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Abstract. The dynamic range of single photon counting measurements in quasi elastic light
scattering is restricted by detector and counter dead time effects. While distortions of single
interval statistics have been treated at great length, only lowest order corrections or very
special cases of dead time effects on temporal correlation functions were computed in the
past.

Dead times result in a direct distortion of correlograms on time scales comparable to the
dead time. This effect exists even at low count-rates. It is independent of the count rate for
paralyzable systems. Nonparalyzable systems show a count rate dependence with
increasing correlation times at high count rates.

Furthermore, counting saturation produces additional distortions extending to all lag
times. These distortions are computed for the rather general case of I'-distributed intensities
with arbitrary shape of the photon correlation function. Such signals are commontly found
in multiparticle homodyne experiments with a finite size detector, i.e. arbitrary value of the
intercept or contrast of the correlogram. Exact results are provided for the paralyzable
system including the effect of fluctuating dead times. The latter case is then used to compute

a useful approximation for nonparalyzable systems as well.

PACS: 07.65.Eh, §2.80.Di, 85.10.Pe

Introduction

The great success of single photon counting techniques
in modern light scattering may largely be attributed to
two facts: First, single photon counting offers high
sensitivity with almost ideal, quantum limited noise
performance. Second, the digital character of a se-
quence of count pulses is well suited for digital
processing, free of drifts and distortion problems. For
these reasons, photon correlation [1-3] has become
the standard technique for spectral analysis of quasi
elastic light scattering data and found many appli-
cations in physics, chemistry and biology — the most
prominent one being submicron particle sizing and the
measurement of diffusion constants.

However, compared to analog semiconductor de-
tectors, photomultipliers and amplifier/discriminator
systems used for single photon counting are restricted
to a rather limited dynamic range only. Dark count
rates, €.g. due to thermal electrons and nuclear decay

events [4] set a lower limit of some 10 Hz, which may
be somewhat reduced by cooling of the detector tube.
The upper limit is set by detector or processor dead
times, typically between 10 and 100 ns. The easy way to
avoid appreciable dead time distortions is to keep
mean count rates below say 1% of the maximum peak
count rates, and indeed many experimenters common-
ly restrict light intensities to avoid count rates exceed-
ing 100kHz. The price they pay is reduced statistical
accuracy or prolonged measurement times.
Although there exists an extensive amount of
literature about distortions of single interval counting
distributions [ 5-18], only a few results are available for
dead time effects on temporal correlation functions
[19, 20]. It is the purpose of this paper to provide more
detailed knowledge of correlation distortions for
Gaussian, i.e. multi-particle, scattering signals with
arbitrary temporal correlation including the impor-
tant effect of fintie detector size. This type of signal is
typically found in homodyne or self-beat experiments
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[3, 17], the most common optical setup for dynamic
light scattering.

A summary of fundamental properties (Sect. 1) will
be followed by an exact calculation for paralyzable
detector systems (Sect. 2) and an approximation for
nonparalyzable systems (Sect. 3).

1. Notation and Fundamental Properties

Most work on dead time distortion in photon statistics
refers to the pioneering work of DeLotto et al. [5], who
considered counting distributions for counters which
are unblocked or blocked by an event just at the
beginning of the sampling interval of length r. Both
cases are not typical for photon correlation. Modern
real-time correlators use sophisticated derandomizers
to achieve continuous counting with perfectly adjacent
sampling intervals (width f). Their single interval
counting statistics are characterized by the so called
equilibrium distributions, where nothing is known
about the initial state of the counter. Hence we will use
equilibrium distributions throughout this paper.

The dead-time characteristics of counting systems
depend on the fact whether events falling into a “dead”
period extend this period (“paralyzable counter”) or
are completely ignored (“nonparalyzable counter”)
[5]. A Schmitt-trigger type discriminator circuit ap-
proximates the paralyzable system — overlapping
photoelectron pulses result in one extended output
pulse. Non retriggerable one-shots commonly used for
pulse shaping correspond to the nonparalyzable sy-
stem. Although most authors restricted their calcu-
lations to the latter case, we will consider both cases
here.

Photon correlation generally relies on the simple
linear relationship between the measured digital corre-
logram (more precisely: its expectation) and the inten-
sity autocorrelation function,

<n0n’t>=a2t2<101‘r> ) (1)

where n, and n, denote the photoelectron counts
obtained during sampling intervals of width ¢ centered
at times 0 and t, I, and I, are the corresponding
intensities, and « stands for the quantum efficiency of
the detector system [3]. For sampling times ¢ well
below coherence times — the typical situation in quasi
elastic light scattering — the photon count » is Poisson
distributed about o] in the absence of dead times [17],
hence

ny=alt. @)

For non-overlapping counting intervals, statistical
independence of individual photoelectrons implies
statistical independence of n, and n,, ie. for each
particular realization of the intensity as a function of
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time we obtain

<n0nt> = <n0> <nr> . (3)

Averaging over intensity statistics and using (2) we
arrive at (1).

Unfortunately, both conditions are violated in the
presence of a finite dead time T. With increasing count
rate more and more events fall into dead times and
nonlinear saturation replaces (2). We will calculate this
nonlinearity and its consequences in Sects. 2.2 and 3.2.
At small lag times 7, dead time introduces a direct
statistical dependence between adjacent pulses — an
immediate consequence of the existence of a minimum
pulse separation T. This direct correlation is present
even at low count rates! The resulting distortion of
correlograms at small lag times will be the subject of
Sects. 2.1 and 3.1.

As dead-time distortions generally depend on
details of the intensity statistics [14, 15] as well as on
mean count rates, we will have to use a particular
stochastic process for many of our calculations. Fortu-
nately, most quasi-elastic light scattering experiments
for particle sizing applications are performed in the
homodyne setup [3] with a large number of scatterers
present in the measurement volume. The central limit
theorem implies Gaussian amplitude statistics or an
exponential intensity distribution [17], if the detector
is small enough to ensure perfectly coherent detection.
In practice, larger apertures are used to improve
detector sensitivity, as indicated by intercepts of
measured correlograms

p= (11113 {nott) — <n>2> / (ny? )

well below the Gaussian value 1. The finite size
detector covers more than one coherence area and the

resulting intensity may be described by a
I'-distribution
1 ‘
(D= —— <I>)—1/311/B-1e—1/ﬂ<1>’ )
=ram?

where {I) denotes the mean intensity and 1/8 is a
measure of the number of coherence areas covered
[17]. For second order correlations we need the two-
point distribution of the intensity which may be
obtained by inverse Laplace transformation of its
generating function

emolomseley = [(14 B{I)so) (1 +BLIDs)
—BI>%s0s. 17 (6)
expl — o+ 1)/B<I> (1 —0*)]
BAHI* (11— (1/B)

X('/IOIT>1/B—1I ( 20}/ 1,1, ) )
ef<I> B (1—2))”

as

p(IO9 Ir)z
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where g is defined by
Toly =<I>*(1+fe*) ©)

and denotes the temporal correlation coefficient of a
single mode ficld amplitude. It should be noted that
our model distribution is general enough to include
typical heterodyne experiments as well. The corre-
sponding very small intercepts § imply a large number
of degrees of freedom, where the I'-distributions ap-
proach the desired Gaussian distributions because of
the central limit theorem.

2. Paralyzable System

2.1. Direct Dead Time Distortion

A paralyzable system by definition “kills” all events
which occur within less than the dead time T of
another event of the “input” process, i.e. the process
idealized to zero dead time. For Poisson input sta-
tistics with a mean given by (2) we obtain the proba-
bility g - dt of obtaining an event within a certain time
interval of width dt as a product of the probability to
find no input event in the dead time interval T prior to
dt, exp(—alT), and the probability of an input event
within dt, aldt, or

g=alexp(—alT). C)]

The only restriction implied in (9) is the reasonable
assumption of dead times well below coherence times
of the intensity process. Whenever we refer to g at a
specific time, we will use this time as an index just like
we did for intensities in (6) and (7).

Integration of (9) over the sampling interval dt
yields the dead time distorted mean count number

(ny=altexp(—aolT). (10)

Direct statistical dependence between events does not
extend beyond one dead time T Input pulses occuring
earlier than T before the considered interval dt have no
influence on ¢. Since a dead time T, on the other hand,
ensures a minimum separation of events by T, we
obtain the conditional probability density for detec-
tion of an event within dt centered at T past another
(output-) event as
q“(r):{o for 0<r<T. a1
q for >T

Multiplication with the probability density of the
initial event and with the widths of both intervals yields
the two-point distribution

0
%%@Mﬂ={o for O<e<T (12)

qoq.dt* for ©>T
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which must be integrated over the finite lengths of the
sampling intervals to produce the photon correlation
function for a given realization of the intensity:

<n0n-c IIOa I1:>
T+t

I3
= ({dti [ dtrq0qi(t,—1,)

T+t
=go | (1=~ )gi)dr

dod.t* for t>T+t

_ qoq.[t* —3(t+T—1)*] for T+t>7>T
god3(t—T+1)* for T>t>T—t
0 for T—t>71.

(13)

Since the usual digital correlators compute corre-
lograms at lag times which are integer multiples of the
sampling time ¢,

.=k, 14

the results of (13) are more appropriately expressed in
Fig. 1, where the dead time correction factors

_ <n()nkt>

f =
T Gotut®

(15)

are graphed as a function of the ratio of dead time T
and sample time ¢.

For dead times smaller than the sample time, only
the first channel of the correlogram will be distorted by

fi=1-T?2. (16)

It should be noted that (13) does really not depend on
the intensities I, and I,. The conditional expectation
equals the expectation, and this fact was used in the
definition of (15). Independence of the direct dead time
correction from count rate and intensity statistics
yields a nice and simple general correction formula.
But it also implies that these distortions of the
correlogram at small lag times cannot be avoided by
resorting to small mean count rates. Instead the

bt

Fig. 1. Direct dead time correction factors for paralyzable
systems as a function of dead time over sample time
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corrections of Fig. 1 or (13) should be used to put an

end to the common practice of ignoring the fist one or

two channels during the evaluation of measured

correlograms — at least, if afterpulsing remains negli-
gible on the short time-scales considered.

2.2. Nonlinearity Effects

For a complete dead time correction of correlograms
measured with paralyzable systems we still have to
compute the distortion of {g,gq,> due to counting
saturation. This distortion may be obtained by direct
integration over the two-point intensity density, as
given in (7) for the finite detector, many particle signal.
A simpler approach makes use of the generating
function, (6), and requires the calculation of a deriva-
tive only. For maximum generality we allow variable
dead times T, and T, for the two sampling intervals
considered:

{44\ To, Ty
= ol e~ ooy e~ =T

— 2 a @ ~Tos0— Izsq|
=0 €
aSO ast so=aTg,sc=aT,

0

0
=at 5o 20+ BCDso) (1+ACDs)

~B*I>%%s0s. ] PRz
= D* {1+ H(To+T)
+o DT T+ Bl — oKDy (To+ T,)
=20 IY*BT, T o? +o*<I>* B> Tp Tr0*}
x [14+a{IDA(To+T)
+oaD? (1 — oL T] 1P (a7

Simplifying to a single dead time T= T, =T, dividing
by the square of the mean count rate,

@y =ale Ty =S (e

i
=2 (14 B8 W omur

=y (1 +al{IHBT) " 712, (18)
and using the abbreviation
e=all>T 19)

we obtain the dead time corrected normalized photon
correlation function
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Dead time enters into (20) as the product of input count
rate-a{I) in the absence of dead time and the dead time
T. This product, ¢, equals the mean number of input
counts which fall into one dead time interval. At low
count rates {¢<1), (20) may be approximated up to
second order in &:

(904> ~ 14 P —2e(1 + B)+e2(1+ B) (1 +38)]e?

{g)*
+ (1 +3p)e*. 21)

The first order term agrees with earlier calculations
[19] and causes a decrease of intercept only, ic. the
shape of the correlogram remains identical. More
important are the terms of second order in & which
include the square of the undistorted correlation as
well. This term is the lowest order nonlinear distortion
of the correlogram and produces artificial polydisper-
sity and bias towards smaller hydrodynamic radii or
larger diffusion constants in particle sizing ap-
plications.

Expansions of (20) to higher orders in ¢ are of little
practical value, due to the asymptotic character of
these representations which limits their use to very
small &. The next higher power of g, a ¢®-term, does
not occur until fourth order in &,

2.3. Fluctuating Dead Times

The Schmitt-Trigger type discriminator mentioned in
Sect. 1 as a system which should provide paralyzable
dead time effects, will generally show a certain spread
of dead times associated with a spread in photomulti-
plier pulse amplitudes. If this dead time spread can be
determined experimentally, e.g. in the form of a
histogram, we can use this information to average dead
time corrections over fluctuations in T

For the direct distortion discussed in Sect. 2.1 this
implies further smoothing of the correction factors f;.
If all dead times remain below the sample time ¢, direct
distortion will still be limited to the first channel. We
obtain

(T Var(T)

1 2 2 _
fl _1 <T >/2t 1 2:2 2'{2 >

(22)

an increasing distortion for increasing variance of the
dead time.

Averaging the mean count rate expression (18) is
just as straightforward, if dead time distribution in-
formation is available as a histogram. More care has to
be taken for the two-interval expressions, which in-
volve two independent dead times. We have to use (17),

(G0gy _ 1+B(1—2e—25") (1 +Be) "0+ p**(1+ &) 0* (20)

<Q>2 - [1—ﬁ232(1+ﬁ£)‘2g2]2+1/ﬂ
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the conditional expectation, and average over both
dead times, T, and T,, independently. Only then may
we compute the quotient for the normalized corrected
correlogram, similar to (20):

909> _ £499:|To, T, 1, 23)
{g>* [KalTH.1*

where { > denotes the dead time averages.

2.4. Iterative Dead Time Correction

As a first stage of dead time correction, the one (or
more) correction coefficients f; (13 and 15), should be
divided out to correct the first channel(s) of a measured
correlogram. This step is necessary even at low count
- rates.

The second stage, correction of nonlinearity distor-
tions, is necessary, if €2 terms cannot be neglected in
(21), more precisely if

e2p(1+3p)<1 (24)

is violated. At first glance, (24) seems to indicate less
dead time problems at small intercepts . However,
smaller intercepts obtained by larger apertures of the
detector imply larger intensities and hence larger dead
time parameters e=a{I>T. In fact, ¢ rises like 1/f or
more, and the dead time effects increase with decreas-
ing intercept.

If nonlinearity distortions are to be corrected, this
correction should preferably be based upon (20). The
asymptotic character of (21) makes it difficult to
estimate the quality of this approximation at larger e.
Clearly, (19) cannot be solved for § and o*(t) in a closed
form. These solutions must be approached by iterative
techniques instead.

As a first problem we extrapolate the measured
correlogram towards zero lag time in order to obtain

(p~* lim {gog.>
=(1+B) (1 +pe)* 2 (1 +-2fe)* 1P 25
Together with (18) or

(ay=e(1+fe) M 6)

we may compute ¢ and f for a given dead time T.
Starting from an initial value

e={T/t @7

we solve (25) for 5. With this estimate of f we can use
(26) to improve our ¢ value, and this iteration may be
continued until stable results are obtained. Only a few
cycles should be required for moderate &.

The second problem yields the final dead time
correction. With known ¢ and f, (20) has to be solved at
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alllag times in the correlogram to obtain ¢*(t). Like for
the solution of (25), the complicated form of the
equation suggests to use an iteration procedure that
does not require the knowledge of derivatives. The
uncorrected channels of the correlogram may be used
as initial values for g2, or we may compute the solution
of the e-expansion (21),

2N 1—a 4b

O /3{[”(1—@2
Twrp

with

a=2e(1+p)—(1+p)(1+3p),
b=¢?(1+3B).

The correction technique may be generalized to in-
clude fluctuating dead times by replacing (20) with (23)
and changing (25) and (26) accordingly. The compu-
tational effort rises essentially linearly with the number
of bins used in the dead time histogram.

3. Nonparalyzable System

3.1. Direct Dead Time Distortion

Again we restrict our calculations to dead times T well
below coherence times. Hence we may apply the
known results for Poisson input signal [5] to deter-
mine the probability of finding an output event in a
certain time interval dt,

ol

TA1radT’ (29)

q

and the conditional probability to find an output event
in dt centered at a time 7 past a given output event,

K (OCI)k_l

qc(‘L') =al kgl m (‘L’ - kT)k_ t |
xexp[ —al(t—kT)], (30)

where K is the largest integer such that KT <.
Equation (29) approaches the simple step function
obtained for the paralyzable system, (11), at low count
rates. There is, however, a distinct count rate de-
pendence at high rates which is illustrated in Fig, 2.
The systematic antibunching in non-paralyzable sy-
stems leads to an increasing direct correlation effect for
increasing count rates with the extreme case of periodi-
cally spaced events with period T at infinite input
count rates.

In order to obtain {n,n >, we have to integrate
qo - 4{(t, —1t,) over both sampling intervals like in (13)
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Fig. 2. Relative conditional probability of an output pulse
following another pulse after a time 7 as a function of v over dead
time T for three input count rates, 0, 0.1/7, and 0.3/T

0 1 2 3 T/%

Fig, 3. Direct dead time correction factors for nonparalyzable
systems as a function of dead time T over sample time ¢ for three
input count rates, 0.03/z, 0.1/¢, 0.3/t

K. Schitzel

and obtain
oy =do | €60 (1~ ~ede'. (31)

The integration is straightforward but leads to com-
plicated expressions due to the t’-dependent upper
summation limit in (26). Numeric integration of (30)
over the triangular weight function in (31) provides a
more practical solution and was used to compute the
correction factors {ngn;,»/qoq;:t> as a function of T for
various count rates in Fig. 3. For large lag times we
obtain — of course — a limit equal to 1 just as for
paralyzable systems.

3.2. Nonlinearity Effects

Averaging q,q, over the finite detector, multi particle
statistics (7),

ol ol > 32)

Goder = <1+ozIOT1+ocItT

involves a two-dimensional integration over the joint
I'-density of (7) or (32) may be expressed as an integral
over the associated generating function, (6). Both
approaches yield a rather complicated integral involv-
ing incomplete I'-functions.

For a first estimate of nonlinearity distortions we
may expand (32) as a series in e=a{J/>T and compute
the mixed intensity moments as derivatives of the joint
characteristic function, (6):

{Yo4:?
I, 1> 3L BRI
=212<01_2 04z 22 0fr
< [ @ T TRy
B | s ]
0
s T
=1 {1+ fo® —2e(1+ B) (1 +2B0%)
+262(1+B) (1 +28) (1 +38¢%)
+e*(1+p)
x [1+B+4p(1+ B)e® +28%0* 1+ 0(e?)}
=’ {2 {1-2e(1+ )+ B[1 —4e(1 + )
+2&*(1+ ) (5+8p)1¢?
+262B2(1+ Bo* +O(e%)} - (33)
Expansion of (g} up to &* provides the normalized
correlation function:

(=) [1 —&(1+B)
+&2(14+ ) (14+28)+ 0(e%)], (34)

{qo4)
{q>*

+é*

=1+ B[1~2e(1+B)+eX(1+p)

x 3+ 1o +2628%(1 + Pe*+0(%). (35)
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As compared to the paralyzable system (21), (35)
indicates the same linear decrease of the intercept with
increasing count rate. The ¢?-terms are both larger,
resulting in a less rapid decrease of the intercept and a
stronger (nonlinear!) g*-term, particularly for g well
below 1.

The larger &?-coefficients also indicate even worse
convergence of the asymptotic expansion (33). Growth
of the coefficients like I'(1 + k) for the order &* limits
the use of (33-35) to very small ¢, where dead time
corrections are not very necessary. Better convergence
may be obtained by an expansion of the mean dead
time corrected count rate g into a sum of negative

exponentials. For practical calculations the
approximation
1 24)2
~ —(2—1/2)l
TraT S 4 oPl-@)/2RIT]
2-1/2 '
+ 4Vexp[—(2+ﬂ)alﬂ (36)

provides a close fit (error <0.1% up to aIT=0.2,
<1% up to alT=0.5) and is well suited for exact
calculations for {goq,>. Equation (36) was obtained by
fitting up to the third derivative at T=0.

Equation (36) approximates the nonparalyzable
count rate saturation by a paralyzable system with a
dead time distributed with weights (2+]/2)/4 at the

dead times T(2$]/§). Equation (23) provides the
solution of this problem as

{9o4:> _
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paralyzable systems, because it shows no dependences
upon count rate.

The second way in which dead times distort
correlograms is through saturation nonlinearities of
the count rate. The resulting distortion may be com-
puted exactly for paralyzable systems, if we restrict our
attention to sample times well below coherence times —
the typical situation in most photon correlation experi-
ments. Results are given for I'-distributed intensities
with arbitrary degrees of freedom and arbitrary tem-
poral correlation. This very general process covers all
homodyne (and approximates well most heterodyne)
experiments with a large number of scattering par-
ticles, i.e. Gaussian amplitude statistics. The results are
generalized to fluctuating dead times described by a
histogram.

Equivalent calculations for nonparalyzable sy-
stems are more complicated. Instead we suggest an
approximation of the nonparalyzable system by a
paralyzable one with a simple, two-peak dead time
distribution. This approximation provides much bet-
ter estimates of first moments and the correlation than
a power series expansion, while still being simple
enough to serve for a practical correction procedure.

Such a dead time correction procedure involves
iterative routines to first solve for the time independent
distribution parameters by extrapolation to lag time
zero — obviously including direct distortion correction
—and then so solve for the undistorted correlation at all
lag times of the experiment. The procedure requires

(6+4)/2) otel Tio o)+ K qotel i, T) +6—4)/D) <404l T5. T )

@ T [QHYDA+KIBT) B2 —/2) (1 +alTHBTy) 1 ]2a2(Ty?

with TL2=(2-T-]/§)/2T and the conditional correl-
ations given by (17). Like (36), this approximation for
dead time distorted correlograms of a nonparalyzable
system is correct up to order &2 and provides a highly
improved fit even for e-values not very much smaller
than 1, as compared to the polynomial expansion.
The closed form of the result is well suited for an
iterative correction procedure paralleling that for
paralyzable systems given in Sect. 2.4,

5. Conclusions

Dead times affect photon correlation functions in two
separate ways. A direct (anti-)correlation exists for lag
times comparable to the dead time. This effect exists
even at small count rates and should be corrected
whenever sample times are not very large compared to
the dead time. The correction is particularly simple for

precise knowledge of the dead time or dead time
statistics and the design of suitable measurement
setups as well as computer simulations are now under
way in our laboratory.

Of the two dead time effects on photon correlation
functions, only the direct anticorrelation may be
avoided by performing a two detector cross correlation
experiment — a useful scheme to avoid afterpulsing
problems [21]. The second type of distortions, due to
count rate saturation occurs in cross correlation just as
in autocorrelation. The same type of intensity statistics
applies and the only further complication in the
calculations of Sect.2.2 is the introduction of two
possibly different quantum efficiencies o, and «, of the
two detectors.
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