
idea of complementarity in the foundations of quantum mechanics. Several
aspects of quantum mechanics which are related to Bohr’s intuitive ideas
on complementarity have been discussed in detail in the literature. For
example, the notion of complementary physical quantities has been
analyzed carefully and its measurement-theoretical content is now well
understood (see e.g. Busch and Lahti,® and Lahti”’ which also contain
references to other relevant work). The investigations weighing the
possibilities of defining the state of a physical system, on one hand, and of
making observation on the system, on the other hand, formed the central
theme in Bohr’s analyses on the viewpoint of complementarity
(Bohr™%*”). The determination of the past and the future of a physical
system in quantum mechanics exhibit features which suggest to formulate
a new quantitative mode of complementarity, and which may be related to
the intuitive ideas of Bohr on the complementarity between definition and
observation. In fact, defining (preparing) a physical system in a pure state
implies that it is isolated from its environment. Therefore, strictly speaking,
it cannot be observed, since an observation entails an interaction which
amounts to suspending the system’s isolation. Rather than developing here
a systematic theory, we shall be content with illustrating the “complemen-
tary but exclusive features” (Bohr“®) of the past and the future of a
quantum mechanical system, referring to and summarizing the results of
Sections 2 and 3.

A measurement of a physical quantity yields values which provide
information on the state of the system. In classical mechanics
measurements can always be devised such that they do not “disturb” the
system. The observables of the classical systems assume objective values at
all times. In contrast to this, quantum mechanics has taught us (a) that
prior to the measurement a physical quantity need not be objective, ie., it
need not have a value (namely if the premeasurement state is no eigenstate
of the measured quantity), and (b) that in general a measurement will
change the state of the system. Furthermore, as we have seen in Sec. 2, a
single measurement result does not generally allow to infer the (initial)
state the system. This leads to the following distinction of the purpose a
quantum measurement can serve: a measurement yields a value of a physi-
cal quantity, and it is intended to provide information on the state of the
system; both the values as well as the inferred states may refer to either the
past (premeasurement situation) or the future (post measurement situa-
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tion). Therefore we distinguish between the determination of the past
values (DPV) or state (DPS) and the determination of the future values
(DFV) or state (DFS). We shall see that the determination of the past
(DP) and the determination of the future (DF) possess complementary
features.

Corresponding to the above two points (a) and (b) there are two
mutually exclusive requirements to be imposed on quantum measurements:
(1) the objectification of the measured quantity (which will amount to DF;
DFV, DFS), and (2) the preservation of the state of the system during the
measurement (so that the measured value would also refer to the past;
DPV, DPS). [We recall that the objectification-requirement simply means
that the measurement should objectify the measured quantity, i.c., after the
measurement the measured quantity should have a well defined though
possible subjectively unknown value. The objectification-requirement is
related to the problem of “reading the actual measurement result” which
was already mentioned in the beginning of Sec.3. We do not apply the
quantum theory of measurement to analyze the possibility of the objec-
tification (for that see again Beltrametti e al.'?’) but we take it here for
granted. ] Both of the two requirements are necessary preconditions for the
constitution of a quantum system, and as such they have been analyzed in
a realistic approach to quantum mechanics (Busch,”’ Mittelstaedt®®).
They can be reconciled only if the set of premeasurement states is known
to be restricted to the set of cigenstates of a (sharp) quantity 4 (cf. Thm.
2.1.5). In such a situation an idea/ measurement can be performed to detect
the actual (eigen) value of A—which is already objective—without chang-
ing the state of the system. In that case the aims DPV and DFV are
simultaneously satisfied, too. Moreover, if the eigenvalues of 4 are non-
degenerate, then the detected value determines also the associated unique
eigenstate of A, in which case the aims DPS and DFS are satisfied as well.
Clearly if the quantity A4 under consideration is maximal then this all is
optimally satisfied. (We recall that a maximal quantity 4, or equivalently
a complete set of commuting quantities, determines a maximal Boolean sub
g-algebra of #(#°). Hence such a quantity 4 may be called Boolean com-
plete.) If the premeasurement state is no eigenstate of the measured quan-
tity, then the objectification (requirement (1) for DFV) can be achieved by
a repeatable measurement which then forces the system into an eigenstate
of the measured quantity. The requirement (2) must then be given up; the
state of the system was changed under the measurement. We refer to this
as the destruction of the history of the system. (In the literature one finds
the related terms “collapse,” “reduction,” or “quantum jump.”)

In the following we investigate the possibility of realizing the three
pairwise exclusive goals of the determination of the past (DP), the future
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{DF), and the preservation of history (PH), and we shall point out the
prices to be paid for optimizing either of them.

4.1. Determination of the Future

We are now seeking for an optimal determination of the future (DFV,
DFS) of the system by means of a measurement on it. Assume thus that an
E-measurement (#,,, Ay, Ty, V) is performed on & and the result
XeB(R) is obtained. Then T, :=tr(T,E(X)) ' I}(X)T; is the post-
measurement state of &, when T, was its initial state. Though the state T,
is here uniquely given by the E-measurement we do not consider this as an
optimal DFS (or DFV). This is because in the state 7, we have, in general,
only probabilistic information on E; the condition tr(7; E(X))= 1 need not
hold now. If this condition would hold then the E-measurement would
have led to an optimal DFV. As it was already pointed out in Sec. 3.1,
tr(7, E(X)) =1 if and only if tr(/3(X) IE(X) T,) = tr(I5(X) T,). If this
condition holds for all possible value sets X and for any (initial) state T,
then the measurement (or its instrument) is repeatable. Repeatable
measurements are thus exactly those measurements which lead to an
optimal DFV. But it is known that the repeatability condition can only be
realized for discrete quantities E:w,— E, (Ozawa®®). However, the
repeatability condition does not yet guarantee that from the measured
value m,, say, the postmeasurement state could be inferred in a unigue
way. The condition tr(7,E,)=1 leads to a unique determination of 7
only if the I-eigenvalue of E, is nondegenerate, i.e. the eigenspace
{oe # |E,p=¢} is one-dimensional. But then quantum theory of
measurement teaches us that, in essence, only the von Neumann-Liders
measurements T+ Iy, ({a;})T=P,TP, (of discrete sharp quantities
A =3 a,P) realize these requirements (Beltrametti e al.'"’). To guarantee
the unique future state inference, the measured sharp quantity must also be
maximal (Boolean complete) so that the spectral projections P, associated
with the eigenvalues a; are one-dimensional.

We shall illustrate next a possibility to quantify the degree of the
determination of the future values (DFV) of a physical quantity. Consider
a discrete sharp quantity 4 with the spectral measure E4 and with the
eigenvalues a;, i=1,2,... Let TeJ(#)]. The Shannon information
of the discrete probability measure E7 is defined as INFO (EZ) =
INFO4(4, T):=3 E7({a;})In E7({a;}), where now Ei({a;})=
te(TE"({a;})). Assume that the von Neumann-Liders measurement of A
is performed on the system & in the state 7. Then I%,(R)T=
> E*({a;}) TE*({a;}) is the postmeasurement (objectified) state of &
before the reading of the actual value of 4. The objectified state
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(“Gemenge”) I, (R)T represents the ignorance about the actual value

of A. Now INFO(4, T)=INFOg4(4, I4,(R)T) which shows that the
amount of information contained in E% and characterized by INFOg(4, T)
has been made accessible through the von Neumann—Liiders measurement
of A and it can be obtained by reading the actual result. This justifies to
interpret INFO (4, T) as the potential information gain in determining the
values of A4 in the state 7. Hence we denote

PIG(A4, T) :=INFO(4, T) = INFO (4, I}y (R)T) (40)

and we take it as a quantitive measure of the degree of DFV.

The potential information gain PIG(A4, T), Te (), is the bigger
the “finer” the quantity A4 is. Indeed, if B is another (sharp) quantity such
that #(E?) < #(E*) (so that B=f(4)=Y f(a;) E*({a,}) for some Borel
function f) then it can easily be verified that

PIG(B, T)<PIG(4, T) 41

for any Te 7(#);. Thus the potential information gain is maximal for
maximal quantities, in which case also DFS is optimal.

4.1.1. Remark

The definition of the Shannon information of a probability measure
E% does not require that this measure is discrete. However, the interpreta-
tion of INFOg(A4, T) as the potential information gain PIG(4, T refers
explicitly to the von Neumann-Liiders measurement of 4, ie. INFOg
(4, T)=INFOg(4, I, (R)T). This then requires that 4 is discrete. E.g. in
case of position Q (as well as for the momentum P) we have INFOg
(Q, PLo]) = lo(x)|*In |o(x)|* dx for any unit vector ¢ € # = L*(R, dx)
but INFO4(Q, P[¢]) cannot be interpreted—along the above ideas—as
PIG(Q, P[¢]). Instead of 0 we may then consider “discretized” position.
Let {X,:i=1,2,..}<%(R) be a countable disjoint partition of R, the spec-
trum of Q, ie. R= X,, and X;nX;=J for all i#j. Let f denote the
Borel function on R with the property f(x)=1i whenever xe X, for all i
Then f(Q) is a discrete position with the eigenvalues i = 1, 2,... and with the
cigenprojections E/@({i})=E2(f~"({i}))=E®(X,), i=1,2,.... Clearly, for
any such f(Q) we have PIG(f(Q), T)=INFO4(f(Q), T)=INFO(f(Q),
F9(R) T), and PIG(f(Q), T)<PIG(g(Q), T), Te I(#),, whenever g
refers to a finer (countable disjoint) partition of R. As none of the discrete
positions f(Q) is maximal we do not obtain, in general, an optimal DFS
with them.

We shall next estimate the price for obtaining optimal DFS, which is
two-fold. First, Boolean complete quantities 4 allow only rather poor
DPS: such A are informationally complete only with respect to their set of
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nondegenerate eigenstate (cf. Thm. 2.1.5). Nevertheless, among the set of
sharp discrete quantities they allow relatively optimal DPS. Indeed, if 4 is
a maximal quantity and B= f(A) for some Borel function f, then [T]* <
[T]? for any Te T (H){ (as Z(E/ )< R(E*) for any f), ie. A is more
informative than B (in the sense that the state distinction power of A4 is
higher than that of B’s). The second price for optimal DFS is the maximal
destruction of history. Consider again a discrete (sharp) quantity
A=3 a,P, (with P,=E*({a;})) and let B= f(4)=3 f(a,)P; (so that B
can be interpreted as a coarse-grained version of A4). The spectral projec-
tions of B= f{A) can now be given as P, = v{P;: f(a))=f(a)}. If P[o]is
a premeasurement pure state of &, then Plo,J=P Plo]P,/tr(P,Plo])
and Pl[o,]=P,P[o]P,/tr(P,P[¢]) are the potential postmeasure-
ment pure states of & after the von Neumann—Liiders measurements of 4
and B, respectively, (Here we assume that e.g tr(P,P[o])#0, ie. a,
is a possible result when an A4-measurement is performed on & in the
state P{¢].) We observe next that for any two pure states P[e] and
Py I1PLo] = PI¥ 1l =2(1 - [Kol¢ >|*)"". Hence |P{o] — Pl ]l =
21 = <g|PlpJ@>)"” = 2|(I- Ple,])¢l and [P[o]~ Plgl, =
2|(I—PLo:1)el. But for any i, Ple,]<P[e;], and thus I—P[o,] <
I— P[;], which then gives

1PLel—Plodl <IIPLel— Pl (42)

for any ¢pe#, llo|=1 and for all i This result shows that the more
refined the preparatory measurement is the larger the distance between the
past and the future states will be. In other words, to improve the preserva-
tion of history one has to use coarse-grained quantities, ie. give up the
optimal determination of the future values.

4.2. Determination of the Past

In general, the measured quantity is not objective in the premeasure-
ment state of the system. Hence a single measurement result does not
usually provide much information on the past state of the system. There-
fore one has to make use of statistical methods for determining the past
state of the system. (Cf. Sec. 2.2; for examples of some practical inference
procedures for determining the past state, see Busch and Lahti,**" and
Busch and Schroeck.®?)

We have seen that an optimal determination of the past state of the
system is possible by means of an informationally complete set of physical
quantities {Sec.2). Such a set is necessarily strongly noncommutative
(Thm. 2.1.8). Therefore, as sharp quantities, they are not jointly
measurable. The price for obtaining informational completeness in this way
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is then obvious: one has to make independent measurements of noncom-
muting quantities (to get DPS) and will not achieve a simultaneous
preparation of the values of all the quantities (i.e. DFV). This motivates the
introduction of unsharp quantities which, in fact, allow one to reconcile an
optimal DPS (informational completeness) with a reasonable, though
necessarily unsharp DFV.

Let E be a (generalized) physical quantity. If E is informationally com-
plete. i.c. it admits an optimal determination of the past state of the system
(DPS) (cf. Sec. 2.1-2.2), then E is necessarily strongly noncommutative, i..,
R(E) is strongly noncommutative (Thm. 2.1.8). This implies that E does
not admit repeatable (completely positive) instruments, or conversely: if a
(generalized) physical quantity £ admits a repeatable (completely positive)
instrument then E is neither informationally complete nor totally noncom-
mutative. In fact, the existence of such an instrument implies that E is dis-
crete, i.e., 2 can be chosen as a discrete set Q= {®w,, ®,,...} (Ozawa'?).
Put E;= E({w,}). By repeatability, each E, has an eigenvalue 1. Let ¢,#0
be an eigenvector of E, such that E,¢;=¢,. Any such ¢; is in com(E) as
E,. ;=0 for k #i. Assuming that E is nontrivial (#(E) # {0, I}) shows that
there are at least two different effects E,, E, in #(F) with corresponding
@1, precom(E). But {@1|p,) =<E @,|0,) =<9, E 0,7 ={¢;]0)=0,
so that dim[com(E)]>=2. This excludes informational completeness
(dim[com(E)] < 1) as well as total noncommutativity (com(E)= {0}).
The following two examples will illustrate the degree of unsharpness of the
values of a quantity which is needed for its informational completeness.

4.2.1. Let E*™C be an informationally complete joint observable of any
two orthogonal unsharp spin quantities #(a) and #£(b) (cf. Sec. 2.4). Due
to the coexistence of #(a) and #(b), and due to the informational com-
pleteness of E*™¢ the vectors a and b satisfy the Eq. (30) which puts a
limitation on the lengths of a and b. In particular, neither a nor b is a unit
vector: [|ajl <1 and ||b] < 1. Thus their “reality degrees” (in the sense of
maximal possible probabilities) are less than one. Also the maximal infor-
mation on the values of #(a) and %(b) is not optimal, ie. |A4(ia)+
B(jb)| <1+3<1+ ﬂ= I A(id) + B(jb)| for all i, j= +, — (cf. Sec. 3.4).

4.2.2. In Section 2.3 we saw that position @ and momentum P admit an
informational completion by means of a phase space observable E (defined
by Eq. (21)), whose marginals are the unsharp position Q,and the unsharp
momentum P, with Fourier-related confidence functions f and g. The
decreasing sequence

(7197 > [T]@" = [T " = [1]*= (T} (43)



The Determination of the Past and the Future of a Physical System 673

TeZ#);, then show the increasing state distinction powers of the
relevant quantities. By means of the instrument

5(2)T= jz T,, tr(TT,,) du(q, p) (44)

where T,,=U,,P[¢]1U,, and dulq, p)= (1/2n) dq dp, one can achieve the
preparation of “almost pure” states if one reads the “points” (g, p), ie.
“small” sets Z = Z(g, p) containing (g, p):

I"(Z(q, PN T u(Z(q, p)) te(TT,,) T, (45)

(For the technical details, see Busch and Lahti®®"). We call these readings
Z{g, p) maximal determinations of the future values of E as they
approximately lead to the pure state 7,; they are not optimal as they are
unsharp values, which implies that they cannot be reproduced with
probability comparable to one. (In fact, we have tr(T,,E(Z(q, p)))=
(1/27) § g i (T y T, ) dg’ dp’ <u(Z(g, p)) < 1.) This shows that the
price to be paid for the informational completeness (i.e. optimal DPS) is
that only a rather poor DFV is possible.

The unsharpness needed for the informational completeness of the
joint observable E of Q,and P, was specified in subsection 2.3.5; the con-
fidence functions f (= |¢|?) and g (= |¢|?) satisfy the uncertainty relation,
i.e. Af - Ag > 1/2. Furthermore, the condition (@ |U,,¢> #0 ae. (g, p)e R*
implies that the confidence functions f and g are nonvanishing (a.e.). In
{Busch and Lahti®") an operational characterization of the unsharp (g, p)
values is given: in order fo have tt{TE(Z)}) = 1 —¢ for some small positive
number &, one needs u(Z) > 1. (Note that ¢ cannot be zero!) Furthermore,
as ¢ = 0 is impossible, one can only realize (¢, d)-repeatability: although the
instrument I* practically leads to the pure state T, upon reading the value
Z(g, p), this reading cannot be confirmed (with a high confidence). In
order to have tr(T,,E(Z))>1—¢ one has to choose a “large” set Z,
w(Z)y> 1, containing Z(q, p). This shows again that an optimal determina-
tion of the past state of the system with the quantity E is connected with
a poor determination of its future values. The second price for informa-
tional completeness in the present case is a strong destruction of the
history, in particular in the case of “fine” readings Z(q, p). In general, the
measurement in question transforms a pure state P[] into a mixture
of the states 7T,, with the weights (Y|T,,¢>, ie. I%(Z)P[y]=
_{Z qu tr{thj qu) d#(% p)'
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4.3. Preservation of the History

Assume that a measurement <{#,, 4., Ty, V> of a quantity E:

o = P(AH)* on the system & in a state T, is performed. Then IL(R)T; is

the state of & after the E-measurement but before reading the actual result.

If the actual result is the set X' .o/, then T, =tr(T,E(X)) "' I}(X)T, is the
postmeasurement state of &. If

T,=T,

z

(46)

then the measurement does not change the state of the system, its history
is optimally preserved. As well known, this can be achieved by an ideal
measurement of a sharp discrete quantity E= E* if the system initially is
in an eigenstate of A. Usually 7,# T}, ie. the state of ¥ is changed under
the measurement and, at least a part of the history is thereby destroyed.
For a given quantity E one may then attempt to characterize those
E-measurements which minimize the destruction of the history. Typically,
the ideality of a measurement is a property which refers to a minimal state
change under the measurement. (Here we do not attempt a systematic
analysis of an optimal preservation of the history of the system, but we
only remark on that in the connection with the determination of the past
and of the future of the system.)

Let A be a discrete sharp quantity: An ideal measurement of A4 is then
(essentially) its von Neumann-Liiders measurement (Beltrametti et afl.(V).
It leads to a minimal destruction of the history of the system in the sense
that any quantity which was objective in the premeasurement state of the
system remains objective also in the postmeasurement state provided that
this quantity is compatible (i.e. commutes) with the measured quantity 4.
If A is not Boolean complete we may refine it essentially with refining the
value space of A (cf. Sec. 4.1). This then leads to an improvement in deter-
mining the future values of 4. But as demonstrated in Sec. 4.1, this implies
an increase in the destruction of the history of the system.

These ideas may be extended to discrete unsharp quantities £ which
admit almost ideal measurements. Let Q = {w,, w,,..}, E;= E({w,}). The
state transformations T+ ¢, T := E}?TE}Y? are almost ideal in the follow-
ing sense. If tr(TE,) > 1 — ¢ for a small positive number ¢ (which in general
cannot be zero), then the postmeasurement state T :=tr(¢,7) '@, T is
close to the premeasurement state T in the sense that |[T— T, is of the
order of \/_e_ (cf. Busch®®). This shows that if a value w, is approximately
objective in the state 7 in the previous (¢) sense, then it can be measured
with maintaining a good preservation of the history of the system. The
amount of unsharpness required for a good prescrvation of history can be
illustrated in the case of a phase space observable. Let {Z,|ke N} = #(R?)
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be a partitioning of the phase space R E,=E(Z,). The condition
tr(TE,) = 1—¢ of approximate objectivity requires that u(Z,)> 1. Thus,
again, an improvement in determining the future values of FE, i.e., a refine-
ment of the value sets Z,, leads to an increasing destruction of the history
of &. Finally, we remark that in the connection of the so-called Zeno
paradox it has been shown that there are unsharp measurements which
allow one to monitor the “trajectory” (continuous history) of the system
without too much destructive influence (for that see Barchielli, Lanz, and
Prosperi©®?).

These considerations illustrate that though an improvement in deter-
mining the future values of a physical quantity goes along with an increas-

an optimal DPS
a maximal unsharp DFV possible
generally a strong destruction of history

4 informationally complete quantities +

no optimal PH possible
(usually some destruction of history)

4 noncommutative quantities 4

¥ commutative quantities ¥
almost ideal measurements (PH) possible
generally a poor DFV, DPV

4 unsharp quantities +

-
[ .
a ¥ sharp quantities ¢
on >
~§ i = a poor DPS
g w | o ideal measurements (PH) possible
M o L]
5] 1] 0
] b T e e e
=1 E]E

v g ¥ Boolean complete quantities v

el sl

a poor DPS
an optimal DF

Fig. 1. The class of physical quantities splits up into five subclasses accord-
ing to the associated measurement theoretical possibilities of determining the
past state (DPS), future values (DFV), or of preserving the history (PH) of
the system. Boolean complete quantities are a distinguished class of sharp
quantities. Sharp quantities do not exhaust the class of commutative quan-
tities as there are also unsharp commutative quantities. Among the class of
noncommutative quantities there are the informationally complete quan-
tities. The arrow shows the direction where the claimed property holds true.
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OBSERVATION

Informational completeness:
P Boolean completeness:

Optimal DPS ' © Optimal DEV, DFS

Maximal unsharp DFV

Preservation of history
(almost) ideal measure-

ments

DEFINITION

Fig. 2. The determination of the past and the future are complementary (C) aims of
measurements. Observation and definition show up another mode of complementarily.

ing destruction of the history of the system, these two aspects, DFV and
PH, may be reconciled, at least to some extent, by the unsharp
measurements. Such measurements allow also some inference of the past
state of the system (DPS). Thus “definition” and “observation,” though
mutually exclusive, can be reconciled in an (essentially) unsharp way. They
both are needed as necessary conditions for the constitution of a physical
system. “Observation” and “definition” form thus a complementary pair of
concepts. Further, as a measurement usually leads to a destruction of the
history of the system, one has to choose whether one wants to learn about
the past (DP) or about the future (DF) of the system. These aims cannot
be optimized simultaneously. But, again, they can be reconciled unsharply.
Also, they both are needed to identify the physical system. In this sense the
determination of the past and the determination of the future are com-
plementary aims of measurements.

The results of this section are schematically summarized in Figs. 1
and 2.
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