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Abstract. To find the reasons for the distortion of a cylindrical hollow cathode into a row of 
hollow spheres, the system of diffusion equations for the three most important types of 
particles in the hollow cathode discharge is solved, taking into consideration the essential 
source terms. In qualitative agreement with the experiments, the results show inhomogene- 
ities of the cathode erosion at the cathode edges and at the boundary between hollow 
cathode discharge and normal glow discharge areas. 

PACS: 52.80.Hc, 79.20.Nc, 42.55.Hq 

Cylindrical hollow cathodes are used to evaporate 
materials for spectroscopic analysis [-1], for spectral 
lamps and for metal vapor lasers. For example, a 
copper ion laser consists of several copper hollow 
cathode segments alternating with anode segments 
[-2]. 

The necessary copper atoms are produced by 
sputtering of the hollow cathodes. The atoms are 
ionized and excited to the upper laser level by charge 
transfer collisions with the ions of the discharge gas 
(helium or neon). It is known from experiments, that in 
hollow cathodes the spatial distributions of cathode 
erosion by sputtering and of copper condensation on 
the cathode must be different. This imbalance is 
indicated by a change of the cathode geometry, which 
moreover results in changing discharge characteristics 
and decreasing laser power. For example, cylindrical 
cathodes assume a shape similar to hollow spheres 
[-1, 3-5]. This distortion appears in cylinders closed on 
one side [1, 3, 4] as well as in cylinders, which are open 
on both sides. In long cylinders I-4, 5] several hollow 
spheres appear in a row, their number depending on 
the ratio of length and diameter of the cylinder. In 
short cylinders only one hollow sphere develops. In 
this case the geometry tends to stabilize [3, 5]. A stable 
cathode geometry would be good for a stable oper- 
ation of the copper ion laser. 

To find some reasons for the distortion of the 
cathodes, it was tried with certain assumptions to 

calculate the geometrical change, respectively, to cal- 
culate the mentioned different distributions of the 
cathode erosion by sputtering and of the copper 
condensation. This imbalance can occur only, if the 
spatial distributions of sputtering and condensing 
particles are different. This means that the spatial 
distributions of copper atoms, copper ions and gas ions 
had to be calculated. Especially the axial dependences 
of the particle densities are important to know. 

Up to now calculations were made only for mean 
particle densities in hollow-cathode discharges [6, 7] 
and for radial dependences of the particle densities in 
slotted [-6] and in cylindrical hollow cathodes [8]. To 
calculate the mean particle densities, the model of rate 
equations was applied. To calculate the radial de- 
pendences, diffusion terms were added to the rate 
equations, i.e., diffusion equations including several 
terms for sources and losses had been solved either 
analytically with some approximations [6] or numeri- 
cally by a forward integration method [8]. 

To allow for a comparison of the calculations, 
which are described in the following chapters, to 
experimental results for the cathode erosion, the 
experimental parameters were chosen as given in [-5] 
for a single cathode, which is open on both sides, i.e., 
which is usable in a laser arrangement: 

cathode length L-- 4 cm, 

cathode diameter 2 R = 0.4 cm, 
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Fig. 1. Longitudinal section of a cylindrical hollow cathode after 
200 h in a dc current discharge [9]. Both nearly symmetric halfs 
of the cathode are projected on top of each other, x is the axial 
direction (x = 0 in the centre of the cathode) 

Fig. 2. Longitudinal section of the cathode, shown in Fig. 1, after 
about 200 additional hours in the discharge 

neon pressure 

discharge current 

discharge voltage 

PNe = 8 mbar, 
I=0.3 A, 

U = 300 V. 

Anodes had been next to the cathode on both sides. 
After an operation period of 200 h with dc current a 
change in geometry could be seen, as shown in Fig. 1 
[9], which after a longer operation period developed 
into the formation of 4 hollow spheres [-5] (Fig. 2). 

Theory 

The negative glow region inside the hollow cathode is 
nearly field-free, because the voltage drop across the 
small cathode fall at the cathode walls nearly equals 
the discharge voltage. The remaining small electrical 
field in the negative glow is neglected. Thus the spatial 
distributions of copper atoms, copper ions and gas ions 
are determined by the diffusion equation for the 
corresponding particle density N 

ON/Ot= V. (DVN)+S= VD. VN+D.  A N + S .  (1) 

D is the diffusion coefficient for the corresponding 
particle type, which depends on the position, too. S is a 
source term, which includes various mechanisms of 
particle generation and losses. Now a steady state and 
an acimutal independence of N and D is assumed 

%7 + ._ "97  + ) 

8D ON 82N 
+ 0--x 0~ + O . ~  + S = 0 ,  (2) 

where x is the axial coordinate in the cylindrical 
cathode. Now the radial distribution of the particle 
density is approximated by a mean particle density 
depending on the position x. The diffusion coefficient is 
treated in the same way. Then, D is the average 
diffusion coefficient in a cross section. The radial 
diffusion of the particles to the walls is not neglected. It 
is expressed by an additional loss term - N / z ,  where 
T = 1/(HD) is the average diffusive life time. The factor 
H is determined by the boundary conditions (loss of 
particles at the cathode walls), i.e., by the geometry of 
the cathode. For a cylinder with radius R (which is 
approximately the radius of the negative glow) it is 
H=(2.405/R) 2, neglecting boundaries in the axial 
direction [10]. Now we obtain from (2) 

8D ON OZN 
N + - - ' - -  +D + S = 0  (3) 

- 7 -  Ox & " 

Thus (1) is reduced to an ordinary differential 
equation, which determines the average particle den- 
sity N as a function of the position x. Considering (3) 
without the differential terms, this corresponds to the 
rate equations, which include only mean particle 
densities [7]. In this respect (3) can be interpreted as an 
extension of the rate equations by diffusion losses in 
the axial direction. 

Equation (3) must be given for the three important 
particle types, which are indicated as follows 

C u ~ l ,  Cu+-~2, N e + ~ 3 .  

Further we define ON/Ox=N' and OD/Ox=D'. 
Equation (3) is modified for the Cu atoms, to take into 
account that a fraction of the Cu atoms is reflected after 
the diffusion to the walls. The chance that they will 
stick to the surface is the sticking coefficient As [8]. 
Copper ions are not reflected as ions but at the most as 
atoms (due to recombination) i.e., 

N'~ + D'~N'~/D~--HA1N 1 + S,/Dj = 0 ,  (4) 

N~ +D'2N'2/D2-HN 2 + S2/D2=O, (5) 

N~ + D'3N'3/D 3 -- HN 3 + S3/D 3 = 0. (6) 

Because the source terms S,, $2 and S 3 are 
functions of N,,  N2 and N3, these differential equ- 



Geometrical Changes in Cylindrical Copper Hollow Cathodes 191 

ations are coupled. As has been done in [7], the 
following mechanisms of particle generation and losses 
are considered. Copper atoms are generated by sput- 
tering at the cathode walls, and they are annihilated by 
charge transfer collisions with neon ions 

SI = (2Nz/z2  + ff3N3/~c3-kaglN3 ; (7) 

(~ being the sputtering coefficient of the ion i (~2 
includes copper atoms originating from recombined 
copper ions), and kc t  the charge transfer rate constant. 

Copper ions are produced mainly by charge trans- 
fer collisions. There are no important losses except the 
diffusion to the walls 

S 2 = k . N  1N 3 . (8) 

Neon ions are produced by electron excitation, and 
they are annihilated by the charge transfer collisions 

S 3 = RNeNNe -- kctN1N 3 (9) 

where RN~ is the ionization rate constant for neon, and 
NNe = NN~, 0 -- N3: the density of neon atoms (NNe, 0 is 
proportional to the neon pressure). 

From (4-9) we obtain 

N'~ + D ' ~ N ' ~ / D 1 - H A I N  ~ 

+ ( H D 2 ~ z N z + H D 3 f 3 N 3 - k a N t N 3 ) / D ~ = O  , (10) 

N~ + D'2N'2/D 2 - H N  2 + k . N ~ N a / D  2 = 0, (11) 

N~ + D'3N'3/D a - H N 3 

+ [RN~(N~, 0 - N3) - kaNm Na]/D3 = 0. (12) 

This is a system of coupled nonlinear ordinary 
differential equations of second order, which has to be 
solved as a boundary problem. For that a numerical 
program based on the difference method [15] was 
used. 

The following boundary conditions must be taken 
into account. No net particle flow in the axial direction 
can occur in the centre of the cathode (x = 0) due to the 
symmetry. This results in N'~(O)= 0. Because, as in the 
experiment [5], the calculations are made for a single 
cathode (there are no neighbouring cathodes), the 
particle densities vanish at a certain distance xm far 
enough from the cathode edge, i.e., N~(xm) = 0. Because 
of the symmetry the calculation was made only for one 
half of the cathode starting from the centre (x = 0) to 
the edge (x = x L = 2 cm) and up to x = Xm, which has 
been chosen as Xm=3 cm. One of the boundary 
conditions is outside the cathode requiring the know- 
ledge of the particle densities outside the cathode, too. 
Thus one needs modified differential equations in this 
region: 

The diffusion coefficients D~ are assumed to be 
constant (D'/= 0). Here the generation of copper atoms 

is not possible ((i = 0), and the copper atoms are not 
reflected (A 1 = 1). However, neon atoms can be ionized, 
and charge transfer collisions can occur. The particle 
losses due to diffusion in radial directions are given 
approximately by the same terms as inside the cathode. 
Then the system of differential equations outside the 
cathode is 

N'~ - H N  1 - kaN1Ns/D~ = 0,  (13) 

N ~ -  H N  2 + kctN1N3/D2 = 0, (14) 

N ;  - H N  a + [RNo(NNe ' o - N 3 ) -  kaNIN3] /Da = 0. (15) 

After having calculated the particle densities by the 
solution of the system (10-15), the cathode erosion 
must be calculated. At first a particle flow density E F 
from the cathode surface is introduced, which results 
from the difference between sputtered copper atoms 
and stuck copper atoms and copper ions 

EF = (3 Fz + (3 F3 -- A 1 F1 --  A2 F2,  (16) 

where Fi is the particle flow densities to the cathode 
surface, A i the sticking coefficients, and ~ the sputter- 
ing coefficient excluding reflected copper atoms 
originating from recombined copper ions. 

The particle flow densities striking the cathode 
surface result from the radial diffusion 

Fi = V I A .  Ni/zi  = R/2  " H O i N i ,  (17) 

where V is the volume of the cathode, and A the surface 
of the cathode. 

As ~ * - A  2 = ( 2 - 1 ,  we get from (16) and (17) 

E~ = R / 2 .  H[(~2-  J)DaN 2 

+ ~3D3N 3 - -  A1 DIN1] . (18) 

From that the erosion rate E (decrease in the wall 
thickness per time) results as 

E = E r m l / 0 ~ ,  (19) 

where rn 1 is the mass of one copper atom, and 01 the 
density of copper. 

Parameters 

The following parameters, for which values must be 
found depending on the experimental parameters, 
appear in (10-15, 18) 

D1, D2, D3, 

A1, ~2, ~3, 
kct, RNe. 

The charge transfer rate constant is according to [6 
and 8] about k . = 2 . 1 0  -9 cm3/s, showing no depen- 
dence on the pressure or the current density. 
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The ionization rate constant for neon has been 
derived from the model of rate equations for mean 
particle densities. From (6) and (9) we obtain, neglect- 
ing the differential terms, 

RN~ = N3(HD3 + kr o -- N3) (20) 

The numerical calculation of the rate equations 
(with (35) added for the current densityj [A/cm 2] at the 
cathode surface) results in 

RN~=280 j 1.S - l j  (21) 

which is valid for R = 0.2 cm and PNo = 8 mbar. 
Following the calculated values in [,8], the sticking 

coefficient for copper atoms was used in the form of 

A 1 =0.05 (1 + 10 J). (22) 

For the sputtering coefficient values are obtained 
from [9 and 11], assuming that the copper ions reach 
the cathode surface with the full energy of the cathode 
fall in contrast to the neon ions 

~2 = 0.00603 - U - 0.117, (23) 

with U being the discharge voltage IV] 
(20V < U < 350V) 

~ 3 = 1 . 2  �9 1 0 - s E ~ + I . 4  ' 10-3E3 (24) 

with E3 being the energy of the neon ions striking the 
cathode wall 1.eV] (E 3 < 200 eV). 

The following relations (25-28) are based on ex- 
perimental data and theoretical considerations of 
other authors: 

D1 = 28.9/PNe " 1/2 Td.~/(1 + 56/To,s) [cruZ/s] (25) 

(PNo: neon pressure in mbar, Ta,s: gas temperature in 
K) 

Dz = #2(kTaas + Ee)/e 1.cm2/s] (26) 

(e: elementary charge, k: Boltzmann's constant, Ee: 
mean thermal electron energy [,J], 
#2 = 3.71 �9 7/p~ .  TGas: mobility of copper ions in neon 
[cmZ/(Vs)]) 

D 3 = 4/7 �9 D 2 . (27) 

In (21-26) the terms j, T~,~, E~ and E 3 appear, which 
must be expressed by experimental parameters, too. 
The energy of the neon ions at the cathode wall is 

E 3 =4.337 - 1017 rn3UTc,~R- 1/2/k h [ e V ]  (28) 

(R: radius of the cathode [cm], m3: mass of one neon 
ion [g], kh: ratio between the thickness of the cathode 
layers in a hollow cathode discharge and in a normal 
glow discharge, kh=0.1 is used). 

The gas temperature and the electron energy are 
based on experiments in [-8]. They can be expressed 
approximately as 

TGas = 700+ 1778 I / j +  175 j [ K ] ,  (29) 

Ee=1.602 " 10 -19" (0.540.27 PNe) ]/J [-J]. (30) 

The discharge voltage is U = 300 V, if the experi- 
mental parameters are used as given in the introduc- 
tion. For other values the voltage is approximated by 
means of experimental current-voltage characteristics 
given in [12 and 13] 

U ~ {184 + 2 0 0 ( R -  0.1) + 0.91 PNe 

+ [-70 + 316 exp(--pNe/4)]]} " 1.38. (31) 

At first the current density at the cathode wall is 
assumed as a constant in the approximation procedure 
described below for the solution of the differential 
equations (Fig. 3) 

j---I/A . (32) 

However, the current density depends on the x 
position, because it depends on the particle densities 
(which are functions of the x position) as follows. The 
flow density j/e of particles at the cathode surface is 
given by three different charged particle flow densities 

Fe + F2 +/"3 =j/e, 
1"2 and/"3 as in (17). (33) 

ire is the electron flow density leaving the cathode 
surface. In the main it is caused by electron emission 
due to ion impact 

/"e = 372/"2 + 73/"3 (34) 

(Yi: secondary electron emission coefficient). 
From (17, 33 and, 34) follows 

j = e R / 2 .  HI,D2(1 +y2)N2+D3(1 +73)N3] .  (35) 

The electron emission coefficients were taken from 
1-14]. No detail is given there for 72. Thus the values 
were obtained by interpolation from values of other 
particles 

72 ~0.2 + 10 - 3  U ,  (36) 

73 =0 .074+ 5.8 �9 10-4E3.  (37) 

Inserting the current density as given in (35-37) 
instead of (32), the system of differential equations 
(10-12) becomes still more nonlinear, because then the 
particle densities N2 and N3 are included in the 
parameters D1, D2, D3, A1, ~3, Rie and 73 in a multiple 
way. 

Outside the cathode according to (13-15) only the 
parameters D1, D 2, D3, k ,  and RNe are required. For k a 
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the same constant value is used as inside the cathode. 
Also D1, D2, D 3 and RN e a r e  assumed to be approxi- 
mately constant outside the cathode having values, 
which result from the calculated values at the cathode 
edge. 

Calculations 

To solve the system of differential equations (10-15) 
using the difference method [15], the computer pro- 
gram needs the partial derivatives of all equations for 
each variable N1, N2, N3 and for their derivatives N'l, 
N~, N~, N'~, N~, N;. Further a 0 th approximation must 
be given for N1, Nz, N3, for example constant particle 
densities, which are calculated from the model of rate 
equations. At first it was tried to solve the system of 
differential equations in its more exact form, inserting 
the current density (35) which depends on x. This 
results in rather complicated terms for the partial 
derivatives mentioned above, and the equations could 
not be solved in spite of extensive variations of the 
parameters. Probably this is caused by the strong 
nonlinearities. Therefore some approximations had to 
be done. 

In a first step only a weak dependence of the 
parameters on the position is assumed. That does 
mean the further use of x-dependent parameters in the 
differential equations, but calculating the partial de- 
rivatives of the equations the spatial dependence of the 
parameters was neglected. This approximation was 
not yet sufficient to get a solution. 

Therefore, in a further approximation the para- 
meters have been formulated inserting the constant 
current density (32). Thus solutions could be obtained 
for Ni, N2 and N 3. Using these solutions Ni(x) and the 
constant parameters, the resulting x-dependent cur- 
rent density j(x) was calculated from (35) in the way 
shown in Fig. 3. Integrating over the cathode surface 
one obtains the total current I, which must be com- 
pared with the experimentally given value of I. If there 
are deviations, the calculation of Ni, N2 and N3 must 
be repeated using the constant current density multi- 
plied by a correcting factor. In this way one obtains the 
first approximation of the cathode erosion rate E(x) 
shown in Fig. 4a. In accordance with experiments, 
which always show a widening of cylindrical cathodes 
at the edges in the beginning, the computed erosion 
rate has the same behaviour. 

Doing some more iteration steps, as shown in 
Fig. 3 (now starting with the first approximations of 
j(x) and Ni(x)) , the results for the erosion rate are not 
changed essentially. Therefore in the following the 
calculations are restricted to the first approximation. 

The calculation, as described up to now, does not 
describe the formation of hollow spheres within the 

, i 

Fig. 3. Scheme of the iterative numerical solution of the system of 
differential equations (10-15) 

cylindrical cathode; a variation of the parameters only 
results in changes of the cathode erosion which do not 
match the experiments. On the other hand, it could not 
be expected, that the long time behaviour of the 
erosion can be described by a formalism, which is 
derived for the steady state in an undisturbed hollow 
cathode. To get further information, a disturbed case, 
as shown in Fig. 4a or Fig. 5a was taken as the starting 
position for the next step in the calculations. 

After a certain period the conical widening of the 
bore in the edge region is connected with a change of 
the character of the discharge in this region: The 
hollow cathode effect decreases and tends to change 
into a normal glow discharge. A cone angle of about 6 ~ 
is sufficient to disturb the hollow cathode effect. This 
view is supported by some experiments with short 
discharge tubes, whose active length (the total length of 
the cathodes) was just sufficient to obtain Cull laser 
activity. After a weak conical widening of the bore at 
the cathode edges no lasing was possible. Obviously 
the active length with hollow cathode properties was 
shortened by the widening. Drilling a new hole made 
the cathode holes parallel again over their whole 
length, thus restoring laser activity. 

Therefore in the calculation the change of the 
discharge is taken into account by deviding the 
cathode region from x = 0 to x = 2 cm into two parts, 
the inner one with the hollow cathode effect as before 
up to x = 1.65 cm and the outer one with a disturbed 
hollow cathode discharge. This region is characterized 
by a thicker cathode fall (kh ~ 1 in (28)) and by a smaller 
ionization rate of neon. In comparison with the hollow 
cathode discharge, RNe has been decreased by a factor 
of 0.5-0.1 in the calculation. The radius R of the 
cathode has been left constant in the calculation, 
because little deviations from parallelism should not 
have a remarkable effect on the radial diffusion modes. 
In principle, the calculations result in a cathode 
erosion rate as shown in Fig. 4b. In this case the 
ionization constant RN, was decreased only by a factor 
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Fig. 4a~z. Erosion rate of a cylindrical hollow cathode in 
dependence on the axial direction. The calculation has been 
made for a cathode diameter of 2R = 0.4 cm, a neon pressure of 
pNo=8 mbar, a discharge current of I=0.3 A and a discharge 
voltage of U= 300 V. (a)Hollow cathode effect all over the 
cathode (up to x=2cm); (b) Hollow cathode effect up to 
x= 1.65 cm; (c) Hollow cathode effect up to x=0.75 cm 

of 0.5. At the assumed boundary - which in reality is a 
transition zone - the erosion rate has a point of 
inflection. In the adjacent hollow cathode region the 
erosion rate E has a maximum, and in the adjacent 
disturbed hollow cathode discharge it has a minimum 
showing either a small erosion rate or a deposition of 
material (after some iteration steps or with somewhat 
different parameters). An erosion rate, as shown in 
Fig. 4b, can lead to the development of a bulge, 
situated at the erosion rate maximum next to the 
broadened edge region of the cylindrical cathode. 

0 x[cm] ~ 2 

Fig. 5a-c. Calculated longitudinal section of the cathode shown 
in Fig. I. (a) After 50 h erosion according to Fig. 4a; (b) After 
additional 50 h erosion according to Fig. 4b', (c) After additional 
50 h erosion according to Fig. 4c 

The position of the boundary was chosen some- 
what arbitrary, to deliver an erosion curve correspond- 
ing to experimental observation in one step. In reality 
the boundary or transition zone will shift continuously 
from the edge in the negative x direction, in the course 
of which the erosion rate curve in Fig. 4a develops into 
a shape of the type in Fig. 4b. But this shift slows down, 
when a conical region open to the center emerges and 
subsequently the bulge is growing. At the same time on 
the other side of the bulge a conical region open to the 
edge develops with the consequence, that a new region 
with a changed character of the discharge develops. In 
the center of the bulge the hollow cathode effect is 
stable. 

In a further calculation the corresponding new 
boundary of the region with the hollow cathode effect 
was set at x=0.75 cm. Its continuous shift phase was 
omitted again. The hollow cathode effect inside the 
centre of the first bulge has been neglected in this 
calculation. It gives an erosion rate curve, as shown in 
Fig. 4c, which leads to the development of the next 
bulge further inwards. 

Figure 5 shows the calculated change in the longi- 
tudinal section of the cathode corresponding to that in 
Fig. 1. In a rough approximation it is assumed, that the 
cathode has been eroded each time for 50 h according 
to Figs. 4a-c. Considering the variation in the experi- 
mental results (Fig. 1) and considering the lot of 
approximations made in the calculation, the com- 
parison of curve c in Fig. 5 with the experiment (Fig. 1) 
shows a satisfactory correspondence. 

In this way one can derive a structure in long 
cylindrical hollow cathodes, which is the starting point 
for the further distortion of the small bulges into 
hollow spheres. Different mechanisms can influence 
this further distortion. It could be favoured by the 
described formation of an erosion maximum and an 
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erosion minimum next to the boundary between a 
hollow cathode discharge and a disturbed hollow- 
cathode discharge. But moreover the effect of the 
changing geometry on the diffusion becomes import- 
ant. In addition, a different microstructure of the 
cathode surface develops in regions with strong ero- 
sion and in regions with weak erosion or deposition of 
material. A strong erosion results in a rougher surface 
[51, which leads to a greater sputtering coefficient than 
in a deposition area [11]. This favours the formation of 
hollow spheres, too. 

Finally the experimental parameters were varied in 
the calculation to a little extent. Decreasing the length 
of the cathode from L = 4 cm to L = 1.6 cm, which is 
done with a constant current density (i.e., I=0 .12  A), 
an erosion rate maximum is obtained in the centre of 
the cathode, which is the experimental result in [5], 
too. Increasing the current from 0.3 to 1.5 A for 
L = 4 cm again, this results in nearly the same shape of 
the erosion rate curves, as shown in Fig. 4, but the 
erosion is about 5 times faster. A change of the neon 
pressure from 8 to 12 mbar has no effect. 

Conclusions 

The presented calculations indicate, that the structur- 
ing of cylindrical hollow cathodes (Fig. 1), which leads 
to the formation of hollow spheres, is caused by the 
development of conical regions with a disturbed 
hollow cathode discharge. At first such conical regions 
arise from the edges of the hollow cathode, due to the 
different drop of the different particle types from the 
centre of the cathode to the outside. Then inside the 
cathode further conical regions can develop. This is 
caused by the formation of erosion maxima and 
minima next to the boundary of the outer conical 

regions. Therefore, one must conclude that the geome- 
try of hollow cathodes is always changed, as long as 
losses of particles are possible. Only in a closed or 
nearly closed system, like in a hollow sphere with a 
small aperture I-3, 5], perhaps a stable geometry is 
possible, showing no or only a scaled change in the 
cathode geometry. 
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