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Abstract. RF traps are widely used nowadays in high resolution hyperfine spectroscopy.
The spectrum of the microwave hyperfine transition at 40.5 GHz of the fundamental level
%S,,, of 1*°Hg" is phase modulated at the secular frequency of the stored ions and it consists
of a narrow central line and lateral bands broadened by the ion trajectory and velocity
distribution. The central line itself is shifted by the second-order Doppler effect which is the
most important systematic error of stored ions frequency standards. In this paper the
relativistic Doppler effect in the case of '**Hg* stored ions is deduced applying a
mathematical formalism and using physical parameters that we have measured

experimentally.

PACS: 32, 35

In the case of an RF trap [1, 2] the ions are confined by
an inhomogeneous electric field created inside the trap
by a voltage V= Vpc+ VyccosQt applied on the trap
electrodes. For a cylindrical trap, which is the case in
our experiments, the instantaneous electric potential
can be written in cylindrical coordinates [3, 4]:

2y © (=)
Zy p;O m

Iy <mp —Q—>
"o Io(my)
where ro and z,, are the radius and the half height of the
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function of first kind of zero order:
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The confining properties of (1) have been studied
numerically by solving the Mathieu equations of
motion of a single ion in the trap [S,6]. The ion
undergoes a small amplitude oscillation (micromotion)
at the frequency Q/2m, superimposed on large ther-

mally excited periodic orbits (secular motion) at fre-
quency w,/2m, governed by an effective potential. In
the adiabatic case (w, <€) the effective potential is
given by [7]:
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where m and g are the ion mass and charge.

The harmonicity and sphericity of (3) have been
studied numerically [3]. It has been argued that this
effective potential cannot be perfectly spherically sym-
metrical and the condition of an approximate sphe-
ricity in the central space of the trap can be expressed in
terms of the components of the trapping voltage:

Voe=0.74)/2qV2/mQ(r3 +223). @)

Under these conditions, the macromotion secular
frequency is

ws=2.22qV,/mQ(réd+2z3%). (5)

Assuming a Maxwellian distribution of charge density
of a thermalized spherical ion cloud it has been shown
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[8] that the total effective potential including space
charge is:
1 Ng* 1 r
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where w, is given by (5), N the total number of stored
ions in thermal equilibrium, &, the vacuum permittivity

and R a parameter such that In I:ﬁ@] =1 with n(0)

the ion cloud central density. LMK

The mean amplitude of the secular motion is
comparable to R and depends directly on the ion
temperature. The frequency of the hyperfine splitting
of the fundamental level *S, , of *Hg" is 40.5 GHz
which corresponds to a wavelength of A=7.4mm of
the same order of magnitude as R. Thus the microwave
excitation seen by an ion oscillating at o, /2%, which is
the secular frequency reduced by space charge effects
[9], is phase modulated at this frequency. The micro-
wave spectrum consists then of well separated lateral
bands spaced at w,/2n [10]. The central carrier is
unshifted and unbroadened by first-order Doppler
effect. In this way extremely high precision hyperfine
spectroscopy has been carried out [11-13] that led to
high performance stored ions atomic frequency stan-
dards and especially that of *°°Hg™ ions [14, 15].

In order to improve the precision of this type of
standard an analytic formalism has been developed [8]
which accounts for the second-order Doppler shift.
When w,=w,/2 the macromotion temperature is
given as a function of the total number of ions N and of
the measured secular frequency w,,/27:
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where u= —0.23 and K}, is the Boltzmann’s constant.
The contribution of both micromotion and macro-
motion to the second-order Doppler shift can be
written
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where w, in (7) and (8) is given by (5) for a cylindrical
RF trap.

Numerical simulations [16] are in good agreement
with these results. Furthermore, it is worthwhile to
note that this model applies in every experimental case
described by Cutler et al. [17, 18] when the charge
density distribution is Gaussian. The physical para-
meters that have to be determined experimentally are
the total number of ions N and the secular frequency
/27

In this paper N is determined by the method of
image currents [19] and w,/2n is measured directly in
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the first-order Doppler spectrum of the hyperfine
transition. The precision obtained on the second-order
Doppler shift by this method is also discussed.

1. Experimental Set-up and Results

1.1. First-Order Doppler Spectrum

of the Microwave Hyperfine Transition

of the Fundamental Level %S, , of '°°Hg Stored Ions
in an RF Cylindrical Trap

The experimental set up has been described elsewhere
[14,20]. The radius of the cylindrical trap is

ro=19 mm and its half height z; = ro/]/§= 13.4 mm. It
is kept in a vacuum system whose base pressure is
7-1071° Torr and increases up to §-10~° Torr when
neutral mercury is introduced in the system by a
variable leak.

Good vacuum conditions are necessary in order to
enhance storage lifetimes by decreasing radiofre-
quency heating effects due to collisions of stored ions
with neutral mercury. Storage times of about 4 s are
achieved without any buffer gas in the trap. The mean
storage lifetime is easily measured by observing the
variation of the fluorescence at 194.2 nm between the
2P,), and the %S, , states of '"Hg* stored ions
illuminated by an **°Hg™ lamp when the ¥}, trapping
voltage is modulated. During the first half period of 5 s
Vpe equals 12V while it becomes —27 V during the
next half period. Meanwhile V,. and € are kept
constant with the following values:

Vac=300V and Q/2n~260kHz.

According to the stability diagram [ 6], ion storage
is only possible in the first half period. The slope of the
increase of the fluorescence signal observed in this way
(Fig. 1) gives the mean storage lifetime, which, under
these conditions, is 4 s.

In order to observe the hyperfine resonance at
40.5 GHz, we use the classical scheme of optical and
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Fig. 1. Variation of the stored ions fluorescence signal at 194.2 nm
when the constant trapping voltage ¥, is modulated
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microwave double resonance. A *°*Hg™ lamp pro-
duces the optical pumping of 194.2 nm, while the
microwave signal is generated by frequency multipli-
cation and synthesis from a 5 MHz quartz oscillator.

At sufficiently low microwave power we obtain
high resolution resonances (Fig. 2) whose quality fac-
tor is

Q=v/6v=54-10°.

The signal intensity is about 10% of the background.
At maximum microwave power (~3mW) the

broadening of the central line is about 340 Hz while

first-order Doppler sidebands now become well ob-

servable under these conditions the saturation factor
of the central line is 650.
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Fig. 2. Hyperfine resonance of the fundamental leve] *S, , at
40.507348 GHz of stored °°Hg™ ions in an RF cylindrical trap
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Fig. 3. Effective potential of an RF cylindrical trap with the
following trapping parameters: Vpc=31V; V,.=340V; Q/2x
=260 kHz. The depth of the pseudopotential is: D,=6eV. The
single ion theoretical secular frequency in the central space of the
trap where the potential is spherically symmetrical is: /27
=50 kHz

We have studied the second-order Doppler shift of
the hyperfine resonance in two different experimental
situations with spherical pseudopotential wells,

i) The RF driveis of 340V at /27 ~260 kHz and
Voec=31V. The resulting single ion secular frequency
according to (5) is w,/2n=50kHz and the pseudo-
potential depth (Fig. 3} is D,~6 eV. Note that for the
values of z>11 mm the ions are ejected towards the
trap electrodes by the trapping potential itself. The
pseudopotential is spherically symmetric within a
sphere of radius 6 mm from the central space of the
trap.

The first-order Doppler spectrum observed is de-
picted in Fig. 4.
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Fig. 4. Microwave hyperfine spectrum of the fundamental level
28y, of 1*°Hg™ at 40.507348 GHz modulated at the ion secular
frequency shifted by space charge effects: w,/2n=236 kHz. The
effective potential is at 50 kHz
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Fig. 5. Effective potential of an RF cylindrical trap with the
following trapping components: Vpoc=20V; ¥, =276 V; Q/2r
=260 kHz. The pseudopotential well depth is: D,=4.5¢V. The
single ion theoretical secular frequency in the central volume of
the trap where the potential is spherically symmetrical is: w /2%
=40kHz
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Fig. 6. Microwave hyperfine spectrum of the fundamental level
281, of 19°Hg* at 40.507348 GHz in a spherical effective
potential of w,/2r=40 kHz, modulated at the ion secular fre-
quency reduced by space charge effects: w,,/2r=28 kHz

The measured secular frequency determined by the
lateral lines is w,,/2n =236 kHz > $(w,/2n) from which
we deduce that the central density of the so-formed ion
cloud is [8]:

n(0)=meo(? —w2)/lulq? ~2.3-10 m =3, ©)

ii) The RF drive is V=276 V at /2n~260 kHz
and Vpe=20V. Thus w/2r=40kHz and D,~4eV
(Fig. 5). As previously the sphericity of this potential
occurs within a sphere of radius 6 mm. The hyperfine
spectrum observed is given in Fig. 6.

The measured secular frequency is o,,/2n =28 kHz

1 . . .
> 3 (;)—;) The central density of the ion cloud is about
1.6-10*3m™3.

1.2. Experimental Determination
of the Total Number of Ions;
Temperature and Second-Order
Doppler Shift Estimation

The total number of ions is measured by applying a
modulated signal near w,, between the two endcaps of
the trap and observing image currents induced in the
trap electrodes by the ion cloud motion. When the
sweep rate is lower than ~ 100 rad - s~ 2 the surface of
the detected signal is directly proportional to the total
number of ions N according to the relation [19]:

Yo Ao\ (4mzd\ (1+RG
() @R
with
b=(2-3Youd /23 Va2,

where Y,,, and dw characterize respectively the signal
amplitude and width while m and g are the ion mass
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Fig. 7. Ion number signal at 36 kHz in the case of a 50 kHz
spherical effective potential
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Fig. 8. Ion number signal at 28 kHz in the case of a 40 kHz
spherical effective potential

and charge. G is the admittance of the resonant circuit
and I a factor to account for the fact that the mean field
is not simply v/2z, where v is the probing voltage on the
endcaps electrodes [21].

Complete calculation of I' for different values of the
ratio of the potential well depth to the thermal kinetic
energy of the ions is given in [19]. For our experi-
mental conditions D,/3KgT)~10 so that we can
consider that I'~1. The uncertainty in the measure-
ment of N comes essentially from A4Y,,, and Aw and is
about 6%.

In the case of a 50kHz pseudopential well
Y =0.2540.01 and Aw/2n=(120+2) Hz (Fig. 7)
with =093, R;=2MQ and G,=49-10""Q7!

obtain N=(1.940.1)- 10 ions.

Using (4) and (5) one obtains the ion cloud
temperature

T=3580+120K
and the second-order Doppler shift

Aj{ —(5.70+0.18)- 10712,

The contribution of the second-order Doppler
effect to the total error is less than 2 - 10~ 13, The radius
of the ion cloud as defined in (6) is, under these
conditions, R =2.4 mm.

For the 40 kHz pseudopotential well the observed
signal of the ion number is presented in Fig. 8, where
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Fig. 9a, b. Comparison of the charge density distribution of the
ion cloud in the 50kHz effective potential a and the 40kHz
effective potential b deduced from computation of (11) and (12)
with the values of n(0) and T determined by the previous semi-
empirical method

Y..x=0.3440.01 and Aw/27=(105.54+2) Hz we ob-
tain N=(2.340.1)-10% ions.
We then have according to (4) and (5):

T=3315+90K and % = —(54440.16) 1012,

The ion cloud radius is R=3 mm.

Note that in this case we have a larger ion number
at almost the same temperature but with a lower value
of central density. This is due to the fact that the secular
frequency of the effective potential is lower, thus
permitting the ions to oscillate at bigger amplitudes,
consequently giving a bigger ion cloud radius (Fig. 9).

The secular frequency /27 measured in the first-
order Doppler spectrum corresponds to the ion oscil-
lation along ¢=(x*+y*)*/? direction while that de-

tected by image currents w,,,/2n corresponds to the
oscillation along z axis of the trap.

It becomes evident that a combination of these two
experimental methods can give information about the
influence of trap asymmetry on the sphericity of the ion
cloud. In our case the trap asymmetry comes essen-
tially from the holes on the cylindrical electrode for
the optical pumping and the microwave excitation.
In the previous examples a slight difference, less than
2%, has been observed between w,,, and @,,,, showing
that the effect of trap asymmetry is small. This can be
explained in the case of a cylindrical RF trap by the
high values of the effective potential along ¢ axis which
partially compensates the irregularities due to the
holes.

2. Comparison with Numerical Computation

The rigorous equation describing the thermal equilib-
rium of N ions in a spherical pseudopotential at
temperature T taking into account space charge effects
is:

N=2mn(0) | eoxp{~[Varle.)
+ q¢sc(g’ Z) - q¢sc(05 O)J/kBT} deZ (1 1)

where the charge density distribution is assumed
Maxwellian and Ve, z) is given by (3) with { V¢, Vac,
Q} satisfying (4). Dsc(o, 2) is the space charge potential
satisfying Poisson’s equation in cylindrical coordi-
nates:

10 00002  Pd02)
e do do 0z>
- _ qn(O) eXp o I/eff(Qa Z) + q(¢sc(@> Z) - ¢sc(05 0)
&o KT ’

(12)

where conventionally we have taken V,(0,0)=0 and
¢sc(r0> ZO) =0.

A method to test the previous results is to insert the
determined values of n(0) and T in (12) and (11),
compute the system of equations and compare the
resulting theoretical value of N to that measured
experimentally.

— In case i) we obtain N =1.8410° ions which is
very close to the experimentally determined value
N=(1.940.1) 105,

— In case ii), we find N=2.33-10° ions which is
equally close to the experimental value (2.34-0.1) 10°.

"This demonstrates that the approximate analytical
expressions [8] combined with experimentally measu-
red parameters describe remarkably well the energy
properties of a thermalized ion cloud.
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3. Conclusion

We have shown that we can estimate the second-order
Doppler shift in stored ions hyperfine microwave
spectroscopy by applying a new semi-empirical
method using an analytical model with experimentally
measured physical parameters. The obtained precision
is of the same order as previous [16, 18] numerical
simulation methods. The practical aspect of this
method is quite evident and can be applied in all kinds
of experimental situations with spherical effective
potential in an RF trap.
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