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Abstract. A general formula is derived for calculating the 7-ray spectrum resulting from the annihi- 
lation of cosmic-ray positrons. This formula is used to calculate annihilation-7-ray spectra from 
various equilibrium spectra of secondary galactic positrons. These spectra are then compared with 
the 7-ray spectra produced by other astrophysical processes. 

Particular attention is paid to the form of the 7-ray spectrum resulting from the annihilation of 
positrons having kinetic energies below 5 keV. It is found that for mean leakage times out of the 
galaxy of less than 400 million years, most of the positrons annihilating near rest come from the 
fl-decay of unstable nuclei produced in cosmic-ray p-C le, p-N TM, and p-O 16 interactions, rather than 
from pi-meson decay. It is further found that the large majority of these positrons will annihilate 
from an S state of positronium and that �88 of these will produce a three-photon annihilation continuum 
rather than the two-photon line spectrum at 0.51 MeV. The results of numerical calculations of the 
7-ray fluxes from these processes are given. It is concluded that annihilation 7-rays from the galactic 
halo may remain forever masked by a metagalactic continuum. However, an 0.51 MeV line from 
the disk may well be detectable. It is most reasonable to assume that this line is formed predominantly 
by the annihilation of the CNO fl-decay positrons. Under this assumption, the intensity of the line 
becomes a sensitive measure of the galactic cosmic-ray flux below 1000 MeV/nucleon. 

1. Introduction 

The annih i la t ion  of  cosmic- ray  pos i t rons  has for some t ime been recognized as a 

potent ia l  source o f  cosmic 7-rays. ?,-ray fluxes f rom cosmic posi t ron annih i la t ion  

have been es t imated and discussed by var ious  authors  (POLLACK and FAZIO, 1963; 

HAYAKAWA et aI., 1964; GINZBURG and SYROVATSK~, 1964a, b). Pol lack  and Faz io  

have discussed the possible re la t ionship  between the present  flux of  0,5 MeV y- 

r ad ia t ion  f rom pos i t ron  annih i la t ion  and the cosmic- ray  intensi ty and galactic gas 

densi ty 109 years ago. Ginzburg  and Syrovatski  have po in ted  out  that  the intensi ty 

of  the 0 .5-MeV line may  be a sensitive measure  of  the leakage rate of  cosmic- ray  

pos i t rons  f rom the galaxy. These authors  have also given an approx ima te  fo rmula  

for the ca lcula t ion  of  the 7-ray spec t rum f rom the annih i la t ion  of  high-energy posi- 

trons.  

I t  has therefore  become apparen t  tha t  the cosmic-7-ray spect rum from cosmic- 

ray pos i t ron  annih i la t ion  may  conta in  much  potent ia l  in format ion  reflecting var ious  

as t rophysica l  condi t ions  in our  own galaxy and in possible  cosmic- ray  sources, both  
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galactic and extragalactic. It is for this reason that the author had recently undertaken 
a more detailed investigation of the various aspects of the cosmic positron annihi- 
lation problem (STECKER, 1967b). That work has now led to this further treatment 
pointing out the potential richness and complexity of the problem. 

A typical cosmic-ray positron from secondary pi-meson decay may undergo one 
of three fates; it may (1) escape from the galaxy, (2) annihilate with an electron while 
at relativistic energy, or (3) lose almost all its energy before annihilating. One must 
consider that annihilations may occur either between free electrons and positrons 
or through the formation of the intermediate bound state of positronium. One must 
also take into account that in addition to the positrons from pi-meson decay, lower 
energy positrons are produced in the galaxy by, e.g., cosmic-ray p-C 12, p-N 1r and 
p-O t6 collisions. All of these processes must be considered in calculating the final 
positron annihilation-y-ray spectrum. They will be discussed individually in the 
following sections and their contribution to the total positron annihilation-y-ray 
spectrum will be presented. The significance of direct measurement of the positron 
equilibrium spectrum itself wilt be discussed as a possible sensitive indicator of the 
diffusion and leakage of cosmic-ray electrons out of the galaxy. 

The point of departure for our discussion will be a derivation of the general 
formula for calculating the annihilation-7-ray spectrum (AGS) from cosmic-ray 
positrons valid at all energies. This formula is then used to calculate AGS from 
various equilibrium spectra of secondary cosmic-ray positrons. The results of the 
numerical calculations will be given and discussed. 

2. The Annihilation-y-Ray Spectrum 

The cross-section for positron annihilation as a function of energy was first deduced 
by DmAC (1930). An excellent presentation of the theory is given by HEITLER (1960). 
The most important annihilation mode of the free electron-positron system is the 
annihilation 

e + + e - ~ 7 + y .  (1) 

The frequency of this annihilation is 372 times greater than that of the free three- 
photon annihilation and we may neglect all but the two-photon mode in considering 
the 7-ray spectrum from free e + - e -  annihilation. (However, as we shall see later, 
the three-photon mode becomes important when we consider the effect of posi- 
tronium formation by positrons of energies less than 5 keV.) 

The differential cross-section for 7-ray production in the collision c.m.s, of a free 
two-photon annihilation may be written as 

O" 0 
do = ~ q5 (Z; 7) dz,  (2) 

27c/~c 

where c% = nr 2, ro = eZ/(Mc z) is the classical radius of the electron, 7 is tile Lorentz 
factor of the positron, /~=x/(1-1/72), the c.m.s. Lorentz factor and velocity are 
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given by 

X / 7 + 1  and f i~=X/ ;  - 1  
?c = 2 + 1' (3) 

Z is the cosine of the angle between the incoming positron and the outgoing 7-ray 
in the c .m,s . ,  and the angular distribution function, ~b (Z; 7) is defined as 

1 + f12 (2 - 2 2) 2//4 (1 - 2 2 )  2 

qS(Z; 7) = 1 - fl~Z 2 (1 - fi2Za)2 " (4) 

The energy of an annihilation 7-ray in the laboratory system is given by the Doppler 
relation as 

E? =- (Mc 2) 72(1 + fl~Z). (5) 

If we now define the dimensionless energy tl=Ey/(Mc2), we may use Equations 
(3) and (5) to determine the normalized distribution function uniquely relating Z to 
the laboratory Lorentz factor of the positron and the laboratory energy of the y-ray 
as follows : 

2 
f (Z; 7, r/) - ~5 [Z - Zo (r/, 7)], 

x / T -  1 
where 

(2q - 1) - ? 
Zo (. ,  7) - (6) 

x/72 - 1 

The production of 7-rays per second by a positron of energy ?Mc 2 is 

1 

2%nefic f 
QTOT (7) - -  272flc dzq 5 (Z; 7) 

- 1  

1 

2aoGC 
| dzqS(Z; 7), 

7 ,) 
- 1  

where ne is the number density of electrons in the medium. 
Therefore, the 7-ray source spectrum from the annihilation of cosmic-ray positrons 

with a density n(7) cm -3 7 -1 is given by 

Qo 1 

Q(r/) 4neaoC f d 7 n(7) f 7,/ 2i_ 1 r (z; 7) a [z - Zo (, ,  7 ) ]  (7) 
I - 1  

We now wish to integrate over the delta function in Equation (7). The result of 
this integration is to replace the last integral in Equation (7 )by  a function ,~(q, 7) 
such that 

45(rl, 7)= {~ [Zo (rl, 7), y] for ]Zo,~<ll } 
0 for (Zo[ > " (8) 
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We may,  therefore, replace the integral over dz by the algebraic function 
~b(Zo(t/, 7), 7) provided the limiting condit ion on Xo is t ransformed into a limiting 
condit ion on the integration over dy. The limiting conditions Xo = __ 1 correspond 
to the relations 

~+ = 72(1 _+ fl~). (9) 

I t  follows f rom Equat ion  (9) that  the product  

and the sum 

q + * / _  = 7 ~ ( 1  - fi2) = 7 2  - 
7 + 1  

, 

*/+ + q _  =272  = 7  + 1. 

Therefore,  ~/+ and q_ are the roots  of  the quadrat ic  equat ion 

2 _ 2v2  + v2 = 0, 

which can be solved for ?c in terms of  t/, yielding 

?/2 7 + 1  y 2 -  
2q - 1 2 ' 

o r  

(1o) 

(11) 

(12) 

(13) 

~7 2 + ( ~  - l )  2 
7 - , (14) 

2 t / -  1 

which is finite and positive for t />  �89 and has a min imum of  7 = 1 at t /=  I. 
Figure 1 shows the curve defined by Equat ion  (14) split into the branch defined 

by the physical extremes Z = +- 1. Also shown are the asymptotes  r/-- �89 and t /=  7 + �89 
the line defining Z = 0  and the shaded region corresponding to the physical values 
of  iX] ~< 1. I t  can be seen f rom Figure 1 that  the physical range of  7 defined by the 

Fig. 1. 
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The kinematic limits on the positron Lorentz factor involved in the determination of the 
laboratory energies of the annihilation 7-rays produced. 
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shaded region (IzI ~< l) is bounded on the bottom by the curve of Equation (14) and 
is unbounded on the top. 

Figure 1 indicates that no y-rays can be produced from the annihilation process 
having energies less than or equal to (Mc2)/2. This physical restriction may be seen 
more clearly as a direct consequence of Equation (9) by noting that 

where 
~_ 4 r /~  r/+, (15) 

1 - t i  c 1 1 
r / - - - g ~ ( 1 - t i C ) - l _ f i ~ - i  +#c  > i '  (16) 

so that r/_ may approach, but never reach �89 as 7c~ oo. On the other hand 

1 
2( 1 + / t i c ) -  1 - t i c  r/+ = 7c , (17) 

which increases without bound as 7c--+ oo. 
The general restriction on the range of r/ may be designated by the introduction 

of the Heaviside step function, H§ (r/o) which is defined by the relation 

{10 f~ r />r /~ } (18) 
H+ (r/o) = for r/ ~ r/o 

We may therefore rewrite Equation (7) in the form 
co 

Q(r/) = 4H+ ne-CroC d7 7 / ~ - r  - ('b 0/~ (r/' 7), 7), (19) 

~(~) 

where 

+ 07 - i) 
- 

211 - l 

From the general results which we have obtained, we may immediately arrive at 
formulas for asymptotic spectra which may be used as guides in examining the results 
of numerical calculations. These are obtained as follows: 

(a) For two-photon annihilations at rest, it follows from Equation (5) that the 
AGS is simply a line at energy q = 1 (0.51 MeV). This is, of course, a familiar and 
expected result. 

(b) The AGS from the two-photon annihilation of an ultrarelativistic positron 
may be obtained from a consideration of the angular distribution function, qS()~; 7), 
given by Equation (4). At ultrarelativistic energies, the angular distribution function 
peaks sharply at Z= -+ 1 so that the y-rays resulting from the annihilation lie close 
to the asymptotes of Figure 1, viz. r/=�89 and r /=7+k.  This result, as pointed out by 
Heitler (op. cit.), may be discussed physically as follows. In an ultrarelativistic annihi- 
lation, the resulting photons are emitted in a sharply backward and sharply forward 
direction in the collision c.m.s, respectively. In the laboratory system, the forward 
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photon carries off almost all the energy of the collision while the backward photon 
carries off an energy between about 0.25 and 0.5 MeV. Therefore, the AGS for t /> 1 
may be obtained by using the approximate production cross-section 

aA(r/;7) -~aa(y) a ( y / - 7 )  for ~ > 1 .  (20) 

The two-photon annihilation cross-section at ultrarelativistic energies has the 
asymptotic form 

O" o 
o A ( y ) ~ - - [ l n ( 2 y ) - l ] ,  y > l .  (21) 

Y 

Therefore, the ultrarelativistic asymptotic form of the AGS is given by the expression 

n (r/) [In (21/) - 1] 
Q (t/) -~ n~_ tr0c , (22) 

t/ 

as has been previously noted by GINZBURG and SYROVATSKU (1964b, c). These 
asymptotic formulas should be kept in mind when examining the numerical evalu- 
ations of the AGS obtained from the exact formula given by Equation (19). 

3. The Equilibrium Spectrum of Secondary Galactic Positrons from Pi-Meson Decay 

In order to calculate plausible annihilation-v-ray spectra from our own galaxy, 
it will be assumed that the only source of galactic cosmic-ray positrons above a few 
MeV energy is the result of primary cosmic rays colliding with atoms of interstellar 
hydrogen and helium gas in the galaxy. These high-energy collisions are known to 
produce positive pi-mesons which rapidly decay into positrons and neutrinos. Much 
accelerator data is available on the production of pi-mesons of interactions up to 
30 GeV/c and many cosmic-ray studies have been made of higher energy interactions. 
Various calculations have been made using this data to calculate positron source 
spectra in the galaxy (POLLACK and FAZIO, 1963; GINZBUR6 and SYROVATSKI, 1964b; 
HAYAKAWA et  al., 1964; JONES, 1963; RAMATY and LINGENFELTER, 1966a). In these 
calculations, it is usually assumed that the primary cosmic-ray spectrum is essentially 
the same as that observed at the earth. Ramaty and Lingenfelter have shown that in 
the energy range where most of the pions are produced (above 500 MeV), the primary 
galactic cosmic-ray spectrum observed at the earth is little affected by local conditions 
in the solar system and that local effects induce very little error in the positron flux 
calculation. We therefore take for our source spectrum of cosmic-ray positrons, 
the one derived by Ramaty and Lingenfelter. (This spectrum is shown in Fig- 
ure 2.) 

We further assume that these positrons have reached a quasi-equilibrium condition 
in the galaxy determined by leakage out of the halo, annihilation, and energy loss 
by ionization and coulomb interactions, bremsstrahlung, Compton collisions and 
synchrotron radiation. The equilibrium density spectrum, n(y), which will be used 
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in Equation (19), is then taken to be determined by the continuity equation* 

0 (7) 
07 In (7) r (7)] = q + (7) - -- (23) 

where q+ (7) is the positron source spectrum from pi-meson decay, r(7 ) is the total 
energy loss rate per unit time and % (7) is the effective positron survival time given by 

1 1 1 
rs (7) = ZA (7) + ~I ( 7 7 '  (24) 

with "~'A(7) and %(7) being the annihilation time and mean leakage time (or diffusion 

10 -3  
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The source spectrum of positrons produced from the decay of positive pi-mesons formed 
in cosmic-ray collisions (RAMATY and L1NGENFELTER, 1967). 

time) for positrons of energy 7Mc 2. These quantities are given by 

- x 7+3 ] 1 n~-~oC 7 - 1  7 2 + 4 7 + 1  l n ( y + x / 7 2  l) , ,~2~-- lJ  
rA (7) 7 7 2 -- 1 

and 

(25) 

%(7) 7T1 , TI = const, (26) 

* SI-IEN (1967) has suggested that the inclusion in the continuity equation of a term which takes 
account of intragalactic spatial diffusion, may affect the index of the spectrum above 10 GeV 
(7>  2 • 104). This term need not be considered here since 7 >  2 • 104 is well above the region of 
primary interest for consideration of the positron AGS and at lower energies the correction is 
negligible (see also, RAMATY and LINGENFELTER (1966b)). 
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where we have assumed a mean leakage time inversely proportional to velocity. 
Most of the interstellar gas in our galaxy is unionized with the exception of the 

so-called HII regions near the very hot O and B stars which are powerful sources of 
ionizing ultraviolet radiation. ALLEN (1963) gives the proportion of space near the 
galactic plane occupied by clouds of interstellar gas and dust as 7~o and that occupied 
by ionized clouds (HH regions) as 0.4~. We will therefore assume that the galactic 
gas is entirely neutral for the purposes of these calculations and take for the energy 
loss rate from ionization the expression 

8 7 
r l ( 7 ) =  G o n  e _ c - -  

3 x/72 - 1 
2 (27) 

x [22 + In {7(7 - 1) (y2 - 1)} - 1.695 ( ~ )  - 1--'3--91 ; 

see HEITLER (1960); MORRISON (1961). 
The energy loss rate from bremsstrahlung may be taken as 

rB (7) = 7.3 X 10- 56 ney, (28) 

based on radiation lengths for hydrogen and helium given by DOVZHENKO and 
P O M A N S K I I  (1964). 

The loss rate from synchrotron radiation and Compton collisions may be taken as 

rs+r = 1.3 x 10-9(H 2 q- 3 x 1 0 - 1 1 p 7 )  72 , (29) 

where H is given in gauss and the radiation density, p~, is given in ev/cm 3 (RAMATY 
and LINOENFELTER, 1966a). 

The total positron energy-loss rate is taken to be the sum of Equations (27)-(29) 
and is simply denoted by r(7). Equation (23) may then be solved to yield the equilibri- 
um positron density spectrum in the form 

oo 09 

1 f [ f I" (w~r~(w dw )1 (30) n(v)=i r (7) l  dzq+(z) exp - 
? 

(STECKER, 1967b). 
Equation (30) will be used to obtain numerical solutions for n(7), the positron 

equilibrium flux 
c . (7) , /7  2 - 

- ( 3 1 )  I+ (Y) 4re ? 

and the resulting AGS of 

G(n) 

d~ 
+FZo (., 7), 71 I 

1Er(7)r ] 

• fdzq'(z) exp I -  Ir(w)~s(w) ]" 
3' 7 

(32) 
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Fig. 3. 
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Fig. 4, The annihilation-y-ray flux spectra for the positron equilibrium fluxes given in Figure 3 
resulting from annihilations-in-flight of  positrons having energies greater than 5 keV. 
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In order  to utilize Equat ions  (30)-(32) to determine  the pos i t ron  equi l ibr ium flux 

and A G S  in the galaxy, we chose typical  average values for the quanti t ies  n~, H, p~ 

and TI for bo th  the galactic disc and the galactic halo. These values are given in 

Table  I. The  rad ia t ion  density, p~, includes the con t r ibu t ion  of  0.25 eV/cm ~ f rom 

the 2 . 7 K  universal  microwave field (STOKES e t  a l . ,  1967). 

Using the values given in Table  I for the galactic halo to numerical ly  integrate 

TABLE I 
Average astrophysical parameters for the galactic disk and halo 

ne(cm -~) H (pg) p~ (eV/cm ~) T1 (106 yrs.) Le~t (cm) 

Disk 0.5-1 6 0.45 2-4 3 • 10 ~2 
Halo 1-3 • 10 -'~ 3 0.65 100-300 5 • 10 ~2 

Equat ions  (30)-(32), typical  galactic spectra  are ob ta ined  for I+  (~) and Q(r/). The 

results are  given in Figures  3 and 4 for  various values o f  mean pa th  length X(g /cm 2) 

and  cor responding  T~.* The flux o f  annih i la t ion-v-radia t ion  observed at  the earth,  

IA(r/), is given by 
Left 

IA(r/) = ~ -  Q(r/),  (33) 

where Lea is the effective pa th  length for 7-ray product ion .  

F o r  teakage t imes less than  10 mil l ion years, the equi l ibr ium pos i t ron  flux has 

roughly  the same characteris t ics  of  the source spect rum of  Figure 2 and its magni tude  

is p ropor t iona l  to the leakage time. In the case of  longer  leakage t imes,  the pos i t rons  

are t r apped  in the galaxy for  a sufficient t ime for the energy loss processes, par t icu lar ly  

ioniza t ion  loss, to affect the spect rum by progressively flattening it below 30 MeV. 

Studies of  spal la t ing cosmic-ray nuclei yield a mean  pa th  length, X =  4 + 1 g/cm 2 for 

cosmic-ray  nuclei, cor responding  to a mean leakage t ime of  the order  of  100 mil l ion 

years. The curve in Figure  3 cor responding  to X =  5 g/cm 2 is in agreement  with the 

cosmic-ray  pos i t ron  measurements  of  HARTMAN (1967). I t  may  be noted tha t  measure-  

ments  o f  the galact ic  pos i t ron  flux be low 30 MeV would  yield a more  sensitive check 

on the galactic mean  leakage time. 

* The relation between mean path length, X, and mean leakage time, T1, is given by the equation 
X = p c T 1 ,  where p is the mean density of the gas in the medium (RAMATY and LINaENFSLT~R,1966a). 
Assuming the galactic medium is 90~ hydrogen and 10~ helium and with X in g/cm 2, nH in 
atoms/cm 3 and T~ in millions of years, this relation becomes X ~ - 5n~T1. Thus, for a halo model with 
X = 5  g/cm ~ and n~ = 10 -z cm z, T1 = 108 yr. whereas, for a disk model with X =  5 g/crn ~- and 
n~ ~ 2 cm -a, T1 = 106 yr. We chose here to discuss the background y-ray spectrum from a halo 
model of the gal.axy since it has been shown by RAMATY and LINGENFEI~TER (1966b) that such a 
model gives a positron equilibrium spectrum, even in the disk, which is almost identical with that 
obtained for a disk-plus-halo model. The inclusion of a spatial diffusion term of the form DQV2N 
in Equation (23) will have little effect for positrons with 7< 2 • 104 (see footnote to Equation (23)). 
It may also be noted that a recent study by Ar~AND et al. (1968) indicates that there is no large 
gradient of the cosmic-ray electron intensity between the disk and the halo for energies less than 
10 GeV. 
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Figure 4 shows the annihilation-y-ray spectra obtained using the positron equi- 
librium fluxes of Figure 3. The spectra shown are from annihilations-in-flight of 
positrons having energies greater than 5 keV. AGS from positrons annihilating with 
energies below 5 keV will be discussed later. It can be seen that the peaks of these 
spectra lie in the region �89 < 1. This effect is due to a pile-up of those y-rays from 
the annihilation of relativistic positrons which are emitted in the backward direction 
in the c.m.s. 

In Figure 8, this flux is Compared with y-ray spectra from neutral pi-meson 
production in galactic cosmic-ray collisions (ST~CKER, 1967) and with the positron's 
own bremsstrahlung spectrum (I~(E~) and IB(E~) respectively). It should be noted 
that these spectra are rigidly related since the ultimate source of I~(E~) is the same 
cosmic-ray collision process generatingthe positrons andlB(E~)iscompletelydetermined 
by I+ (y) and n~. The total galactic bremsstrahlung spectrum is of course determined 
by the sum of the cosmic-ray positron and electron fluxes in the galaxy and may 
be expected to be at least twice as large as the IB(t/) flux shown in Figure 8. We have 
also shown the expected bremsstrahlung y-ray flux from the observed cosmic-ray 
electron spectrum. 

Recent measorements have indicated that for r/~<2 the observed isotropic y-ray 
spectrum follows a power law of the form lobe(r/),,~ t/-2.3 (see review paper by GOULD, 
1967). An extrapolation of the observed isotropic spectrum is also plotted in 
Figure 8 along with the conjectured extrapolation of SHEN and BERKE'g (1968). 
Various authors have suggested that this flux may be due to Compton collisions 
between intergalactic positrons and electrons and the universal thermal microwave 
radiation (HoYLE, 1965; GOULD, 1965; FELTEN, 1965; FAZIO et al., 1966; FELTEN 
and MORRISON, 1966) or background from external galaxies (GOULD and BURBIDO~, 
1963; SILK, 1968). If this is indeed the case, it may place severe restrictions on obser- 
vations of the galactic AGS. 

4. The Annihilation-T-Ray Spectrum from Cosmic-Ray Positrons Annihilating near Rest 

We now come to the problem of determining the AGS from cosmic-ray positrons 
annihilating near rest. Because some aspects of this determination seem deceptively 
simple, there has been a tendency to oversimplify this problem in the literature. 
For this reason, I will first list various aspects of the problem essential to an accurate 
analysis before proceeding to treat them. 

(a) The most important source of the cosmic-ray positrons having energies 
greater than a few MeV is the source we have been considering, the decay of secondary 
charged pi-mesons. There are, however, sources of relatively low energy positrons 
(less than a few MeV) which, as we stzalI see, may have a greater probability of being 
trapped inside the galaxy until they annihilate near rest. These sources are the fl- 
emitters, which are produced predominantly by low energy cosmic-ray interactions 
involving carbon, nitrogen and oxygen. Therefore, any observable 0.5 MeV line radi- 
ation from the galaxy may be primarily due to these fl-emiters and an observation 
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of the intensity of the 0.5 MeV line could supply information on the intensity of 
low-energy cosmic radiation in the galaxy. 

(b) In considering annihilations near rest, one must consider the possibility of 
the intermediate formation of the bound electron-positron system, i.e., the posi- 
tronium atom. At low energies, the cross-section for positronium formation becomes 
much greater than the cross-section for free annihilation. 

(c) Once formed in interstellar space, a positronium atom will annihilate 75~ 
of the time into three photons. This situation contrasts sharply with the case of free 
annihilations where three-photon annihilations occur with a probability of less than 
�89 Therefore, the three-photon annihilation process, which produces a continuous 
spectrum from 0-0.5 MeV, must be considered along with the two-photon line 
annihilations. Their relative importance depends directly on the fraction of positrons 
which ultimately form positronium. 

5. The Number of Cosmic-Ray Positrons annihilating near Rest 

The positrons which annihilate near rest most likely come from two sources: 
(a) Positrons from the decay of secondary charged pi-mesons which were created at 

low enough energies to be trapped for a sufficiently long time in the galaxy to lose essen- 
tially all their energy before either annihilating in flight or escaping from the galaxy. 

(b) Positrons from the decay of fl-emitting nuclei formed in collisions of low- 
energy cosmic rays involving nuclei of carbon, nitrogen and oxygen. 

The fraction of the original positron flux from the decay of secondary pi-mesons 
which annihilate near rest, f+ ,  is given by 

f +  ~ 1 
1 

oo 

f dzq + (z) 
1 

(34) 

This fraction was calculated numerically using Equations (24)-(29) and is given in 
Table II and Figure 5 for various possible mean leakage times, T~. Table IV gives 
the corresponding values of Qrest,  ~, the total number of positrons from pi-meson decay 
per cm 3 per second annihilating below 5 keV for the halo model of Table I(Qr~st,~ 
being defined by the numerator of Equation (34) and the resulting y-ray fluxes). 

In the case of an infinite leakage time (all positrons being trapped and annihilating 
in the galaxy) we find that 80~o of the positrons produced annihilate near rest, a 
figure which is in perfect agreement with that given by HEITLER (1960) as an asymp- 
totic value for the annihilation of ultrarelativistic positrons when the dominant 
energy loss comes from ionization. However, for the leakage time usually considered 
as plausible for the galactic halo, 108 years (corresponding to X~-5 gm/cm2), only 
t - 2 ~  of these positrons annihilate near rest. 
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TABLE II 

Fraction of positrons from n+-decay which survive to 
annihilate near rest (7"+ ~< 5 keV) 

T1 (106 yrs.) f+ (~) 

oo 80 
600 20 
300 9.3 
100 1.6 
60 0.61 
30 0.14 
10 0.022 
6 0.0065 
3 0.0025 
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Fig. 5. The fraction of pi-meson produced positrons which annihilate at 
energies less than 5 keV as a function of mean leakage time. 

We next consider the positrons produced in the decay offi-emitting nuclei produced 
in low-energy cosmic-ray collisions. The important reactions to be considered are 
listed in Table I l I  (AUDOUZE et  al., 1967). Whereas the majority of  pi-mesons are 
produced by cosmic rays having energies over 500 MeV, fl-emitting nuclei can be 
produced by cosmic rays with energies down to below 20 MeV. The positrons pro- 
duced have energies less than 5 MeV with the singular exception of those produced 
from the decay of N 12. Using the cross-section data given in Table III ,  and the quiet- 
sun observations of  the cosmic-ray spectrum from 20-1000 MeV/nucleon (COMSTOCK 
et  al., 1966), we obtain the value for the fluxes given in Table IV. This value probably 
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TABLE II I  

Principal reactions leading to production of/?-emitting nuclei. (See AUDOUZE et al. (1967).) 

Reaction a (mb) Decay Half-life Positron energy (MeV) 

C12(p, 3p2n) B 8 ? BS(/~ +) Be 8 0.78 sec 1.4 

ClZ(p, p2n) C 1~ ~ 3 
N14(p, 2p3n) C 1~ ? Cl~ +) B I~ 19 sec 1.9 
OI6(p, 3p,4n) C 1~ < 10 

C12(p, pn) C 11 ~ 70 

N14(p, 2p2n) C 11 ~ 30 Cll(,B +) B a~ 20.5 rain 0.97 
Ol~(p, 3p3n) C 11 ~ 10 

C12 (p, n) N 12 ? 
Nla(p,  p2n) N 12 ? N12(fl +) C 12 0.011 sec 16.4 
Old(p, 2p3n) N 12 ? 

N14(p, pn) N 13 ~ 15 

N13(fl +) C 13 10.0 rain 1.19 
O16(p, 2p2n) N 13 ~ 10 

N14(p, n) O 14 ~ 50 a 

O14(fl +) N TM 71 sec 1.18, 4.14 
O16(p, p2n) O 14 < 10 

Oi~(p, pn) O 15 ~ 50 OZS(j~ +) N 1~ 2.06 min 1.74 

? - Unknown and not  included in estimate of positron production. 
This cross-section has a value of about  100 mb at energies below 12 MeV but is negligible above 

150 MeV. 

TABLE IV 

Positron annihilation rate and ?,-ray flux f rom positrons annihilating near rest* 

Source QT, ,est Flux* (2y-line) Flux * (3y-continuum) 
(cm-a sec-1) (cm-2 sec-1 sr-1) (cm-2 sec-1 sr-a) 

n+: T1 (106 yrs.) 
oo 1 . 4 •  .27 2 •  .5 1 •  .4 

600 3.5 • 10 -~s 5 • 10 .6 2.5 • 10 -5 
300 1.6 • 10 -26 2.5 • 10 .6 1 • 10 .5 
100 3 X 10 -20 5 X 10 -7 2 X 10 .6 
60 1 • 10 - ~  1.5 • 10 .7 7 x 10 .7 
30 2 . 5 •  .30 4 •  s 2 x l 0  -7 
I0 3.8 • 10 -61 6 • 10 .9 2.5 x 10 -6 
6 1.1 • 10 -61 1.5 • 10 o 7.5 • 10 .9 
3 4 . 4 •  -au 7 •  -~~ 3 •  .9 

p -C ,N ,O  2.5 x 10 -26 4 • 10 6 1.6 • 10 -z 

* Assuming <nLer~ > ~ 3 • 1021 Cln -2. 
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represents a lower limit to the true astrophysical value since over 95 % of these/C-ray 

positrons will remain trapped in the galaxy and annihilate near rest.* For mean 
leakage times less than about 400 million years most of  the positrons annihilating 

near rest come from the fl-emitting unstable nuclei produced in cosmic-ray p-C, N, O 

interactions. 

6. Galactic Positroninm Formation 

The cross-section for positronium formation by fast positrons in atomic hydrogen 
has been calculated by CHESHIRE (1964) and will be used as an approximation for 
the imerstellar medium. The ratio of  positronium formation to free annihilation is 

only significant at non-relativistic energies and may be approximated by 

OA (7) =- s (7) = 

0 

10 -6 (7 - -  1) -3 

10-2 (7 - 1 )  - 2  

6.4 x 1011(7 - 1) 

0 

for (7 - 1) > 10 -2 

10 -4 < ( 7 -  1) < 10 -~ 

2.5 x 10 -5 < (7 - 1) < 10-* 

10-5 < (7 - 1) < 2.5 x 10 -5 

(7 - 1) < 10 -5 

(35) 

At energies of the order of the hydrogen binding energy, the probability for 
positronium formation in the ground state has been estimated to be between 0.25 
and 0.50 and the probability for positronium formation in excited states is small 

(DEUTSCH, 1953). 
Equation (35) was used to determine the amount  of positronium being formed 

by positrons combining with electrons as a function of energy. The result of this 
calculation is shown in Figure 6. This figure shows the percentage of positrons which, 
after having survived to reach a 10 keV kinetic energy, survive to reach lower energies. 

The dashed line indicates the survival fraction for flee annihilation only; the solid 
line indicates the survival fraction when positronium formation is taken into account. 
Figure 6 shows that almost all of the positrons annihilating near rest do so through 

intermediate positronium formation with an average energy of about 35 eV. 

7. 7-Ray Spectra from Two- and Three-Photon Annihilations at Rest 

The cross-section for free annihilation into ~ photons, i.e., for the process 

e + + e -  ___, ~'y, 
is of  the order 

~(~-2) 
O-A, ~7 O'A, 2 ~ ,  

(36) 

(37) 

* The range of a 1.5 MeV positron is about 3 g/cm ~ (BERGER and SELTZER, 1964) so that almost all 
of the positrons formed will annihilate near rest. Therefore, for a simple halo model, the equilibrium 
AGS is directly proportional to the positron production rate along the line of sight (cf. Equation 33). 
It should be noted that the quiet-sun observations represent a modulated cosmic-ray spectrum and 
that the true galactic cosmic-ray spectrum (and therefore AGS line flux) could be much greater. 
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where 
e 2 1 * 

= - -  -~ - -  ( 3 8 )  
hc 137 

Since we have seen that  the pos i t ron ium fo rmat ion  process should  also be consi- 

dered,  we must  also consider  react ions o f  the type 

e + + e -  ~ / 7  , (39) 
L_, C7 

Z 

(D 

L.~ 

cO 

100% 

10% 

/ 

1% 

I 

101 10 2 

ENERGY (eV) 

I 

10 3 10 4 

Fig. 6. The percentage of positrons which, after having survived to reach an energy of 10 keV, 
survive to reach lower energies. The dashed line indicates the survival fraction found by taking 
into account free annihilation only; the solid line indicates the survival fraction when positronium 

formation is also taken into account. 

where the capi ta l  pi symbol  will s tand for pos i t ronium.  Here  again,  we can neglect  

processes involving ( > 3. 

The pos i t ron ium annihi la t ions ,  unl ike the free annihi la t ions,  obey selection rules 

since pos i t ron ium is in an  eigenstate o f  charge conjugat ion  C, and  C is conserved in 

e lec t romagnet ic  interactions.  

I f  ( pho tons  are p roduced  in the final state, then 

C = ( -  1) ~. (40) 

I t  can be shown tha t  under  part icle  exchange, pos i t ron ium obeys a k ind  of  gener- 

alized Pauli  pr inciple and changes sign. The exchange of  part icles involves the 

* Positrons may annihilate with bound electrons producing a single photon, with momentum being 
conserved by the binding nucleus. However, the cross-section for this process is always less than 
nro2Z~/(137) 4, where the atomic number Z is almost always 1 or 2 under astrophysical conditions. 
Therefore, the single-photon annihilation can be beglected in the following discussion (HEITLER, 1960). 



EQUILIBRIUM SPECTRA OF SECONDARY COSMIC-RAY POSITRONS IN THE GALAXY 595 

exchange of  the product of the space, spin, and charge-conjugation parts of the wave 

function. Therefore, 
( -  1 )*( -  1) s+l C = -  1, (41) 

where l is the orbital angular-momentum quantum number and S is the spin quantum 
number. By combining Equations (40) and (41), we obtain the selection rule 

1 + S = ~. (42) 

We may therefore specify the processes given by Equation (39) as 

e + + e -  -+ H ( 1 S o ) ,  (43) 
I__+ 2~ 

and 
e + + e -  ~ I I ( 3 S 1 ) .  (44) 

I_+ 32 

Processes involving l r  can be neglected (DEUTSCH, 1953). 
The lifetime for positronium annihilation into 2 y-rays is given by 

ZlSo.+2~ = 1.25 x 10 -1~ n 3 sec, 

where n is the principal quantum number of the positronium state. 
The lifetime for positronium annihilation into 3 y-rays is given by 

*~s,-~3~ = 1.4 x 10 - 7  rt 3 s e c .  (45)  

(ORE and POWELL, 1949). 
The lifetimes for both the two- and three-photon annihilations of positronium 

are therefore so short that for considerations of galactic 7-ray production, we may 
consider the annihilation to take place effectively at the time that positronium is 
formed. Since the probability for positronium formation in the triplet state is 3 times 
the probability for positronium formation in the singlet state, it follows from Equa- 
tions (43) and (44) that �88 of the positronium formed in the galaxy annihilates into 
3 photons. 

The energy spectrum of the two-photon annihilation in the center-of-momentum 
system (c.m.s.) of the electron-positron pair is single line at E~,-~0.51 MeV (r/= 1), 
as can easily be seen from considerations of conservation of energy and momentum. 
The natural width of this line due to the uncertainty principle is small, being on the 
order of 

h 
A E  = -- 5.3 x 10 -12 MeV. (46) 

"C 

Dominant broadening can be expected to be due to the Doppler effect, and is 
of the order 

A E / E  = A E / M c  2 = f t .  (47) 

The effect of astrophysical conditions on the broadening of the 0.51-MeV line 
from two-photon annihilation can be determined as follows: 
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In free e §  e-  annihilations, we may consider a gas or plasma at temperature T. 
Then the distribution of the component of particle velocity along the line of  sight of 
the observed y-ray is of the form 

f (fill) drill = (b/r@/z e-b#ll= dflll, (48) 
where 

b = McZ/2kT.  (49) 

It then follows from Equations (47) and (48) that the spectral-line shape has the 
Gaussian form 

f (r/) dr/ = \ / !  e-bt('-l)/'n~ d~ 1 . (50) 

Equation (50) has the same form as Equation (58), since the number of collisions 
involving velocity v is proportional to av ~_ o-0c independent of v. 

The order of magnitude of the broadening is of the order of 

Ar/= (AE~/M) ~- b -t/2 ~_ 1.8 x 10 .5 T l/z, (51) 

so that for T=  100K, AE~-10 -1 keV. However, we have shown in the last section 
that most of  the annihilations near rest occur following the formation of positronium 
by positrons having an average energy of about 35 eV. It therefore follows from 
the results of the previous section and Equation (47) that 75 % of the resultant annihi- 
lations occur via the three-photon channel and 25 % produce a two-photon line with 
a Doppler width of about 5 keV. 

The energy spectrum from the three-photon annihilation is continuous, as allowed 
by conservation of momentum. It has been calculated by ORE and POWELL (1949) to 
be of  the form 

- 2 - t /  2(1-r/)ln 1 2 ]-r/ (l__-_ r/) 2(1 r/)gln(1 - r / )  + + - -  (1 - r/) . (52) 
F (r/) = =a -- 9 k(2 - t/) z (2 - r/)3 r/ ,7 z 

The function F(r/) is shown in Figure 7; F(r/) is normalized so that 

1 

f F (r/) d r /=  1. (53) 

0 

The average background y-ray spectra from two- and three-photon annihilations 
near rest are shown in Figure 8 for X = 5 g / c m  3 and nLef f=3x  1021cm -2, along 
with the spectra discussed previously. 

8. Discussion 

Non-directional observations of the cosmic X-ray spectrum by METZGER et al. 
(1964), have indicated a continuum spectrum well above the theoretical predictions 
calculated here for both the continuum and line spectra from the galactic halo. 
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T h e  theoret ical  analys i s  presented  here w o u l d  indicate  that it w o u l d  b e  m o r e  prof i table  

to concentrate  on  the poss ib le  detect ion  o f  the 0.51 M e V  l ine spec trum in the  d irect ion  

o f  the  galact ic  disk.  The  results o f  Metzger  et al. ind icate  that the b a c k g r o u n d  cont i -  

n u u m  X-rays  h a v e  a f lux o f  a b o u t  6 x  10 . 5  c m  -2  sec -1  sr -1  k e V  -1  at 0.51 M e V .  

[ 

0 0.1 0.2 0.3 0.4 0.5 0.6 0,7 0.8 0.9 1.0 
~7 

Energy spectrum of y-rays resulting from the three-photon annihilation of an electron and 
a positron (from ORE and POWELL (1949)). 
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Fig. 8. Background y-ray spectra from various astrophysical processes (see discussion in text). 
Subscripts A, B, and ~ indicate annihilation, bremsstrahlung and neutral-pion decay y-ray spectra 
respectively. Intensities are for an average value over the galactic halo of <nL~,~)= 3 • 1021 cm -2 
and a mean positron travel path of 5 g/cm 2. The line spectrum at 5.1 • 10 .4 GeV is due to two-photon 
annihilations at rest; the continuous spectrum below 5.1 • 10 -4 GeV is due to three-photon positro- 
nium annihilations at rest, The continuous spectrum starting at 2.5 • 10 .4 GeV is due to the free 

two-photon annihilations of cosmic-ray positrons having energies greater than 5 keV. 
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Thus, an instrument with a resolution of 5 keV (the predicted width of the 0.51-MeV 
line) would be able to measure a line imposed on that continuum with a flux of about 
3 x 10 .4  cm -2 sec -1 sr -1. Such an intensity is at least an order of magnitude higher 

than the highest fluxes predicted in Table IV for the halo, but may not be unreasonable 
for the disk. The AGS from r/+ positrons in the disk is proportional to (nLeff) under 
the assumption that these positrons fill the halo and the disk with an equal intensity. 
From Table I we would therefore expect a disk flux one or two orders of magnitude 
above the halo flux. When we consider the positrons arising from C, N, O-B-decay 
chances for observing the AGS-line may be even more favorable. Since most of 
these positrons annihilate at rest after traversing 3 g/cm 3 (see footnote on p. 593), it is 

possible that they may be trapped in the disk. In this case, the line flux in any direction 
would be simply proportional to the positron production rate along the line-of-sight. 
The result would be a disk intensity at least two orders of magnitude above the 
value given in Table IV, i.e., 4 x 10 .4  cm -2 sec -1 sr -1, which is a large enough value 

to be detectable. Taking into account the possibility that the true galactic CNO 
cosmic-ray spectrum may be significantly higher between 20 and 1000 MeV/nucleon, 
the AGS line spectrum in the disk may be possibly above 10 .3 cm -2 sec -~ sr -~. 
(Metzger et al. give an upper limit of about 10 .3 cm -2 sec -1 sr -1 for the 0.51-MeV 

line. However, this is an average over the celestial sphere since their detector had no 
directionality.) It  may therefore be concluded that annihilation-7-rays from the 
galactic halo may remain forever masked by a metagalactic continuum. However, 
an 0.51-MeV line from the disk may well be detectable. It is most reasonable to 
assume that this line is formed predominantly by the annihilation of positrons arising 
from cosmic-ray C, N, O-B-decay. Under this assumption, the intensity of  this line 
becomes a sensitive measure of the galactic cosmic-ray flux below 1000 MeV/nucleon. 
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