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Abstract. Theoretical and experimental results are presented for a four-wave mixing process 
involving two photons generated internally by stimulated electronic Raman scattering. 
Effects of saturation of the Stokes wave due to loss of population in the ground state are 
analyzed in some detail. It is shown that phase mismatch and the absorption of the 
generated wave play an important role in determining the efficiency of the mixing process. 

PACS: 42.65 Cq, 32.80 Kf 

Four-wave mixing in atomic vapors has been in- 
vestigated by several groups as a promising technique 
for optical frequency conversion [-1-4]. Attractive 
features of atomic vapors in this regard are their large 
transparency ranges and the possibility of resonance 
enhancement of nonlinear susceptibility. Also, phase 
matching can be achieved by utilizing dispersion; 
modified, if necessary, by adding a suitable quantity of 
vapor of another metal. Of the various possible four- 
wave mixing processes, those which have one or more 
waves generated internally by stimulated electronic 
Raman scattering (SERS) merit special attention, since 
for these the nonlinear susceptibility can be quite large 
due to an exact two-photon resonance. A readily 
observable process of this type, which accompanies 
SERS, is generation of a down-converted beam at 
o04 =cop-2o0~ ; cop and o0s being the pump and the 
Stokes frequencies. This process was first observed by 
Sorokin et al. [-2] in potassium vapor. In their experi- 
ment using a 1 kW dye laser, the four-wave output 
occurred over a relatively narrow range near the 
phase-matching point. With the use of high-power dye 
lasers the down-converted output has been observed 
over most of the spectral range in which SERS occurs 
[-3, 5]. Corney and Gardner [-6] presented a detailed 
experimental and theoretical investigation of the pro- 
cess in cesium vapor. Their theoretical analysis, assum- 
ing an exponentially growing Stokes wave, reveals the 
rather interesting feature that phase matching is un- 
important so long as the phase mismatch d k  is smaller 
than the Stokes small-signal gain coefficient g,. In fact, 

this applies equally to all four-wave mixing processes 
involving Stokes photons, as emphasized earlier by 
K~irkkiiinen [4]. Recently, Heinrich and Behmenburg 
[7] have exploited this insensitivity to phase matching 
for tunable ultraviolet generation. 
Theoretical treatments in [-4 and 6] assume an expo- 
nential growth of the Stokes wave. Under typical 
experimental conditions, this is valid only near thresh- 
old, above which the Stokes output is saturated by 
atomic depletion [-8-10] and pump depletion; the 
latter being important for large pump to Stokes con- 
version efficiency. In this paper, the process 
o04 = COp-2o0 s is analyzed including saturation of the 
Stokes wave by atomic depletion, Our results clearly 
show that slower than exponential growth of the 
Stokes wave significantly affects the four-wave mixing 
process. Theoretical treatment in Sect. 1 shows that in 
the saturation region, the effect of phase mismatch 
becomes much more important than that predicted for 
exponential growth. Also the relative conversion ef- 
ficiency to o04 can be much larger. Results of our 
experiments in potassium vapor are presented in 
Sect. 2. These are in good qualitative agreement with 
the theoretical findings. Section 3 presents our main 
conclusions. 

1. Theoretical Analysis 

Following Corney and Gardner [6], the growth of the 
electric field amplitude E 4 of the o04 wave is described 
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by 

2k ,c  2 aE4(z) = - c02Z(3)(co4)Ep(z)E2(z) exp(-iAkz) (1) 
•z 

where Ep and E s are the electric field amplitudes of the 
pump and the Stokes waves ; other symbols have their 
usual meaning. Neglecting pump depletion and other 
saturation effects one has Ep(z)= Ep and 

E~(z) = E~(0) exp (gsz/2), 

where 

gs = I[m {Z(3)(c@ ) Ic~ ks " 

Substituting these into (1) it can be easily integrated to 
give for g,z~> 1 [Ref. 6, Eq. (9)1 

14(Z) = 0 2  •(3)(C04) 2 I~(z) 1 
4co 2 Z(3)(c%) Ip (1 + AkZ/g~)" (2) 

Thus, for gs>>Ak the effect of phase mismatch is 
negligible. 

However, since the assumption of exponential growth 
of the Stokes wave is not valid in almost all practical 
situations, applicability of (2) is limited. Cotter and 
Hanna [9] have shown that even when the conversion 
efficiency is low, the Stokes output is limited by atomic 
depletion over most of the tuning range. It may be 
noted that, in the small signal approximation most of 
the contribution to the Stokes output comes from a 
length 1/g s at the end, hence atomic depletion'may be 
important even when the total number of Stokes 
photons is much less than the total number of atoms in 
the path of the beam. 
In the following we continue to neglect pump de- 
pletion, but consider the effect of atomic depletion. 
Then the Stokes wave first grows exponentially and 
then linearly in the saturation region. One model 
depicting this behaviour was described in [9]. For a 
rectangular pump pulse of duration r, the Stokes 
energy per unit area is given by [Ref. 9, Eq. (10)1 

Nhv~ 
gs(z) = ~ ln{1 + exp(g~z)[exp(fi)- 1]}, 

where 

fi = 2g~ns(0 ) c'c/N. 

N is the atomic density and ns(O) is the initial Stokes 
photon density. 
As a simplification, we neglect temporal variation 
within the pulse and use an average Stokes intensity 

I~(~)=~s(Z)/'~ 
= [Is(O)/fi] in { 1 + exp (g,z) [exp (fl) - 1] }, (3) 

where Is(0)= ns(O)hv ~ c is the Stokes noise tensity. 

From [111, nso=ks,Sks/L, 6k s being the Stokes line 
width and L the length of the vapor column. For 
typical experimental conditions, taking 
N = 5 x 1 0 1 6 c m  -~, gs=10cm -1, r = 5 n s ,  L= 20cm ,  
and 6ks=l  cm -1 gives/~-10 -11. Thus, (3) can be re- 
written as 

Is(z ) = [Is(O)/fl] In [1 + fl exp(g~z)]. (4) 

For small gs z, the Stokes intensity grows exponentially 
from Is(0 ) while for large gsz, such that fl exp(gsz)~> 1, 
the growth is linear 

Is(z ) = [ I~(O)/ fi] (ln fi + gsz). (5) 

In this model, departure from exponential growth 
occurs for gs z ~  ]lnfl[, which is nearly 25, for the value 
of fi calculated above. This is comparable to the 
generally used threshold condition for observing 
SERS, viz gsz~-30. It may be noted, however, that the 
use of a rectangular pump pulse overestimates Stokes 
energy and hence the saturation effects. For realistic 
smooth pulses saturation would occur for larger values 
of gsz. 
To consider the effect of saturation of the Stokes wave 
on the four-wave mixing process Is(Z) given by (4) was 
substituted into (1). Since analytical solution is dif- 
ficult, it was numerically integrated with values for 
various physical parameters given above. Figure 1 
shows the variation of the intensity 14, normalized to 
that for Ak=0, with phase mismatch Ak for different 
values of gs. The dotted curve corresponds to the case 
of exponential growth described by (2). Thus, on 
including the saturation of the Stokes wave, 14 falls 
much faster with increasing Ak. Also, in contrast to the 
prediction of (2), with larger g~ the effect of phase 
mismatch becomes more severe. This is physically 
understandable, since with larger gs the region of 
saturated growth is increased. For g~= 1, the Stokes 
wave grows exponentially over the entire length, hence 
the two curves are identical. Another way to compare 
our results with the earlier theory is to calculate I4(z ) 
corresponding to the same Is(Z ) in the two cases. Figure 
2 shows the ratio 14/1', * as a function of gs for different 
values of Ak, where I4 is the intensity at co 4 obtained 
by numerical integration and I~, is the value calculated 
using (2), with I s taken from (5). For gs---< 1 cm-1 the 
two values are the same, while for gs > 1 cm - ~ the ratio 
increases rapidly. This implies that when the Stokes 
wave growth shows saturation behaviour, the relation 
between 14(z) and I~(z) can be different from that given 
by (2). In fact, the actual intensity can be much larger 
than that predicted by (2). With finite A k, the ratio 
I4/I '  4 decreases compared to the Ak =0 value, although 
it can still be much greater than unity. 

We have also considered the effect of linear absorption 
at co 4 on the mixing process. Such absorption occurs 
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due to the presence of the alkali dimers. Figure 3 shows 
the intensity I4 calculated for an absorption coefficient 
~=0.1, expressed as a fraction of the corresponding 
intensity for c~=0, as a function of gs. Initially, upto 
g.~ ~ 1.3, the effect of absorption decreases with increas- 
ing gs. In this region, the growth of the Stokes wave is 
nearly exponential, and then it can be easily shown 
that absorption reduces Ir by a factor g~/(gs+e) 2, 
which increases with gs. For larger gs, however, when 
saturation of the Stokes wave becomes important, the 
reduction in I~ due to absorption is seen to increase 
with gs. Thus, the effect of absorption is more impor- 
tant in the saturation region. 
These effects of saturation of the Stokes wave on four- 
wave mixing, seen from the results of the numerical 
calculations can be understood more clearly by consid- 
ering some limiting cases, which readily admit analyti- 
cal solutions. For this, we note that approximation of 
the Stokes intensity by (5) is correct to within 5 % for 
z > z  o where z 0 is given by gSo = Ilnfll +2. For large gs, 
z o is small, hence for sufficiently large z contribution to 
the four-wave mixing output from the initial length z o 
is small. Thus neglecting this as an approximation, E 4 

can be obtained by integrating (1) from z o to z with the 
Stokes intensity given by (5). Defining z '=  z - z  o, the 
length of the saturation region, for A k = 0 and g,z' > 1, 
14 is found to be given by 

CO 2 Z(3)@04) 2 12(Z, ) 2 '2 
. (7) 

Comparison with (2), which is valid for an exponen- 
tially growing Stokes wave, shows that in the satu- 
ration region the ratio I411z~ can be much larger. This 
was seen in the results of the numerical calculations 
(Fig. 2), too. 
For Ak~0, retaining only the dominant terms the 
intensity at co 4 has a growing part, proportional to z '2 
and an oscillating part varying like sin2(Akz'/2). The 
amplitude of oscillation becomes negligible compared 
to the growing term for sufficiently large z'. [t may be 
noted, for comparison, that for an exponentially grow- 
ing Stokes wave also, Ir has an oscillating term varying 
like cosAkz. However, the ratio of amplitude of oscil- 
lation to the growing term is 2/exp(g~z) [Ref. 6, 
Eq. (8)], which is always vanishing small Neglecting 
the oscillatory part, the ~0~ intensity in saturation 
region can be written as 

4co~ X(s)(O.)s) 1i, zlk:" 

Thus, the dependence on d k  is seen to be much 
stronger than that given by (2). Compared to the 
A k = 0  case, described by (7), the intensity at ~o 4 is 
reduced by a factor 4/Ak2z '2. An interesting point to 
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Fig. 4. Stokes output energy as a function of input dye-laser energy. 
The upper curve is for a vapor pressure of 5 Torr and the lower curve 
is for 1 Torr 

note is that for A k + 0, although for sufficiently large z', 
the four-wave output will not display Maker's fringes 
(since the oscillating part is negligible), the efficiency is, 
nevertheless, considerably reduced compared to the 
case of exact phase matching. 
Thus it is clear that the saturation of the Stokes output 
alters the four-wave mixing process significantly. In 
this analysis, effects of spatial and temporal profiles 
and diffraction are not considered. Further, pump 
depletion is neglected which has to be included when 
the pump to Stokes conversion efficiency is large and 
also when the pump laser is tuned close to the 
resonance, when other loss mechanisms become 
strong. We have not included the change in Z~3)(co4) 
appearing in (1), due to the population transfer from 
the ground state, since the effect of this on the output 
at co~ is expected to be relatively small. 

2. Experimental System and Results 

Experiments were performed in potassium vapor using 
a nitrogen-laser pumped dye laser. The home-made 
nitrogen laser has an output power of 400 kW, a pulse 
duration of 10 ns and a repetition rate of 5 Hz. The 
dye-laser cavity was of the H/insch design, with a 25 x 
telescopic beam expander and a 1800 lines/mm grating 
blazed at 4000 A. A solution of di-phenyl stilbene in 
p-dioxane was used, which gave a tuning range of 
396-416 nm. The dye-laser output power was 
10-15 kW with a pulse duration (FWHM) of 6 ns and a 
spectral linewidth of about 1 cm-  1. The laser was not 
operating in the lowest transverse mode and the 
measured divergence was about 4 mrad. 
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Potassium vapor was generated in a stainless steel heat 
pipe oven heated to about 400~ with argon as the 
buffer gas. The heated zone was 30 cm long. A quartz 
window was used at the input and a CaF 2 window at 
the exit to transmit the infra-red Stokes output. It was 
noted that the circulation of the metal was not ade- 
quate and a gradual accumulation occurred near the 
cold ends. After about twenty runs, it was necessary to 
push the metal towards the central region. Because of 
the uncertainty about the heat pipe action, the po- 
tassium vapor pressure was estimated from the ex- 
ternal temperature of the oven, measured using a 
thermocouple. 
The dye laser was tuned close to the 4 s - 5 p  resonance 
near 404 nm and focussed by a 30 cm focal length lens 
into the vapor column. The focal spot was estimated to 
be about 300 gm. The infra-red output was measured 
by a PbS detector which had a germanium window to 
cut off the dye laser and other visible emissions. The 
output at 04 was monitored by a photomultiplier tube 
(Philips 2232) placed at the exit of a 0.5 m monochro- 
mator. (Pacific Precision). The detectors gave infor- 
mation about the total pulse energy and were cali- 
brated against a pyroelectric joulemeter (Molectron 
J3-05) with known calibration. The dye laser energy, 
the Stokes energy and the four-wave energy were 
measured successively, each for 10-20 shots. The fluc- 
tuations in the dye laser output were typically __ 5 Too. 
The down converted emission occurred over three 
wavelength ranges around 577,561 and 544 nm. These 
are identified as being due to the processes ~0p--2COsp 
cov-~Osl-COs2, and o)p-2cos2, respectively, where COs1 
and o)~2 correspond to the two Raman transitions 
4 s - 5 s  and 4s-3d. Although the two Stokes emissions 
were not separated in our infra-red measurements, the 
error introduced would be small, since the emission at 
cos2 is known to be weak and occurs over a much 
narrower range [12]. In the following, detailed 
measurements for the process co v -  2co~1 are reported. 

2.1. Saturation of the Stokes Output 

Experimental observations of the saturation of the 
Stokes output by atom depletion have been reported 
by several groups [8-10]. Figure 4 shows the typical 
variation of the Stokes output energy with the dye 
laser energy under our experimental conditions. For  
the two curves, the pressures were about 1 Torr  and 
5 Torr  and the dye laser frequencies were 24,734 and 
24,811 cm -~, respectively. The saturation is clearly 
seen. The maximum Stokes energy measured was 
380 nJ, for a dye laser energy of 90 laJ, which cor- 
responds to a photon conversion efficiency of 2.8%, 
thus the output was not limited by pump depletion. 
Another manifestation of the saturation was that the 
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fractional fluctuations in the Stokes output decreased 
with increasing dye laser energy, as was seen in I-9] 
also. 

2.2. Spectral Dependence of the Output Energy at.co 4 

The measured Stokes and co 4 output energies over the 
observed tuning range are shown in Figs. 5 and 6 for 
the two vapor pressures of 1 Torr  and 5 Torr. The 
dashed curves give the suitably scaled energy at co 4 
calculated from the Stokes tuning profiles, using (2). 
The following features were noted in our results: 

a) Except for the region between the two resonances at 
24,701 c m -  1 ( 4 s -  5pl/2 ) and 24,720 c m -  1 ( 4 s -  5p3/z ) 
the measured output energy at co 4 was greater than the 
energy calculated from (2). For  this calculation, the 
three waves were assumed to have similar pulse du- 
rations and spot sizes so that the intensities were 
replaced by energies in the equation and the measured 
value of the Stokes energy was used. The susceptibi- 
lities were calculated using the expressions given by 
Wynne and Sorokin [3] and matrix elements from 
Miles and Harris [13]. Maximum discrepancy occur- 
red near the peak in the co 4 output curve, on the high 
frequency side of the 4s-5p  resonance, where the 
measured energy was larger by a factor of about  400 
for the lower pressure and by about  10 for the higher 
pressure. The ratio decreased as COp changed on both 
sides of the peak and increased again for cop near the 
end of the Stokes tuning range and near the resonance, 
where the Stokes output was low. Similar behaviour 
was observed with cop tuned below the 4 s - 5 p  re- 
sonance also. 

b) The observed four-wave output peaks were shifted 
from the positions of the calculated peaks so as to be 
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Fig. 6. Spectral tuning profiles, as in Fig. 5, for a vapor pressure of 
5 Torr 

away from the resonance. At the lower pressure, the 
shifts were 10-15 c m -  ~ for the two peaks in the curve 
for co b one located below and one above the 4 s - 5 p  
resonance. For the higher pressure, the calculated and 
observed peaks coincide on the low frequency side, 
while on the high frequency side the shift is larger, 
being about  30 cm-a .  Within the resonance doublet, 
due to the moderate resolution of the monochromator  
used the number of points is too small to locate peak. 

2.3. Discussion of the Results 

a) The observed large departure between the calcu- 
lated oal (S 4 ) and the measured (8~xp) energies at co 4 
appears consistent with the results of the theoretical 
analysis in the preceeding section. There it was noted 
that under saturation conditions the co 4 intensity can 
be much larger than that calculated from (2), which 
assumes exponential growth. In converting the equa- 
tion from peak intensities to energies, which are expe- 
rimentally measured, its right hand side has to be 
multiplied by a factor zv~4/~ ~ x WpW, JW~ 2 where the ~'s 
and the W's are pulse durations and spot sizes. In the 
region of the saturated growth of the Stokes wave, the 
z's and W's are expected to be of the same order for the 
three waves. Hence the observed departure seems to be 
due to non-validity of (2), rather than due to this 
factor. In the region of weak Stokes output, the growth 
of the Stokes wave would be nearly exponential and 
use of (2) should be justified. However, then ~ zs, but 
z s~z  p and similarly for the spot sizes, making the 
multiplying factor large. The observed increase in the 
ratio v 4xexp/~ca]̀~4 in this region appears to be due to 
neglect of this factor in the calculation. This is also 
consistent with the measurements to be described in 
Sect. 2.4. With higher pressure the phase mismatch 
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Ak and the absorption at 00 4 would increase. Both 
these effects would contribute, in right direction to the 
observed decrease in the ratio at higher pressure. 
The weak output within the resonance doublet is 
similar to the earlier observations by Sorokin et al. [2] 
and K~irkk~iinen [4] on infra-red generation by differ- 
ence frequency mixing in K. There this was attributed 
to the strong absorption of the pump beam and to 
other competing mechanisms, which become impor- 
tant due to the vicinity of the resonances. Another 
possible reason is the sharp variation of Ak in this 
region as shown in Fig. 7. Thus, depending on the 
exact dye laser freqffency and bandwidth, the effective 
Ak can be large, which would reduce 14. Also, since cop 
is in a strongly dispersive region effects like pulse 
broadening can occur. This region requires further 
investigation. 

b) The effects of phase-mismatch are expected to 
become more important in the saturation region due 
to the 1/Ak 2 dependence for 14 predicted by (7). It is 
seen from Fig. 7 that ]Ak[ decreases as COp is tuned away 
from the resonance, which can result in the observed 
shifts, Fig. 7 also shows that IAk] is asymmetric about 
the 4 s - 5 p  resonance especially for large detuning. On 
the low frequency side, it stabilizes to Ak-~lcm -1, 
while on the high-frequency side, there is a phase 
matching point at 00p=24,860 cm-1. Since with in- 
creasing pressure, the Stokes peaks move away from 
the resonance, the observed asymmetry in the shifts at 
higher pressure can be due to the asymmetry in Ak. A 
similar shift between the peaks of the Stokes emission 
and the antistokes emission at c%, generated b y a  four- 
wave mixing process coas = 200p-COs, was observed by 
Takubo [10]. 

2.4. Dependence of the Four-Wave Output 
on the Dye-Laser Energy 

Figure 8 shows typical variation of the ratio ..x'~ exp/~t~cal 
~ 4  / ~ 4  ' 

~defined earlier, along with the corresponding Stokes 
energy with the dye-laser energy. For the dye-laser 
energy greater than 10 g J, this ratio is nearly constant ; 
while for lower energies it increases. This is contrary to 
the expectation that ~exp/go,1 should decrease to unity ~ 4  I ~ 4  
near threshold since the growth of the Stokes wave 
would then be nearly exponential. This is believed to 
be a result of the differences in pulse durations and 
spot sizes, as mentioned in Sect. 2.3a. Experimental 
verification of this was, however, not possible due to 
the unavailability of a fast, sensitive detector. 

3. Conclusions 

To summarise, we have considered the effect of satu- 
ration of the Stokes wave due to atomic depletion on 
the four-wave mixing process 004 = cop-200 s. We have 
shown that in the saturation region, relative con- 
version to 004 can be more efficient and that the effects 
of phase mismatch and absorption at (0 4 become 
enhanced. Experimental results in potassium vapor are 
reported, which show significant departure from the 
earlier theory and which are in qualitative agreement 
with our theoretical predictions. Since atomic satu- 
ration of the Stokes wave is important in a wide range 
of experimental situations, the conclusions should be 
of relevence, also, to all four-wave mixing processes 
involving Stokes photons. When the Stokes output is 
limited by atomic saturation, minimizing phase mis- 
match, say by adding vapors of other atomic species 
should result in more efficient conversion. 
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