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Measurements of the distributions of crack spacings developed in the 90° ply of 0°/90°/0°
glass fibre/epoxy resin laminates under tensile loading show that the ply has a variable
strength. As a consequence the strain at which cracking begins is very dependent on the
specimen length. The observed distributions of crack spacing are not consistent with the
assumption of a uniform strength for the 90° ply. A statistical mode! provides a good
description of the cracking behaviour particularly when the cracks are widely spaced.
Magnification of the stress in the matrix between the relatively stiff glass fibres leads to
debonding which is observed as a reversible “‘stress-whitening.”” The distributions reveal a
lower probability of crack formation in the under-stressed region close to the existing
cracks and provide estimates of the size of this region. The method of analysis can be
applied to many systems which exhibit multiple fracture.

Nomenclature w Weibull shape parameter

GBP Garrett, Bailey, Parvizi B Exponent in GBP stress function

c.d.f. Cumulative distribution function u Average number of cracks per unit

iid. Independent and identically distributed length

NMA Nadic methyl anhydride r Gamma function

BDMA  Benzyl di-methyl amine S,Sv c.d.f. for strength of 90° ply, (of vol-

A Cross-sectional area of 90° ply ume V)

L Crack spacing So c.d.f. for strength of unit volume

V Volume of 90° ply under consideration R,Ry  Risk of rupture of 90° ply, (of volume

b 0° ply thickness V)

d 90° ply half-thickness ¢ Risk of rupture per unit volume

Ey,Ee Young’s modulus of 0° and 90° ply, u,v,z Displacement in shear lag analysis
respectively Adg Difference between 90° ply stress in

Ggo Shear modulus of 90° ply presence of cracks and the expected

¥ Distance from plane of crack stress in the absence of cracks

N Total number of crack spacings T Interfacial shear stress between 0° and

n Subset of N 90° plies

0, Ogo Stress, stress in 90° ply €0, €90, €5 Tensile strains in 0°, 90° plies and

Oa Average applied stress on laminate applied strain

a*, e* Weibull scale parameter in terms of
stress and strain
*Present address: Union Carbide Corporation, Parma Techriical Center, 12900 Snow Road, Parma, Ohio 44130, USA.
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1. Introduction

Although unidirectionally reinforced fibre compo-
sites can offer extremely high specific strength and
stiffness in the fibre direction, their strength under
off-axis loading is generally rather poor and many
practical applications call for a proportion of the
fibres to be orientated so as to support these loads.
For example, a pressurized cylinder might have
fibres placed at right angles so as to take the longi-
tudinal and hoop loads. Biaxial stress states such as
this, in which the stress ratio and directions are
fixed, lend themselves to a 0°/90° arrangement of
fibres along the principal axes. More elaborate con-
figurations of fibres are required for more complex
states of stress, but the principles discussed here
can still be applied.

Composites reinforced with fibres in the 0°
and 90° directions are typically fabricated from
predmpregnated sheets of fibre (pre-preg), by fila-
ment winding and braiding, or from woven cloth.
All of these give rise to structures in which there
are discrete layers of fibre. In filament-wound,
woven and braided structures the sequence of fibre
orientations varies from place to place, but they
exhibit similar micro-cracking phenomena to the
laminates discussed here.

The strain at which failure occurs perpen-
dicular to the fibres is generally less than in the
direction of the fibres, and when the composite
is strained beyond this point a network of cracks
develops in the 90° ply. This phenomenon is illus-
trated for 0°/90°/0° laminates by Fig. 1, and has
been extensively studied by many workers [1—-15].
As the strain is increased the crack spacing
decreases and ultimately sufficiently high stress
may be generated in the longitudinal 0° plies by
Poisson contraction to cause cracking in these too,
Figs. le toiand r as noted by Bailey ef a/. [5] and
Aveston and Kelly [10].

Multiple cracking

(i) reduces the effective stiffness of the 90° ply
leading to redistribution of load within the struc-
ture,

(ii) allows fluid weepage,

(iil) allows the ingress of moisture or other
detrimental (particularly corrosive) fluids,

(iv) may lead to delamination between the plies
[12—-15], and

(v) modifies the effective toughness of the
laminate.

It is therefore important to know at what strain
cracking will occur and what the spacing will be.

Garrett, Bailey and Parvizi (GBP) accounted for
the increasing density of cracks with strain in
terms of the non-uniform redistribution of load
between the plies in 0°/90°/0° glass fibre/resin
matrix laminates [1-5, 7]. This increase might also
be explained in terms of a distribution of defects
in the ply which propagate over a range of applied
load to form the cracks.

Parvizi ef al. [3] also showed that the strain at
which multiple cracking begins is higher when the
thickness of the 90° ply is less and they explained
this in terms of the energetics of the fracture pro-
cess. Their argument follows that of Aveston and
Kelly [8] and Aveston ef al [9] and defines a
lower bound on the failure stress which is based on
the thermodynamic requirement that the release
of stored energy accompanying the formation of a
crack must equal or exceed the energy of forma-
tion of the new fracture surfaces. The analysis [3]
did not consider the mechanism by which a crack
grew, but this has been done by the fracture
mechanics approach developed by Wang and
co-workers [11-15] employing finite element
methods to obtain the energy release rate. The
principle of both approaches is that the crack sur-
face energy requirement decreases linearly with
ply thickness, whereas the energy release decreases
faster. Crack formation can therefore be inhibited
by decreasing the ply thickness and this is termed
“constraint.” A higher applied strain is then
required to make fracture possible.

In this paper we show that the deterministic
multiple cracking theory of GBP cannot fully
account for the measured distribution of crack
spacings and we propose a simple statistical model
which accurately fits the data and predicts a
dependence of strength on size. We discuss the
origins and implications of this variability of
strength, and analyse the results so as to obtain its
approximate magnitude. The method of analysis
can be applied to many systems which exhibit
multiple fracture, for example surface coatings,
oxide layers, fibres or matrix in unidirectional
composites and hybrid composites.

2. Experimental procedure

2.1. Fabrication

Three-ply laminates were prepared by winding tows
of Silenka E-glass fibre onto frames which were
stacked in a 0°/90°/0° sequence and then vacuum
impregnated with an Epikote 828/NMA/BDMA
(100:80:1.5) epoxy resin system. The impreg-
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Figure 2 (a) Schematic diagram
of the tensile stress in the 90°

08 ply. If the cracks were not
c I Aos'; 0 present it would be as indicated
- by the dashed line. (b) Cross-
g'} section of laminate correspond-
g L ing to (a) showing the displace-
0 — (a) ments used in the shear-lag
. P y analysis.
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nated lay-ups were cured between plates under a
pressure of 3 kPa for 3h at 100° C and postcured
for 3h at 150°C in an air-circulation oven to
obtain void-free laminates of about 50% volume
fraction. The central 90° ply was 1.1 mm thick and
was sandwiched between two 0.55mm plies in the
symmetric sequence shown in Fig. 2. A close
match between the refractive indices of the fibre
and matrix made the laminates virtually trans-
parent so that cracking and microscopic damage in
the 90° ply could be closely observed, Fig. 1. The
laminates were cut into parallelsided test pieces
with a 600 grit diamond saw and were tested in
tension.

//{

P

Direction of Illumination

2.2. Observation of cracking

The pattern of cracks was photographed at regular
intervals of applied load using either bright- or
dark-field illumination. Dark-field illumination,
Fig. 3a, showed fibre—matrix debonding (‘“stress
whitening™ which scattered light) with good con-
trast, Fig. 1j to r, whereas bright-field illumination
Fig. 3b gave better definition of the cracks, Fig. 1a
to i, although in this case the fibre—matrix debond-
ing appeared dark with rather poor contrast.

2.3. Measurement of thermal strain

In cooling from the postcure temperature of
150° C to ambient the 90° ply was placed under
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Figure 3 Illumination of laminates for photography. (a) Dark field which shows transverse cracks and debonding as light
on a dark background. (b) Bright field in which contrast is reversed.
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0.22% tensile strain with respect to the 0° plies
on account of its higher coefficient of thermal
expansion. This thermal strain was assessed from
the bending of unbalanced 0°/90° beams rather
than from expansion coefficients since this
eliminates errors arising from uncertainty about
the temperature at which the strains were effec-
tively frozen in.

3. Results

3.1. Description of loading

Even in the absence of applied load the dark-field
technique of illumination showed up striations
along the fibres in fibrerich regions and from this
we infer that limited fibre/matrix debonding
occurs under the residual thermal stress. Bailey
and Parvizi [6] have shown that such debonding
occurs under the residual stresses existing in glass
fibre/polyester 0°/90°/0° laminates but suggested
that it did not occur in the case of glass fibre/
epoxy resin laminates of similar geometry to those
discussed here. We suggest that this is a question of
degree and that the dark-field illumination is a
more sensitive technique for detecting initial
debonding.

As the specimens were loaded the initial
whitening progressively increased, most noticeably
at about 0.34% strain Fig. 1k. A knee visible in the
stress/strain curve, Fig. 4, at approximately 0.1%
can be identified with a similar knee observed by
Bailey and Parvizi [6], who interpreted this as the
strain at which fibre/matrix debonding began.

Cracks appeared instantaneously at about 0.4%
strain, often, but not exclusively, in the bands of
more pronounced whitening Figs. 1/ and m. It is

apparent from this, and microscopic observations
[6], that a crack forms by the joining up of the
fibre—matrix debonds. The beginning of multiple
cracking caused a second knee in the stress/strain
curve and a progressive loss of stiffness thereafter,
Fig. 4. Note that the stress whitening diminished
in intensity for a distance approximately equal to
the ply thickness on either side of a crack, Fig. 1.
We attribute this reverse to the relaxation of stress
in the 90° ply in the vicinity of the crack which
allows the debonds to close up. Reversibility of
stress whitening on relief of load was observed by
Parvizi [6] and was correlated with closure of
debonds by in situ electron microscopy. As the
load was further increased the whitening in all
areas intensified, but in the regions close to the
cracks it never equalled the intensity developed
further away from cracks.

The rate of crack formation with applied strain
decreased throughout the loading. At higher
strains the crack spacing became more uniform
and is discussed in Section 3.2. At a strain of
about 0.7% stress whitening appeared in the longi-
tudinal 0° ply, Fig. 1n to r (seen as darkening in
Fig. 1b to i) and this developed into longitudinal
cracks at about 1.8% strain (also accompanied by
relief of the whitening). This occurs because the
0° plies are placed in transverse tension as a result
of their Poisson contraction being restrained by
the 90° ply as described by Bailey er al. [5].

3.2. Distribution of crack spacings

The positions of every crack in a photograph of
the highest load case were measured by travelling
microscope and the crack positions for lower loads

2881



10

0.8

0.6

probability (1-S5)

0.4

0.2}

Cumulative

Crack

spacing

(mm)

Figure 5 Distributions of crack spacings measured at the indicated levels of applied strain (%). Intermediate strains may

be found from the solid circles in Fig. 9.

were inferred by noting which were not present. A
computer program calculated the spacings between
cracks and their cumulative distribution functions
(c.df’s) for each load case (shown in Fig. 5)
which give the probability (S) that the distance
between two cracks is less than some specified
value. While these distributions illustrate the over-
all trend towards closer spacings at higher strains,
they also embody a great deal more information
which is discussed in Section 4. In particular, it
should be noted that there are very few crack spac-
ings less than about 1 mm.

4. Discussion
4.1, Strength of the 90° ply
In resin matrix composites, the 90° ply invariably
fails at a lower strain than the 0° plies because
(i) the matrix is inherently weaker than the
fibres, and
(ii) there is a magnification of stress in the
matrix between the relatively stiff fibres as shown
by Kies [16].
Because the fibres are packed randomly there is a
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random distribution of this stress magnification
factor, and even in the absence of other sources of
variability the strength of the 90° ply will vary
from place to place. Ignoring any tendency for the
fibres to remain clumped in their tows, we expect
the strength of the 90° ply to be statistically the
same throughout its volume, i.e. constituent vol-
umes which are substantially larger than the micro-
structure should have strengths which are inde-
pendent of each other and which are identically
distributed (i.i.d.).

4.2. Distribution of crack spacings
The cracks appear at the weakest cross-sections of
the 90° ply with some mean frequency (density)
along the length which depends on the applied
strain. If it is assumed that the strengths of
successive-sections are i.i.d., this will be a Poisson
process, from which it can be shown (see standard
probability text) that the intervals between
ddjacent cracks will be exponentially distributed
with cumulative probability

(1—58) = exp(—uL) 1)
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Figure 6 Distributions of crack spacings from Fig. S plotted on logarithmic probability axis. Note positive intercepts on
crack spacing axis, and their relative linearity above approximately 2 mm.

where u is the mean crack density and L is length.
This is easily tested. Taking logarithms

in(1—S8) = —plL (2)

it is seen that a graph of In(1 —5) against crack
spacing L should be linear with a gradient —u
and should pass through the origin. The value of
1 depends upon the level to which the ply was
stressed and the strength distribution about which
we have so far made no assumption. However, the
curves in Fig. 6 are clearly not perfectly linear, nor
do they pass through the origin. They are more
linear at larger crack spacings (and lower stresses)
where they follow Equations 1 and 2 more closely,
and this shows that the probability of cracking
rises, and becomes nearly constant (as expected
from the assumption of i.i.d. strengths on each
crosssection), away from existing cracks. All
curves appear to meet the L axis asymptotically at
the origin. Straight lines have been least squares
fitted to the linear portions of these curves in
order to obtain the intercept on the crack spacing
axis. The intercept represents the distance either
side of a crack in which the probability of another

crack forming is effectively zero, and it is plotted
against the applied strain (not corrected for
residual thermal strains) in Fig. 7. This effectively
“unstressed” length decreases from slightly above
to slightly below the 90° ply thickness (1.1 mm) as
the applied strain increases. The probability of
cracking is depressed close to existing cracks
because the stress is lower, actually zero in the
plane of the crack. The load in the 90° ply builds
up to either side of a crack by shear stress transfer
from the 0° plies.

Fig. 2 shows that the maximum tensile stress
(and strain) in the 90° ply occurs midway between
two cracks, but that it is less than that existing just
before the cracks formed, or far removed from the
cracks. The GBP model’s assumption of uniform
strength in the 90° ply therefore leads to the pre-
diction that the next crack should always form
midway between the two most widely spaced
cracks. Although the initial crack in a given gauge
length occurs at random, the positions of sub-
sequent cracks are fully determined. Whatever the
position of the first crack the ratio of maximum
to minimum crack spacing cannot exceed 2 in the
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Figure 7 Variation of “unstressed length” (crack spacing intercept from Fig. 6) with applied strain. (Two nominally

identical specimens.)

GBP model. However, the experimental crack
spacing c.d.f.’s in Fig. 5 shows that this factor of 2
is greatly exceeded particularly at low strain and
that the fixed-strength model is inadequate in this
region,

The GBP model calculated the additional stress
that had to be applied to the laminate to raise the
maximum stress between the two most widely
spaced cracks to the value at which another crack
would form, and thereby obtained bounds on the
crack density as a function of applied stress, geo-
metrical factors, and stiffness of the plies. Since
the assumption of a unique 90° ply cracking strain
has been shown to be unrealistic we suggest that a
statistical description of the crack spacing is more
appropriate at low strains where the cracks are
widely spaced.

4.3. Variation of crack spacing with stress

We assume that the 90° ply is an ideal homogene-
ous brittle material with an inherent distribution
of strength which is described by a c.d.f. termed
S for failure of a unit volume. Assuming also that
the strengths of all the constituent volumes are
iid., the c.d.f. of strength Sy for a volume V

2884

under uniform stress is given by
(1=8y) = 1=Sp)" (3)

because no sub-volume may fail if the volume V as

a whole is not to fail. Taking logarithms gives
In(1—8y) =Vln(1—Sy) = ~Ry &)

where Ry is termed the “risk of rupture” by
Weibull [17, 18] and depends on volume and
stress or strain. Writing

In(1—So0) = —¢(0) )
we have a risk of rupture dR for a volume element
v dR = —In(1—-8y) dV = ¢(a)dV. (6)

For a non-uniform state of stress the risk of rup-
ture for a volume V is given by

R = ¢ o)dV 7
\ -[V ( ) ( )
and its c.d.f. for failure is then

Sy = 1—exp(—Ry) = l—exp[—fvd)(o)dVJ.

&



Since the stress is assumed to be uniform
through the width and thickness the volume inte-
gral may be replaced with an integration over
length.

Sy = 1—exp [—AJ'L qb(o)dy} . 9)

This integral equation could be solved by curve
fitting to the measured distributions in order to
obtain both the variation of stress between cracks
and the dependence of the probability of failure
on stress. However, a solution of this type would
not be in closed analytical form and involves some
practical difficulties. Instead, our approach is to
extract only information about the variability of
the strength of the ply.

In the Appendix we propose a shear-lag solution
for the stress between cracks and show how this
can be combined with a statistical description of
the non-uniformity of strength. However, there are
considerable difficulties in obtaining a solution
which gives the crack spacing in terms of the
applied stress or strain. At low strains the cracks
are widely spaced and the GBP model is less
accurate because the stress between cracks is
relatively uniform and the crack positions are prin-
cipally determined by the weak points in the 90°
ply. The next section shows how a simple model
based on a fitted Weibull distribution accurately
describes the crack spacings under these con-
ditions.

When the cracks are widely spaced the integral
in Equation 9 may be approximated, as below, by
assuming a constant level of stress between cracks.
Taking logarithms gives

In(1=8y) = —A[ ¢(a)dy ~ —A9(0)L.

(10)
The quantity A¢ is found from the gradient when
in (1 — Sy) is plotted against L as in Fig. 6.

A two-parameter Weibull distribution [17, 18]
is assumed for the strength of the 90° ply in which

A¢ = A(%)w = A(-e;)w.
g €

The constants ¢ and €* are the scale parameters
in terms of stress and strain, respectively, and w
is the shape parameter (an inverse measure of the
variability). Taking logarithms of Equation 11
gives

(an

In(4¢) = wlhhe—wlhe*+ind (12)

from which it is seen that a graph of the logarithm
of the gradients obtained from Fig. 6 plotted
against the applied strain (after correction for
residual thermal strain) will be linear with gradient
w if .the Weibull distribution is valid. This has been
done in Fig. 8 in which there are two linear regions
intersecting at a strain of about 0.4% (corrected
for residual thermal strain), or 0.6% applied strain.
At low strain, w is about 8.5 and about 1.0 at high
strain, This change in gradient indicates that the
strength of the 90° ply becomes effectively more
variable at higher strains. The two intercepts
(InA4 —wln €*) corresponding to the two linear
segments are 47 and 11 (strain and length in
fundamental units). Working in terms of strain one
assumes that the laminate has a linear-elastic
response even after cracking. This has been done
because the moduli of the individual plies in the
particular laminates were not measured and
thermal strain correction can be made more accu-
rately as a strain. For relatively large crack spac-
ings where the statistical model is most appropri-
ate this approximation leads to minimal error.

Equation 10 has been evaluated after substitu-
tion of Equation 11 using the fitted values of
w = 8.5 and intercept = 47 in order to obtain
median crack spacings (Sy = 0.5) as a function of
strain. A constant value of unstressed length of
1.3 mm taken from Fig. 7 was added to the median
crack spacing before calculating the expected
crack spacing. This is plotted as the solid curve
in Fig. 9 after allowing for the residual tensile
thermal strain, and is seen to be a good description
of a wide range (2 to 50 mm) of crack spacing par-
ticularly since the “unstressed length” has been
assumed to be constant. Although the simple stat-
istical model relies on fitting to experimental
measurements of variability it offers two signifi-
cant improvements over the GBP model. It accu-
rately describes the distribution which contains
both widely- and closely-spaced cracks at low
strains, and it predicts that the strain at which a
crack first appears depends on the length of the
specimen as discussed in the next section.

The GBP and probabilistic models are comple-
mentary. At low strains, the crack spacing is large
and the length required to build up stress in the
90° ply either side of a crack is small in compari-
son. Therefore most of the region between cracks
is relatively uniformly stressed and the positions of
new cracks are determined principally by the dis-
tribution of weak points. Only rarely does a new
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Figure 8 Variation of gradients from Fig. 6
(see text) with 90° ply strain, corrected for
residual thermal strain.
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crack form exactly midway between two existing
cracks and this is why the distribution of crack
spacings covers a wider range than the factor of
two predicted by the GBP model. Therefore at low
strains the probabilistic model is more appropriate.

At high strains the opposite is true. The region
between cracks is very non-uniformly stressed and
since the highest stress in the 90° ply is found mid-
way between existing cracks this is where the new
cracks form as described by the GBP model. When
the crack spacing is significantly larger than the
unstressed length (approximately 1.3mm for the
laminates described here) the probabilistic model
is appropriate, and when it is of similar magnitude
the GBP model is more appropriate.

4.4, Size dependence of cracking strain
The coefficient of variation of the Weibull distri-
bution is given by
1/2
1

[F(l +2/w)

r2(1+1/w) | (13)
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so that the value of w = 8.5 at low strains corres-
ponds to a coefficient of variation for the failure
strain of the 90° ply of about 14% when referred
to the actual strain in the 90° ply. The coefficient
of variation is about 24% when referred to the
applied strain (which is lower than the actual
strain by the residual thermal strain). However it
must be realized that this estimate of variability
is based on an approximate Weibull shape param-
eter which has been fitted to data in the range
0.5 to 1.0% strain. Because the variability effec-
tively increases with strain (w decreases, Fig. 8)
the estimate can be expected to be somewhat
above the coefficient of variation of the first
cracking strain and indeed this is so.

However any degree of variability leads to a size
effect in which the failure strain of the 90° ply
increases as its length is decreased. From Equation
10 (after substitution of Equation 11) it is seen
that the ratio of failure strains is 1/w of the ratio
of lengths, in the case of the laminates described
here about 0.12.
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Figure 9 Crack spacing as a function of strain. Solid and open circles correspond to two nominally identical specimens.

Solid curve is derived from statistical model — see text.

This is an important consideration because the
first transverse cracking strain which is commonly
measured and discussed [5, 10] depends on the
length of the specimen tested. Similarly the first
crack will appear at lower strains in wider and/or
thicker 90° plies if the cracks initiate randomly
throughout the volume of the 90° ply. Such an
effect has been found for changes in thickness and
has previously been explained in terms of fracture
energetics [3] although statistical size effects were
not considered. Any fracture process is ultimately
governed by thermodynamic considerations, but
from a practical point of view, these may be domi-
nated by the variability arising from the random-
ness of the microstructures.

It is probable that most transverse cracks
initiate at the cut edge of the specimen and not
randomly throughout the volume. In this case
there should be identical size effects for changes
in length and thickness since both of these affect
the area of cut edge equally, but no size effect for

changes in width. Tubular (e.g. filament-wound)
structures without cut edges could behave very
differently from cut specimens. If the area of the
cut edge is the dominant factor, not volume, then
the above analysis should be modified by replacing
length and volume by area of edge in the inte-
gration in Equation 10, and in Equations 3 to 10.

It would be most interesting to know how the
variability of the 90° ply strength depends on the
fibre volume fraction, fibre/matrix bond strength
and fibre shape and size, in order to assess the
relative importance of geometrical factors and
materials properties. In the particular case of car-
bon fibre/epoxy resin composites the fibres them-
selves are known to fracture on occasion before
the fibre/matrix bond [5] and if this determines
the strength of the 90° ply, it might give rise to a
different variability from that of glass fibre com-
posites.

The debonding between fibre and matrix is
arrested by energetic factors at an intermediate
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stage of crack formation. These debonds then
coalesce to form a macroscopic crack in a process
which is dominated by the random nature of the
microcracked structure. Both processes are linked
by the stress distribution around a crack. (The
reversal of stress whitening for roughly one ply
thickness either side of a crack in accordance with
Equation 3 is evidence of this.) The processes
occurring at the fibre/matrix interface which allow
debonding to be reversed with relief of stress and
thermal annealing [6] are presently unknown,
but deserve greater attention because they deter-
mine the statistical properties of the material in
which a crack ultimately forms.

5. Conclusions

Measurements of the distributions of crack spacings
in 0°/90°/0° glass fibre/epoxy resin laminates have
shown that a model based on a unique value of
strength for the 90° ply is unable to account for
the spacings. The statistical variability of the 90°
ply strength must therefore be considered and a
model incorporating a Weibull distribution of
strength is shown to be a good description of the
crack spacings.

This variability leads to a size effect in which
the first crack appears at a strain which increases
as the length of the specimen is decreased. The
measured distributions of crack spacings indicate
an intrinsic coefficient of variation (in the absence
of residual strains) for the failure strain of the 90°
ply of about 14% and this is attributed to the
stress magnifications arising from random packing
of the fibres.

Fibre/matrix debonding causes “stress whiten-
ing” which is reversible and indicates the approxi-
mate distribution of stress in the 90° ply.
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Appendix
The shear-ag analysis gives the tensile stress in the
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90° ply between two cracks spaced L apart and is
based on the same assumptions of elastic continu-
ity and uniformity of deformations as the analysis
of Garrett and Bailey [1]. The displacements
which are functions of y are illustrated in Fig. 2b.

The displacement of the 0° ply is assumed to be
uniform through its thickness while the displace-
ment of the less stiff 90° ply increases towards the
mid-plane. The interfacial shear stress is given by

(v—u)
= Gog. A
— Gy (A1)
By force equilibrium
dAUgo (u - 'U)
— = G A
dy dz 90 ( 2)

where Agg is the difference between the 90° ply
stress at position ¥ and its value in the absence of
cracks €,Fqy. Differentiating with respect to y

d”Aog _ Gw g_u__d_v = @Q(E — &0)
o A\ df 2
(A3)
assuming that
dv do
— = — = Eg. Ad
dy dy €90 (A4)
A force balance gives
AUgo
—— A5
€90 (ea Ego) ( )
and
Aoged
€0 (Ea + -E,;Z—o;) . (A6)
Substitution into Equation A3 gives
d*A
"‘%) = BAgg (A7)
dy
where
1
= Ggo| —— + . A8
B =G (Eobd Egodz) (A8)

The general solution to this equation is
Aogy = Xexp(—BY%)+ Yexp(B'%).(A9)

X and Y are evaluated for a length of 90° ply
bounded by cracks at y =0 and y =L where
Aogy = €,F g (there is no tensile force across the
crack faces)

_ €aL90[exp (ﬁmL) — 1]
~ exp (82L) — exp (—B"7L)

(A10)



_ €aflog[l —exp (—B"°L)]
- exp (BI/2L) — exp (—‘51/2L) ‘

The analysis differs from [1] in that substitution
of Equations A10 and A1l into Equation A9 gives
Aggg directly.

This shear-ag analysis can be incorporated into
the statistical description of crack spacings by
obtaining

(A11)

Aagg

— (A12)
E90

€90 = €5

and substituting into Equation 9

a o x
S = 1—- — . - pl/
v exp{ “aly |, )

1]

Y }w
——exp (B'%) dy} : (A13)

E90

Numerical methods are needed to solve this
integral equation for the crack length correspond-
ing to any desired probability level (e.g. 0.5 for
median spacing) and are not attempted in this

paper.
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