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A numerical study of the shape stability
of sawn timber subjected to moisture variation

Part 1: Theory

S. Ormarsson, 0. Dahlblom, H. Petersson

Abstract A three-dimensional theory for the numerical simulation of
deformations and stresses in wood during moisture variation is described. The
constitutive model employed, assumes the total strain rate to be the sum of the
elastic strain rate, the moisture-induced strain rate and the mechano-sorption
strain rate. Wood is assumed to be an orthotropic material with large differences
between the longitudinal, radial and tangential directions in the properties found.
The influence of the growth rings, the spiral grain and the conical shape of the log
on the orthotropic directions in the wood is taken account of in the model. A
finite element formulation is used to describe the deformation process and the
stress development during drying.

Introduction

In timber exposed to moisture variations, deformations as cup, twist, crook and
bow (see Fig. 1), is a serious problem since it can make the wood products
unsuitable for construction purposes cf. (Johansson et al. 1994 and Perstorper
et al. 1995). To improve the shape stability of such products, it is important to
clarify how the properties of the material, its internal structure and environmental
conditions affect the deformation process. However, the complex behaviour of
wood makes computer simulation necessary. Theoretical simulation of the de-
formation process requires a proper constitutive model. It is important that such
a model take account both of the direction dependence of the material and of the
behaviour of wood being strongly influenced by variations in moisture content.
The internal structure of wood allows it to be defined locally as being an or-
thotropic material. In the description that follows, an orthotropic coordinate
system will be used as a local coordinate system. The coordinate system is de-
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Fig. 2. Global and local coordinate system

noted by the letters 1, r and t, which designate the longitudinal, radial and tan-
gential directions in the wood material, see Fig. 2. Variables with a bar relate to
this local coordinate system, while variables without a bar relate to a global
coordinate system X, y, z.

Modelling of strain
The total strain rate € is assumed to be the sum of the elastic strain rate &, the
moisture strain rate g, and the mechano-sorptive strain rate gy, i.e.

€= & + &y + Eyo (1)
This means that neither creep nor the influence of cracking is considered.

Elastic strain
Elastic strain is related to stress by Hooke’s law

g = Co (2)

where C is the compliance matrix and g and ¢ denote elastic strain and stress,
respectively. The elastic strain rate & is obtained by differentiation of Eq. (2):



g = C5 + Co (3)

where a dot denotes the derivative with respect to time. The vectors €., 6 and the
matrix C are as follows:

_ T
fe = [Sl € & Vir Yt Vrt] (4)
& = [61 O¢ Oy Tr Tt Trt| - (5)
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Eor =0 00
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The parameters Ej, E,, E; are the moduli of elasticity in the orthotropic directions
and Gy, Gy, Gy are the shear moduli in the respective orthotropic planes. The
parameters Vi, Vi, Vit, Vi, Vit and vy are Poisson’s ratios. Since the compliance
matrlx Cis assumed to be symmetric, the Poisson’s ratios are related as follows:
Vil = lvlra Vi = }Tlvlt and Vir = g Vrt-

The moduli E;, E,, E and Gy, Gy, Gu depend on moisture content and
temperature, see e.g. (Dinwoodie 1981). If the moisture content is higher than the
fibre saturation point wg, variation in moisture content is assumed to have no
influence on the moduli. In the present study the elastic and shear moduli are
assumed to be given by

= Eip(1 + Epp(To — T)) + Epw(ws — wa)
Er = Ero(1 4+ E;r(To — T)) + Epe(wr — wy)
Eto( + Eer(To — T)) + Epw(wr — Wa)
Glr = Giro(1 + Gr1(To — T)) + Grrw(wr — W,)
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G = GltO(l + GltT(TO - T)) + Gltw(wf - Wa) (11
G = Grto(l + GrtT(TO - T)) + Grtw(wf - Wa) (12
where

W, =W if w<w (13)
W, = Wr if w>ws (14)

The parameters Ey, Ey, Ew, Guo, Guge and Gy are the basic values of the moduli
at temperature T = Ty = 20 °C and with the moisture content w being equal to or
higher than the fibre saturation point wy. The quantities Ey,, Ery, B, Girw, Gitw,
Grow, Bir, Err, Eer, Gier, Gir and Gy are material parameters describing the
influence of moisture content and temperature. In wood, the moisture content w
is defined as
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Wiy
w -y (15)
where wy, is the weight of the water in a wood sample and wy is the oven-dry
weight of the same sample.

The fibre saturation point wy is defined as the amount of water required for
saturation of the cell wall, without the presence of any free water in the cell lumen.
This point is dependent on temperature T, see e.g. (Bodig and Jayne 1982), and is
assumed here to be

Wf = Wf()(]. + WfT(T() - T)) (16)

where wy, is the basic fibre saturation point at temperature T = T,. The param-
eter wyr describes the influence of temperature on the fibre saturation point.

Moisture-induced strain

Changes in moisture content are accompanied by considerable shrinkage or
swelling of the material, see e.g. (Kollmann and C6té 1968). The moisture-induced
strain rate is assumed to depend solely upon the rate of change in moisture
content. It is defined as

y = AW, (17)

where W, denotes the rate of change in moisture content below the fibre satu-
ration point. The matrix « is defined as

o =[og o 000]" (18)

The parameters oy, o, and o, are material coefficients of moisture-induced strain
in the three orthotropic directions. Although that the shrinkage parameters may
be dependent on temperature and on moisture content, this is not taken into
account here due to the lack of experimental data.

Mechano-sorptive strain

If a wood specimen under load is allowed to dry, it exhibits greater deformation
than the sum of the deformation of a loaded specimen under constant humidity
condition and the deformation of a non-loaded drying specimen. This phenom-
enon, termed the mechano-sorptive effect, can be expressed, see (Ranta-Maunus
1990, Santaoja et al. 1991 and Thelandersson and Morén 1990), as follows:

Ewo = MG|W,| (19)

In Eq. (19), |Ww,| denotes the absolute value of the rate of change in moisture
content below the fibre saturation point. The matrix & is the stress matrix and m
the mechano-sorption property matrix, the latter defined as

m —uym, —pgme 0 0 0
— MMy me MmO 0 0
= | THeMp o My my 0 0 0 20
m=14 0 0 my 0 0 (20)
0 0 0 0 my O
0 0 0 0 0 mg]




where my, m,, m;, my, my and m,, are mechano-sorption coefficients for the
orthotropic directions and for the orthotropic planes. The coefficients L, py,
Wy, Ky, My and p, describe the coupling of the mechano-sorptive strain between
the different directions. The mechano-sorption matrix is assumed to be sym-
metric, resulting in the relations g = 2y, Ry = Ty and py = Ty Ac-
cording to (Carlsson and Thunell 1975 and Castera 1989), mechano-sorption is
dependent on temperature. The parameters my, m,, my, my, my and my are thus
assumed, very simply, to be

my = my(1 + myp(To — T))
m; = mye(l + myr(To — T))
my = my(1 + mer(Ty — T))
my = myo(1 + myr(To — T))
my = mye (1 + myer(To ~ T))
my = Myo(1 + myper(To — T))
The parameters myg, My, My, Mpo, Mikp and myy are the material parameters at

temperature T = Ty = 20 °C. The coefficients myr, my, myr, myr, myer and myr
describe the influence of temperature.

Global material formulation
The total strain rate in Eq. (1) is expressed in terms of a local coordinate system.
According to Eq. (3), the stress rate in the local system can be expressed as

& = D(s. — Co) (27)

where the matrix D is the inverse of the local compliance matrix C shown in Eq.
(6). Substitution of Eq. (1) into Eq. (27) yields

¢ = Dt — & (28)

where @ is a so-called pseudo-stress vector describing the effect of moisture
change. The vector is given by

&0 = D(&w + Sow + C0) (29)
Substitution of Egs. (17) and (19) into Eq. (29) yvields
&y = D(aw, + malw,| + Co) (30)

The relation (28) above refers to the local coordinate system (1, r, t). This has to
be transformed to the global coordinate system (x, y, z) see Fig. 2, if account is to
be taken of variation in the orthotropic directions due to annual rings, spiral
grain and conicity. This transformation is performed in three steps.

The first step is to establish the relation between the global directions and a
system of coordinates having its origin at the surface of a circular cylinder and its
central axis along the pith. In this system, the axis 1, is parallel to the pith, ro is
perpendicular to the surface of the cylinder and t, is tangential to the surface of
the cylinder. Fig. 3 indicates the vectors used in the formulation that follows.
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Fig. 3. Geometry of the vectors used in calculating the direction cosines between the global
and the local coordinate-axes

The material point P has the coordinates (px, py, p;), the points B and C on
the pith being assumed to have the coordinates (b, by, b;) and (cx, ¢y, ¢,),
respectively. On the basis of these assumptions, the relation between the axes 1y,
ry and t and the global axes i, j and k can be determined. The vector P from the
origin to the material point P, the vector B from the origin to point B and the
vector C from the origin to point C are defined as

P = pyi + pyj + p.k (31)
B = byi + byj + b,k (32)
C=ci+cgj+ck (33)

The vector N from point B to point P and the vector S in the pith direction, from
the base to the top of the tree, are defined by

N=P-B (34)
§$=C—-B (35)
The unit vector q in the pith direction is given by

_S
I8

The vector Q is a projection of the vector N on the pith direction, i.e.
Q=(N-q)q (37)

The vector R perpendicular to both the pith and the surface of the cylinder is
given by



R=N-Q (38)

The unit vectors ly, 1o, and ty can then be calculated as

ly=gq (39)
R

Iy = “El (40)

tg =1y x 1 (41)

These directions coincide with the orthotropic directions in the wood, provided
no conical effect or spiral grain is present at the material point studied. The nine
direction cosines defining the relation between the local and global coordinate
systems can be written in matrix form as

Iy i
=All]j (42)
o | =49 | )
to k
where
X X X
a%g a§0 a§70 10x Tox tOx
Ao=|a a, ay| = |ly roy toy (43)
af a; ar lo, T, tos

where log, Tox, tox etc. are the vector components of the respective unit vectors Iy,
Iy and to.

The second step in the transformation is to take account of the effect of the
conical angle ¢, see Fig. 4. The coordinate rotation due to the conical angle is
shown in Fig. 4. The conical angle ¢ is the angle in the lprp-plane between the unit
vector ly and its projection I. on the cone, see Fig. 4. The new unit vectors L, r,
and t., shown in Fig. 4, given by

1. lo
r.| =A' |1 (44)
t. ty

Fig. 4. The transformation due to the conical
angle
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where the orthogonal transformation matrix A, is

ap a2 ap cos(¢) —sin(¢) 0
Ac=|a’ af ay| = |sin(¢) cos(¢) O (45)
al ag ay 0 o 1

The third step in the coordinate transformation is to take account of the spiral
grain angle 0. This is performed in the same way as for the conical angle. The
spiral grain angle is defined as the angle in the I .t.-plane between the unit vector
1. and the fibre direction 1, see Fig 5. The orthotropic unit vectors present fol-
lowing this transformation, denoted as 1, r and t, are given by

1 L.
r| = A;r rc (46)
t te

where the orthogonal transformation matrix A; is

ar ak ay cos(B) 0 sin(0)
A, = af“ ale aF | = 0 1 0 (47)
af  a af —sin(0) 0 cos(0)

This allows the relation between the local and the global coordinate systems to be
expressed as

1 i
r| =A"|j (48)
t k
where
afl a; af ‘
A= |a] a af | =AlAA (49)
af al af

Fig. 5. The transformation due to the spiral grain
angle




in which a8 denotes the direction cosines between the local and the global
directions, respectively, see Fig. 2. This, in turn, allows the material relation in the
global coordinate system to be expressed as

6 = D& — 6, (50)

where

6 = G'6p (52)
€ =Gé (53)
D = G'DG (54)

where a bar over the letter denotes the local coordinate system and G is a
transformation matrix given by

[ afa¥ alal  ala a‘al ajaf alal
a*a* ala] a%a’ a¥al a’al aja’
G- a¥a¥ alal a%a’ a¥al ajay ala’ (55)
2afa¥ 2alal 222’ afal +aja’ afa’+afa’ aa’+alal
2a%af 2alal 2a%a} afal +aja’ a’al +afal ala’ + a’a)
| 2a%a’ 2alal 2a%a’ afal +ala’ a%af +afa’ ala’+a’al |

The matrix G includes the direction cosines given in Eq. (49).

Finite element formulation
A finite element formulation for simulating deformations and stresses in wood
during moisture variation is given by

Ka =P + P, (56)

where a is the rate of nodal displacement and the other matrices are given by

K= / B'DB dV (57)
\'

P= /NTtdS+/NdeV (58)
S A%

Py = / BT6,dV (59)
\%

where K is the stiffness matrix, the vector P represents the load due to the
boundary force vector t and the body force vector f and the vector Py includes the
pseudo-load due to change in moisture content. The matrices N and B express the
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shape functions and the strain shape functions, respectively, for the type of ele-
ment employed. Since Eq. (56) is nonlinear, the global displacement vector a must
be determined using a numerical time-stepping procedure. A number of different
numerical procedures are available to use, see e.g. (Zienkiewicz and Taylor 1991).
Numerical results obtained using the formulation described in the present paper
are dealt with in (Ormarsson et. al 1998a, 1998b).

Conclusions

A three-dimensional theory for the numerical simulation of deformations in wood
during moisture variations is described here. A finite element formulation is used
to describe the deformation process and stress development. Wood is assumed to
be a strongly orthotropic material. The total strain rate is assumed to be the sum
of the elastic strain rate, the moisture-induced strain rate and the mechano-sorp-
tion strain rate. The material properties are assumed to be influenced by moisture
content and by temperature. The model takes account of the influence which the
growth rings, the spiral grain and the conical shape of the log have on the
orthotropic directions in the wood.
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