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On Classical and Quantum Relativistic Dynamics*
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A canonical formalism for the relativistic classical mechanics of many particles
is proposed. The evolution equations for a charged particle in an electromagnetic
field are obtained and the relativistic two-body problem with an invariant
interaction is treated. Along the same line a quantum formalism for the spinless
relativistic particle is obtained by means of imprimitivity systems according
to Mackey theory. A quantum formalism for the spin-} particle is constructed
and a new definition of spin } in relativity is proposed. An evolution equation
Jor the spin-% particle in an external electromagnetic field is given. The Bargmann
Michel, and Telegdi equation follows from this formalism as a quasiclassical
approximation. Finally, a new relativistic model for hydrogenlike atoms is
proposed. The spectrum predicted is in agreement with Dirac’s when radiative
corrections have been added.

1. CLASSICAL RELATIVISTIC MECHANICS

The difficulties encountered in relativity in elaborating a canonical dynamics
which is covariant and nontrivial are well known. Let us simply recall the
no-go theorems of Currie.® Under such conditions it is only possible to
overcome these difficulties by accepting the need to radically change the
point of view of Finstein’s theory.

The relativistic dynamics that we propose (previously introduced in
Ref. 2) does not encounter these difficulties, and the present paper is devoted
to a survey of several of its developments.

The essential differences between the usual point of view and the one
adopted in Ref. 2 are the following: In the usual Einstein theory each (classi-
cal) particle is identified with a trajectory in spacetime and the dynamics
of the system is simply reduced to a description of these trajectories. Accord-
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ing to that point of view, nothing changes, since nothing moves over these
trajectories, and we cannot properly speak of a system’s evolution. Further,
the concept of probability, one of the characteristics of quantum physics,
is meaningless in such a scheme.

The point of view presented here and adopted in Ref. 2 is simultane-
ously based on both Einsteinian and Newtonian ideas of mechanics, ad-
mitting the existence of a spacetime supplied with the geometry given by
the Poincaré group and identifying each particle with a single point of that
spacetime (or an event according to Einstein). Moreover, to describe the
true evolution of the system, we postulate the existence of a new time
(described by the parameter ) which passes “uniformly and inexorably” as
Newton imagined. That time = is called “historical time” because it cor-
responds to the ordering relation determined by successive measuring
processes in quantum theory or given by the laws of thermodynamics. Such
a parameter 7 has been introduced by other authors, but (except for Aghassi
et al.®®) in each case as a mathematical convenience without physical inter-
pretation.

In such a scheme the state of each particle is. described by eight in-
dependent numbers

qu = (qln qzs q3> q4) = (qs t)
Pu = (P1sP2>Ds,p1) = (P, — E)

where g* is identified with the position in spacetime and p, with the state
of motion, i.e., the momentum-energy. The metric tensor is g, = (I, 1, 1,
—c?) (where ¢ is the velocity of light in vacuum).

Then it is obvious that the “mass”

m = (_ngupV/c2)1/2

depends on the state of the particle. A well-known example is the bound
proton in the nucleus whose mass is smaller than that of the free proton,
the mass deficiency corresponding to the binding energy. Actually the de-
scription of an interacting system entails the consideration of states which
are not confined to a “mass shell” condition.

The dynamical principle that we invoke to obtain the evolution is a
generalization of the Hamilton principle. Consider the differential I-form

N
w = Z Piw dg* — K(p; , q5) dr 1

i=1

where K denotes a function of the state (p, , g;) of each particle i = 1,..., N.
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The dynamical principle is expressed as follows®: Given a closed curve C
in I'={p;, q;, 7}, the integral [, w is invariant for any (continuous) de-
formations of C generated by arbitrary displacements of its points along the
trajectories corresponding to the evolution of the system. This principle is
equivalent to the canonical equations

G = dgldr = 0Kop,,  and By, = dppldr = — oK|ogr (D)

These equations are manifestly covariant when the differential 1-form
w I8 invariant (which is the case when K transforms like a scalar field under
the Lorentz group), the historical time = being invariant.

Let us now illustrate the previous considerations by some examples.

1.1. Particle in External Electromagnetic Field

In the absence of radiation phenomena, the evolution of a charged
particle in an external electromagnetic field described by the 4-vector poten-
tial A,(x) = (A(x), —V(x)) is governed by canonical equations, where K
is given by

K = (112M)g*[p. — ed.(@)]lp, — eA(q)] 3)

In this expression e denotes the charge of the particle and M its mass,
Here M is a dynamical constant which is characteristic of the particle.
In this particular case the canonical equations (2) imply

¢ = (/M)[p* — eA(q)]

X 4
Py = (e/M)[pv - EAV(q)] auAv(q)

where 0,4, denotes the partial derivative of 4, with respect to x*, From
these equations follows the well-known relation

M‘ju = e[au.Av(q) - 3vAu(CI)]9V (5)
Moreover,

guwi"q = 2KIM
is conserved, since X is a constant of motion. For
K = — $Mc* we have g.,4"¢ = —c?
3 For the canonical formalism see Ref. 4.

825/9/11-12-5
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and then the proper time takes the same values as the historical time. More-
over,

g*[p. — ed (Dllp, — ed(q)] = —M?3c*

for any 7.

1.2. Two-Body Problem with Potential Interaction'®

In this example the interaction between both particles is described by
a scalar potential @(|q, — ¢,|), where |q| = (g..g%¢")"/%
We have

1
K = 5— g“p.p1, + 8“PouDsu + P g1 — g2 ) (6)

1
2M, 2M,
where M, and M, are the masses of particles 1 and 2.

In that case, as in the corresponding Galilean case, it is possible to
define some center-of-mass coordinates which are more convenient for the
discussion. They are defined by

Mg + Mygy®

P, = py. + Pou>» o = M, + M,

7
p :M1p2u_M2p1u qu:qu_qu ()
T MM, T

This change of coordinates characterizes a canonical tiansformation which
leaves K invariant. In terms of the new variables we have

K=K, +k ®)
where
K, = (1)2M)g=P,P,, M=M,+ M,
and
L O _ MM,
k_'ﬂgpupv—l_@(lgl)a """’_2‘[1_1__]‘42
The corresponding canonical equations then imply that
Q¢ = P+ /M, P,=0
g = P“/M, ﬁu = _au.@(l q ])

®

where &, denotes the partial derivative with respect to g*.
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Thus, the total momentum-¢nergy P, = (P, —E) is a constant of motion
and Q% = (Q, T) defines a spacetime point called the center of mass. The
time

T = (E/Mc®r (19

passes uniformly, and so Magller’s condition on the time, used by Cook,®
is justified by our model.
Now it is important to note from (9) that the antisymmetric tensor

Jw = q*p* — q'p* 1)

which is a generalization of the relative angular momentum, also is a constant
of motion. As a consequence, the relative motion (in g* coordinates) takes
place in a plane 7 containing the origin g = 0. Moreover, this plane .7~
is spacelike (i.e., g,,9%¢” > 0 for any ¢ #= 0 in Z") if and only if j*,, > 0.
In that case (which is the most important one for applications) there exists
a family of reference frames for which  is a spaceplane, in other words,
for which g* = (q, ¢ = 0) for any . Namely, in that case

t =ty = T = (E/Mc¥r (12)

and from (9), p, = (p, 0) since i = 0. Consequently, the relative motion
is governed by the ‘“Newtonian” equations

qG=p/n, p=-—VP(q) (13)

which follow from (9) in this particular situation.

Thus, in spite of the apparent difficulties due to the spacetime metric,
the previous model describes in a satisfactory way what we expect for a
relativistic two-body system, and, as we have seen, it is possible, for each
Newtonian system with a potential @(|q|), to construct a completely covariant
relativistic model describing the same type of motion. Nevertheless, it is
important to note that m® = —g®p,,p,/c® and my? = —g“p,, p,/c? are
generally not constants of motion, nor even conserved quantities in a scat-
tering process.

2. QUANTUM RELATIVISTIC MECHANICS

Most attempts to construct a relativistic quantum mechanics have led
only to the case of the free particle. It was initially claimed that the reason
for this impasse is the difficulty of controlling all the representations of the
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Poincaré group. However, when the same group-theoretical arguments were
applied to the Galilean case, exactly the same result was found. The reason
for the impasse is clear in this case. It is that the Galilean group has been
interpreted as the group of motion from the active point of view, and one
is therefore naturally led to a representation for a free particle which is
given in the Heisenberg picture.

For the Galilean case, an effort has therefore recently been made to
develop a group-theoretical argument which avoids this difficulty. An
effective procedure was found to be the following: First construct the set of
observables which characterize the system, and build the dynamics only
afterwards. With this procedure, one naturally obtains the observables in
the Schrédinger picture, which is specifically not dependent on the dynamics.
This result is found by studying the action of the Galilean group on the
measuring apparatus from the passive point of view, by defining each
observable by an imprimitivity system according to Mackey’s theory.®®
In the Galilean case, this procedure leads to the most general solution
compatible with the Galilei principle.

The point of view adopted here in relativistic mechanics naturally leads
us to generalize the previous procedure to the relativistic case. As an illustra-
tive example, we construct a model of a relativistic, quantum spinless particle.
Later we shall consider the spin-} particle and briefly present some appli-
cations.

2.1. Quantum Spin-zero Particle

The states of the (spinless) quantum particle are assumed to be described
by the vectors (more precisely by the rays) of a Hilbert space H. According
to our point of view, a relativistic particle is supposed to have:

(a) A spacetime position observable g characterized by a spectral family
q: B(R,Y) — P(H) from B(R,%, the Borel sets of R,%, to P(H), the set
of orthogonal projections in H.

(b) A momentum-—energy observable p characterized by a spectral family
p: B(R,H — P(H) from B(R,%), the Borel sets of R,?, to P(H).
Moreover, it is assumed that there is no other observable not depending

on p and gq.

These observables p and g are completely characterized by the following

group G acting on the corresponding measuring apparatus. The group G

is generated by:

(i) The spacetime translations a*

X* > x* -+ a*, k,—~k,
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(i) The momentum-energy translations w,
XH > X9, ko—>k,+w,
(iii) The Lorentz transformations A+,

x# > A x, k,— Ak,

(for any x € R,* and k € R;).

Considered from the passive point of view, the action of G allows us
to write the following relations, called “imprimitivity systems,” which
characterize g and p, respectively. The imprimitivity system based on g
imposes that for any g € G and any 4 € B(R,%)

q(g - 4) = U(g)g(DHU(g) (14)

where U denotes a unitary ray representation of G in H and g - 4 the action
of g on 4 € B(R,%) induced by the action of G on R

Similarly, the imprimitivity system based on p imposes that for any
g€ G and any 4 € B(R;H

p(g - 4) = U@p(dU(g) (15)

where U denotes the same ray representation as in (14) and g - 4 the action
of g on 4 € B(R,%) induced by the action of G on R,

The solution for the imprimitivity systems (14) and (15) is obtained by
taking for the Hilbert space H

H = LAR.2, d*x)
and for U the unitary ray representation in H defined by

(U@P)x) = H(x — a)
(UW)(x) = expliw,x*/h) H(x) (16)
(UDh)(x) = P(A7x)

for any 4 € H. The solution depends on a parameter which turns out to be
identified with the Planck constant #. The previous representation is a
nontrivial ray representation, since it is easy to verify that we have the
following generalized Weyl commutation rules:

Uw)U(a) = exp(iw,a*/h) Ula)U(w) (17)
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The observable g is defined by the spectral family ¢: B(R,Y) — P(H)
whose projections are given by

@DPx) = xa)Px), e H (18)

where y, denotes the characteristic function associated to the Borel set 4.
The spectral family p: B(R,%) — P(H) associated to p is given by

PDHE) = xR 19)

where (k) is obtained by the unijtary Fourier transformation, defined on
a dense subset by

$(x) > (k) = (2nh)2 fR , %x exp(—ik,x“#) $(x) (20)

Thus, the self-adjoint operators p, and g* corresponding to p and ¢
are respectively given by

Pu)x) = —ih 0,4(x),  (g“d)(x) = x*f(x) @n
and these operators satisfy the Heisenberg commutation relations
i[p., g1 = h 8,1 (22)

The evolution of such a relativistic particle is parametrized by the
historical time + and governed by a Schrédinger equation

ih dp, = Ky, 23)

where K is a self-adjoint operator, which is, moreover, of scalar type to
guarantee covariance.

We have thus obtained a description of the particle in the Schrédinger
picture (relative to 7), and dynamical considerations are related to the choice
of K.

As an illustrative example, we consider a charged particle in an external
electromagnetic field described by the 4-vector potential 4 ,(x). By neglecting
radiation phenomena we have

K = (12M)g*[p. — eA D[P, — eALq)] 24
where e and M denote the charge and the mass of the particle. We easily
verify that

¢« = (DK, "1 = (1/M)[p* — eA“(q)]
p. = (HIK, p.] (25)
= (e/2M)[2,4,(g), p* — eA*(9)].
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In the case of a free particle where
K = (2M)g*p.p, = (—F[2M) (26)

more comments can be made. First, the usual relativistic theory for spinless
particles, more precisely the Klein—-Gordon equation, is interpreted here as
an eigenstate equation

Kif(x) = — §Mc*{(x) @7

This fact suggests a change of representation: the four-dimensional
Fourier transform (20) followed by a change of variables given by

| m [1/2c312

J(k) > f(k, m) = &L e Pk, —c sign(m) (k= + m3c2)2) (28)

the corresponding scalar product being

Gy =] dn [ dkehomfm =< 9
Let us now consider the observable
q¢=q~%(—2vt+t%) (0)
It is easy to verify the following commutation rules:
ilgs 941 =0,  i[p’, q,"] =4 6% 1 3D
Moreover, q, is a constant of motion

K. q,] =0 (32)

Decomposed in the previous new representation, ¢, turns ouf to be
just i#i0/dk, i.e., the Newton-Wigner position operator.

2.2. Quantum Spin-; Particle!'?

As previously for the spinless particle, a particle with spin is supposed
to have a spacetime position observable ¢ and a momentum-energy ob-
servable p. Moreover, it is assumed to possess some new observables com-
patible (commuting) with p and gq.
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According to the Mackey theory, this situation is obtained by describing
the states of the particle with N-component wave functions ¢ e CV %) L2
(R,%, d*x), the scalar product being written

Wy = [ @5 LB @) = [ dx i@ 6

The Lorentz group acts on the states by unitary operators U(A) of the
following form:

(UA)(x) = DAYHATx) (34)

where D is a nontrivial, irreducible, unitary ray representation of the Lorentz
group (acting in the space components of ). Such a representation is
necessarily infinite-dimensional and consequently implies the existence of an
infinity of compatible internal states for the particle (infinite spin). This
fact is in disagreement with experiments and the well-established double
degeneracy for electrons in atoms or metals.

This difficulty disappears when one introduces a (continuous) super-
selection rule for the spin—% particle, i.e., a family of Hilbert spaces.?®

Let us consider the Stern—Gerlach apparatus defining the spin ob-
servable and more precisely the symmetry of the magnetic field of this
apparatus. Such a magnetic field is characterized by a strong gradient. It
defines not only the space direction of the spin, but also a unique timelike
direction, the direction of the time given by the frame where the field is
purely magnetic. Then the spin state of the particle is characterized by a
direction in space (the spin) and a timelike 4-vector n* such that n* >0
and g, n"w = —c>

We postulate that this 4-vector n* is a superselection rule and we intro-
duce a family of Hilbert spaces H, indexed by n. To every timelike unit
4-vector n* we associate a Hilbert space H,, of two-component wave functions
which is identical to C? x LAR,% d*x). In other words, each spin—} particle
state is characterized by a given # and a given ¢, € H,, .

The Lorentz group acts on the states in the following way"®:

(UMD Pu(x) = DL ALA n))ha1,(A7x) (3%

where L(n) are boosts such that L(n)*ny = n* with n§f = (0,0, 0, 1) and D
is the usual 2 X 2 unitary ray representation of the rotation group cor-
responding to a spin—%. Thus a Lorentz transformation A maps every H,
onto H,, by (35).

As in the spinless case, the self-adjoint operators corresponding to p
and g are respectively given by

(Puh)®) = =i 0.4(x),  (@"P)(x) = x*P(x) (36)
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for any ¢ in any H, . Obviously the corresponding spectral families verify
the imprimitivity relations (14) and (15) (extended to the case of a super-
selection rule »n) for the representation U of G given by (35) and

(U(a)Sb)n(x) - lzl’n(x - a)

(37
(UWu(x) = exp(iw,x/h) n(x)
The spin observable, for n = n,, is given by the four matrices
Wi =% i=123 and W, =0 (38)
where o are the Pauli matrices. For any » we can define
Wi = L)', Wh, (39

and consequently #n, W% = 0. This definition is justified by the following
physical considerations: Let us consider a unit spacelike 4-vector s*,

guvsusv =

such that g,s“#” = 0 and let us consider the observable defined by the
operator

s, Wy

The corresponding two eigenstates are associated with a measurement
of the spin with a Stern—Gerlach apparatus whose (i) time direction is given
by n* and (ii) direction of the magnetic field gradient is given by s, i.e.,
(s9,0) = LY(n)s in the reference frame of the apparatus. This follows
immediately from the relation

"o u v 1
SuWn — SuL(f’l) VW’)'LO = 35¢C

As regards the covariance, it is easy to verify from (35) and from the
definition (39) that

U (DWa.UA) = AW, (40)
as expected. Finally, the W% satisfy the following commutation rules:
(W, Wil = ie”, Win' (41)

where €,,,, = =1 for uvpA an even or odd permutation of 1, 2, 3, 4, respec-
tively, and ¢,,,, = 0 otherwise.
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Because of the existence of a superselection rule #, the evolution in =
is governed by a Schridinger equation

i dif, = Knyipe (42)
connected with an equation of the form

i = 4, , ) 3)

where the £ fulfil the condition », f“(n, ) = 0.

Due to the dependence on ., Eq. (43) involves irreversible processes.
In other respects, physically, the comparison of this model with the Dirac
theory® suggests that the evolution is sach that »* tends to be parallel to
{p*u, » the mean value of the momentum-energy. In many cases and various
applications, both directions can be assumed to be effectively parallel during
the evolution.

2.3. Spin-; Particle Interacting with an External Electromagnetic Field

Let us consider the case of the spin-1 particle in an external electro-
magnetic field 4,(x), neglecting radiation phenomena. The operator K, is
given by the corresponding one for the spin-0 case, modified by the terms
due to the interaction of the spin with the electromagnetic field. Especially
for the electron (or positron) we propose

» = (12M)g*[p, — eADIlp, — eA(9)]
— (gupa/ MNP — e A D (DWW,
+ (g22M02/8MC4)FW(Q)7’IVF‘LD(Q)I’!p - (g:}.u‘ﬂ/cz)”upuv(q) WZ (44)

where F,, = 8,4, — 8,4, , F* = —}c%*?*F,, . The charge and the mass
of the particle are e and M; g, = ¢f/2M denotes the Bohr magneton; and
g1, g, and g, are dimensionless phenomenological constants.

As a first application we consider the evolution of the spin in an electro-
magnetic field that is not necessarily homogencous. More precisely, from
the expression (44) for K,, and from the definition of WJ;, we can write an
expression for the derivative W# (for more details see Ref. 11). We have

W = (i/B)[Ky , Wel -+ n*(i,Wi)]c? (45)
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where the last term corresponds to the contribution of the evolution of 7.
A straightforward calculation of the commutator in (45) leads to the fol-
lowing expression:

Wi = (gupo/ AMEYn F (@ Walp* — eA"(@)]
— FY@)Wan,[p* — eA®(q)]
+ F@n' W, lp” — ed%(@)l}
T+ (Gapol AW FNQWan® + CFAWy + @, W) (46)
From this general expression of W*, we justify the BMT equation®¥
as a semiclassical approximation.
Let us consider a state corresponding to a wave packet around the
mass shell, sharply defined in spacetime and momentum-—energy and a given

direction of spin. For such a state we can approximate {F,(q)> by F,, =
F.({g>). For the time derivative of ¢* we have

‘u:i u_i e o u __glll‘o’u v
i =5 Ky, 4] = 37 [ — ed*(q) — B2 Py
and we can suppose that

dLq"y = (g == (M) p"* — ed*(q)) = n" (47)

for any 7, according to the previous considerations about the evolution of n*.
Moreover,

i _d<qn>*<h [, - ”eA“(“’) >~ Fhn” (48)

Performing these approximatiops in (46) and reordering terms, we
finally find the following equation, which is the BMT equation for the

precession of the polarization of a particle moving in an electromagnetic
field:

= (/Mg + &I W, + (81 + 85 — 2Du"n'F, Wy} (49)

In view of this result, g; + g; = g is interpreted as the g-factor including
the anomalous magnetic moment.

As a second application, we consider the hydrogen atom (or hydrogenlike
atom) considered as an electron interacting with the electromagnetic field
of a nucleus, given by1®

4,09 = (0,0,0, = 2D 1)y (50)

dmey 1
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where ¢, denotes the vacuum dielectric constant. Z(—e) denotes the charge
of the nucleus, e being the electron charge.

Roughly speaking, the states of the electron corresponding to the
spectrum are those states described by wave packets moving in spacetime
with the nucleus: i.e., moving along the time axis and staying close to it.
Then, according to the previous considerations in Section 2.2 about the
evolution, we must consider states such that n = n,. More precisely, the
spectrum of the atom is all the values of E — Mc? corresponding to solutions
of the eigenvalue equations

Kop(x) = — $Mc*(x)  and  mypp(x) = —Ef(x)  (51)

which are “localized” around the time axis. For the given electromagnetic
field in (50) we have

__‘L 2 2 4__?__ 2
Kno_2M gp —C [p P V(q)];

g 2., 2
+ 20 p A E(@)le + S50 Exg) (52)

In this expression E denotes the electric field

Z(—e) x

3
dmey 1

Ex) =

Obviously K, does not depend on ¢* and thus it commutes with
ngp, = p, = —ih 0,. Consequently, the solutions of (51) are of the form

$(x) = exp(—iEth) p(x) (53)
where @(x) is a solution of
Kup(x) = — $McPg(x) (54)

the restriction of (51) to the spectral subspace of p, corresponding to E.
Taking into account the explicit form of V(x) and E(x) we have

K,ﬁf)- 1 [czp2—~ (E+ Ze? _1_)2]

T 2Mce? dre, r
&y Ze X g'p: ZP 1
2Mc? 4me, ( = ) o+ 8Mct (dmey)? 1t (53)

Finally the spectrum is identified with the values of £ — Mc¢? such that
there exist solutions of (53) in C* ® LAR?, d®x). Since K, and p, are in-
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variant under rotations, they commute with the total angular momentum
operators J =L -+ #o/2, where L == q A p are the orbital angular momentum
operators. Moreover, the operator L? also commutes with K, and p,.
Consequently we can determine solutions of (53) of the form (in spherical
coordinates r, 0, ¢)

o(r, 0, ¢) = R(HY7(0, ¢) (56)

where Y76, ¢) denotes the usual angular eigenfunctions of J%, L?, J,, and
R(r)e LR, , ¥* dr). Thus, in contradistinction to the Dirac model the
orbital angular momentum / is here a good quantum number. We also point
out that according to the symmetries of the solutions we have

|, @ 2" pe() =0

This means that the corresponding wave packet around the mass shell,
built up from the solutions of (51), represents a particle moving in spacetime
along the time axis, as expected.

The corresponding radial equation for R(r) in (56) is obtained from
(54) and (55) to be

—h? . h2 il + 1 2 o , Mc? ag?
|57 7 =, Y oCE =y
Mc 2Mc? a E2 — M2t
4ot Limct e, l) 6g2 32 _rOT - —-__-——.-._ch2 ] Rr)=20

(57)

Here o = e*/4meyfic denotes the fine structure constant, a, = 4me #i%/ Me® the
Bohr radius, and ¢(j, /) =/ — 1 or [ according to whether / =j -+ L orj — &
Formally, this radial equation looks like the corresponding one in the
nonrelativistic case where the particle interacts with the singular potential

, Mc* a lc
s T

- ﬂ)_ 3 gZ MC a()

ok r l) 32t
and one can show that the exact solutions of (57) in L3R, , 2 dr) behave
near the origin as

R(r) = exp(—ogyae/dr) O /0 (58)

for r — 0.

The spectrum, i.e., the values of E — Mec? such that there exist solutions
of (57) in LR, , r? dr), has been calculated in terms of the power expansion
in o2 up to terms in o*. The following results have been obtained.
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Forl/=20

VA A

3
E—Met = —Me 125+ 20 [n = 2 — (g — )] + 0] 59)

where n, the principal quantum number, takes positive integer values.
For I =j + 1 + 0 we respectively have

22062 Z4064
2n? wmt

_nr_ é n(gy — 1 ‘ of
<Gy —itgEnGrizy) ool ©

E — Mc?2 = —Mc?

where 7 takes integer values strictly greater than I
The previous results need some comments. First, for g; = g, =1 the
spectrum coincides (at least up to terms in «%) with the corresponding
spectrum of the Dirac model and exhibits the well-known degeneracy in I
For g, and g, not equal to one, expansions (59) and (60) differ (up
to terms in o*) from the Dirac spectrum by energy shifts of the form

Mc2Z4ar

s (& —1  for 1=0 (61)

and
McrZ%8 g — 1

T GEDGFIED

for I=j+3%+0 (62

Such terms remove the degeneracy relative to / and then contribute
to the Lamb shifts. Usually the Lamb shifts are obtained as radiative
corrections to the Dirac results. The correcting energy shift terms obtained
by such a procedure® may be compared with the above energy shifts (61)
and (62). Expressions of both types are rather similar, particularly in what
concerns their » and Z dependence.

Actually for g, =g — 1 =1.0023 and g, = 1.048, our spectrum ex-
hibits Lamb shifts with good numerical agreement.

For the S, — "P, energy separations we have the expression

01.4MCZ Z4 ( )

— 1
42 (g1 £ BT,

3

which corresponds to the frequency 8.464.2%/n® [GHz]. The predicted nume-
rical values for different #» and Z are compared with the experimental results
in Table 1.
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Table I°
Theory Experiment
n Z =1 Z =2 Z =3 H ‘He+ s izt
2 1.058 16.92 85.7 1.058¢7 14.0447 63.0¢7
3 0.314 5.04 — 0.31548) 4.1849 —
4 0.132 2.11 — 0.13308 1.76020 —
5 0.068 1.08 — 0.0650% 0.9020 —

@ Results in GHz.

For the above cases (j = %) the linewidth is always smaller than the
Lamb shift, but for j > 3/2 it is larger than the energy splitting in our spec-
trum. Nevertheless, we can compare our results for j > 3 with very accurate
experimental results for the "Py — *P, energy separations in the hydrogen
atom.

From (60) it is given by

(otMc?jAn®)g,

which corresponds to the frequency 87.786/n® [GHz]. We have in [GHz]

n Theory Experiment
2 10.973 10.9692»
3.251 3.248

Finally it is important to note that the experimental determination of
the Lamb shift is sometimes extrapolated from the Zeeman splitting of the
energy levels for different magnetic fields. In our model, the dominating
terms for the Zeeman effect are the usual relativistic ones (with g, -+ g, = g).

Hence, we are led to the same interpretation of that experiment as the usual
one.
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