THE GRAVITATIONAL POTENTIAL OF A HOMOGENEOUS
POLYHEDRON
OR
DON’T CUT CORNERS

ROBERT A. WERNER
Department of Aerospace Engineering and Engineering Mechanics, The University of Texas at
Austin, Austin, Texas 78712-1085, U.S.A.

(Received 8 April, 1993; accepted in revised form 7 December, 1993)

Abstract. A polyhedron can model irregularly shaped objects such as asteroids, comet nuclei, and
small planetary satellites. With minor effort, such a model can incorporate important surface features
such as large craters. Here we develop closed-form expressions for the exterior gravitational potential
and acceleration components due to a constant-density polyhedron. An equipotential surface of
Phobos is illustrated.
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1. Introduction

Plans are being made to orbit the solar system’s smaller bodies such as plane-
tary satellites, comets, and asteroids. Images show many of these bodies to have
elongated, non-spherical shapes, some with large craters (Figure 1). Conventional
spherical harmonic representations of the gravitational potential of such bodies
require high degree and order expansions which are difficult to obtain.

The surface of such a body can be observed by remote imaging or radar. If
complete coverage of the surface can be obtained, a polyhedral model of the body
can be constructed (Figure 2). The polyhedron’s faces can be large or small, and
follow important surface features such as large craters and ridges.

Here we develop closed-form expressions for the exterior gravitational potential
and acceleration components experienced by a unit mass due to a homogeneous
(constant-density) polyhedron. Using the Gauss Divergence Theorem and Green’s
Theorem, the potential and acceleration components can be expressed in terms of
the polyhedron’s edges and vertex angles. Accuracy of our results is determined
by how closely the polyhedron models the actual body and by density variations
within.

Section 2 of this paper shows how to represent the gravitational potential of a
homogeneous body in terms of its surface. In Section 3 we derive the contribution
of a single planar triangular face to the gravitational potential of a polyhedron, and
in Section 4 the corresponding acceleration expressions. In Section 5 we compare
two equipotential surfaces of the inner Martian satellite Phobos, one generated by
this paper’s technique and the other by conventional spherical harmonics. Section 6
cites related work by other researchers.
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Fig. 1. This montage shows asteroid 951 Gaspra (top) and the Martian satellites Deimos (lower left)
and Phobos (lower right). The three bodies appear at the same scale and nearly the same lighting
conditions. Gaspra is about 17 km long. (Photograph courtesy of NASA/JPL).

2. Gravitational Potential in Terms of a Body’s Surface

The gravitational force vector f experienced by a unit mass located at (x, y, z) due
to another point mass m at (£,7, () can be expressed as the gradient of a potential
U:

f=VU=V (G T)

r
where r is the distance between the unit mass and m, and G is the gravitational
constant. V represents the three-dimensional del operator whose Cartesian form is
10/0x + j0/8y + kd/3z. When the other mass mn is part of an extended body, the
potential expression becomes an integral over the volume of the body:

UzG/// r~Ldm

body

The usual approach is to expand 7! in terms of Legendre polynomials and U
in terms of spherical harmonics (Kaula, 1966; Heiskanen et al., 1967). But there is
another way to proceed.

If we can find some vector-valued function w = w(¢, 7, {) such that its diver-
gence Vew = 7~ !, then we can use the Gauss Divergence Theorem to manipulate
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Phobos' physical surface

Fig. 2. A polyhedral model of the Martian satellite Phobos (Turner, 1978). North is up and Mars is to
the right in the 4z direction. The large depression near the right limb represents the crater Stickney.
The semiaxes dimensions of a fitted ellipsoid are @ = 13.5 km, b = 10.7 km, and ¢ = 9.4 km.

the potential expression (here, the del operator acts on &, 7, {). This theorem states
the divergence of a vector field w integrated throughout a volume V is equal to
the inner product of the surface normal # and the vector field, integrated over the
surface S of the volume:

/J/ Vode:é/ fiewds

The volume V' must be bounded and connected, its surface .S must be piecewise
smooth and orientable, and the vector w and its first derivative must exist and be
continuous throughout V" and on S (Greenberg, 1978).

The volume integral for the potential contains dm while the volume integral
for the Gauss Divergence Theorem contains dV. We eliminate this problem by
assuming the body has constant density. For brevity, we omit the density factor
o =dm/dV and G, the gravitational constant, from all subsequent expressions.

The desired vector is w = /2, where £ is a unit vector from the unit mass
directed toward the differential volume element. (In this paper, unit vectors such
as I and n wear a hat.) Under the assumption of constant density, the gravitational
potential can be expressed as
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U:/‘[/ rldv = 4 é/ﬁofds @.1)

We emphasize that this expresses the gravitational potential of a volume, not a
surface.

If the unit mass is on or within the body, the direction of # is undefined for the
volume element coincident with the unit mass, and a precondition for the Gauss
Divergence Theorem is violated. Thus, we claim our expressions are valid only
when the unit mass is exterior to the body.

Equation (2.1) holds true for any constant-density body which satisfies the
preconditions of the Divergence Theorem. If the surface integral is tractable, we
can develop a closed-form expression for the potential. For example, it is not
difficult to show that the exterior gravitational potential due to a homogeneous
sphere is equivalent to the potential generated by the sphere’s mass concentrated
at its center. In this paper we proceed by evaluating Equation (2.1) in the form of
a polyhedron.

3. Potential Contribution due to a Triangular Face

We might model a body’s surface by a polyhedron. This is attractive because 1
is constant on each face, say ny. We compute a polyhedron’s potential by first
integrating fi; & over the area of each face, then summing over all faces:

20 = //nordS > ([ wyeras].

faces  fuce

In this section, we integrate fi; e i over a planar region, then specialize to a
convex polygon, and finally to a triangle.

3.1. PLANAR FACE

If the body is a polyhedron, the faces must be polygons — planar regions with
straight edges. Initially however, we can derive slightly more general results by
assuming only that the faces are planar. The edges of these planar faces need not
be straight.

For each planar face, establish a right-handed Cartesian ‘face’ coordinate system
with basis vectors 1, j parallel to the face plane and_ k aligned with the face’s
outward-pointing normal 1 ;. The specific direction ofiorjis unimportant. In the
face coordinate system, all points in the face share the same ( coordinate which
we label (5. A typical point on the face has coordinates & ¢r)-

In the face coordinate system, the unit mass has coordinates (x, y, z). For much
of our derivation it is convenient to use coordinates relative to the unit mass,
sowedeﬁneA:r = g—x Ay = n—y, and Az = (y — 2. Then we have

A

= A‘” +jAu 4 k z where Az is the constant, signed coordinate of the face
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Ay  image of face
projected onto
tangent sphere

unit
mass

Ax

Fig. 3. Animaginary sphere is centered on the unit mass and just touches the face plane. The face
is projected onto this tangent sphere and the area of its image computed in terms of the spherical
vertex angles. The value of a spherical angle (e.g. S2) can be calculated from the coordinates of three
consecutive vertices of the corresponding planar polygon (P, P, and P3).

plane relative to the unit mass, and 72 = Axz2 4 Ay?+ Az?. The differential surface
element is dS = dé dnp = d(Az) d(Ay).

It is convenient to illustrate a lemma before proceeding. Imagine a sphere of
radius |Az|, centered at the unit mass, which just touches the face plane (Figure 3).
Use a central projection to map the planar face onto this ‘tangent sphere’ and find
the area of its image. The differential area element on the tangent sphere, always
positive, is dA = |Az]?/r®dS (Appendix A). The positive area of the image on
the sphere is

Aimage = / / dA = / / Az /13 dsS

image planar
on sphere face

Lemma 1 is

/ AZ3/T3 ds = Slgn(AZ) * Aimage

planar
face

where sign(Az) is +1, —1, or O as Az is greater than, less than, or equal to, zero.
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With this lemma, a planar face’s contribution to the volume gravitational poten-
tial can be developed quickly:

2Uplanar = // ﬁf ot dS
face

planar
face

=[] ke (155452 k5 ) as
T T T

planar
face

:// %ids 3.1)
(22

planar
face

2 3
=Az// 1,4a7 dS—// 2% g
r r3 r3

planar
face

r2—Az? P — Ay?
3 + 3
r T

> dS — sign(Az) - Aimage

0 Az 0 Ay .

= Az j{ (—A—E dAy — Ay
planar face r

boundary

— dAm) — sign(Az) - Aimage (3.2)
r

where the last step is an application of Green’s Theorem. The contribution of

one planar face to its volume’s potential involves a line integral counterclockwise

around the boundary of the face and the area of the face projected onto the tangent

sphere described for Lemma 1. Counterclockwise is in the sense of the right-hand
rule and fif.
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3.2. CONVEX PLANAR POLYGON

In the preceding development we assumed only that the face is planar. We now
assume the face has straight sides and is convex; that it is a convex planar polygon.
Straight sides allow us to evaluate the line integral easily. Convexity simplifies the
expression for the area of the face image.

Here are definitions we use subsequently. Let Py, P,, . .. denote the vertices of
the polygonal face, taken in counterclockwise order. Relative to the unit mass, the
coordinates of these vertices are P; = (Axy, Ayy, Az), P, = (Axy, Ay, Az),
and so on. Let r1,7,,... denote the distances between the unit mass and points
P, P, . ... Letrp denote the constant distance between points Py and P, with
similar definitions for 7,3 and so on. The angle «v» is measured between the
Az axis and the edge connecting P, and P,; we define it in terms of cos aj; =
(Azy—Azy)/r12 = (&2—&1)/riz and sin oy = (Aya—Ay1)/r12 = (2 —m1)/712,
with similar definitions for an3 and so on. Finally, it is convenient to define certain
determinant expressions: detyy; = Az Ay, — AxyAy; and similarly for detys, ete.

3.2.1. Line integral
We compute the line integral around the polygon boundary (taken from the first
term of Equation (3.2)) by integrating along each edge and summing:

Az Ay _ Az AY 4az)
jéolmn <———dAy—TdA9c> =3 / <7~ asy - “Faaz)

T
boundary ggi’yeion dge

To evaluate
/ (_A_x dAy — Ay dAx)
r T
edge

for the typical edge connecting points P; and P, let s parameterize the distance
along the path of integration; 0 < s < ryp. Coordinates Az and Ay become
Az = Az(s) = Az + s cos aip and Ay = Ay(s) = Ay; + s sin aq;. Also,
dAxz = ds cos oy and dAy = ds sin «yy. The edge integral becomes

P, T

/2 (éﬂidAy—&dAya :/12 Az sin aqp — Ay cos alzds
2 r r T

1

ds

T2 . .
B / (Azy+ s cos a1p) sin aqp — (Ayy + s sin ag2) cos ajp
T
0

T
_ /2 (Aa?] sin a1y — Ayl COos alz) ds
2 \/32 + 2(Azy cos agp + Ay sin aqp) s + (Az? + Ay? + A22?)
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= (Az; sin a2 — Ayp cos agn) In(r + s+ Az cos agp

§=712,7=T2

+Ay; sin ap) | s=0,r=r,

= (Az; sin ajp — Ay cos app) In (rz + 715 + Azq cos app + Ayy sin a12>

r1 + Az cos oy + Ayy sin agn

= (Azy sin aj3 — Ayy cos app) In (7"2 + Az cos agp + Ay sin Oélz)

r1 + Axy cos agp + Ay; sin agp

/
= —Ay/ ln ('—_‘—‘Tz + Amz)

T + Az

where the primed coordinates locate the two points in an ‘edge’ coordinate system
rotated so its Az’ axis is aligned with the edge. That is, Az| = Az cos app +
Ayy sin aqp, Azh = Azy cos app + Ayy sin ajz, and Ay’ = Ayl = Ayh =
Ay cos aqp— Az, sin ajp. Note that in this edge coordinate system, Az, — Az} =
T12.

MacMillan (1930, §43) simplifies the In argument further:

o+ Ay 2r+ (Azh + Az + (Azh — Azy)  (Axy — Axy)
r+ Az 2r + (AZ) + Az)) — (A, — Az))  (Azh — Ag))

_ 2(Azh — Azi)ry + (Azf — Az?) + (Azh — Az))?
2(Azh — Azl)ry + (Az} — Az?) — (Axh — Az))?

2 2
_ 2rpra+ (=) +1h

21 + (7‘% — 7‘%) — r%z

_ (ra + ?"12)2 - 7‘%
r% — (1”1 - T12)2

_ (ro+ri2+711)(r2+ 7112 —71)
(r2+r1 —7r12) (r2 —r1 4+ 712)

_ r+ry+r2
Ti4+T2—TI2

With this simplification, the line integral between points P; and P, becomes

Py

/ (_A_x dAy — 2Y dm) — Ay In (7"1_+7“_2+ﬂ>
r r rMT+1 -T2
1
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. ACC]Ayz - Aa:szl In <T1 + 1+ T]z)
r1+T2 -T2

12

= detyz L1p 3.3)

where we define L1y = In[(r1 + 2 + 712)/(r1 + 72 — r12)]/712, with similar
definitions for L3 and so on. L1, is expressed intrinsically in terms of distances
and is independent of any coordinate system.

In a rigid polyhedron, the edge length 715 is fixed; a computer subroutine need
not recompute the value each time the subroutine is called. Further, any edge is
shared between two faces. We need not calculate L, for both.

3.2.2. Area of a spherical polygon
Now we evaluate the other term in Equation (3.2) which involves the area of the
polygon projected onto the tangent sphere described for Lemma 1.

The image of a face polygon projected on its tangent sphere is a spherical
polygon whose edges are great circular arcs. On a sphere of radius R, the area of
such a spherical polygon is R?[ vertex angles — (n — 2)7], where n is the number
of edges.

Here we present expressions for one vertex angle .S, of a spherical polygon in
terms of the corresponding planar polygon. We stipulate that the planar polygon
be convex because the spherical polygon’s interior angles will be confined to the
range [0, 7).

Let Py, P, and P; be three consecutive vertices of the planar polygon, and
S1, Sy, and Sz be the corresponding points on the tangent sphere (Figure 3). In
Appendix B we derive this expression for the spherical vertex angle S;:

|Az| 1€ = &) +m(é — &) +13(62 — &)
—{detjpdetys + AZ2[(&3 — &)(& — &) + (3 —m)(m —m)]}/r2

The bracketed factors in the numerator and denominator are invariant for a rigid
face. The bracketed numerator factor [11(&3 — &2) + m (&1 — &3) + m3 (& — &1)] is
twice the area of the planar triangle defined by Py, P, and Ps.

Since we stipulate that the polygon face is convex, the angle S, must lie in
quadrants I or II. Since the arctangent’s numerator is never negative (Appendix B),
the sign of the denominator indicates whether .S; lies in quadrant I (denominator
positive) or II (negative).

Recall that we actually need the expression sign(Az) - Ajmage. We can automati-
cally incorporate the sign(Az) factor by substituting Az for |Az| in the arctangent
expression, with the understanding that arctan must now return angles in the range
(=7, +m):

Sy = arctan

Az [m(& = &) +m(& = &) +n3(r — &)
—{detiadetys + Az2[(&3 — &2)(& — &) + (13 — m2) (m2 — m)]}

S, = arctan

/T2
(3.4)
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We compute all the vertex angles of the spherical polygon by substituting the
coordinates of each triplet of consecutive planar vertices. Then

/ Az3/'r'3 dS = sign(Az) - Aimage

planar
face

= AZ%[S1+ S2+ ...+ Sy — (n —2) sign(Az) 7] .

For a triangular face there are only three vertices, so the numerators of the three
arctan expressions Si, Sz, and S3 are equal.

3.3. TRIANGULAR FACE

Equations (3.3) and (3.4) are reasonably simple subexpressions for the contribution
of a convex polygonal face to its polyhedron’s gravitational potential. Here we
present the entire contribution to the potential due to one triangular face. We
restate our definitions here for your convenience.

First, the triangular face’s vertex coordinates must be rotated from the body
coordinate system to a face-specific, right-handed Cartesian coordinate system
whose k axis is aligned with the face’s outward-pointing surface normal 1 ;. Here
is one way to find the rotation matrix. Suppose the three vertices have components
P = (X1,Y1, Z]), P = (Xz,Yz, Zz), and P; = (X3,Y3, Z3) in the body coor-
dinate system. Form two vector differences R = P, — P and Ry3 = P3 — Ps.
The outward-pointing surface normal vector is the normalized cross product of
the two, in this order: iy = k = (R12 x Ro3)/||Ry2 X Rysl|. We can normal-
ize one of the vector differences and adopt it as another coordinate direction, say
i=Rp /IIR12]|, and find the last coordinate direction by another cross product:
j= k x i. The components of these basis vectors (which are expressed in the body
coordinate system) form the rotation matrix from body to face:

¢ iX iy iz X
n|=1ix Jv Jz Y
Cr kx ky kz Z

In the face coordinate system, the three vertices have fixed coordinates (£1, 71, (),
(€2,m,(s), and (€3, 13, (5) taken in counterclockwise order according to the right-
hand rule and fif. Let 712, 723, and r3; represent the fixed lengths of the edges. All
of these coordinates and distances can be computed once and saved.

The unit mass has coordinates (z,y, z) in the face coordinate system. The
coordinate differences from the unit mass to the first vertex are Az; = & — z,
Ay = m1 — vy, and similarly for the other two vertices. All three vertices share the
same Az = (y — z. Symbols 7, 72, and 73 represent distances between the unit
mass and the three vertices.

For notation, we define three determinant, three logarithm, and three arctangent
expressions:
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det;; = Ax1Ay2 — A.’Eszl; detys = A.’L‘sz?, - A.T3Ay2;

dets; = Az3Ay; — Az Ays

= ()

51 = arctan —{det31detiz—[f 1§72«22 [—(572731 25227173_—6;7 )1 )++(7§23 (ihm-) 27;1) ]— m)|}/ T
Sz = arctan _{detlzdetiz-[f 11(377;2 [—(573732 Jfrjézi_i?)l )++(7§33 (171772_) 27;2) ]— ml}/r2
6, — arctan Az[&(m2 — m3) + &(m3 —m) + &(m —m)]

—{detyadets; + A22[(£1 — &) (€3 — &) + (m —m3)(m3 — M)} /s

The numerators of the three arctangent expressions are equal. The numerator and
denominator of each arctangent expression have their own signs and together those
signs determine the quadrant of the result, which must range through (—7, +7).

The bracketed factors in each arctangent expression are constants for a rigid
triangle. They too can be computed once and saved.

A triangular face’s contribution to the gravitational potential of its polyhedron
is

Az
Utriangle = > (detyy L1p + detys Loz + dets; L3y )

A
——5— (S1+ Ss + S5 — sign(Az)7) .

The unit mass cannot be inside the body or on its surface without violating a
precondition of the Gauss Divergence Theorem. If the unit mass were to lie exactly
within some edge, then the L expression for that edge contains a division by zero.

4. Acceleration Contribution due to a Triangular Face

The acceleration experienced by the unit mass at (z, Y,z z) is found by taking the
gradient of the potential. Here we derive the i, j, and k acceleration components
due to one triangular face, starting from Equation (3.1).

The i component of acceleration due to one triangular face is

0
b Urwae = (1 [ [ SFas| = |3 [ s

triangle triangle
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Az 0 1 0
=5[] loas (7) + a5 ] 5
triangle
A 1
=24 [— dAy-OdAa:}
2 triangle r
boundary
Az 1
=-5 3 |/ s
odeer [edge
M P, Py P
Az | . ds . ds
:——2— sin 13 / 7+s1na23 / ——+s1n a3y / —
Py P, Py

[ —m In (?“1 +7‘2+T12>

A 12 T+ T2 —T12
_ 22 BT T2+ 7347123

2 723 T2 jrr T3 ; 723
— rs+ri+r
+771 73 In 3 1 31
L 731 r3+r1—731/ |
Az

==~ [ —m) Lz + (13 — m2) Los + (m —113) Lau] -
If we arrange the face coordinate system so that, say, the edge between points
1 and 2 parallels the i i axis, then m1 = 12 and we need accumulate one fewer term:

0 Az
speci = = 0 - L - L .
97 Utﬁangafe > [0+ (3 —m2) Loz + (m — m3) La]

This simplification (7, — 71 = 0) also affects S1, Sy, and Ss.
In a similar way, the j component is found to be:

8% Utriangle = Jrézi (62 = &) Lo+ (&3 — &) Loz + (&1 — &3) Lay] -

The k component requires a different approach:

0 o
B—Z-Umangﬁ // 22as| = - // 2245

triangle triangle

4[] =

triangle
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1 A2 Az?
_ 1
—"5// <;+—T§‘—273—)d5

triangle
1 1
o ) (A ase L [ s
triangle triangle

—% [det12L12 + detys Ly + det31L31]
+Az[S] + S2 + S5 — sign(Az) 7] .

The acceleration components are expressed in the face-specific coordinate sys-
tem. They must be rotated to a common body coordinate system before being
summed over all faces.

In summary, we have derived closed-form expressions for the gravitational
potential and acceleration components experienced by a unit mass due to a constant-
density polyhedron. Next we apply the technique to approximate the gravitational
potential of the Martian satellite Phobos.

5. Equipotential Surfaces of Phobos

We use coordinates published in Turner (1978) to model the inner Martian satellite
Phobos as a polyhedron containing 146 vertices and 288 triangular faces (Figure 2).
The volume of this model is slightly less than 5400 km?, and the centroid is at (-0.23,
0.07, —0.20) km relative to the origin used by Turner. Duxbury (1989) develops
a spherical-harmonic representation of Phobos’ surface and finds its volume to
be 5533.1 km?3. Duxbury’s model does not incorporate the large crater Stickney,
whereas Turner’s model does. Simonelli ef al. (1993) express the surface of Phobos
numerically as the radial distances in a number of preselected (latitude, longitude)
directions. The volume of their high-resolution model is 5740 & 190 km3.

Figures 4a and b show equipotential surfaces derived from two Phobos models.
Both models are based on surface coordinates given in (Turner, 1978, Table III), and
include the large crater Stickney. The two figures depict the potential due solely to
the models’ gravitation; they omit the rotational potential and third-body potential
due to Mars. Each equipotential surface passes through the point (15,0,0) km
(approximately 1.5 km above the sub-Mars point). To enhance irregularities, the
figures depict the surfaces’ radial altitude relative to fitted ellipsoids.

In Figure 4a, the topography of Phobos is modeled as a polyhedron. Gravitation-
al potential is evaluated from this constant-density polyhedron using the formulas
of this paper. The fitted ellipsoid has semiaxes (15.3, 14.0, 13.5) km. For compar-
ison, the equipotential surface in Figure 4b is generated from Stokes’ coefficients
in (Martinec et al., 1989, Table IV). These authors derive their Stokes’ coefficients
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Equipotential map via polyhedron [Turner 1978] relative to fitted ellipsoid

0.528

Fig. 4. Equipotential surfaces of Phobos’ gravitation relative to fitted ellipsoids, omitting rotation
and third-body effects. The surfaces pass through the point (15,0,0) km which is approximately
1.5 km above the sub-Mars point at 0° latitude and 0° longitude. Contours are at integer multiples of
0.1 km. Both surfaces are based on surface coordinates in (Turner, 1978, Table III). In part (a), the
coordinates are made into a polyhedron and the equipotential surface is generated using this paper’s
techniques. Radial altitudes are relative to a fitted ellipsoid with semiaxes (15.3, 14,0, 13.5) km. In
part (b), the equipotential surface is generated from a 6 x 6 spherical-harmonic field (Martinec et al.,
1989, Table IV) derived from the (Turner, 1978, Table III) surface coordinates. Radial altitudes are
relative to an ellipsoid with semiaxes (15.3, 13.9, 13.4) km.
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from surface coordinates in (Turner, 1978, Table III). Like us, they assume the
model has constant density. The fitted ellipsoid has semiaxes (15.3, 13.9, 13.4) km.

Visually, Figures 4a and b compare well. Both show the northern hemisphere as
being lower than the southern, but this is because the centers of the fitted ellipsoids
are at the origins of surface coordinates, not at the centroids of the models. The
extreme altitudes occur in the same areas in the two maps, the high at about
230°W, 45°S and the low near 340°W, 25°N. The large crater Stickney is centered
approximately 60°W, 10°S and both equipotential surfaces show a depression there.
We conclude that the polyhedral technique produces much the same results as a
conventional spherical-harmonic approach.

6. Relation to Other Work

Strakhov ef al. (1990, §1) state, “The direct gravimetric and magnetometric prob-
lems for homogeneous polyhedrons are classical. They were first studied in the
19th century (Meller and Sludsky), but it wasn’t until the 1960s—1980s that special
attention was devoted to them”, and cite eighteen references. We have not yet
located these 19th century works of Meller and Sludsky.

MacMillan (1930, §43) derives a closed-form expression for the potential of a
homogeneous, rectangular parallelepiped by evaluating a triple integral. It was from
this work that we gained the insight of projecting a face onto a tangent sphere. For
verification, we have specialized our expressions and found exact correspondence
with MacMillan’s.

Timmer et al. (1980) evaluate the surface area, volume, centroid, and moments
of inertia of solid objects using the same theorems as we do (Divergence, Green’s),
but in the context of computer-aided design. They model intersecting objects such
as cylinders, cones, and spheres, and use Gaussian quadrature approximations
because of the difficulty in expressing surface boundaries. Our result are in closed
form because we use polyhedra exclusively.

Waldvogel (1979) expresses the gravitational potential of a general homoge-
neous polyhedron in closed form. The potential at one vertex of a standard element,
arectangular simplex, is found by evaluating a triple integral. The potential of a gen-
eral polyhedron is found by adding and subtracting appropriately sized simplices.
Each edge of a given face requires two simplices for a total of four transcenden-
tal function evaluations (arctan and arctanh), twice the number required by the
technique presented in this paper.

Barnett (1976) and Okabe (1979) use the three-dimensional Gauss Divergence
Theorem and its two-dimensional form or other means to evaluate the gradient and
second partials of a polyhedron’s potential. Pohanka (1988) states those authors
should not claim to have valid expressions when the unit mass is inside the body
or on its surface. The Divergence Theorem should not be used with a singular
integrand.
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We confess to using manual techniques to form a polyhedron from a collection
of surface points. Computer algorithms for this task are described in Cavendish et
al. (1985) and Hoppe et al. (1992).

7. Conclusions and Future Work

We have derived closed-form expressions for the exterior gravitational potential and
acceleration components of a homogeneous polyhedron whose surface consists of
planar triangles. The expressions contain two kinds of terms, logarithms associated
with the polyhedron’s edges and arctangents associated with interior vertex angles
of the faces. To demonstrate the utility of the technique, we depict an equipotential
surface of the Martian satellite Phobos. The large crater Stickney is present in
the model of the physical surface and its effect is discernible in the equipotential
surface. The equipotential surface derived from the polyhedral technique compares
well with one produced using a conventional spherical-harmonic expansion.

One advantage we see in the polyhedral technique is that the quantities which
parameterize the potential and acceleration expressions (the polyhedron’s vertices,
edges, and faces) are local in scope. Incorporating a surface feature into the mod-
el affects only the faces in the vicinity of the feature. This is in contrast to a
spherical-harmonic surface representation where the quantities have global scope;
incorporating a surface feature generally affects every coefficient.

The polyhedron expressions are an approximation to reality since real bodies are
not polyhedra and contain density irregularities. The expressions seem unsuitable
for analytic studies since they do not separate into the Keplerian term and disturbing
function. But they can certainly be used to propagate trajectories in ejecta studies
or mission design.

It might be fruitful to study orbits around simple polyhedra such as the Platonic
solids. A tetrahedron seems to affect orbits in a way similar to the spherical
harmonics J3 and J3 3.
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Appendix A. Differential Area Element on the Tangent Sphere

We use the following results from differential geometry (Kreyszig, 1959, §35-36).
Let S(uy, up) define a surface embedded in three-dimensional space. The directions
of u; and wup are not necessarily orthogonal. For notation we define

oS 08 JS 98
911:572;.(_%_1’ 9122921=5{LI°5IE7
and
__(9S oS
gzz—éu—z 5&‘2‘

g1 912]

= — = det
g = 911922 — 912921 [921 g

Then the differential area element on the surface is dA = /g du; dus, and the
angle w between coordinate directions v and uy is cos w = g12/+/g11922.

The arccos function is very sensitive to argument inaccuracy when the angle
is near a multiple of 7, so we use tan w = /g /912 instead. An angle evaluated
using arccos lies in quadrants I or II, so we require this of arctan as well. Since
the numerator of tan w, /g, is never negative, it is the sign of the denominator g1,
which indicates quadrant I (g12 > 0) or II (g2 < 0).

In this appendix we use such expressions to evaluate the differential area element
on the tangent sphere. Intermediate results are then used in the next appendix to
evaluate a typical vertex angle of a spherical polygon. In both cases the surface
S(u1, uy) is the tangent sphere described in Section 3.1. All results can be expressed
in terms of quantities on the face plane.

Differential Area Element

Let P = Azi+ ij + Azk denote the location of an arbitrary point on the face
plane. Coordinates are measured relative to the unit mass, and Az is the constant,
signed perpendicular distance from the unit mass to the face plane. Let S denote
the corresponding point projected on a sphere of radius R centered at the unit mass:

Ay: Az }

Az i+ 2%
”

S=S(Am,Ay):R[ i+

T T
where 2 = Az? + Ay? 4 Az2. For the particular case of the tangent sphere, the
radius R = |Az|. However, we postpone this substitution until later.

The partials of S are easily found to be
as R
oAz 13
oS R

paott [—A:cAyi+(r2—Ay2)j—AyAz12] .

[(7‘2 —Az?)i- Az Ayj— Az Az l;]
(A.1)
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Now we evaluate the quantities g1, 922, 912, and g, from which we can determine
dA. The derivation of g, parallels g;; and we omit intermediate steps:

8 85 R o

— _ T2 AN (L 2, (_ 2
g1 = grm e = Az?)? + (—AzAy)? + ( A:cAz)]
R2
=3 [r* — 2r2Az? + Az* + Az?Ay? + Az2A22)
R? R?
=— [7"4 —2r2Ax? + Az?(Ax? + Ay? + Azz)] =—= [r* — 72 Az?]
r r
RZ
=7 [r —~ Az?] (A2)
Js 98 R2 2 Ag?

_ 08 . oS _I_%i [(r2 — Az?)(—Az Ay) + (—Azx Ay)(r? — Ay?)
912 = Az Ay 18 | +H(—AzAz)(—AyAz)

2
= 1:6 [ 22 Az Ay + Az Ay(Az? + Ay? + Az )]
2
— [—Az Ay] (A4)
_ _2=_R;4 Z_AZ Z_AZ___AA2
g=91192 ~9n =3 (r z°)(r y°) — (—Az Ay)
R4
=5 [7‘4 — r2(Az? + Ay?) + Az? Ay? — Ax? Ay?]
R4
R* )

When we substitute R = |Az|, we find the differential area element on the tan-
gent sphere is dA = /gdAzdAy = /A28 /rSdAzdAy = |AzP/r3 dAz dAy.
Note that we must use the absolute value since Az is signed. This is the result we
use in section 3.1.
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Appendix B. Vertex Angle of a Spherical Polygon

In this appendix we use intermediate expressions from Appendix A to evaluate a
typical vertex angle S, of a spherical polygon in terms of the corresponding planar
vertex P, = Az, 1+Ay23+Az k and its twoneighbors P; = Ax; 1+Ay1 j+Azk
and P3 = Az3 i+ Ays j + Az k (Figure 3).

There are many preliminaries. For brevity, we introduce c;2 = cos a3 =
(Azy — Azy)/r12 = (&2 — &1) /712, s12 = sin app = (Ays — Ayp)/r12 = (2 —
n1)/712, and corresponding definitions for cp3 and s,3. The angles o> and a3 are
between the Az axis and the edges PP, and P> Ps.

In the face plane, we set up a non-orthogonal coordinate system P (uy, u,) such
that we move from point P, to P, or P; along the two non-orthogonal directions:
P(0,0) = Py, P(r2,0) = Py, and P(0, rp3) = P3. The general point is

P(ui,uz) = (Azy — ujery +upes) i+ (Aya — ursiz + ugsn)j + Azk
(B.1)
= Az(ug,up)i+ Ay(u,up)j+ Azk .

We are more interested in the partial derivatives at the spherical point S, than
its coordinates. We evaluate these partials by employing the chain rule:

0S;  0S, 0Ax = 0SSy, Ay 0S; 98, Az = 0S; JAy

du;  OAz Au;  OAy Ouy ' Buy  OAzx duy = OAy Ouy

Expressions for 9S/90Az, 8S/0Ay, g11, 922, and g2, appear in Appendix A,
Equations (A.1-A.4). To specialize them for the specific point S», we need only
relabel the quantities Az, Ay, and 7 to read Axz, Ay,, and 7:

382 R 2\ % < P

s = E [( 2 Az3)i— Az Ay —A:czAzgk]

882 _ R 2\ ¢ N

95y 13 [ Azy Appi+ (13— Ayd)j— Ap Az k]
R? R? R?

gu == (3 —Ax}), gn="7(r3 - Ay), gu=— (-Az Ag) .
Ty T2 ™

From Equation (B.1) we have Az (uq,uy) = Azy—ujcip+upcos and Ay(ug, up) =
Ayp — u1812 + up 823, S0 the partials are

oAz dAT
aul = —C12, 8u2 = (23
dAy Ay

. T TSIz T = 823
8u1 ’
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Certain expressions with geometric meanings occur often in the derivations
below. For brevity, we define coordmates of P, expressed in two different primed
coordinate systems, one rotated so the x' axis is aligned with the edge P, P, and
the other’s z”" axis aligned with the edge P, P; (Figure B1, parts a—):

Azl = Axyern + Ayasya, Azl = Azperz + Ayrsas
Ay = Aypein — Axzsyn, Ayy = Ayacss — Azpsos,

2 = Az} + Ayf + Azt = Ax? + Ay + A2

The exterior angle at P, viz. a3 — a1z, often appears. Since we stipulate a
convex polygon face (Section 3.2), this exterior angle is always in quadrants I or
II.

Two lemmas complete the preliminaries:

Lemma B1
Az Azl + Ay Ay = (Azcry + Ayasin)(Azacas + Ayzsn)

+(Ayacrz — Azzs12)(Ayacos — Az2823)
= Axdeincys + Az Aya(ciasas + s12023) + Ayisiasas
+AyRcper — Ay Aya(ciasas + s12023) + Azds12523
= Azd(cipes + s12823) + Ay (ciacas + 512823)

= (Am% + Ay%) cos(ap3 — ai2) .

We use this lemma as Az) Azl — (Azd + Ay3) cos(aps — anz2) = —Ayj Ayy.

Lemma B2

Let d be a certain distance shown in Figure B1(d). The first two equalities
below hold because of the Law of Cosines for Planar Triangles. We take the second
equality and continue:

d? = Az} + Axly? — 2Azh Ay cos(ans — aa2)
= Ay + Ay"2 2Ayh Ayy cos(ans — a12)
= (Ayaciz — Azz812)? + (Ayacas — Azasys)?

—2(Agpe1a — Azys12)(Ayacas — Azasaz)(ciacos + $12523)
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(2) Py (b) P;
Py
Py
Ay,
R™Ax,
(d) Py
Exploded
Views
Ayy
., Ay;
AxE 7 Ja d
Axh

Fig. B1. (Part a) Relative to point R (the location of the unit mass projected onto the face plane),
coordinates of P; are (Aza, Ayy) expressed in the usual coordinate system. We also use coordinates
of P, in rotated coordinate systems with z-axes paralleling edge PP (part b) and P2 P (part c). Part
(d) shows a certain distance d is derived easily from the law of cosines for planar triangles. The three
angles drawn with arcs all equal az3 — a2, the exterior vertex angle at Ps.

AL22 2.2 22
= Ayjciy — 2AxAysc12812 + ATisty + Ayscsy — 2AxAyrczsas + Am%sé
2

—2[Ay3ciacs — Az Aya(s12023 + €12523) + Az3s12503](crac3 + $12523)-
o AL2[2 2
= Ax3[s7, + s53 — 2s12823(c12¢23 + S12523)]

FARIG, + By —2

y5lciy + 53 — 2c1ae3(c12e23 + S12523)

~2Az3Ays[ciasio + 23823 — (S12¢23 + c12823)(C12¢23 + $12823)]
AL2[2 2
= Ax2[812 + 853 — 2€125812€23523 — 28%2333]

2 2 2 )
+Ay2 [612 + ¢33 — 2012(:23 - 2612812623823]

*2A$2Ay2[012812 + 23823 — 612512033 - 8%2023823 - 6%2023823 - 6128128%3]
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= Az} [3%2(1 — 5%3) + 553(1 — s%,) — 2612512023823]

2.2 2 2 2
+Ays [012(1 — 023) + 023(1 - 612) — 2612812623823]
_ZAxZAyZ [012312 + 23823 — C12812 — 023323]
212 2 2

202 2 2. 5%
+Ay;3[cias5; — 212812623523 + €337

= Az3[sa3c12 — s12¢23]% + Ay3[sazcia — s12¢23)

= (AIE% + Ay%) sin? (a23 - 0112) .

We use the lemma in this form: Ay? + Ays? — 2Ayb Ayl cos(as — ain) =

(AZC% + Ay%) sin? (0423 - a12).

Spherical Vertex Angle

With the preliminaries finished, we evaluate the spherical vertex angle S, as
tan §; = \/@/Gu. We capitalize G113, G2z, G12, and G in this appendix to
distinguish them from g1;, g2, and g1» which we continue to use from Appendix
A. The derivation of (75, parallels (G1; and we omit intermediate steps:

0S, OAx + 08, 0Ay

G982 05 _ {as2 dAz = 85, BAy] .
= Az du; | OAy Ou

Juy . Ou;  |0Az du | 9Dy Ou

_ (an)Z 98, | 0% 2<8Aaz 8Ay> 98 | 98,
T\ By OAxr OAzx Ou; Ouy /) O0Ax OAy

(8Ay>2 98 , 95,
du; /) 0Ay Ay

2 2
= 12911 + 2¢12512912 + $12922

= =% [h0% - Axd) + 2ens1(-A32 Ap) + 55 (13 - Ay)]

— 2.2 2.2 2.2 2.2
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RZ 2
=7 [7"% — (Azgcrn + Ayzsu)z] = — [r} — Azf]
T2 ™2
2
=L ayp o
T2
88, 0S8, R?
Goy = 2 ¢ —= = — "2 2
22 8u2 L] auz frg [Ay2 + Az ]
G S, . 08y [882 0Azxz  0S, BAy} . {882 0Az 09, 8Ay}
2= 5u; " Buy  |0Az Ouy | OAy Ouy | |OAz Buy @ 9Ay duy
B (8Aw 8Ax> 08, . S, N <8A3: 0Ay  OAzx 8Ay) 08, . 08,
-\ Oy Oup ) 0Ax OAz Ouy Oup Suy Ouy ) O0Ax JBAy
N (8Ay BAy) 0S; . 08,
Ou; Ouy/ Ay OAy

—C12€23911 + (—012523 - 623512) g12 — 812823922

R2

vy

. { — c1aen3(r5 — Ax3) — (c12823 + cp3812)(—Az2 Aya)
2

—512823(r5 — Ay%)]

|

_R [ —r3eipens + Aadenneas + Azy Aya(crasas + ca3s12) — 7351282
rd | +Ay3s129
RZ
=T [ — 12(c12e3 + S12823) + (Azacyz + Ayasi2)(Azpc + Ayzsz3)}
2
RZ
= _’I“? [Aﬂflz A-”L'g — 7'% COS(O&23 — 0112)]
2
= 7 [Am’ Azl — (Ax3 4+ Ay? + Azy) cos(ans — alz)]
o 2 AT 2 2
R2
=7 [ — Ayh Ayy — Az? cos(aos — 0412)] )

2

We used Lemma B1 in the last step because the ultimate result of this appendix
then contains the det;; expressions from Section 3.2: dety, = Az Ay — Axy Ay
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and detys = Axp Ays — Axzs Ays. A computer subroutine needs to calculate them
anyway for other terms.

From Gi1, G12, and G, we calculate G, using Lemma B2 in the fourth-to-last
step:

G = G1Gn — G},

RZ RZ
= [—F (AyZ + Azz)] [T (Ays? + Azz)]
2 T2

R4
7.8

2
[— Ayh Ayl — Az? cos(ans — alz)]
2

—Ay’zz Ay’2’2 — 2Ay, Ayj Az? cos(aas — ar2)

i

Ay Ayy? + A2 (AyE + Ayy?) + Azt }
—-Az COSZ(O[23 - a12)

R | A2 [Ay’f + Ayi? — 2Ayh Ay cos(aos — alz)]
+AZ* [1 — COSZ(Oz23 - 0412)]

= {AZZ(AJC% + Ay?) sin®(ag3 — ap) + Az* sin*(ag; — 0412)}

B R*AZ?
G

(A.T% + Ay% + Azz) Siﬂz(a23 - 0412)

_ R*AZ?

6
T3

sinz(oz23 — Ozlz) .

The spherical vertex angle S, can be found from tan S; = VG /G12 where the
numerator is non-negative and the quadrant (I, II) is determined by the sign of
the denominator. Since we stipulate only convex polygons for faces, the exterior
vertex angle a3 — a7 is in quadrants I and II and sin (ap3 — apz) > 0. Thus it
is safe to remove it from beneath the radical. However, we must use the absolute
value of Az since it is signed.

tan S, = \/@/Gn

R* Az? sin®(anp3 — ai2) R?
_ 2T Ay Ay
\f s / s R
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~Az?% cos (a3 — 0412)] }

_ |Az| 72 sin (a3 — aa)
—Ayh Ayl — Az% cos (a3 — agp)

R, the radius of the sphere, has disappeared as it should. The vertex angle is
independent of the radius.

Now we insert the definitions of sin (a3 — a12), cos (a3 — aj2), Ay, and
Ayj into tan S;. When it suits us, we expand factors such as ¢ as either (Azy —
Azy)/rip or (€ — &1) /710 :

|Az| 7y sin (a3 — agp)
—Ayh Ayl — A2? cos(as — ann)

tan Sy =

|Az|ra(sasciz — ca3812)
—(Ayacia — Axas12)(Ayacps — Axasys) — Az%(cpscin + 523512)

m-—mb-—&a &G-&Lm-m
|Az|r, -
723 12 723 A7"12
Azxy — A Ayy —
[ (Ayz T2 AT A AR y1>
A TBA.’C =
x (Ay2 R
3
A2 (53—522 L& Il 772—771>
L T3 T2 r23 ri2 /]

_ Az = m)(& — &) — (& = &) (2 — m)]
{ —[Aya(Azy — Axy) — Azp(Ayy — Ayy)] }

XAy (Azz — Azy) — Azp(Ays — Ayy)]
—AZ2[(& — &) — &) + (13 — m2) (2 — )]

[Az|m2[n1(§3 — m2) + (€1 — &) 4+ 13(&2 — m)]
{ —(Azy Ay — Azy Ayo)(Azz Ay — Azy Ays) }
~AZ2[(63 — &) (& — &) + (13 — ) (2 — )]

_ |AZ] [m(& — &) +m2(6 — &) + 136 — &)
~{detipdetys + A22[(&3 — E2)(E2 — &1) + (3 — m2)(m2 — )]} /2

We use this expression in Section 3.2.2 of the paper. The positive distance r;
has been moved from the numerator to the denominator for esthetic reasons. Doing
so does not affect the quadrant returned by arctan.
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