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Abstract. In high resolution atomic or molecular beam spectroscopy, where the Ramsey
interrogation method is used, one of uncertainty sources in determining the resonance
frequency accurately is the phase-shift of the electromagnetic radiation in the cavity. This
phenomenon, which depends on losses and asymmetries, is analyzed in a general way for a
transverse atomic beam dimension much larger than the transition wavelength, a case
which occurs in Mg or Ca beam frequency standards and the effects of different
misalignments in collimated or divergent beams are examined. Numerical evaluations have
been performed in the special case of an experimental Mg beam frequency standard.
Divergence plays an important role in determining the cavity phase shift frequency error
which is reduced about 100 times with respect to the case of a collimated beam.

PACS: 32.80

Although bias and uncertainties in different atomic
beam frequency standards are related to physical
phenomena all having the same origin, in some cases, a
specific analysis is required. In particular, as far as
standard based on Mg or Ca submillimeter metastable
beams are concerned, care must be taken in evaluating
some errors, that the transverse beam dimensions are
much larger than the transition wavelengths. In prac-
tice, the Mg and Ca transitions suitable for sub-
millimeter frequency standards occur at wavelengths
shorter than half a millimeter, whereas the cross-
section dimension of the atomic beam can be of the
order of 1 cm. Moreover, in such a geometry, incli-
nation and divergence may play a significant role in
producing special effects.

The present realization of the Mg beam standard,
whose operation frequency is v,=601277157860
+20 Hz and stability estimate is

o{r)=8x10"127712 for 15<7t<100s,

is described in [1] with some considerations on the
main uncertainty sources.

In this paper, attention is focussed on the cavity
phase shift bias, since this effect was not specifically

analyzed before. As is well known, precise determina-
tion of resonance frequency with the two-zone Ram-
sey interaction technique [2], used in atomic frequency
standards, rests on the assumption that the interaction
fields are perfectly in phase; therefore as a practical
solution, the two zones are part of the same electro-
magnetic resonator. In practice losses and asymme-
tries may destroy this ideal assumption and a phase
difference ¢ between the two interaction regions may
arise.

Anerror is then produced because the peak value of
the transition probability does not occur when the
radiation field angular frequency w is coincident with
the Bohr frequency w,, but the maximum corresponds
to a frequency w=w,+ Q(p) where Q(¢) is an odd
function of ¢. This bias can be experimentally deter-
mined by using the beam-reversal method, a rather
time consuming technique which requires the physical
exchange of the beam source and detector, or adopting
the two-frequency separated oscillating fields tech-
nique as suggested in [3]. Therefore a theoretical eval-
uation of the cavity phase shift appears advisable in
order to determine its magnitude and to make clear the
dependence on geometrical parameters. The cavity



496

phase shift is analyzed here by considering the geome-
try of the experimental set-up of the Mg beam in
operation, which could also easily be used for a Ca
beam.

Since the phase shift depends on asymmetries in the
resonator and in the atomic beam, different situations
with perfectly collimated or divergent beams are
investigated.

1. Operation and Model
of Metastable Beam Frequency Standards

The operation principle of the Mg frequency standard
based on a fine structure transition within the *Py, ; ,
metastable triplet, described in [1], is sketched in
Fig. 1.

Part of ground-state atoms, coming out of an oven
at 520°C, are excited to the metastable triplet by means
of electron collisions. The spontaneous decay rate y ~*
of 3P, to the ground state, of the order of milliseconds,
introduces a natural population difference between
metastable levels and at the same time suggests an
efficient detection technique. In the experimental set-
up, a signal is obtained by repopulating the 3P, level
with a radiation resonant with the *Py—3P, Am;=0
transition and by detecting the corresponding flu-
orescence increase with a photomultiplier.

A narrow linewidth is achieved by means of the
Ramsey interrogation method: two interaction
regions, with a free evolution of length L in between,
produce interference fringes whose experimental ob-
servation is reported in [1]. The natural decay process,
which is fundamental for preparing a population
difference (length D) and for detecting the transition, in
the free evolution region (length L) may contribute in a
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significant way to the final observation according to
the geometry of the experiment and to the 3P, lifetime.

According to the design used in the methane beam
[4], a grid placed in the middle of the twice-folded
resonator, with a /2 period and with 1/4 wide
apertures, acts as a mechanical selector stopping atoms
which, because of divergence, would cross regions
where interactions should occur in opposite phases.
This geometrical sampling is to be considered in the
following evaluations together with the consideration
that all the physical phenomena involved in the beam
operation, i.e. production of metastable atoms, popu-
lation difference and detection, transition excitation,
are velocity dependent.

Useful expressions to evaluate the cavity phase
shift are obtained through the Maxwell-Bloch equa-
tions applied to the density matrix formalism [5], in
particular by using matrices of interaction (M), where
y=0, and of decay (Mp) as defined in [6].

Since a frequency error very small compared to the
Ramsey fringe linewidth is sought, i.c. the peak value of
the transition probability occurs at a frequency 2, very
close to 2=0, the approximation usually adopted [7]
is to put 2=0 in the M; matrices, attributing all the
frequency dependence to the time of flight present in
M,,. This means that integrations for point dependent
fields can be performed exactly and expressions are
correct under the assumption that the decay length L is
much longer than the interaction zones.

According to the symbols used in [6], for each
possible value v of the atom velocity vector and for
each possible coordinate crossing point in the first
region (the second is determined by the v value
assumed), the final values of the Bloch vector R® can
be expressed through the initial values RY in the
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Fig. 1. Geometry of the Mg beam with the twice-folded open resonator
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following way:
R(f) - MleDMIIR(i) “ (1)

The subscripts 1 and 2 in M; refer to the first and
second interrogations respectively. The four compo-
nents of R are directly related to the real (R,) and
imaginary (R,) parts of atom polarization and to
population difference (R,) and sum (R,). Their specific
expressions, through the density matrix elements g;;,
are

Ry =0, @ F 9 4 o el 0,
R,=i[g1,67 9 — g}, V)],
R3=0,,—011-

Ri=055+011,

where p is the phase of the electromagnetic field.

The initial values R® can be obtained via the decay
process between the source of metastable atoms and
the first interaction. The general assumption
RY = RY =0is made in the following. The signal at the
detector is proportional to the variation A[RY + R{]
=(RY+RY),, ~ (R +RP),. -0 [6], between z, and
zy, g being the coordinate dependent Rabi angular
frequency. Due to decay, the evolution of (R;+ Ry)
with z between z, and zy is

Ry+Ry=(RY+RY)e™ 7. @

A few different situations are considered in the
following sections to evaluate the phase shift error. At
the beginning an atomic beam without divergence in
the plane (z,£) is assumed (see Fig. 2). If the beam
velocity has only the v, component, that is the
crossings between beam and propagation axes &, and
¢, are orthogonal, different cases, of perfect alignment
and of small misalignments between grid and standing
waves, are analyzed. Perfect collimation requires a
beam very narrow along £, as a consequence the signal-
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Fig. 2. Coordinate system used for the electromagnetic field
distributions in the folded resonator
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to-noise ratio is reduced, but in the former case the
phase shift is zero to this order of approximation.

Subsequently a collimated beam with a small
inclination is considered between z axis and v vector in
the plane (z, £). This is a premise to the last case of
phase shift with a divergent beam. The analysis is
performed on the general assumption of point depen-
dent fields, that is wy = wg(&, v, 2).

2. Phase Difference in the Optical Resonator

In the experimental set-up of the Mg beam, the twice-
folded open resonator used is shown in Fig. 2. The Q
factor is mainly determined by mirror losses and by
coupling through the semitransparent metal mesh,
whereas contributions from diffraction losses are negli-
gible. According to this assumption the rf mangetic
field B,, parallel to the quantization axis z, can be
expressed in the two regions with axes &; and &, by
means of two counterpropagating fields labeled with
superscripts + and — according to the direction of the
propagation vector with respect to the &, , axes. By
introducing the electric field reflection coefficients I ,,
considering in a first approximation the field as a
superposition of counterpropagating plane waves, the
expressions for B, on the propagation axes, under
resonance conditions are:

B(¢)=B;(¢)+ B (&)
=B |,)? [cosﬁil cosmt

1-|5]
2

cos(wt + ﬁél)} , (3a)
Bz(éz) = B;(fz) + Bz_(fz)

=B, [cosﬁéz coswt

- COS(wt—ﬁéz)] (3b)

where equal phases and maxima of standing waves
were imposed at &, =¢,=0. In an ideal situation the
straight line between these two points is parallel to the
atomic beam direction which is the quantization axis z
as well. In expressions (3a) and (3b) f=2n/A and B,/2 is
the amplitude of B; wave at &,=0. The rf field phase
variations ¢ with £, and &, are easily obtained from
(3a) and (3b).

1—|I;
(&)= —-arctan[1 +:Fi: tanﬂél] o, T, (4a)
5(52)=arctan[ :1{;4: nﬂéz] + 0,7, (4b)
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where the coefficient «,; , is zero when ¢, , belongs to
an interval —%— +3% around 2az and is 1 when the
interval —5— +3% is around (2n+ 1)x.

When the skin effect is predominant the reflection
coefficient of metal mirrors can be expressed as

1—(1+ijr, . WEg
Ii=-— - th =ri=|/ 2
1 1+(1+1)r1 W1 rl rm 20_1 s
(— .
S e U L S NN VALY

where ¢, is the vacuum permittivity, ¢, and o, are
metal conductivities and the change in the numerical
factor in r, comes from the incidence at 45° on the two
equal mirrors. In this case, the approximation
|| ~1-2r leads to

O(&)~ —arctan[r, tan &, | +a,, 7, (5a)
o(&,)~arctan[(r, +4ry) tanfé ]+ o,,7. (5b)

The phase shift ¢ between the two regions is

@ =0(¢,)—0(¢,) with 6(Z,) and &(¢,) given by (4) or (5).
The phase difference between points lying on the
axes &, and &, is represented by the expression

@(&,, ¢1)=arctan(K, tan f))
+arctan(K tan &)+ (0 — %uy)7, (6)

where K, and K, are very small coefficients obtained
in a straightforward way from the expressions (4).

3. A General Expression of the Phase-Shift Error

The phase-shift expression given in [8] is here made
general to include the wgy dependence on the coordi-
nates and the decay process of one metastable level
(°P,) with rate y 1.
Following [6, Eq. (A5)], the decay matrix My, is:

dl 1 dl 2 0 0
dy,y d», 0 O

0 0 diyy dy |

0 0 dys dus

M, = 7)

where

L
di =dyy=e M= cos (Qv_ +(p>,

z

) L
dyy=—d;,=e H2=5in (Q— +(p) ,
dyy=dgy=(1+e "=)2,
dag=dya=—(1—e 7752

and ¢, given by expression (6), takes into account the
phase difference between the two zones.
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The specific expressions for interaction matrices
are reported in the following sections; however, due to
the condition £2=0, their general form is [6,
Egs.(A7,A8)]:

1 0 0 0
0 i i 0
M — .322 '9-23 8)
o ig32 lgaz O (
0 0 0 1
with i}, =i}, and i{}, = —i¥),, j assuming the values

1 or 2 according to the interaction zone considered,
and 9 is the inclination angle with z of an atomic
trajectory in the (z, &) plane.

To improve the previous approximations, that is
the identification in the matrix My, elements of the free
evolution length L with the distance between the two
gaussian beams and the condition 2=0 in the matrix
M; elements, respectively, the Rosen-Zener conjecture
can be used [9,10]. The latter is an approximate
extension of the only known solution of the two-level
problem with a non-constant interaction field, with
envelope f(f)=sech(t/z,), to the case of a field envelope
function g(t), continuous with its first derivative and
Fourier-transformable. The transmon probability is

then proportional to I [ g(t)e‘“’dt

By applying this evaluatlon method to the double
interaction with gaussian beams, a linewidth value is
found which, when compared to that obtained through
the use of matrices My and M, suggests the substi-
tution of L with the more appropriate value

Le=]/ff+ 7 00

¢, being the gaussian beam radius at e ™! of power.
Introducing in (1) expressions (7) and (8) with the
specified initial conditions R{)=R{ =0 we get

RY =i,103d,,RY +i3[d35i3:RY +d3,RPT,  (9)
with

RY _d43‘§;13)3Rm+ d44R£ti-) > (10)
RO = —1/2(1 —e~ ")

and

RO = +1/2(1+¢77%).

The average probability (P(Q)> to detect the
transition is proportional to

(P(&)) oc g\ }f: £ JO)BHA[RY + RE]
X (€7 724lv= — e " 77EI'5) g d 9d 1n

where f(v) is the metastable atom velocity distribution
at the end of the electric discharge and @(3) is the angle
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dependent flux density. The integrations are carried
out over the velocity distribution and the ensemble of
coordinates o(¢; ,, y) ranging over the surface X with
correlations between first and second Ramsey zones
coordinates according to the allowed trajectories. The
solution looked for is the value Q; for which
d{P(2)>/d2=0. In expression (11) only the matrix
element d,, coming from (9) is Q dependent through
cos(QL,/v, + ¢), therefore the cavity phase-shift bias
must satisfy the equation

{ g £F(v)¢(9)%1(u, 0,9

X [Ql%cosq)+sinqo} dvd3do =0, (12)

where it has been assumed that QL /v, <1,
F(U) =f(v)e —y(L+D)/2v,
x sinh{yD/2v,)(e” VZalvz __ o= VZB/vz)

and I(v,0, %)= 15923)215912)3
The final expression follows

FI{o8)— (U) I(v, 0, 9) sinpdvdodd
Q1 ~_ 1 v (13)
0LeH§¢( ( )I(v o, 9) cos pdvded9
v3 2z

It can be remarked that, in many cases, ¢ assumes
only values very close to 0 or x, and therefore suitable
approximations are sing = + ¢ and cos ¢ = 41 respec-
tively. To avoid misunderstandings because of the two
possible approximations the notation sin¢ and cos ¢ is
maintained when necessary. Moreover, according to
(6), for some trajectories this assumption does not hold.

Due to the small 9 values allowed by the colli-
mators, significant variations of ¢ with 3 were not
experimentally found, therefore from now on &(¢) is
assumed a constant and it is omitted in what follows.

For a metastable Mg beam an expression of the
velocity distribution f(v) has been obtained in [11]
analyzing the case of metastabilization through atom-
electron collisions

f(v)= A(v/a)’eH1o=%% sinh (K1 /v),

where

A =normalization constant;

o=the most probable velocity in the oven;

7= positive number higher than 3. It takes into
account the elastic collision effect;

I =discharge current;

H and K are constants dependent on the excitation
and deexcitation cross-sections of Mg and on the
discharge geometry.
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4. Orthogonal Interaction
with a Collimated Atomic Beam

In this case

=cos[{(BE)],
_ 1(21)3 =sin[{(B¢)],

where, according to (A.10) of [6], { takes into account
the field shape seen by the atom and, in particular, for a
gaussian electromagnetic beam

{=e Y%y /y cos f¢;

being y=]/2ng¢wro, Wro= uB,/h and x the transition
dipole moment which, in the Russel-Sounders cou-
pling, is 1/2/3 times the Bohr magneton.

For the orthogonal interaction of Fig, 2, &, =¢,=¢
and, if the atomic beam engages an integer number M
of slits of the grid centered at £ =il/2, i being a negative

1
|
;

(

j)
22
()
32—

N[
p—n

b
.
£, 12 “52[“

r

Fig. 3a—c. Different asymmetries in an orthogonal interaction of a
collimated beam. a Slits are not homogeneously filled with atoms.
b The grid is not aligned with the standing waves. ¢ A standing
wave is not aligned with the grid and the other standing wave.
The steplike diagrams divide the £, , axes in zones where phases
of perfect standing waves are 0 or x respectively



500

or positive integer, the net result of (13) is 2; =0 due to
the odd and even dependence on ¢ of ¢ and (i3 - i)
respectively.

On the other hand, if not all slits are filled with the
atom flow (Fig. 3a), an unbalanced term comes out
from (13) and the maximum error is

Qiy - K, +K,
we T 2MwgL,

TR0 T ay T sin2e(8)tan pa(p)
0 y b o ’ (14)

dpeo w4,
| Fo) =] dy | sin®{(BE)d(BE)

12

Qr

w0 d 2o T
TR T dy T iayes — dins(E) sing(&, — d, E(BE,)
0 v o —nj4

E. Bava et al.
where u=f¢,. lf d=e<1/p
& Ktk
Wy cL,
o dve e
[ F@)~- [ dysin*(e "¢/} 20)
X pe 4 ’
jF(v) 3 j"dy j sin®{(w)du
(15b)

where ¢ is the velocity of light.

If a misalignment d occurs between standing waves
maxima, e.g. £;=¢,+d (Fig 3c), leaving £=¢,, the
expression (13) yields

Even and odd (non-contributing) functions of f¢
under integration in (16a) can be easily separated. A
simplified expression is possible for d=¢ in the case

Bex/v<1

wo  @oL,® . dveo (162)
° OTFW) = [dy | iaa(& —d)iaa(Er) cosp(é, —d, &, )d(BE,)
0 [Z21] —n/4
sxn2(Ccosu) Kl-;K2 Csm us1n(2Cc0su):|
cos?u (16b)

2o n/4
T L |-

w,  cL,

where @(B¢)~(K,+K,)tanf¢ is obtained from (6)
with &, —fz—é and the integration limit g, follows
from a suitable approximation of the atomic beam
cross-section dimension in the two interaction zones.
By moving the grid it is possible to evaluate the total
variation.

This error can be reduced by adjusting the width of
the semitransparent portion of the grid to be sure that
all the slits are symmetrically filled with atoms.

If there is a misalignment d between grid and
standing waves (Fig. 3b), then ¢, =¢,=_{+d and the
frequency error is

o 1
we oL,

[F0 T ey 4§+ dau) singlu)du

X 2o ni4 +ﬂd ’

f F(u)d—2 fdy [ sin®{(u)cosp(u)du
0 v” o d

— A+

(15a)

(j) F(v)v—2 g dy (j) sin?(C cosu)du

being C = (y/v)e ~>*/?¢%.

This expression was compared with numerical
integration of (16a) and it turned out to be a suitable
approximation also when fey/v <1.

In the numerical computations the figures listed in
Table 1 have been used. These correspond to the
experimental realization of the Mg beam. Diagrams
obtained from expressions (15b) and (16a) are reported
in Fig. 4 as a function of y, which is proportional to the
standing wave amplitude inside the resonator. Both
the grid and the second standing wave are supposed to
be shifted by d=10um from their ideal position
separately. Curves b) and c) refer to grid and standing
wave movement  respectively.  The  value
¥opr = 1581 m/s which normalizes the horizontal axis
comes from [6], where the case of a perfectly colli-
mated beam was considered, taking into account the
actual velocity distribution and the experimental para-
meters. The relative phase-shift error in a collimated
beam is evaluated from Fig. 4 of the order of a few units
in 10*3 with the possibility of some reduction because
of the even dependence on the misalignment d.
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Table 1. Parameter values used in the numerical computations

Parameter  Value Parameter  Value
D 1.15m y~i 46x107%s
L 0.3m o 736 ms~!
L, 027m 7 4
Z4 03m H 2200 ms *A™!
Zp 0.5m K 1540 ms™1A™!
a 2x1073m 1 03A
%o 8x1073m re 1073
A 498 x 10 %m Xopr 1581 ms~?
4
Wo

o B

i |
¥ T

1 2 3 4
X/ Xoer

Fig. 4. Relative frequency error |Q,/w,| for grid b and second

standing wave ¢ misalignments (d = 10 um) as a function of y/yopr

5. Non-orthogonal Interaction
with a Collimated Atomic Beam

‘When a non-orthogonal interaction occurs, the travel-
ling wave produces not only a cavity phase shift, but a
first order Doppler effect as well. This latter effect is
considered in a paper in preparation [12]. Here the
analysis is concerned with the phase shift between
points belonging to the coordinate axes £, and &,
respectively.

If 3 is the angle between the velocity vector vand z,
following the previous notation for the Bloch vector R,
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if the atoms cross a standing wave g{z) cos ¢ where &(t)
={o+v:t and z=z,+v,t, the differential equation
system for the components R; is formally the same as
written in [6, Eq. (A.7)].

In this case the M elements can be written as

Ig22 =lg33=C08{y,

. . . 17
lg3p= —lgp3=8in{y,
where, for a gaussian beam,
—#(feotand)?
_ xe
=g V2001 cos 18
G A cosé, (18)
is an even function of § and nearly constant if
Pogtand <1,

In order to get a strong interaction with the
Ramsey technique, the standing wave maxima and the
slit centres have to be aligned. In this case the phase-
shift expression is given by (6) after a suitable choice of
originfor ¢, and £,. Apart the small § dependence of
present in expression (18), the bias evaluations given by
(15a) and (16a) can be easily transferred to this case.

Another possibility can occur with standing wave
and grid positions as shown in Fig. 5, the atomic beam
having an inclination 3. Now atoms cross the two axes
&, and ¢, at coordinates ¢, and &,, given by
Eo=(—(L/Dtand, &E,o=¢4(L/2)tand (19
and the phase difference between £, and &, 5, linked by
the trajectory (19), is

pg=arctan {K tan(BE,,)}
+arctan{K, tan(BE,0)} + (ot — oy
=arctan{K, tan[f(¢{ — L/2tan3)]}
+arctan{K, tan[f(£ + L/2 tan 9)]}
+ {0y — ). (20)

Fora given ¢ value, ¢, is periodic with 3; the period
T, is given by (BL2)tanTy=n, that is
Ty~ A/L~1.67 mrad in the case examined.

For fully symmetric trajectories &(f)=¢&,+v,t and
&ty= —&,—vst, the product if3,il; is unchanged,
whereas ¢4 has opposite values, apart the additive term
(a,2 — 0,1 )7 which is unaltered; given a 9 value, ¢y is
odd in § only if K, =K,.

The phase-shift bias, assuming slits equally filled
with atoms therefore gives a net result different from
zero if 940. The general expression in this case is

o0 d o /4 .
0  TFOT [y | igsa(Baolinna(BE10)singud(B)
19 0 UV o —~ /4

wnL. dveo w4
o ) F(U)_IZJ [dy | ig32(BE20)is23(BE10) cOspd(BE)
0 [ ~7/4

, 1)
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LATOM'C BEAM SAMPLES  Fig 5, A possible geometry of a non-orthogonal

interaction of a collimated beam
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p
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.5 2 3 (mrad)
11410712
_ 5 B ’ o
1210712
~10-
J-3-102
Fig. 6. Phase-shift error as a function of the
inclination 9 for a non-orthogonal interaction
49/( ML) as in Fig. 5. 3 scale in units of /L is also
} - L shown. a y=05yopr, ® X=Yorr- W X=1.5xopr
1 2

where the relationships between &,,, £,,, and £ are
given in (19).

Expression (21) with the integration limits on B¢
indicated is a quasi-periodic and odd function of §
9«1 and {, can be taken as nearly independent of 3.
The two-zone distance L is not only explicit in the
factor L., but terms in £+4-L/2tan8 are also in the
integrands, namely in ig3,, Igp3, and @g This effect
cannot be discussed directly. Moreover it must be
pointed out that, for atoms crossing the same slit, part

interact with equal phase, part with opposite phase
fields when

Mn/2+1/8) < (BL/2)tan9 < (/2 + 3/8)A.

In Fig. 6 the diagram of Q,,/w, is presented as a
function of & having y/xcpr 28 a parameter. At varying
3, with period //L, when the inclination approaches
Af4L there are many atoms which suffer a large phase
shift and, moreover, cross standing waves of opposite
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phases. The pattern of £, 4/w, is then rather irregular
in the region A/4L <3< (3/4)A/L.

A computed evaluation of (21) for different L values
has shown that the bias Q, ;/w,, is proportional to 1/L,
the ratio between integrals being independent of L.
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With reference to the experimental case when a
symmetry exists around the z axis and the slits are
centered at £ =il/2, if the grid is displaced by d, each slit
is crossed by atoms seeing a phase shift which cannot
be compensated. The bias is

Sui
Z d%ig35(£20)i523(C10) SINPG(S205 £ 10)

i Su

0 dU 20 /4 + fd

, . [FO—ldy | du
D, 0 v o 7/4—d
o - woL, 20 nj4+ pd

102 T ay
0 v

6. Interaction with a Divergent Beam

According to the results of the preceding sections,
when a divergent beam interacts with two standing
waves, the phase-shift bias is compensated overall if a
perfect geometrical symmetry exists with respect to the
z axis. Only asymmetries in the beam flux density @ or
in the relative positions of standing waves, grid and
beam can produce phase shifts which, when integrated,
do not average to zero.

In the case of the Mg beam considered, the full
divergence is about 10 mrad, but the full aperture @ of
the atom flows across a slit is nearly £-independent,
that is

O~2a)(D—L,+L/2),

where 2a is the diaphragm aperture (Fig. 1).
The corresponding upper and lower limit values for
(&) are respectively

$y=((+a)/(D—L,+L/2)
and
$=(—a)(D—L,+L/2).

In the experimental situation described
O ~4x 1072 and the range A over ¢, or &, spanned by
atoms crossing a single slit is 4 ~(L/2)@ + A/4~34/2.

Q&“

Wy

3-107% L

Sui
{ 5 du}_: sj- d9i332(€20)i523(E10) €O P20, € 10)

0 —n/4+

; (22)

where expressions (19) hold between &=u/f and the
coordinates &,, and &, through 9, the expressions
ig32, Ig23, and @y are independent of i, depending only
on ¢, but the integration limits along 9 depend on i; in
fact

;b
i—+&+d+a

AL AN
ui D—L1+L/2 ’ ui — Yuir
d<0
A A
, _li—g—‘d'{‘a
“T D-D,+L2°
A
i——%+d~a i£+%—d—a
pal 80 -
U D—L,+L2° " D—L,+Lp TETTE

with the exception of the extreme slits where the limits
are imposed by the atomic beam dimensions. Figure 7
shows the computed dependences of Q)p/w, on d,
having y/xopr as a parameter. For a displacement
d=1/2, the geometry of the experiment reproduces
itself exactly, whereas for d = /4 the observed Ramsey
fringe is inverted [1], the contrast and the phase shift
being practically the same although different atom
paths are sampied.

Fig. 7. Phase-shift error Q, p/w, as a function of
the grid displacement d for an orthogonal
divergent beam. — — — ¥ =0.5 y0pr,

X=Xopr ————— 2="1.5Yopr
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If these evaluations are compared with those of a
collimated beam, the beam divergence appears to play
an important role in reducing the frequency bias by
averaging contributions corresponding to different
paths. In fact, a reduction of a factor of nearly 100 is
obtained, comparing Fig. 4 with Fig. 7, for the same
power level at a grid displacement of 10 ym.

If the asymmetry consists of a small angle 3,
between the beam axis and the z axis, an expression
similar to (22) can be introduced with the following
new integration limits both at numerator and
denominator:

3:+3 and I;+9, ford,

—n/4+pfd and =n/4+pd foru
provided the origins of £, £, and &, are moved to keep
standing wave maxima and slit centres on a straight

line with inclination 9.
Accordingly the following expressions hold:

i —4(Beotan9)?
ggz) —ev2X® T
v cosd

X COS [u ) % (tan3 —tan 90)] , (23)

L
@p=arctan {Kl tan [u - BT (tan3 — tanSO)]}

L
+arctan {K otan [u + ﬂ?(’cané) —tan SO)}} . (24

510”14
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By introducing (23) and (24) with the appropriate
integration limits in (22) an expression for Q, ;(3,)/®¢
is obtained. It is straightforward to notice that the 9,
dependence is odd and different from zero, even for
d=0. As u is centered around zero, very strong
variations in ¢, are to be expected when
B(L/2)tan 8, ~n/2 that is 3o~ 1/2L, for K, £ K. This
is shown in Fig. 8 where the computed values of
Q,p(8)/w, in the case y=ygpr are reported. The
averaging effect due to divergence is again rather
strong and the relative frequency error can be limited
to the level of units in 10'* if proper checks of suitable
experimental conditions are performed to avoid 9,
positions around 4/2L. When d=0, far from this 3,
value, the effect of a 10 um displacement should be
limited to the 10~ !* level, as it turns out from Fig. 7.

As far as the dependence of frequency uncertainty
on the field amplitude is concerned, it is likely that
divergence imposes, for the maximum output signal, a
¥ value higher than the yqpr used in these compu-
tations. An appropriate value should occur between
¥orr and 1.5 yopy, but the diagrams of Figs. 4 and 7
show that the error increase is not substantial. Accord-
ingly the phase-shift error for the described experi-
rental set-up of the Mg beam should be lower than
10713 even with a two-zone distance of only 0.3 m.

From the experimental point of view the odd
dependence of the error on displacements and incli-
nations could be exploited for a better definition of the
operation condition close to the ideal case. Moreover
the beam reversal technique, which is also useful to

Fig. 8. Relative frequency error @, (9)/c0, for a
divergent beam with inclination 9, with respect
to the z axis. The diagram refers to y = yopr
with the grid centered for maximum signal
(d=0)
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reduce the residual first order Doppler effect, could be
performed with two counterpropagating atomic
beams whose alignment could be easily checked by
optical methods due to the absence of selecting mag-
nets in the structure.

7. Conclusions

In atomic beams with the transverse dimensions much
larger than the wavelength, specific problems arise
when determining the Ramsey cavity phase-shift effect
on the resonance frequency; this is of interest in
submillimetric standards based on Mg or Ca atoms or
on molecular transitions. Moreover, determination of
fundamental constants through millimetric transitions
of Rydberg atoms should face similar problems. A
rather general analysis of the effect has been performed
whereas computations were limited to the experi-
mental realization of an Mg standard. The beam
divergence yields atom trajectories whose phase shift
between the two zones assumes very widespread values
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of opposite sign as well. As a consequence, a strong
averaging effect occurs which reduces the frequency
error to a level lower than in the case of a collimated
beam.
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