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Abstract. From measurements of the electric-field-induced second-harmonic generation 
with different polarizations of incident light, direct information should be obtainable on the 
extent to which Kleinman symmetry is obeyed in single molecules. 

PACS: 31.20, 42.65 

Kleinman's symmetry rule was originally derived by 
thermodynamic arguments as a macroscopic property 
of crystals [-1]. It should apply to such quantities as the 
susceptibility for the Pockels effect Z(2)(~o; 0, -~o), or 
for second-harmonic generation ~((2)(2C0; --CO, - - ~ 0 ) .  It 
states that, far removed from resonances and in the 
absence of strong dispersion, the respective tensor 
components related to each other by the interchange of 
indices should be equal: 

Z(2) _ ,~(2) Uk --,~ik, etc. (1) 

Kleinman's symmetry rule should also be valid for 
single molecules, as was pointed out by Franken and 
Ward [2]. If one looks at the quantum mechanical 
expression for the susceptibility for sum frequency 
generation [3] Z(2)((D1 "~- (--02; - -  (D1, - -  (.02) , one indeed 
notices that for co~ = (D 2 = (D, and in the limit co~0, the 
predicted equality is attained. 

Many investigations of this topic have been carried 
out on crystals, particularly inorganic crystals [4, 5]. 
To obtain information on single molecules, dc electric- 
field-induced second-harmonic generation in gases or 
liquids has been often applied. Intermolecular interac- 
tions are then, to a large extent, averaged out. Beside 
experimental difficulties, the drawback of the method 
is that it does not provide data on particular tensor 
elements but merely gives an average of the hyper- 
polarizability tensor. The aim of this note is to point 
out that by changing the polarization of incident light, 
one should nevertheless be able to assess the extent to 
which Kleinman symmetry is fulfilled in single mole- 

cules. From this point of view it should be interesting 
to study the dependence of the efficiency of second- 
harmonic generation on the frequency of incident light, 
in particular, the expected deviations from Kleinman 
symmetry as one approaches two-photon resonances. 

1. Polarization Effects 

The theoretical foundations of dc electric field-induced 
second harmonic generation have been worked out 
some time ago [3, 4, 6-9]. We are here interested in the 
effect due to anisotropic averaging, arising from the 
interaction of the permanent electric dipole moment ~t o 
of the molecule with the static field. We rederive 
relevant quantities in a formulation as compact and 
general as possible and in a manner convenient for our 
purposes. The corresponding part of the induced 
electric polarization p~) in the molecule is written, to 
first order in the static electric field ~ 

p~)= (exp(lt o �9 ~ ~E_) (It"' 2E_)) 

= <It(It'' IE_) (It". 2E_)> 

+ (kT)- l<0t o . ~ �9 1E_) (It". 2E_)> + .... 
(2) 

The square brackets signify averaging over all spatial 
orientations, 1E_ and 2E_ are the radiation field 
components. The first term in the expansion only fails 
to vanish in an optically active medium, if o91#c~2 
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[10]. The second term, proportional to (kT) -a, 
becomes, after isotropic averaging [Ref. 11, Eq. (A2)]. 

p~) = k Z f  {E~ (ito. It) (it '-.9 -~-o(ito. It9 (it It") 
- l ( i t o .  It") (it. It')]~ - 2E_) 

+ [ - ~ i t o .  It) (it'. It") + ~Oto. It') (it. It") 
-3-t6(0 Ito �9 it") (it. It')] (~ *E_)2E_ 

+ [ - ~o ( . o .  It) ( i t ' . " "  ~" . , , -~t i to  "It') (It. I t " )  

+T�89 Ito" It") (It. It')] (~ 2E_)~E_}. (3) 

The quantities It, p',it" transform like electric 
dipoles, tt is connected to the polarization vector, It' to 
the radiation field vector ~E_ and It" to the radiation 
field vector 2E_. In particular we have: 

, - - -  (2) 
]'li/tj/tk = Xijk(('01 -~- 0 ) 2 '  - -  O ) I '  - -  (2)2) ~-  flijk" (4) 

Expression (3) allows one to deduce easily the influence 
of the polarization of the incident radiation upon field- 
induced second-harmonic generation. In what follows, 
i, j, k are unit vectors in the laboratory frame X, Y, Z. 
Quantities defined within the molecular frame of 
reference carry small indices x, y, z. Furthermore, we 
assume c0~ = (0 2. We consider different cases. 

I) The polarization of the incident radiation is 
parallel to the direction of the static field 

~ =8o i, ~E_ s . 2 E  - 8 . = ~ l ,  = ~ ' .  ( 5 )  

Introducing (5) into (3), and making use of (4), we 
obtain 

t '~ - 8~ =~,xx-5--! 

1 
= 15kr l3(/toAL= +/to,/~,yr +/to:/~zz:) 

+/to~(/~,, + 2/~.x +/L= + 2/~=~) 

8082 . 
+/toz(~z= + 2 ~ =  + ~ .  + 2~.03 ~ - ~ .  (6) 

We have made use of the fact that, because co~ = (.02, 
~,~, = &~, etc. 

II) The polarization of the incident radiation is 
perpendicular to the direction of the static field 

1 E  - e . 2 E  - 8 . 

from which follows 

p(3)  - 2 0 2 2  �9 
I I -  = ~ Y Y  T ! 

1 
= 15kr I-/to~/~=x +/to,&. +/toz~zz 

+ m~,(2/L. -/~,,x + 2/L= -/~=) 
+/to,(2&=-/L~ + 2~,=-/~=,) 

8 0 8 2  . 
+/to~(2/~=~-/~xz + 2 /~ , , - /~ ,0 ] -y -~ .  (8) 

Notice that in this case the incident radiation is 
polarized perpendicularly to the frequency-doubled 
beam. 

III) The direction of propagation of the incident 
radiation is, as in I) and II), assumed to be per- 
pendicular to the static electric field. The polarization 
is now left (L) circular (we could for our purposes just 
as well use right c.p. light) 

8 2 E  - 8 . .. *E_ = ~( i+ i j ) ,  = ~ ( 1 - 4 -  , ] ) .  (9) 

We then notice that 

1E_ Z E _ = 0 .  (10) 

Consequently, by (3) 

_ 80  ~2  .. 
Pro-  = 7LL ~ - -  0 + iJ) 

1 
- 15kr  [2(~oALx~ + poy/~,, + / t o & = )  

+/tOx(-//~r, + 3flrrx - •zz + 3fl=~,) 

+/to, ( -  fly~ + 3fl~, - fly= + 3fl=,) 

+ Poz( - fl~x + 3fl~= - flz,, + 3fl,,~)] 
~0/~2 r . .  

x - T - t l + i j ) .  (11) 

We immediately find that the susceptibilities Yxx, 
?rr, and 7LL, as defined by (6, 8, and 11), fulfill the 
relation [6] 

~xx=r  + fLL. (12) 

The quantity of interest to us here, however, is 

1 
2~rr - 7LL = 3k T [#ox(flxrr - flyyx "[- flxzz - -  flzzx) 

+/to,(l~,x~- ~ + B ,=-  I~=,) 

+/to~(/~-/Lx~ + / ~ . -  &.)]-  (13) 
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In the case that Kleinman symmetry is exactly 
obeyed, the right side of (13) vanishes. We then have 

2~Tyr- 37LL = 0, (14) 

leading to 

~XX:~LL:Tyy=3:2: 1. (15) 

The aim of this note is to point out the potential use 
of different incident polarizations, in particular the 
quantities ~Trr and 7LL, to study Kleinman symmetry in 
molecules. With the increasing availability of powerful 
tunable lasers, it should be instructive to follow 
2]yy--TLL as a function of wavelength. As the com- 
puted numerical estimates of the next section suggest, 
the quantity should react very sensitively to the 
approach of resonances, in particular two-photon 
resonances, and should provide information of general 
spectroscopic interest. 

2. Computed Numerical Examples 

As examples we consider planar molecules in which the 
long-wavelength susceptibility for second-harmonic 
generation is due mainly to Tc-~* transitions. We 
neglect a - a *  transitions, as well as re-~r* and a-7r*  
transitions polarized perpendicularly to the molecular 
plane. The numerical computations have been per- 
formed by the P P P  SCF-MO-CI procedure. The num- 
bers obtained depend on the choice of semiempirical 
parameters. This question has been treated in detail in 
[-12]. There is nevertheless good evidence that the 
results reflect correct trends and orders of magnitude. 
They illustrate the difference between the long- 
wavelength behavior of the tensor elements and the 
situation close to resonances. 

We assume the molecules considered to lie in the 
x, y-plane. The absence of z-polarized dipole moments 
and transition moments makes all tensor elements of//  
vanish which contain the index z. Equation (13) sim- 
plifies accordingly. In planar molecules of higher sym- 

metry, such as C2v in the case of urea or p-nitroaniline, 
we may let one axis, y say, coincide with the symmetry 
axis, leading to the simple relation 

1 
2 ~ r r -  %L = 3--~ ~o(/~,x-/~x~,) �9 (16) 

Tables I and 2 show that at low radiation fre- 
quency Kleinman symmetry is almost fulfilled. In 
considering these numbers one must, however, make 
the reservation that below 0.5 eV vibrational tran- 
sitions may start to become important, which here 
have been totally neglected. On the other hand this 
data shows that close to electronic two-photon re- 
sonances the deviations from Kleinman symmetry 
become very large and that the observable quantity 
2?rr-r L should be particularly sensitive to this 
situation. It is therefore suggested to measure this 
quantity as a function of the wavelength of incident 
light. Evidently, the dissipation of radiation energy 
inside resonances will have to be taken into account in 
evaluating the results of such measurements. 
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