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We report the calculation of the shear viscosity in superfluid 3He-B at 6, 21, 
and 30 bar. We have used the variational solution of the Boltzmann equation 
for quasiparticles. The transition probabilities are obtained within the s-p--d- 
wave approximation by fitting the normal state transport coefficients. The 
old and new Landau parameters are used to estimate the scattering 
amplitudes. The reduced shear viscosity does not depend very much on the 
choice of Landau parameters and agrees very well with experiment in the 
temperature range 0.5 <t  (=T /TJ<- I .0 ,  where Tc is the transition tem- 
perature. We have also investigated the strong coupling corrections to the 
shear viscosity. Although the strong coupling corrections reduce the value of 
shear viscosity, the overall feature does not change from the weak coupling 
result. The pressure dependence of the reduced shear viscosity is found to be 
very small. 

1. I N T R O D U C T I O N  

Recently several new experiments 1-5 on the shear viscosity 77 have 
been reported. Archie et al. 1 measured the viscosity of 3He-B down to 
t (= T/To) ~ 0.5 using a torsional oscillator and a vibrating wire viscometer 
at pressures of 5, 10, 20, and 29 bar, where Tc is the superfiuid transition 
temperature.  They extracted the hydrodynamic part of the shear viscosity 
from raw data using the slip-correction formula given in a paper by 
H~jgaard Jensen et al. 6 This formula takes into account the effect of a long 
mean free path I of the quasiparticles at low temperatures up to first order  
in I/d, where d is the typical length of the experimental apparatus. Archie 
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et al. 1 obtained good agreement between vibrating wire data and torsional 
oscillator data. Saunders et al. z extended the Archie experiment to lower 
temperatures using a torsional oscillator. These authors also used a spherical 
viscometer. Here the mean-free-path effect with respect to d will not play 
an important role in the temperature range where the experiments were 
done, since d = 0.8 cm. In this experiment, however, an tin- correction 6't4 
(or //6 correction) has to be taken into account, where w is the angular 
frequency of the spherical viscometer and r is the relaxation time. The 
viscous penetration depth 6 is given by 

6 = (2,1/p,w) 1/2 (1) 

where pn is the normal fluid density. 
Eska et aL 3 and Kodama and Kojima 4 obtained the shear viscosity 

from the damping of first sound. Here the tot correction was very small in 
the temperature range where the experiments were performed. Also, 
vibrating-wire experiments were extended to lower temperatures by the 

5 Manchester group. 
All the experiments show a sharp decrease of the viscosity just below 

To, which is in agreement with theories. 7-13. At lower temperatures, 
however, the viscosity data continue to decrease slowly; they do not show 
a plateau behavior predicted by the theories. 7-13 Only the spherical vis- 
cometer data have a plateau region in the intermediate temperature range. 

On the theoretical side, we have developed a formula for calculating 
the transport coefficients by solving the Boltzmann equation by a variational 
method. 7'1°'~5 In Ref. 10, we obtained the scattering amplitude within the 

F o  , s - p - d - w a v e  approximation, where we need six Landau parameters s,a 
s,a s,a s a s 

F 2 .  F~ , and As is well known, 16 Fo, Fo, a~d F1 can be obtained from 
the molar volume, specific heat, spin susceptibility, and velocity of first 
sound of normal liquid 3He. We used an available value 17 of F~ and 
determined the remaining two Landau parameters F~ and F~ by invoking 
the truncated forward-scattering sum rule and by fitting the theoretical 
value of the viscosity at Tc to the experimental one. The result for the 
reduced shear viscosity ~ = r l (T) /r l (Tc)  in the superfluid phase was in 
good agreement with experiments 1s'19 at 20 bar in the temperature range 
0.5_<t_< 1.0. 

Recently precise heat capacity measurements of liquid 3He have been 
reported. 2°'2a The effective mass ratio m * / m  derived from these experi- 
ments is drastically smaller than that tabulated in Wheatley's review 16 over 

*In Ref. 3, Eska et al. reported that the viscosity in superfluid 3He-B shows a rather slow 
decrease, which does not agree with other experiments. According to private communication 
by K. Uhlig, 53 however, they have found agreement with other experiments by resetting 
the computer analysis of their data. 



Shear Viscosity of the B Phase of Superlluid 3He. III 169 

the whole pressure range. This changes the values of the Landau parameters 
S a 

Fo, Fo, and F~ substantially, and all the transport coefficients in the normal 
as well as in the superfluid phase have to be recalculated using the new 
Landau parameters derived from the new m*/m. (The Landau parameters 
tabulated in Wheatley's review 16 will be called the "old Landau parameters" 
in this paper.) 

In this paper we discuss the effect of the new Landau parameters on 
the shear viscosity. It is true that the absolute values of the transport 
coefficients depend on the values of the Landau parameters. We have 
found, however, that the behavior of the reduced viscosity ~ = 7/(T)/~7 (To) 
in the superfluid phase does not depend on the individual values of the 
Landau parameters but on a few sets of their combination, in particular 
on a parameter A2 which represents the backscattering effect of the shear 
viscosity in the normal state. 9A°'24'25 We shall show that the behavior of 
the reduced viscosity for the new Landau parameters within the s-p-d 
approximation is almost the same as that for the old Landau parameters ~° 
and also is in good agreement with recent Cornell data 2 as well as with 
those of Kodama and Kojima 4 in the temperature range 0.5 -< t -< 1.0. We 
also discuss the strong coupling corrections and the pressure dependence. 

The organization of this paper is as follows. In Section 2, we give the 
formulas for calculating the shear viscosity by a variational method and 
show that the behavior of the reduced shear viscosity is mainly governed 
by a parameter 12. In Section 3, we discuss the s-p-d approximation in 
detail. The calculation of ~ at 21 bar within the weak coupling theory is 
given in Section 4. New as well as old Landau parameters are used. In 
Section 5, the strong coupling corrections are discussed, and Section 6 is 
devoted to a discussion of the pressure dependence of ~}. A summary and 
discussion are given in Section 7. 

2. V A R I A T I O N A L  S O L U T I O N  F O R  S H E A R  V I S C O S I T Y  

In this section we give the formulas for calculating the shear viscosity 
of 3He-B. The variational solution of the Boltzmann equation for quasipar- 
ticles is used. (For details, see Ref. 10.) It has been shown 7'23 that at T = 0 
the variational solution is equal to the exact solution. It also has been 
shown 1° that in the normal state, the viscosity calculated variationally is 
very close to the exact value within 3% error. Therefore, the variational 
solution can be expected to give a reasonable description of the shear 
viscosity over the whole temperature region in the superfluid phase. 

The shear viscosity ~7 is generally given by 

~1 ( T) = ~npFvF Yzz,7 (2) 
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where n is the number density, PF is the Fermi momentum, and Vr is the 
Fermi velocity defined by VF = pF/m*. The function II2 is the generalized 
Yosida function of second order, where Y, is defined by 

co 

(3) 

Here ~ : = p 2 / 2 m * - p ~ / 2 m * ,  E = (~2+A2)1/2, and f =  [exp (fiE)+ 1] -1 
(fl = 1/kaT). In the variational calculation, the viscous relaxation time r~ 
is given by 

41/3 cp________~F 071r/[ (4) 
r~ =re,TrY2 i=l 

where the 07i are angular averages of various combinations of scattering 
amplitudes and can be expressed in terms of Landau parameters. The 
coefficients 7/~-1 are energy integrals of coherence factors and are functions 
of A/kBT. The explicit expressions for 07i and numerical values for rl~ -1 as 
functions of t and A/kBT are given in Ref. 10. 

First we discuss the shear viscosity at To, where we have r/~ 1 = r/41 = 
-a-2/3, 7/21= r/31= ~751= 0, and II2 = 1. Then the shear viscosity at To, 
rl~(Tc), is given by 

2 7 
4/3 cPF 1 1 (5) 

r/~(Tc) = 5rS(rn,)2h 2 o71 1 - 1 2  

where the subscript v indicates the variational solution and 12 =-074/071. 
The value of 12 has been reported in the literature 9'1°'24'2s and has a value 
around 0.7, almost independent of pressure. Since ~%(T~) is a rapidly 
increasing function of 12 at the relevant values of h,~ (=0.7), any change 
of r/~(T¢) (e.g., due to pressure change) does not change the value of 12 
very much. This point is very important in understanding why the behavior 
of the reduced shear viscosity in the superfluid phase is almost independent 
of the pressure as well as of the values of Landau parameters (see below). 

Now we discuss the superfluid phase. Near To, the reduced shear 
viscosity ~ = rl~(T)/Tl~(T~) up to first order in A/kBT~ is given by 

5 -212  A 
r~ = 1 - 16 - 1612 r kBT~ (6) 

Thus the initial sharp drop of ~ just below T~ is governed by one parameter 
12. Equation (6) is valid in the immediate neighborhood of T~ (i.e., 0.9996 -< 
t -  < 1.0), which has been verified experimentaUy. 4"18 Numerical calcula- 
tions show, however, that the behavior of ~v is almost determined by one 
parameter 12 down to t ~ 0.8. 
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At T = 0, the reduced shear viscosity takes the form 

a-x  (7) ,L(0)= ~a(0)J 1+8o-}3"o 

where we have defined d 2 / d l  = 6o and d3/~a = 3'o following Einzel and 
Wflfle. 8 The parameters 60 and 3'0 also appear in the spin relaxation in 
3He-B. Einze126 estimated 3'0 and 60 within the s-p-wave approximation 
to be 0.1 and 0.3, respectively. Using these values, Einzel and W61fle 8 
calculated the damping of the wall-pinned mode in 3He-B, which was in 
good agreement with experiment. 27 This suggests that the actual values of 
60 and 3'0 are small compared with unity, although the s - p - w a v e  approxima- 
tion is not satisfactory. In our numerical calculations with the s - p - d - w a v e  
approximation (see below), 3'0 and 60 are always small and the quantity 

2 8o-~3"o is small compared with unity. Thus the parameter A2 also plays an 
important role at the low-temperature limit. 

From the above observations, we can conclude that the behavior of 
~v(t) is determined predominantly by the parameter A2. As was stated at 
the beginning of this section, the value of A2 is roughly equal to 0.7 and 
is almost independent of pressure. It follows that the pressure dependence 
of r~v (t) as a function of t is very small, which is confirmed by experiments ~'2 
and by the theoretical results in the s - p - d - w a v e  approximation discussed 
in Section 6. 

3. S - P - D - W A V E  APPROXIMATION 

As shown in Section 2, we need to fix the o~i (i.e., the scattering 
amplitudes) in order to calculate the shear viscosity. In particular, the 
overall behavior of ~o is roughly governed by the parameter Aa (= - d 4 / ~ 1 ) ,  
which can be determined by the shear viscosity in the normal phase. 

The normal phase shear viscosity was calculated 23'28 in the s-p-wave 
approximation, 22 where the truncated forward-scattering sum rule was 
invoked. In these calculations the old Landau parameters were used. The 
result for r/T 2 as a function of pressure does not agree with experi- 
ments. 1.2.16.18.29 The new-Landau-parameter result for 77 T 2 is much smaller 
than that for the old Landau parameters and agreement between theory 
and experiment is worse. In Fig. 1, r/T 2 is plotted as a function of pressure. 
The dashed curve is for the new Landau parameters and the solid curve 
is for the old Landau parameters. We have also included experimental data 
in Fig. 1. Circles are taken from Wheatley, 16 triangles are from Parpia et 
al., ~8 and squares are taken from the work of Archie et al. 1 A diamond 
indicates the measurement of Einsenstein et al. 29 From the graph we can 
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Fig. 1. ~TT 2 versus pressure in normal liquid 3He. The solid curve is 
the old-Landau-parameter result in the s-p-wave approximation. The 
dashed curve is the result with the new Landau parameters in the 
s-p-wave approximation. Triangles are data of Parpia et al., is  circles 
are taken from Wheatley, 16 and squares represent data of Archie et 

2 9  al. ~ The SVP result of Eisenstein et al. is shown by a diamond. 

say tha t  the  s - p - w a v e  a p p r o x i m a t i o n  is no t  g o o d  enough  and  tha t  we need  
h igher  o r d e r  L a n d a u  p a r a m e t e r s  in the  ca lcu la t ion  of t r a n s p o r t  coefficients.  

R e c e n t l y  severa l  e s t ima tes  of F~_ and  F a 2 have  been  r e p o r t e d .  3°-35 
Sauls  3° ex t r ac t ed  a va lue  of F~  f rom the  e x p e r i m e n t s  31 on  the  ve loc i ty  
d i f ference  b e t w e e n  first s o u n d  and  ze ro  sound.  A t  20 bar ,  F~  is rough ly  
equa l  to 0.8 for  the  o ld  L a n d a u  p a r a m e t e r s  and  is equa l  to - 1  for  the  new 
L a n d a u  p a r a m e t e r s .  T h e  p re s su re  d e p e n d e n c e  of F ~  is f o u n d  to be  very  
small .  N a r a  e t  a l .  32 d e t e r m i n e d  a va lue  of F~  f rom the  u l t rason ic  a t t e n u a t i o n  
da t a  of n o r m a l  3He. The i r  e s t ima te  for  F~  is essent ia l ly  the  s ame  as those  
of Sauls.  A m o r e  d i rec t  e s t ima te  of F~  was done  by  the  N o r t h w e s t e r n  
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group 33 from sound measurements in 3He-B probing the property of 
collective modes. Their estimate for F [  is - 1  from the squashing mode 
data. They also found F ~ = - l . 6  by fitting the real squashing mode 
frequency. Theoretical calculations 34'35 of the collective-mode frequency 
in 3He-B support the above values of F [  and F]. Thus we have to take 
into account F~ and F~ in the calculation of the transport coefficients. 

In this paper we use the s-p-d-wave approximation in the calculation 
of the transition probability of the collision integral. The effective quasipar- 
ticle potential U is given in the potential scattering model 1°'26'28'36'37 as 

U = E {VS(r l -r j )  + v a ( r i - r i ) @ ( i )  • or(j)} 
i<1 

(8) 

where the second term represents the paramagnon-mediated term and o- 
is the Pauli matrix vector. The singlet and triplet scattering amplitudes T, 
and Tt, respectively, can be expressed as 24'28 

Ts (pl, P2, P3, P4) = {3 v a ( p l - P 4 ) -  V~(Pl -- P4)} + {P4 <"> P3} (9) 

Tt(Pl, P2, P3, P4) - - - { V a ( p l - p 4 ) +  V S ( p l -  p4)}-  {p4 <--> p3} (10) 

where VS'a(p) are the Fourier transforms of v~'a(r). Because of the energy 
and momentum conservation laws in the collision integral, we can assume 
that all the momenta in Eqs. (9) and (10) have the magnitude PF. Therefore 
the potentials v s ' a ( p i  - pi) depend only on the angle O,.j = cos -1 (~i ' ~j) and 
can be expanded in terms of Legendre polynomials; 

VS'a(pi-Pj) = VS'a(cos Oij)= Y. v?'apI(cos Oij) 
l 

(11) 

On the other hand, cos 814 and cos 013 can be expressed by 

COS 014 = I~1 ° P4 = COS2 21-0 -- sin 2 ½0 cos ¢ 

10 + sin 2 21-0 COS ¢ c o s  013 = ~ 1 '  ~3 = c o s  2 2 

(12) 

(13) 

where the angles 8 and ¢ are defined in the usual way38:8 is the angle 
between pl and P2, and ¢ is the angle between two planes spanned by 
(pl, p2) and (P3, P4). Therefore Ts and Tt are functions only of 8 and ¢. 
We also define St and Tt by 

NFTt(0, 4, = 0) = ~ T~Pt (cos 0) (14) 
1 

NFTs(O, fb = O) = ~. SlPl  (COS 0) (15) 
1 
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From Eqs. (9)-(15) we find 

NFTs(O, 4,) .~- So -Jr Si cos  0 -q- S2[1(3 cos  2 0 - 1) 

+]-(cos 0 - 1)2(cos 2 4, - 1)] 

+S3[½(5 cos 3 0 - 3  cos 0) 

+ ~ ( 1  + c o s  0 ) ( 1  - c o s  0 )  2 ( c o s  2 4' - 1 ) ]  + .  • • 

NvTt(O, 4,) = {To + Tx cos 0 + T2½(3 cos z 0 - 1) 

+ T3[½(5 cos 3 0 -  3 cos 0) 

+ 5  (COS 0 - -  1) 3 (COS 2 4, - - 1 ) ] + "  ' ' } COS 4, 

where 

(16) 

(17) 

A~ "~ = F~'"/[1 + F~'a/(21 + 1)] (22) 

In the following we restrict our discussion to the s - p - d - w a v e  approximation, 
where higher order terms with 1->3 in the expansion of Eq. (11) are 
neglected. Here  we discuss.the difference between our definition of the 
s-p-wave approximation and the s-p-wave approximation originally pro- 
posed by Dy and Pethick. 22 (See also Ref. 24.) In their s-p-wave approxima- 
tion, they assumed that the 4, dependence is the simplest one consistent 
with Fermi statistics, namely, that the singlet amplitude is only s-wave 

where 

So=NF[(3Vg- V~)+ E ( 3 V  a s I - V l  )]  
1=o 

St = Nv(  3 V~ - V~ ), l >- 1 
(18) 

To = --NF ~ (V~' + V~) 
1=1 

TI=NF(V~ + V~), I>~1 

Here  NF is the density of states at the Fermi surface for both spin directions, 
N r = m * p v / I r Z h  3. In this model the forward-scattering sum rule 38 is 
automatically satisfied, 

E T, = 0 (19) 
! 

Landau parameters F~ 'a are related to Tt and St by 

T~ = A~ + AT (20) 

St = A~ - 3A~' (21) 
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(independent of ~b) and that the triplet amplitude is only p-wave (propor- 
tional to cos ~b). Then the s-p-wave approximation of the present paper 
would be equivalent to the s-p-wave approximation of Dy and Pethick if 
all Landau parameters with l-> 2 were set equal to zero.* The advantage 
of the potential scattering model, from which we derived our s-p-d-wave 
approximation for the scattering amplitude, is that we can easily include 
higher order cos ~b terms. For example, in the s-p-d-wave approximation, 
cos 2 ~b terms come in naturally in the definition of T~(O, ~b) and Tt(O, d~) of 
Eqs. (16) and (17). 

4. S H E A R  V I S C O S I T Y  A T  21  B A R  

In this section we describe in detail the calculation of the shear viscosity 
at 21 bar within the s-p-d-wave approximation. As stated in the introduc- 
tion, we have to estimate three Landau parameters,  F~, F2, and F2,a in 
order  to calculate the scattering amplitudes. First we treat A~ and A~ as 
free parameters using the condition ~x~ct(Tc) = ~xp(Tc) to fix A~, where 
~/~x~ct is the exact theoretical value of the shear viscosity 39'4° and ~xp is 
the experimental value. 1'16'18'19 We vary A~ and A~ in the allowed para- 
meter  space and find the maximum and minimum values of ~ (0) given by 
Eq. (7). In Fig. 2, we plot both the reduced shear viscosity ~ ( t )  for Landau 
parameters corresponding to the maximum ~ ( 0 )  and ~v(t) for Landau 
parameters corresponding to the minimum ~ (0). We find that the possible 
range of values for ~o(t) is located between two solid curves for the old 
Landau parameters at 21 bar. The dashed curves are for the new Landau 
parameters at 20.94 bar. We believe that the curves corresponding to the 
maximum ~v (0) and the minimum ~ (0) give good upper and lower bounds 
for ~ ( t ) ,  respectively, in the whole temperature range. In Fig. 2, we have 
also included experimental data of Parpia et al. ~8 (triangles) at 19.64 bar 
and of Archie et al. 1 (circles) at 20 bar. From the graph we observe that 
the upper and lower bounds for the new Landau parameters almost coincide 
with those for the old Landau parameters.  Also, the possible range of 
values for ~ ( t )  is rather narrow, even though the Landau parameters have 
a wide allowed region. This can be easily understood, since A2 is 0.76 (0.75) 
for the maximum ~ ( 0 )  for the new (old) Landau parameters and 0.82 
(0.825) for the minimum ~(0 ) .  

Next we try to determine the Landau parameters by fitting the transport 
coefficients in the normal state to the experimental values. For this purpose, 
*Although the original s-p-wave approximation of Dy and Pethick contains higher order 
terms in cos 0 (i.e., higher order Landau parameters), almost all the calculations are done 
by imposing the truncated forward-scattering sum rule with 1 = 0 and 1. (This approximation 
has also been called "the s-p-wave approximation.") Then what they call the s-p-wave 
approximation is identical to our s-p-wave approximation. 
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Fig. 2. The possible range of values for the reduced 
shear viscosity ~ as a function of t = T/Tc (21-bar 
result). The solid curves are for the old Landau para- 

16 meters and the dashed curves are for new Landau 
parameters. 2° Circles represent experimental data of 
Archie et al. ~ at 20 bar with slip correction included 

~8 and triangles are from Parpia et al. at 19.64 bar. 

we min imize  the  fo l lowing quan t i t y  as a func t ion  of t h r ee  u n k n o w n  L a n d a u  
p a r a m e t e r s  F~,  F~,  and  F~:  

. . . .  . . . .  

whe re  Kexp and  K . . . .  t a re  e x p e r i m e n t a l  t he rma l  conduc t iv i ty  16 and  exac t  
t heo re t i ca l  t he rma l  conduct iv i ty ,  39'4° respec t ive ly ,  and  Dexp and  D . . . .  t a re  
e x p e r i m e n t a l  spin  diffusion coefficient  41'42 and  exact  t heo re t i ca l  spin  
diffusion coefficient.  39'4° F o r  e x p e r i m e n t a l  va lues  at  21 b a r  we have  used  
~TT 2 = 1.24 P m K  2 given by  Pa rp i a  et  al. 18, KT = 15.3 e r g / s e c  cm given by  
W h e a t l e y ,  16 and D T  z = 0.29 cm 2 m K 2 / s e c  given by  W h e a t l e y .  41 

F i r s t  we discuss the  resul t  for  the  o ld  L a n d a u  p a r a m e t e r s ,  whose  values  
at  21 b a r  a re  F ;  = 59.78,  F~  = - 0 . 7 3 5 ,  and  F [  = 12.51.16 Min imie ing  Eq.  
(23), we find F~  = - 1 . 0 9 4 ,  F ~  = 1.079, F~  = 0.146,  and  A2 = 0.769.  F r o m  
these  values  we ob ta in  ~ T  2 = 1.245 P m K  2, KT = 14.69 e r g / s e c  cm, and  
D T  2 = 0.298 cm 2 mKZ/sec .  T h e  o b t a i n e d  F~  is a p p r o x i m a t e l y  equa l  to 0.8 
f rom sound  measurements3° '3 ; ;  thus,  a g r e e m e n t  b e t w e e n  our  e s t ima te  for  
F s 2 and  tha t  f rom sound  d a t a  is fa i r ly  good.  The  fo rward - sca t t e r i ng  sum 
rule  is r e a s o n a b l y  sat isf ied (To + 7"1 + I"2 = - 0 . 0 6 3 ) .  T h e  t e m p e r a t u r e  d e p e n -  
dence  of ~v with  the  L a n d a u  p a r a m e t e r s  o b t a i n e d  a b o v e  is shown in Fig.  
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Fig. 3. r~ vs t at 21 bar (old Landau parameters). The 
dashed curves are the upper and lower bounds. The 
solid curve is from the best-fit result for the transport 
coefficients in the normal phase. The dash-dot curve 
is the polarization-potential result. 

3. The solid curve is f rom the present calculation. The dashed curves 
indicate the upper  and lower bounds. The dash-dot  curve is f rom the 
polarization-potential  result of Bedell et aL 43 These authors have calculated 
the shear viscosity using the scattering amplitudes constructed f rom the 
polarization potential  44 and the formulas for 77 by Hara  et al. 1° The 
polarization potential  result is very close to ours in the s - p - d  approximation 
over  the whole tempera ture  range. In particular, at high temperatures,  
where the experiments  have been performed,  there is essentially no 
difference between the two results for different approximations in the 
scattering amplitudes. 

Now we turn to the result for the new Landau parameters:  F~ = 42.53, 
F~ = -0 .8111 ,  and F~ = 8.106. 20 When F~, F~, and F~ are t reated as free 
parameters ,  the minimum of Eq. (23) occurs at a positive value of F~, in 
contradiction to the zero-sound analyses, a2'33 where F~ is roughly equal 
to - 1 .  We have, therefore,  tried to find the best fit for the normal  state 
t ransport  coefficients keeping F~ equal to - 1 .  We obtain ~TT 2= 1.251 P 
m K  2, x T  = 12.19 erg/sec  cm, D T  2 = 0.295 cm 2 mKZ/sec, and h2 = 0.754 at 
the values F~ = -0 .670 ,  F~ = - 1 . 3 3  (F~ has been estimated 33,as to be - 1 . 6  
f rom acoustic measurements  of the collective mode  in 3He-B). In Fig. 4, 
we have plotted ~o as a function of t. The dashed curves are the upper  and 
lower bounds and the solid curve is the present  result. Note that the reduced 
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Fig. 4. ~v vs t at 21 bar (new Landau parameters). 
The dashed curves are the upper and lower bounds. 
The solid curve is from the best-fit result for the 
transport coefficients in the normal phase. 

shear viscosity shows almost the same behavior as in the case of the old 
Landau parameters. 

. 1 - 5  
Finally, we compare our results with recent experiments at 20 bar. 

In Fig. 5, the solid curve is for the old Landau parameters and the dashed 
curve is for the new Landau parameters. Triangles are the torsional oscil- 
lator data of the Cornell group 2 with slip-correction 6 included. Circles 
represent spherical viscometer data 2 and squares are from the sound attenu- 
ation data of Kodama and Kojima 4. The graph shows that agreement 
between theory and experiments is very good in the temperature range 
0.5 - t - 1.0. At  lower temperatures, the observed viscosity starts to deviate 
from the theoretical result and decreases as the temperature is lowered 
(this behavior might be called a "low-temperature droop"). As will be 
discussed in Section 6, this low-temperature behavior is universal for all 
pressures. At  present we have no explanation of this behavior. 

Finally we comment on the mean-free-path effect. The viscous mean 
free path In is given by 6 

In = lAF3" n (Y2/Y0) 1/2 (24) 

in terms of the viscous relaxation time. On the other hand, the quasiparticle 
mean free path l takes the form 

1 = O F ~ ' ( ] I 2 / r o )  1/2 (25) 



Shear Viscosity of the B Phase of Superfluid 3He. III 179 

0.5 

I I I [ I I 

u a 

m A~&A 

0 I I I I I ,I 
0./~ 0 .6  0.8 

t=m/mc 

Fig. 5. Comparison of the reduced shear viscosity between 
theory and experiment. The solid curve is for the old Landau 
parameters at 21 bar and the dashed curve is for the new 
Landau parameters. Triangles are the torsional oscillator 
data of the Cornell group 2 with slip corrections. Open circles 
represent spherical viscometer data 2 and squares are from 
the sound attenuation data of Kodama and Kojima. 4 

where  r is the  quas ipa r t i c l e  r e l axa t ion  t ime  giyen by  

4 h ~ p F  3 
= d ln7  (26) 

'T m * '~l" Y 2  i 1 

H e r e  on ly  the  ou t - sca t t e r ing  t e rms  in the  col l is ion in tegra l  a re  t a k e n  into  
account .  T h e  a p p e a r a n c e  of the  Yos ida  funct ions  II2 and  Yo is due  to  the  
fact  tha t  the  g roup  ve loc i ty  of the  quas ipar t i c les  is given by  

v = OE/Op = O v v ~ / E  (27) 

whe re  0 d e n o t e s  a uni t  vec to r  a long p. W e  have  def ined  the  ave rage  of  
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the group velocity squared (weighted by Of/OE) as 

= VF ]I2/Iio (28) 

and have defined the mean free paths by I = (v2}t/2r (l~ = (v2)t/2%). 
The tempera ture  dependence of l and l,~ at 21 bar is shown in Fig. 6 

as a function of the reduced tempera ture  t. We have used the new Landau 
parameters .  From the graph we observe that the mean free paths become 
very long at lower temperatures ,  where the main contribution comes f rom 
the exp ( A / k s T )  factor. In torsional oscillator experiments,  the typical 
length of the apparatus d is the distance between two disks of oscillator, 

% 

lO-3 

1~-4L 
0 

I i i i i 

0 . 5  1 
t = T / T  c 

Fig. 6. Temperature dependence of mean free paths at 21 
bar. The solid curve is for the quasiparticle mean free path 
I and the dashed curve is for the viscous mean free path l.. 
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d = 100/zm. 18 It is argued in Ref. 6, however, that the simple slip-correction 
formula is applicable only for l /d <-0.2, which corresponds to t-> 0.45 at 
20 bar. Therefore  the torsional oscillator data may not be reliable at lower 
temperatures.  On the other hand, the spherical viscometer and sound 
attenuation cell are free from the mean-free-path effect. Moreover,  tot 
corrections to them are very small even at the lowest temperature at which 
the experiments were performed. Therefore  the viscosity obtained from 
the spherical viscometer and from the sound attenuation method can be 
interpreted as the true hydrodynamic viscosity. 

5. STRONG COUPLING CORRECTIONS AT 21 BAR 

In this section we discuss the effect of the strong coupling within the 
"trivial" strong coupling correct ionsY namely the gap renormalization. 
The strong coupling gap As(t) takes the form 

As(t) -1/2 = K ABcs(t) (29) 

where ABcs(t) is the BCS weak coupling gap. The gap enhancement factor 
K-1/2 can be extracted from experiments such as specific heat jump experi- 
ments 16'2°'46 at Tc or normal-fluid-fraction measurements,  l'a7,4s Experi-  
mental data of K -1/2 at 20 bar are scattered between 1.02 and 1.17, and 
theoretical calculations 4s'49-52 show some discrepancies with experimental 
data. Therefore  we use the value estimated from recent specific heat jump 
experiments 2°'21 at 20.94 bar (K -1/2= 1.11) as a representative value. We 
show only the result for the new Landau parameters, since there is essen- 
tially no difference in r~v between the two results for different Landau 
parameters.  

In the strong coupling approximation, the energy gap in Eq. (7) should 
be replaced by As (0) given by 

--1/2 A /~x As(0) = K BcstU) = K-1/2zrkBTc/7 (30) 

where y = 1.78107 is the Euler number. The normalized energy gap 8s 
takes the form 

~s As(t) -1/2 ~" ABcs(t) 1 
= = x  (31) 

kBT y ABcs(0) t 

The reduced shear viscosity ~v can be calculated by changing values 
of ~-1 as a function of t and 8s in the following way. As we indicated in 
the footnote of Ref. 10, the (t2r/i) -1 are functions only of & Therefore  in 
the strong coupling approximation, we interpret ~ in Table II as 3s, and 
change values of t and ~7i 1 to correspond to the values of 8s. 
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Fig. 7. The strong coupling corrections to r~ at 20.94 
bar (new Landau parameters). The dashed curve is 
for the strong coupling (K -1/2= 1.11) and the solid 
curve is for the weak coupling result. Circles are 

, 2 spherical vxscometer data of Saunders et al. at 20 bar. 

The new Landau parameter  result for the strong coupling corrections 
is shown in Fig. 7, where the dashed curve is for the strong coupling 
(K -1/2= 1.11) and the solid curve is for the weak coupling result. Circles 
are the spherical viscometer data 2 at 20 bar. From the graph, we observe 
that the strong coupling effects reduce the shear viscosity in the whole 
tempera ture  range. 

In these calculations, we have assumed that the gap enhancement  
factor is tempera ture  independent.  Rainer  and Serene 51 proposed a weak- 
coupling-plus model and calculated the tempera ture  dependence of K -~/2 .  

In their theory K -~ /2  decreases as the tempera ture  decreases. We can easily 
include this effect by changing t and r/[ ~ accordingly. Then the low- 
tempera ture  r~v is decreased less and becomes much closer to the weak 
coupling value. Since the strong coupling corrections are very small, 
inclusion of the weak-coupling-plus model  does not change the overall 
behavior  of r~ in the whole tempera ture  range. 

6. P R E S S U R E  D E P E N D E N C E  

In this section we discuss the pressure dependence of ~v. For simplicity 
we use the weak coupling gap. As we have indicated in Section 4, we need 
experimental  values of the transport  coefficients in the normal  state in 
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order to calculate the transition probabilities. Since the shear viscosity in 
the normal Fermi liquid scales as T -2, the natural parameter to consider 
is r/T 2 as a function of pressure. Using the torsional oscillator, Parpia et 

al. 18 found that values for 7/T 2 at low pressures are larger than those 
tabulated by Wheatley, 16 while at high pressures both experiments give 
essentially the same values. Archie et a l.,1 using both the torsional oscillator 
and vibrating wire, found the same pressure dependence of tiT 2 as that of 
Parpia et al. Recently Eisenstein et aL 29 found almost the identical value 
as that of Ref. 18 at SVP from the experiment on Poiseuille flow through 
a channel. The pressure dependence of r/T 2 of Saunders et al., 2 using the 
spherical viscometer, agrees very well with that of Parpia et al. These data 
are shown in Fig. 1. We have used the Parpia value of r/T 2 for a 6-bar 

N 
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_ j / S _  

A~,Zt 

0 I I I I I I 
0 .4 0 .6  0.8 

~ = TIT¢ 

Fig. 8. r~ versus t at 30 bar in 3He-B (new Landau para- 
meters). The dashed curves are the upper and lower bounds. 
The solid curve is obtained by fitting the normal-state trans- 
port coefficients. Triangles are the slip-corrected reduced 
shear viscosity data 2 at 29 bar and circles are spherical 
viscometer data 2 at 29 bar. 



184 Yoshimasa A. Ono, Jun'ichiro Hara, and Katsuhiko Nagai 

calculation and the Wheatley value for a 30-bar calculation. Using the 
method described in Section 4, we have calculated r~o at pressures 6 and 
30 bar. Although both new and old Landau parameters are used, there is 
essentially no difference between the two results, as was found in Section 
4. Therefore we show only the new-Landau-parameter  result. In Fig. 8, 
we show the 30-bar results for the B phase. The dashed curves are the 
upper and lower bounds calculated by imposing only one condition 
r/exp(Tc) = r/¢xact(Tc). The solid curve is obtained by fitting the normal state 
transport coefficients. We have also included experimental data at 29 bar. 
Triangles are the slip-corrected reduced shear viscosity data 2 and circles 
are spherical viscometer data. 2 The two sets of experimental data show 
good agreement down to t - 0.5, at which temperature the slip theory starts 

c v  

0.5 

I i t I l I 

~ 0 

o O O  " ~  

0 I I I I J I 
0.~ 0.6 0.8 

t=T/mc 
Fig. 9. ~ versus t at 6 bar (new Landau parameters). The 
region between the dashed curves is the possible range of 
values for ~u- The solid curve is obtained by fitting the normal 

. . . .  a 2 transport coefficlents. Circles are spherical vlscometer dat 
at 5.47 bar and triangles are slip-corrected viscosity 2 at 5 bar. 
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to collapse since l , /d becomes larger than 0.2. The agreement between 
theory and experiment is very good. In Fig. 9 the 6-bar results are shown. 
The region between two dashed curves is the possible range of values for 
the reduced shear viscosity. The solid curve is obtained by minimizing Eq. 
(23). The polarization-potential result 43 coincides with our upper-bound 
result. Circles are spherical viscometer data 2 at 5.47 bar and triangles are 
slip-corrected viscosity 2 at 5 bar. At this pressure the viscous mean free 
path at T~, l,(T~), is equal to 27.1/zm, ~ which gives l , /d = 0.288. Therefore 
the slip theory, i.e., hydrodynamic equations amended by a slip boundary 
condition, breaks down even at T~. On the other hand, the tot corrections 
in the case of the spherical viscometer are very small, at most 10% at the 
lowest temperature. Thus the spherical viscemeter data are more reliable 
at low pressures. The agreement between theory and experiment is rather 
good at low pressures. Comparing Figs. 5, 8, and 9, we observe that there 
is essentially no pressure dependence of ~v as a function of t, in good 
agreement with experiments. 1'2 

7. S U M M A R Y  A N D  D I S C U S S I O N  

In this paper we have calculated the shear viscosity of superfluid 3He-B 
at 6, 21, and 30 bar and compared the results with recent experiments. 1-s 
We have used the variational solution of the quasiparticle Boltzmann 
equation. The scattering amplitudes are estimated by fitting the normal 
state transport coefficients within the s-p-d-wave approximation. Both the 
new and old Landau parameters are used. The calculated reduced shear 
viscosity agrees very well with recent experiments 1-5 in the temperature 
range 0.5--< t-< 1.0, irrespective of the choice of the Landau parameters. 
This agreement is due to the fact that the temperature dependence of the 
reduced shear viscosity is mainly governed by a single parameter Aa, in 
particular near Tc (say, 0 . 8 -  t -1 .0 ) .  The parameter A2, as was stated in 
Section 2, always takes a value around 0.7, whenever the condition 
7/ . . . .  t(Tc) = 7/~xp(Tc) is satisfied. It is therefore essential to keep the condition 
"17 . . . .  t ( T c )  = " r / exp(Tc)  in order to have agreement of the reduced shear vis- 
cosity with experiment. In fact, our s-p-d result in which the Landau 
parameters are so chosen that the above condition should be satisfied agrees 
very well with the result of Bedell et al. 43 based on the polarization potential 
whose parameters are fixed so that the normal state transport coefficients 
agree with experiments. 

The reduced shear viscosity by itself is not useful for determining the 
Landau parameters. We have tried to determine the Landau parameters 
by optimizing the normal state transport coefficients, i.e., by minimizing 
Eq. (23). We have been able to have a reasonable set of values for the old 
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Landau parameters,  but not for the new Landau parameters (a similar 
attempt at the melting pressure has been reported by Sauls and Serene 37 
for the old Landau parameters). In the case of the new Landau parameters 
F~ is negative. 3°'32 Moreover,  in the recent literature 33'35 F~ is also reported 
to take a negative value. It follows that the forward scattering sum rule is 
far from satisfied within the s -p -d  approximation. Comparison of the s -p -d  
result with the s - p - d - f  result 37 indicates that the normal state transport 
coefficients have a considerable contribution from higher order (l>_ 3) 
Landau parameters if they exist, though the effective potential model 
employed in Section 3 and Ref. 37 is a tentative approximation and should 
be reexamined. We hope that precise experiments on liquid 3He, especially 
on superfluid 3He, which has rich angle-dependent properties, will be 
performed so that the higher order Landau parameters can be determined. 

We have also estimated the strong coupling corrections to the shear 
viscosity. The "trivial" strong coupling correction (gap renormalization) is 
used. We have found that the strong coupling effects slightly reduce r~ 
over the whole temperature range and the plateau region of ~ is pushed 
down to lower temperatures. We have also found essentially no pressure 
dependence of ~ as a function of t, in accordance with the experiments. 1'2 

A theoretical explanation of the low-temperature "d roop"  found in 
experiments is left for future investigation. 
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