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Flow in Porous Media III: Deformable Media
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Abstract. Stokes flow in a deformable medium is considered in terms of an isotropic, linearly elastic
solid matrix. The analysis is restricted to steady forms of the momentum equations and small
deformation of the solid phase. Darcy’s law can be used to determine the motion of the fluid phase;
however, the determination of the Darcy’s law permeability tensor represents part of the closure
problem in which the position of the fluid-solid interface must be determined.
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0. Nomenclature
Roman Letters

Ag, interfacial area of the B-o interface contained within the macroscopic
system, m?

Ag, interfacial area of the B-o interface contained within the averaging
volume, m?

A,. area of entrances and exits for the o-phase contained within the macro-
scopic system, m”

A}, interfacial area of the B—o interface contained within a unit cell, m*

A% area of entrances and exits for the o-phase contained within a unit cell, m”

E,  Young’s modulus for the o-phase, N/m?

e; unit base vectors (i=1,2,3)

g gravity vector, m?/s

H height of elastic, porous bed, m

k unit base vector (=e;)

£, characteristic length scale for the w-phase, m

L characteristic length scale for volume-averaged quantities, m

ng, unit normal vector pointing from the B-phase toward the o-phase (ng, =
~Dog)

ps  pressure in the B-phase, N/m?

Py ps—peg ¥, N/m’

ro radius of the averaging volume, m

r position vector, m

t time, s

T, total stress tensor in the w-phase, N/m*
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hydrostatic stress tensor for the o-phase, N/m?

displacement vector for the o-phase, m

averaging volume, m>

volume of the w-phase contained within the averaging volume, m?
velocity vector for the w-phase, m/s

E<E<§Oq=q-<|:

Greek Letters

€, V./V, volume fraction of the @-phase

Po mass density of the w-phase, kg/m®

pe  shear coefficient of viscosity for the B-phase, Nt/m?

po  first Lamé coefficient for the o-phase, N/m?

As  second Lamé coefficient for the o-phase, N/m?

kg bulk coefficient of viscosity for the B-phase, Nt/m*

To T, — T2, a deviatoric stress tensor for the o-phase, N/m?

1. Introduction

Deformable porous media are of interest to the seismologist (Bourbie, 1984) who
is concerned with wave propagation phenomena, and the engineer who seeks a
fundamental understanding of the processes that take place during the drying of
cellular material (Crapiste et al., 1984). Soil scientists are concerned with the
rapid motion that takes place during earthquakes and the quasi-steady motion
that occurs during subsidence (Narasimhan and Witherspoon, 1977), while
chemical engineers must deal with the compaction that takes place during
filtration processes (Tiller and Horng, 1983). All of these systems have in
common a structure that can be loosely identified as a mixture of solid and fluid,
and they have in common the characteristic that they are deformable. For
granular porous media this deformation most likely takes place in terms of a
re-orientation of the solid particles, while the solid phase of cellular materials is
more likely to undergo an actual swelling or shrinking depending on the moisture
content. Processes of interest to seismologists are likely to consist of both of these
types of deformation.

In terms of practical problems, there would appear to be none in which the
solid matrix could be adequately described in terms of an isotropic, linear elastic
material. However, one can easily construct a porous medium of elastic spheres,
thus the possibility exists for comparing theory and experiment in the absence of
adjustable parameters. For example, the system shown in Figure 1 is easy to
construct, and both the pressure profile and the deformation at the top of the bed
can be easily measured as a function of flow rate. This is precisely the type of
experiment that is done with compressible filter cakes (Tiller and Horng, 1983),
and from those studies it is clear that eliminating the effect of the side walls is not
a trivial problem.
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While the isotropic, linear elastic solid matrix might not be a predominate
feature of practical problems, it does contain the essential feature of all deform-
able porous media, i.e., the location of the phase interface is a crucial part of the
problem. It is this aspect of the problem that has been ignored in all prior work
and it is only considered here in terms of small deformation theory. In the first
study of deformable porous media, Biot (1941) avoided the closure problem
entirely by means of an intuitive homogenization of the governing equations,
while later studies have been based on mixture theory and constitutive assump-
tions (Crochet and Naghdi, 1966). In this work, the closure problem is attacked
directly in the manner described in Parts T and II of this paper (Whitaker,
1986a,b), and this allows for a comparison between theory and experiment in
terms of paramecters describing the geometry. This type of analysis can be
extended to nonlinear phenomena, large deformations, and the case in which
particle-particle interaction plays a crucial role in the deformation process.
However, it is always best to begin a new development with the simplest case, for
this provides both a connection with prior work and a well-understood special
case with which future studies can be compared.

2. Theory

The general system under consideration is illustrated in Figure 2, and the general
problem that we would like to solve can be stated as
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d
_aEtE"" V- (vaB) = 0, (2'1)

aVB T

2.2)
+(Kﬁ _%[.Lﬁ)V(V . VB)

B.C.1 Vg =Vg, at ‘Qgﬁ"' (23)
B.C2 Ngo * TB =gy * T(,, at ‘SdBow (2.4)
0Py
%P LV - (pov,) =0, (2.5)
at

Vg
pa%= g+ V T, (2.6)

Here we have neglected convective inertial effects with the idea that they will be
negligible for most problems of interest. In addition, we have neglected any
mechanical effects associated with the particle-particle contact area. These
effects, which are primarily electrostatic in nature, are especially important in
soils and fine powders and must be taken into account in an extension of the
current theory.

Fig. 2. Two-phase system.
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A solution of the problem given by Equations (2.1) through (2.6) would
provide information about the propagation of acoustic waves in a saturated,
deformable porous media. However, that problem will be part of a subsequent
study, and at this point we wish to identify the constraints that must be satisfied in
order that the boundary value problem be steady and the flow incompressible.
We begin this delineation with the continuity equation for the fluid phase, and
express Equation (2.1) as

V -vg =-—{—1~(aﬁ>+;};(vﬁ~ Vpﬂ)}

pp \ Ot 2.7)
- 0{i (%) VBAPB}‘ -
pe\ t /7 pgL

In proposing these order of magnitude estimates, we have assumed that
significant changes in the density occur during the time ¢ and over the distance
L. For the wave-propagation problem ¢t would be the inverse of the frequency
and L would be the wavelength. The left-hand side of Equation (2.7) consists of
three terms of order vg/¢; when there is a pressure-driven flow in the porous
medium, and for that case Equation (2.7) reduces to

v *Vg =0 (2.8)

when the following two constraints are satisfied

ppVel (L)< Ps )
>1, i [ R ST (2.9)
Apgts s/ \Apg

For practical applications one would want to relate Apg to the pressure field in
order to determine when these constraints are satisfied; however, the form given
by Equations (2.9) is sufficient for our purposes.

The fact that the continuity equation takes on the incompressible form when
the constraints indicated by Equations (2.9) are imposed does not automatically
mean that the compressibility effects in the momentum equation can be dis-
carded. In order that these effects be small in Equation (2.2) we require that

e Vovg > ug V(V - vp) (2.10)
since ug and kg are the same order of magnitude. If we use the estimates

VZVB = O(Vﬁ/[é),
1

v(V -vB)=—V{p—B (9—;)73)+—p1—ﬁ(v,3 : va)} (2.11)

=0{ 1 (APB> VBAPB}
, 2
pe\ Lt /" pgL
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we see that Equation (2.10) leads to

1, — | {—}> 1L (2.12)
Appls \ g s/ \Apg
These constraints are more easily satisfied than those given by Equations (2.9)

and they allow us to simplify Equation (2.2) to

av
PB_atﬁz_ V ps + ppg+ Vv, (2.13)

In order that the local acceleration terms in Equations (2.2) and (2.6) be
negligible, we require

t
Les 5> 1 (2.14)

in which E, represents Young’s modulus for the solid phase. To obtain the first of
these we have again assumed that the fluid velocity undergoes significant changes
over the small length scale ¢, and we have required that the local acceleration
be small compared to the viscous forces. The second of the restrictions given by
Equation (2.14) results from the requirement that the local acceleration for the
solid phase be small compared to the elastic forces. In estimating the elastic
forces we have assumed that significant variations in the displacement vector field
occur over the macroscopic length scale, L. It is important to note that the
no-slip condition for the fluid velocity, vg, gives rise to a characteristic length
scale of g for the fluid velocity when we are dealing with a process of flow
through a porous media. For the displacement vector u,, there is boundary
condition comparable to the no-slip condition, and a little thought will indicate
that u, undergoes significant variations over the macroscopic length scale. This
difference in the characteristic length scales for vg and u, gives rise to a
significant difference in the structure of the closure scheme for the solid
mechanics problem.

When the constraints given by Equations (2.14) are satisfied (along with those
given by Equations (2.9) and (2.12)) the problem under consideration simplifies
to

AV vy =0, (2.15)
0=—Vps+ppg+usVve, (2.16)
B.C.1 vg=v,, at g, (2.17)
B.C2 ng,-Tg=ng, T,, at sy, (2.18)
0=pog+V-T,. (2.19)

At this point the problem has been reduced to a quasi-steady problem, i.e., no
time derivatives appear in the governing differential equations, but the boundary



FLOW IN POROUS MEDIA III 133

condition given by Equation (2.17) gives rise to a time dependency. We will
comment further on this point in subsequent paragraphs; however, at this point
we impose the constraint that the intrinsic phase average velocity is large
compared to the velocity of the solid phase. The latter can be estimated as u, /¢,
and this leads to yet another constraint on the characteristic process time given
by

By
ivj—>~> 1. (2.20)

If this constraint is not imposed, the problem is quasi-steady and the volume-
averaged equations (which contain the effect of Equation (2.17)) become tran-
sient equations. In this analysis, the constraint given by Equation (2.20) will be
imposed and the final form of our boundary value problem is given by

V-v;=0, 2.21)
0=—Vps+pgg+ psVvg, (2.22)
B.C.1 vg=0, on g, (2.23)
B.C2 ng, Tg=mng, T,, at g, (2.24)
0=p,g+ V- -T,. (2.25)

In this particular problem it is convenient to remove the effect of gravity by use
of the definitions

T,=To+7,, Ps=ps—psg-r (2.26)

in which r is the position vector and T is the solution for the hydrostatic problem
given by

B.C.2 —ng,ppg-r=ng,To, at dp,, (2.27)
0=p,g+V  -TO. (2.28)
When the fluid phase stress tensor is represented by
Te=—lps +pa(Vvg+ Vvji), at g, (2.29)
the problem represented by Equations (2.21) through (2.25) can be expressed as
V- -vg=0, (2.30)
0=—VPs+ pgV?vg, (2.31)
B.C.1 vg=0, on sfg,, (2.32)
B.C.2 —ng,Ps+ uﬁ(nﬁo *Vvg+ Vvg: n&,) =Npo " Tr, at Hp,, (2.33)
0=V -1, (2.34)

To = o(Vi, + Vul) + 1,1V - u,, (2.35)
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Here w, and A, represent the Lamé coefficients, both of which are the same
order of magnitude as Young’s modulus, E, .

It should be clear that, in the steady form, one can solve the flow problem
independently, and in order to connect Equations (2.31) and (2.32) with the
development given in Part I of this paper (Whitaker, 1986a) a bit of analysis is
required. We begin by forming the intrinsic phase average of the second of
Equations (2.26) to obtain

(Pg)? = (pg)® — ppg - (1)F. (2.36)

The position vector can be expressed as

r=rotm (2.37)

in which rq locates the centroid of the averaging-volume and v locates points in
the B-phase contained within the averaging-volume. Use of Equation (2.37) in
Equation (2.36) yields

(Pg)? ={pg)’ — psg - ¥o— pag - (M)° (2.38)
and from the work of Carbonell and Whitaker ((1984), Section 2) we have the
estimate

(P =0(e5' 15V €p) (2.39)

in which r, is the radius of the averaging-volume. Use of this result in Equation
(2.38) leads to

(Pg)? = (pa)® — pag - xo+ O[ pagro(ro/L)] (2.40)

where one should keep in mind that, in this case, the length L tends to infinity for
a homogeneous system. In systems of practical importance, a pressure change on
the order of pggro will be unimportant and the factor of (ro/L) in Equation (2.40)
allows us to use

(Pg)? =(ps)® — ppg ' 1, (2.41)

Here we have dropped the subscript on the position vector locating the centroid
of the averaging volume, since both (Pg)? and (pg)? are evaluated at the centroid
and no confusion should result from replacing ro with r in Equation (2.41).

In addition to a relation connecting (Pg)? and (ps)®, we need to relate Pg to pg
so that the solution of the closure problem in Part I can be used in this problem.
From the second of Equations (2.26), and the decompositions

Ps=(Ps)*+Ps,  pe=(ps)’+pps (2.42)
we can use Equation (2.40) to obtain

Ps = pg + O pagro(ro/ L)] (2.43)
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In Part I of this paper, the estimate of pg was given by

Pe = O(up(vp)®/ €5) (2.44)
and we can use this to express Equation (2.43) as

Ps = e (2.45)
whenever the following constraint is satisfied

[M] [E] o1 (2.46)

pegrols lLro

On the basis of Equations (2.41) and (2.45), we can use the development of Part I
to express the solution to Equations (2.30) through (2.32) as

V - (vg)=0, (2.47)

(vg) = " V(Pg)®, (2.48)
Mg

Vg =¢€5'B - (vp), (2.49)

Py = €5’ b - (vp). (2.50)

Here b and B depend only on the geometry of the system and can be determined
by the boundary value problem outlined in Part I, provided the position of the
B-o interface is known for some unit-cell representation of the porous medium.
In this respect, the fluid motion is coupled to the solid deformation since the
Darcy’s law permeability tensor will depend on the deformation of the solid
phase.

It is of some interest to note that if the constraint indicated by Equation (2.20)
is not imposed, the problem is quasi-steady and a few lines of analysis will
indicate that the volume-averaged form of the continuity equation is given by

9% LV - (vg) =0. 2.51)
at

This is the form used by Biot ((1941), Equation 4.3) and it is quite correct for the

quasi-steady problem. In a later paper, Biot ((1955), Equation 2.11) also in-

corporated the boundary condition given by Equation (2.17) into Darcy’s law to

obtain a result resembling

eglK

(vg)P =— - V(Pg)P +(v,)°. (2.52)

This form of Darcy’s law is derivable using the method outlined in Part I of this
paper, provided the following constraint is satisfied

Vo <{v,)°. (2.53)
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Under these circumstances Equation (3.3) of Part I is replaced by

B.C.1 ¥g=(v,)" —(vp)?, on g, (2.54)
and the analysis can be repeated to obtain
c~1
(ve)f = T [V{pe)® — pegl+{vo)” (2.55)
B

instead of Equation (3.36) in Part I. Some justification for the restriction given by
Equation (2.53) is provided in Section 4. In this development we will impose the
constraints given by Equations (2.9), (2.12), (2.14) and (2.20) so that the analysis
is restricted to steady, incompressible flow in the presence of time-independent
deformation.

3. Volume-Averaging for the Solid Phase

Having dispensed with the analysis of the fluid phase in terms of the analysis
given in Part I of this paper, we turn our attention to the solid phase. The
equations under consideration are given by

V- 7,=0, 3.1
To = pe(Vu,+ Va) + A1V - u, (3.2)

and we would like to develop the volume-averaged form of these equations, in
addition to the displacement equation which is given by

Mo VU, + (e + A) V(V - u,) =0. (3.3)

Here we have assumed that the Lamé coefficients can be treated as constants.
The averaging procedure for Equation (3.3) follows that given in Section 2 of
Part I, and we simply note here that the phase average form of Equation (3.3) is
given by

1 1
: o)t ol +— o’ V (,dA}'{'
,Lg{v [V(u) CVL n,su dA] CVL ns Vu

o o8

+(,LU+,\,){V[V )~

7 L N,g ' U, dA] + (3.4)

o

1
+7/IA n,zV -uadA}=0.

B

While it is convenient to work with the phase average of the fluid velocity, we
require the infminsic phase average of the displacement vector field. Thus we
make use of

W) = €Uy, Uy =(u,)” + i, (3.5)

and follow the development in Section 2 of Part I in order to express Equation
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(3.4) as

1
p,c,{V -[e,,V(u(,)‘”rlj ngil, dA]+——J N Vu, dA}+
Via Via

o o3
2| V[ @[ g wodal+ (3.6)
V'ao,
+l n,sV-u dA} =0
CV- Ao o3 o -
Here we have used the approximation
1 1 >
— n,e(w,)”dA= — n,gdA (u,) (3.7)

V' A V' A
on the basis of the length scale constraint given by Equation (2.19) in Part I. We
continue this line of analysis to obtain

— o5 Vu, dA=— n,g- Vi, dA— Ve, Viu,) (3.8)
v Arrtsn P v Asp P

so that Equation (3.6) can be simplified to

1
,L,,{e(,vau,,w +y- [—1- j 0 i, dA] +o j ns- Vi, dA} +
V)a,, Via,
(3.9)
+ (po + Aa){e,,V V- -(u)*+V [lj n,p ' i, dA] +
V)

o

+_ - 11 =
¥ o N;p v u, dA} 0.
This completes the spatial smoothing of Equation (3.3); however, we also need

similar forms for Equations (3.1) and (3.2). The averaging procedure for Equa-
tion (3.2) is identical to that presented above and leads to

(2,)7 = ;.Ll,{ V)7 +(V (u,)")T + % L (oo + g dA} +

B

(3.10)

-1
il v @)+ [ nyen,dal)
Vv Aop

The averaging procedure for Equation (3.1) begins with the phase average form
given by

v '<’TU>+—1-

7] mearmoda=0 (3.11)

o
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and one makes use of

(To) = €{Te), o =(T5)" + 7, (3.12)
to obtain
—1
v ‘<¢U>U+E—"'[ N %, dA=0. (3.13)
v )a

o
Here we have used Equation (2.20) of Part I. From Equations (3.2) and (3.10) we
find that the spatial deviation of T, is given by

o = (Vi + Vﬁf + A1V -0, —
po ) (3.14)

-1 ~1
€o - - €s .
- ;Lo{—— j (n,pil, +1,0,8) dA} - )\al{— J g " i, dA}.
V Jas V Ja,,
When this result is used in Equation (3.13) we treat the area integrals and €, as
constants with respect to integration over A,z in order to obtain
-1

V() + ,,,6,{6—7‘;« J (g - Vi, + Vi, - ng) dA} +

Acp
et
+ A(,{—f— J nsV-a, dA} +
V Ja,
. (3.15)
+ I.LO.E;Z v €, {_ j (no-ﬁﬁo- + ﬁa-no-ﬁ) dA} +
Via,,

1
+ A€V e,,{?'{ ng - i, dA} =0.
Aop

In order to use Equations (3.9), (3.10) and (3.15) to determine the volume-
averaged stress and displacement, we need a representation for @, in terms of the
dependent variables. This will be provided by the closure scheme which must, in
addition, provide a means for locating the B~ interface so that the Darcy’s law
permeability tensor can be calculated using the closure scheme for the B-phase
momentum transfer problem.

4. Closure

The governing differential equation for @, is obtained using the approach
outlined by Crapiste et al. (1985) and illustrated in Section 3 of Part I of this
paper. The result is given by

eV, + (pe + As) V(V -ﬁ(,)=——é I (e Vil + (o + A.) V(V - 11,)]dV
o YV,
“4.1)

and we need only develop the boundary condition at the B-o interface to
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complete the formulation of the closure scheme. Use of Equation (2.35) in
Equation (2.33) along with the obvious decompositions for Pg, vg and u, leads
to

—nBG(PL;)B - “BGPB + Mg (n&, . V<V3>B + V(VB>B . nBo.) +
+ [.LB(HBG. ) VVB + V{’ﬁ y nt-)
= o (o V)7 + V)7 - mg, ) + (4.2)

+ ,uc,(n,g, Vi, + Vi, - n,,c,) +Aongy V - ()" +
+ )\o.npa- V- ﬁo- N at -R«Bo- .

The no-slip condition given by Equation (2.32), along with the length scales
associated with ¥ and (vg)?, allow for the simplification

Vig> V{vg)? 4.3)
and Equation (4.2) takes the form

= p,a(nﬁ(, - Viug) + V{u,)° - nBa) + p,a(n,;(, - Vi, + Vi, - nBa> + (4.4)
+Achg, V - (W) + Ang, V -1, at op,,

It is important to note that a similar simplification with respect to the displace-
ment vector field does not exist since there is no constraint for u,, that is similar to
that given for the velocity by Equation (2.32). However, there are some com-
ments that we can make concerning the relative magnitudes of (u,)” and i, and
this is as good a place as any to make them.

If we think of a porous system made up of solid spheres and air undergoing the
compression process illustrated in Figure 3, one can argue that the stress at the
B—o interface is negligible, i.e.,

Ng, * Tﬁ = 0, at 'QgBo” (45)

Under these circumstances, the boundary condition given by Equation (4.2) can
be expressed as

[.Lo-(nBa- * Vﬁa + Vﬁo— : nBa) + )\,,l‘ch,V ‘ ﬁo-
(4.6)

= —[l‘l‘o’ (nBO' ) V<“0'>Cr + v<u0'>a - nBa) + )\onBa' V . <“o’>a]; ‘%Bcr -

This leads to the order of magnitude estimate given by
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I

Fig. 3. Compression for an elastic porous medium.

Porous Plate

Vi, = 0(Vu,)?) 4.7

and we conclude that the spatial deviation of the displacement vector is related to
the intrinsic phase average value by

6, = 0[(%) (ua)”]. 4.8)

This result is analogous to the situation that occurs during diffusion in porous
media (Ryan ef al., 1981), for in that case there is no boundary condition
comparable to the no-slip condition and one arrives at a condition for the
concentration field that is comparable to Equation (4.8). As one might expect, a
similar situation is encountered in the analysis of heat conduction in multiphase
systems (Nozad et al., 1985).

Since Equation (4.8) requires that

i, <u,)” 4.9)

there will be certain simplifications available to us; however, Equation (4.9) does
not mean that terms involving @, can be discarded carelessly. In writing an
inequality such as that given by Equation (4.9) for a vector quantity, the intent is
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that the largest component of (u,) is much, much greater than any component of
@, . For the case of pure extension this means that

oy <Us)7,  Tor <Uo)? (4.10)

but it does not mean that #,, is small compared to (u,); since the latter is zero. It
is of some interest to note that if the time scales for @, and (u,)” are similar,
Equation (4.9) immediately translates into Equation (2.53) thus supporting the
modified form of Darcy’s law given by Equation (2.55).

We now return to the boundary condition given by Equation (4.4) and follow a
line of analysis that parallels our study of the stress condition for two-phase flow
in a rigid porous medium. Following Equation (3.12) of Part II (Whitaker,
1986b), we take the area-average of the normal component of Equation (4.4)
and consider the volume-averaged quantities to be constant with respect to
integration over Ag,. This leads to

—<P3>B +<_‘ Pﬁ +2V“Bnl30 . V{’g " nB(,)
=2u,G: V{u, )" + A, V - (u,)? + (4.11)
+<2/.L,,l'lﬁ(, ‘ Vﬁa- : llB(,>,3c, + <)\0'V ¢ ﬁa’)ﬁcr .
Here the symmetric tensor G depends only on the geometry of the B-o interface
and is given explicitly by

1
Ao

G J NgsNgs dA. (412)
Ags

At this point we put forth a plausible approximation represented by the following
inequality

(Viig)ps < V{u,)7. (4.13)
The thought here is that the area-average of a deviation will be much, much less
than the order of magnitude of the deviation, i.€.,

(Vily)p, < Vi, (4.14)

and when this result is used with Equation (4.7) we obtain Equation (4.13). This
allows us to express Equation (4.11) as

PP =2, G: V{u, )+ A,V -{u,)”+
(Pg) Mo (u,) ) (u,) @.15)
+<PB_2“’[31130' * VVB . n,;0.>‘30-.

Use of this result in Equation (4.4) allows us to eliminate the volume-averaged
pressure from the interfacial stress condition, and Equation (4.4) takes the form

g, Pp + pp(Mge - Vg + Vg Mgo) —Mpo(— P+ 2pgng, - Vs - ngo)eo
= oMo - V{u,)" + V{u,)” " ng,) —24,G: V{u,)ng, + (4.16)
+ I‘Lo(nB(r : Vi'lcr + Vﬁa’ . nBU) + /\UnBch : iio’
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The point of view illustrated by Equation (4.13) can again be used to extract the
obvious simplification from Equation (4.16) which is given by

—n&,ﬁﬁ + ;LB(nt . V{’B + V{’B M nﬁo-) + 2[LUG: V<“0->a-nBo- -
— Bo(ngs - V()7 + V(u,)7 - ngo) (4.17)
= ;LU(nB(, . Vfla + Vﬁg : npa) + Agnﬂav . ﬁg, at .32430 .
The pressure and velocity deviations can now be expressed in terms of the phase
average velocity by means of Equations (2.43) and (2.44), and this leads to
I“I’G(;IB(T - Vﬁo- + Vﬁa. . nﬁa) + )\a'nBa'V . ﬁo-
= pgHg - (vg) +2u,G: V{u,)’ng,
_— (n&, V)" + V) - nﬁc,), at sty (4.18)
Here the tensor Hp is associated with the hydrodynamic effects and is defined by
HB:‘EEI<—ntb+nBO—' VB + VBT'nBU). (419)

It should be kept in mind that H, is available from the solution to the closure
problem described by Equations (3.13) through (3.17) in Part .

At this point we note that the governing differential equation for i, (given by
Equation (4.1)) is homogeneous, while the nonhomogeneities in the boundary
condition given by Equation (4.18) can be represented in terms of (vg) and
V(u,)?. Without going into the details that were covered in Parts I and II, we
simply note that @, can be expressed as

i, =C-(vg)+ D: V(u,)" (4.20)

in which C is a second-order tensor relating W, to the phase average velocity and
9 is a third-order tensor relating @, to the gradient of the intrinsic phase average
displacement vector field.

Since the closure problem will be solved in terms of a unit cell, the boundary
value problem for the second-order tensor C is given by

HoV2C + (s + A5) V(V - C)

=%j [#oV?C + (e + A,) V(V - C)1dV, (4.21)

B.C.1 ,L,,(n,g,, . VC+VCT- nﬁc) A,V - C = pgHy, at Ag,, (4.22)
B.C2 Ckx+£6)=C@), i=1,2,3, (4.23)
(©)” =0. (4.24)

The governing equation for the third-order tensor @ is identical in form to
Equation (4.21) and is given by
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1
1 V2D + (py + A) V(V - D) ZVI [MUV2@+(M,,+)\U)V(V : @)] v
o vV,
(4.25)

however, the boundary condition at the B—o interface can not be conveniently
expressed in dyadic notation. For clarity, we use Cartesian tensor index notation
to obtain

BCl p,o[nl. (é_lﬁcﬁ) + (a_IZ'E) ni] + Aanj(aDikf)

Gxi ax,- axi
4.26
= — o (McBje + Opcne) + 2ponjGac, at Ag,. (4.26)
Here we have used the representations
a
V=e 50 e e, D = e;e;je Dy
(4.27)

I= eiejéij 5 G= e,-ejG,-,-

in which the summation convention has been used throughout. The vector e,
represents the rectangular, Cartesian base vectors, and in terms of the traditional
nomenclature we express e; as

e =i, e =j, e; =k.
The periodicity condition provides the remaining boundary condition

B.C2 2a+4€)=P(), i=1,2,3 (4.28)
and we again require that the average be zero.

(2)7 =0. (4.29)

While the closure problem for deformable media might seem to be excessively
complex, the typical one-dimensional problem would require the determination
of only three components of C and three components of & in addition to the
solution of the hydrodynamic closure problem.

If shear deformation of the solid phase can be neglected at the volume-
averaged level, Equation (4.18) simplifies to

/“’o’(nﬁo- : Vﬁo’ + Vﬁa’ ) nBcr) + A(7'nﬁtrv ) iia'

= tgHp - (V) +5 poligo (V- (86)°)(G:1 - 1) (430
and the third-order tensor & is reduced to
D =1l 4.31)
Under these circumstances, Equation (4.20) simplifies to
i, =C - {vg)+f (V : (uo)">, negligible macroscopic shear (4.32)

and the boundary value problem for f is given by
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1
oV + (s + A,) V (V »f)=~V—J [;LUVZE+(;LU+)\,,)V(V -f)] dV, (4.33)
o JV,

B.C.1 [La-(nBo— -Vi+ Vi nB(,> + /\an,g,,(V . f)

=3 punp,(G:1—1), at Ag,, (4.34)
B.C.2 f(+¢)=1f@r), i=1,2,3, (4.35)
{£°=0. (4.36)

Closure problems of this type have been solved by Ryan et al. (1981) in a study
of diffusion and reaction in porous media, by Eidsath et al. (1983) in an analysis
of dispersion in porous media, and most recently by Nozad et al. (1985) in an
investigation of heat conduction in multiphase systems.

It is of some interest to note that if the solid phase is composed of isotropic
particles, the symmetric tensor G takes the form

G =31, for isotropic particles (4.37)
and the boundary condition given by Equation (4.34) is replaced with

B.C.1' ;La-<n3c, -Vi+ Vi nBo-) + )\Uﬂ’ga(v ¢ f) = 0, at ABO'- (438)

At this point one can follow the type of development given in Appendix B of Part
I or the Appendix of Part IT (Whitaker, 1986a, b) in order to prove that f is zero.
Under these circumstances the deviation displacement vector i, is independent
of the deformation V -(u,)?, and this indicates that the geometry of the B-o
interface plays a crucial role in the closure problem. It is easy to show that
Equation (4.37) is true for spheres and cubes, and a little throught will suggest
that it is true for any regular polyhedron in 3-space.

We now return to the general problem, as illustrated by Equation (4.20), and
make use of that result in Equation (3.9). In doing so, we repeatedly make use of
approximations of the type

Vii,=VC - (vg) + VD: V(u,)” (4.39)

and the basis of the length scale constraints discussed in Part I of this paper. The
closed form of Equation (3.9) is given by

,La{e(,v2<u,,><f LV (H(S) : <v,3>) LV (M(é): V(uu)") +
+HR - (vg)+ MR- V(ua)"}+ (4.40)
(g + Ao){eUV(V u))+ ¥ <H%) : (v3)> +V (Msg): V(ua)"> +

+HP - (vB>+M(§): V(u,,)"} =0.
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Here we have used a superscript in parenthesis to indicate the order of the
various tensor coefficients that are defined by

1
H<};>=Lli/f n,s - VCdA, Hg>=?f‘[ n,sV - CdA,
Aog

Aes 4.41)
H(3)=l’ n,zCdA Hg>=if n,;-CdA '
C CV‘.‘AaB o ] LV " op 3
17 1
Mfi)=;/; n.s- VPAA, M<§>=7/I n,V-PdA,
“Ao Ao (4.42)
1( 1
MP=_ sDdA, M‘2)=—j os - DAA.
c LVAAUB n B b CV. Ao_Bn B

If we require the tensor coefficients in Equation (4.40) to be isotropic and constant,
we obtain

I‘LO'(G(T + mZ)V2<ucr>U +

+ [,L,,(ml +my) + (po + Ao (€ + MD)] v ( V- <u0>“> + (4.43)

+ [[LGHA+ (o + )\,,)HB]WB) =0

in which m; and m, are the two distinct components of M®, My, is the single
distinct component of M®, and H, and Hy are the distinct components of HY’
and H, respectively. If the velocity is expressed in terms of Darcy’s law, one
recovers the precise form of Biot’s ((1941), Equation 4.1) original work which
has recently been examined with great care by Coussy and Bourbie (1984). The
coeflicients in this work are different than those given by Biot, because he began
his analysis with homogenized forms of Equations (3.1) and (3.2) with the idea
that the material coefficients would be determined by macroscopic experiments.

The result given by Equation (4.40) represents the closed form of the volume-
averaged version of Equation (3.3), and for most problems we will also require
the comparable form for the constitutive equation given by Equation (3.2). This
is obtained by the use of Equation (4.20) in Equation (3.10) to obtain

(7,)" = ,u,a{ V(u,)’ +(V (ua)")T}‘-F AV () +
+e ( peME + A,,M%”): V(u,)” + (4.44)
e (mHR+AHE) - (vp).

Here we have used the nomenclature indicated by Equations (4.41) and (4.42)
and the tensor coefficients in Equation (4.44) are expressed in Cartesian tensor
notation by
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1
HY = E% J’A nCy(eee. +ejee) dA, (4.452)
op
H@—lj In,s - CdA
¥ Aus oB > (445b)
1
M%) = ?, J’ niD,-ke(e,-e,-ekeg + e,-eiekee) dA, (4-463)
Acp
1
MY = 7 L In,; - DdA. (4.46b)

a3

Here we have used the representations
n,g=en, C=eeCy, D = ejerecDy, (4.47)

and one must be careful to remember that n,z = —ng, so that sign errors are not
generated in Equations (4.26), (4.45a) and (4.46a).

If one comnsiders an isotropic system and makes use of Equation (4.15) in
Equation (4.44), the general form of Biot’s ((1941), Equation 2.11) original
expression for the stress in terms of the strain and the fluid pressure is recovered.

5. Solution of the Closure Problem

In order to determine the coefficients in the displacement vector equation given
by Equation (4.40), or in the stress-strain relation given by Equation (3.10), one
need only solve the local boundary value problems given by Equations (4.21)
through (4.29) in addition to the closure problem given in Part 1 of this paper.
Examples of the numerical methods that can be used for problems of this type are
given by Ryan et al. (1981), Eidsath er al. (1983), and Nozad et al. (1985).
Solution of the closure problem removes the coefficients in the volume-averaged
equations from the list of adjustable parameters; however, the “adjustment” still
takes place in terms of the geometry of the unit cell to be used in conjunction
with Equations (4.37) and (4.38), it is clear that the solution to the closure
problem will be sensitive to the geometry of the 8o interface within the unit
cell.

For the systems of spheres illustrated in Figures 1 and 3, one could choose a
unit cell such as that shown in Figure 4. Within the constraints of small
deformation theory, Vu, <1, one can solve the closure problem with the
geometry specified by the unit cell. This will provide the coefficients in Equation
(4.40) in addition to the Darcy’s law permeability tensor in Equation (2.48), thus
the pressure field can be determined when the flow rate is specified. To determine
the volume-averaged deformation, one would make use of Equation (4.40) and
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Fig. 4. Unit cell of an elastic porous medium.

the boundary condition;
B.C.1 (u,)”-k=0, z=0. (5.1)

however, a boundary condition at the top of the bed illustrated in Figure 1 wouid
also be required. On a purely intuitive basis, one would balance the normal stress
from Equation (4.44) against the hydrostatic pressure and write

B.C2 —(Pg)*=k-(1,)" -k
=2p.kk: V()" + A, V - (u,)" +
+ e 'kk: ( peME + A,,M(;-‘)) : Va7 +
(5.2)
+ e, 'kk: ( ueHS + AUH§)> “(vg), z=H.
This is the type of boundary condition proposed by Biot ((1941), Equation 5.3),
and the origin of this result rests with Equation (2.33). A derivation is offered in

Appendix A. The pressure can be eliminated from Equation (5.2) by means of
Equation (4.15), and this leads to a boundary condition of the form

[2 110(G — kk) — ek : (,L(,M@ + A,,M,;‘))] Y (u,)°
= [e;lkk:(u,,Hg’)+ )\(,HSS’)) + (5.3)

+ eglp,,;<b—2n,;onﬁ¢: VB> ] “{vg), z=H.
Bo
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Fig. 5. Deformation of a unit cell.

Here we expel:t that the very last term, being an average of a deviation, would be
negligible; however, it can be estimated as calculated using the unit cell illus-
trated in Figure 4. After having solved the closure problem to determine the
coefficients in Equation (4.40) and the coefficients in the boundary condition
given by Equation (5.3), one can solve for (u,)” using Equation (4.40) and for a,
using Equation (4.20). This means that the point displacement vector field is
available to us through

u, =(u,)’ +i, =)+ P: V{u,)” +C - (vg) (5.4)

and the original unit cell would be deformed as illustrated in Figure 5 in an
exaggerated manner. A prudent procedure at this point would be to resolve the
closure problem with the deformed unit cell and recompute the displacement
vector field to be certain that a converged solution has been obtained. If the
velocity, (vg), is sufficiently small, a single iteration will suffice and a complete
closure to the small deformation problem will have been obtained. There are
many processes, especially in the area of filtration, in which large deformations
are encountered and for those processes the solid mechanics problem must be
reformulated in terms of large deformation theory. This aspect of the problem
has been discussed by Kubik (1982), but no method of closure is available.

6. Conclusions

The method of volume-averaging has been applied to the process of steady,
incompressible flow through an elastic porous medium. For small deformations, a
closure scheme is available that provides theoretical values for the Darcy’s law
permeability tensor in addition to the tensor coefficients that appear in the
volume-averaged displacement vector equation.

Appendix: The Volume-Averaged Boundary Condition

In Section 5 we made use of a plausible boundary condition at the interface
between a deformable porous medium and the surrounding fluid, and in this
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appendix we would like to provide a derivation of that boundary condition. We
begin with the point condition given earlier by Equation (2.33)

_nﬁa—PB+/.LB(nBU-‘ VVB+VV‘3 'nB(,):nBa' Tos at ﬂ*cr (A.l)

and focus our attention on the region illustrated in Figure 6. There we have
placed a dividing surface (shown as a solid straight line) in the porous medium
near the ‘interface’. It is at the dividing surface that we would like to impose a
boundary condition such as that given by Equation (5.2). In order to be definite
about the location of the dividing surface, one might require that the area
fraction of the solid phase be within 1% of the local volume fraction of the solid
phase. If the porous medium is homogeneous, this represents an unambiguous
definition; however, if significangaients in the local volume exist the definition
becomes imprecise. Clearly there are different methods of locating a dividing
surface, and at this point we will simply assume that some suitable method exists.

While the plane surface located at z = H is suitable from the point of view of
solving a boundary value problem, Equation (A.1) does not apply at the surface,
but instead it can only be applied at the B-o interface illustrated by the dashed
line in Figure 6. This surface is represented by &/}, and is the interfacial area
located above the plane given by z = H. At a point on this surface we have
illustrated an averaging volume of radius ro, and it should be understood that the
length-scale constraints £z <€ ro and ¢, < ry are still in effect. However, the local
volume fraction and the intrinsic phase average velocity will undergo significant

Fig. 6. interface between a fluid and a deformable porous medium.
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variations over distances on the order of ry in the direction perpendicular to the
dividing surface, thus we are faced with a situation in which ry~ L.

The key idea in the development of boundary conditions between a porous
medivm and a surrounding fluid is the replacement of conditions that apply at a
point on s}, with average conditions that apply at z = H. We begin the search
for an averaged condition by integrating Equation (A.1) over Aj, to obtain

J [_ nﬁo-P’g + [LB(npa . VVB + VVﬁ ’ n&,)] dA = J Ngs " To dA. (A2)
A%, Al

Here A, is a portion of . bounded by a cylinder of radius ro which is parallel
to the z-axis. We can use the divergence theorem and Equation (3.1) to alter the
right-hand side of this result to obtain

I

Here one should refer to Figure 7 and note that «}, represents the area of
entrances and exits for the o-phase associated with the area A}, . Since we seek a
boundary condition for the displacement vector equation, it is convenient to use

Equation (3.2) to obtain

[—nBUPB + Mg (n’gg . VVB + VVB . n&,)] dA=— JA k- To dA. (A.3)

#* *
Bo ge

j [_nBa-PB+[.LB(IlBU' VVB+VVB’HBO-)] dA
A%

Bo

=L

Here we must consider the fact that the left-hand side of Equation (A.4) is
evaluated at a position z > H while the right-hand side is evaluated at the desired
position, z=H. If it were possible, we would make use of a Taylor series
expansion of the form

(A.4)
[;L(,(k -Vu,+Vu,: k) +AkV -u(,] dA.

*
ae

Pgle-krism = Pgle=xtn- VPg+- - - (A.5)

Fig. 7. Interfacial region.
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in order to develop a boundary condition with all terms evaluated at z = H. This
is the type of analysis that is successfully used with linear stability analysis
(Taylor, 1950); however, in that case n is arbitrarily small and only the first term
in the series is required. In this case, one expects to find significant variations in
vg over the distance m and it would appear that we are forced to proceed with
Equation (A.4) in its present form.

At this point we introduce the decompositions

P3 =<PB>3+PB’ Vg :<v‘3>ﬁ+€’3, llo-:(llo.>a+l~lo. (A.6)

in which (Pg)? and (v4)? are defined in terms of an averaging-volume located on
A%, while {u,)” is defined in terms of an averaging-volume located on .. We
use Equations (A.6) to express Equation (A.4) as

L ~ g Pg)? dA+J' [“ﬂﬁapﬁ + ug (“Ba "Vig+ Vig: “%)] dA
Bo Af

Bo

= JA* [Ma(k - V{ug)" + Viu,)” - k) +A,kV - <“o’>a-] dA— (A7)

oe

Tl e re aesas aon

Here we have used
V(vg)f < Vi, (A.8)

on the basis of the constraint s < r,~ L. As in earlier parts of our analysis, we
would like to remove volume-averaged quantities from within the area integrals;
however, that step was based on the constraint, ro<< L, which is no longer in
force. For an averaged quantity, such as (Pg)?, we can write

j nB,,{<P,3>B +m- V(Pg)P +-- ] dA

ad (A.9)

= U ng, dA}(P,Q" +{j. Ngo1) dA} CV(Pg)P A+

A%, A%,
Here we have used (Pg)® and V(Pg)? to indicate quantities evaluated at z = H
and we have in mind the idea that there are negligible variations in these
guantities in the x-y plane. ,

At this point we must be careful to note that A%, is not the interfacial area
contained within an averaging-volume, thus we cannot draw upon the analysis of
Section 2 in Part I (see especially Equations (2.26) and (2.27)) to estimate the
magnitude of the area integrals on the right-hand side of Equation (A.9). The
divergence theorem can be used to evaluate the first integral as

j ng, dA=—KkA,, (A.10)
A

L
Bo
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Fig. 8. Model of an interfacial region.

while the second integral can be determined using the model shown in Figure 8.
A little analysis leads to

I

and this allows us to express the first term in Equation (A.7) as

ngomdA= —1%— 1A, (A.11)

*
Bo

lo
[~ mootPo)® dA = Ark(Py)Pcsr + (12) A V(PP +- - (A.12)
A%,
From Equation (2.48) we have the two estimates
V{(Pp)?|.—tr = O{ugK™" - (vp)}, (A.13)
(Pg)Pl.=rr = O{pgHK™ - (vp)}. (A.14)

Here it becomes apparent that we can drop the last term in Equation (A.12)
whenever ¢, < H. Under most circumstances this contraint is satisfied and we
proceed to write Equation (A.7) in the form

kA, (Ps)® + j

=_L

—I [y,(,(k' Vi, + Vﬁ,,-k)+)\c,kv 'flo-] dA.
A*

e

["—ntPB + Mg (nB(, . V{’B + Vi’B . nﬁa-):l dA
Bo

[uc, (k V() + V() k) ALKV - <u,,>ff] dA—  (A15)

*
ae

If one assumes that there are negligible variations of k - V(u,)” * k over the x-y
plane, we can form the scalar product of Equation (A.15) with k and express the
result as

—<PB>B = zﬂokk A Y <ua>a + AO'V - (“o)g -
1
Ao'e

1
Age

I <2M¢,kk:Vﬁa+/\aV -ﬁc,) dA+ (A.16)

+

Ace
I [—k'nﬁapﬁ+ﬂs(nﬁa'VVB'k+k'V€’3'nBa)]dA.
A,

oe
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Up to this point, the analysis is exact provided that the length scale constraints
have been properly observed. However, we now encounter the problem that
representations for V5 and i, are needed, and the representations that we
currently have available are restricted in a very important manner. As we have
pointed out in Section 3 of Part I of this paper and in Section 4 of this part, the
representations for the spatial deviations are controlled by the nonhomogeneous
terms in the boundary conditions at the B-o interface, provided the boundary
conditions at the entrances and exits of the macroscopic system can be ignored
(see Equations (3.3) and (3.4) or Part I). The question at this point is: What is the
representation for ¥g at Jd’ga and what is the representation for i@, at s4,.?
Certainly a plausible set of representations is

PB = pgh' - (vg), Vg=B':(vg),

. (A.17)
i, =C"(vg)+D.: V(u,)’.

Here we expect that b, B, C’ and @’ will have the same general structure as b, B,
C and 9, but they will not be equal to these tensor functions for which we have a
method of determination.

If we make use of the plausible representations given by Equations (A.17) in
Equation (A.16), we obtain

—(Pg)? =2p,kk: V{u, )" + A, V - (u,)” +
1
Ace

1
Aa‘e

+ J’(2,u,(,kk:V@’+)t(,V-@’)dA:V(uC,)"+
Age

(A.18)
-+

J w(2p,akk: VC +A,V - C') dA - (vp)+
A,

ae

+[.LB J [—k'nﬁab'-i'(nﬁ(,' Vé,k+
A,

Age
+k- VB - nﬁa)] dA - (vB)}.

Here we have been able to derive the same general form as was given earlier by
Equation (5.2); however, we have no proof of the representations given by
Equations (A.17) nor do we have a means of calculating the coefficients in those
representations. Clearly the boundary conditions between a porous medium and a
surrounding fluid deserves further study.
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