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Abstract. In connection with the problem of the initial singularity in the framework of the Brans- 
Dicke scalar-tensor isotropic cosmology, the dynamics of the early stages of the expansion is studied 
on the basis of the general analytical solutions for flat models with P : ne (0 <<. n <<. 1). The sourceless 
scalar field, which plays a role of effective sourc, e of the geometry, entirely changes the character of 
the initial expansion, whereas in the absense of :it the dynamics of the models almost does not differ 
from GR-case. If the connecting parameter co < -- 6 then the sourceless scalar field removes the ini- 
tial singularity for any equations of state, and provides the regular transition form the compression 
to the expansion through the non-stationary state with ~b # 0. If co is positive, the singularity of 
vacuum nature necessarily exists; the sourceless scalar-field being prevalent over the material sources 
(at least for P ~< �89 near the singularity. For P > �89 parallel with the vacuum singularity the singular 
initial state with dominant role of gravitating matter is possible. In the course of expansion, the 
influence of gravitating matter and curvature - which as nonessential at the early stage in comparison 
with sourceless ~0-field - becomes dominant, and all models approach the 'Machian' ones which 
differs slightly from corresponding GR-models. If  co is negative (co < - -  6) the sourceless ~p-field 
slows down the initial expansion and increases essentially the real age of the Universe; it can also 
influence the primordial nuclear synthesis by diminishing in particular the content of He 4. It is shown 
that a knowledge of the sign G gives us the information about the nature of the initial Universe state. 

R~sum~. On consid6re dans cet article l'influenee du champ scalaire sans source sur la dynamique 
des 6tapes premi6res de l'expansion des mod61es cosmologiques. On montre, en outre, la possibilit6 
de l'existence de l'6tat initiale nonsingulier dans la cosmologie scalaire-tensorique de Brans-Dicke. 

Zusammenfassung. In diesem Artikel betrachtet man die Einwirkung des quellosen skalaren Feld auf die 
Dynamik der frfiheren Stadien der Ausdehnung der kosmologischen Modellen. Man zeigt auch die 
M6glichkeit der Existenz eines unsingul~tren ursprfinglichen Zustand in der Brans-Dickeschen 
skalar-tensorischen Kosmologie. 

1. Introduction 

T h e  B r a n s - D i c k e  sca la r - t ensor  g r a v i t a t i o n  t h e o r y  (Brans  a n d  Dicke ,  1961) w h i c h  is 

wide ly  d iscussed  a t  p r e sen t  r ep resen t s  the  g e n e r a l i z a t i o n  o f  the  genera l  t h e o r y  o f  

re la t iv i ty  fo r  the  case o f  va r i ab le  g r a v i t a t i o n  p a r a m e t e r  G. Th is  p a r a m e t e r  G is r ep laced  

by  a mass less  sca lar  ~o-field w h i c h  is p r o p o r t i o n a l  to  G -  a. T h e  exis tence  o f  such  a field 

has  n o t  yet  been  ascer ta ined .  T h e  celest ia l  m e c h a n i c s  effects give on ly  the  l o w  l imi t  o f  

the  d imens ion l e s s  c o n n e c t i o n  p a r a m e t e r  [o91 o f  sca lar  f ield and  the  f u n d a m e n t a l  t e n s o r  

o f  the  space- t ime .  T h e  accu racy  o f  the  la tes t  o b s e r v a t i o n s  leads  on ly  to  the  c o n c l u s i o n  

t h a t  the  c o n t r i b u t i o n  o f  sca la r  f ield to  re la t iv is t ic  effects in  the  w e a k  field c a n n o t  
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exceed 1-5~,  corresponding to Icol/>6. However, independently of the value of co, 
the very existence of the scalar (p-field leads to some principally new results in cos- 
mology, first of all at the early essentially relativistic stages of expansion of the 

Universe. 
The qualitative analysis by Dicke (1968) and Greenstein (1968) shows that the 

so-called vacuum stage of the initial expansion with dominating scalar field is possible 
near the isotropic singularity. Such variable (p-field is not connected with material 
sources and, consequently, does not satisfy Mach's principle. Morganstern (1971) has 
obtained several exact solutions in the framework of conformal-transformed version 
of the scalar-tensor theory (Dicke, 1962) and has confirmed the vacuum nature of  
initial singularity with its character being determined by the scalar field only. In our 
article we shall study the isotropic cosmology on the basis of original the version of 
Brans-Dicke theory in connection wi th  the problem of the existence of the initial 

singularity. 
We have obtained the general analytical solutions for the quasi-euclidean models 

with the equation of state P=n5 (O~n~ 1) and analyzed in details the dynamics of 
the early stages of its expansion. It will be shown that two qualitatively different vari- 
ants of the initial expansion are possible, depending on the initial conditions for the 
scalar field. In the absence of a sourceless scalar field the dynamics is governed by 
gravitating matter, so that this special 'machian' models (Nariai, 1969) have singulari- 
ties (with the infinite energy density 5) and their dynamics differs from that of GR 
quite insignificantly. The presence of a free scalar field, which is not connected with 
the matter, changes radically the character of early stages of the Universe's expansion. 
It plays a role (if we use the interpretation of the conformally-transformed version of 
the theory) of an effective material source of the geometry similar to the ideal fluid with 
extreme 'stiff' state-equation Pz=sz  (Dicke, 1962). Under the infinite compression 
free(p-field prevails due to its maximal 'rigidity' under the usual material sources. If  co 
is positive a true singularity a purely vacuum nature occurs inevitably. In this case, 
the dynamics of the initial expansion does not depend on the presence and the equa- 
tion of state of matter (at least, i fP  ~< �89 If co is negative (co < --~) the scalar field acts 
effectively as a material source with negative energy and leads to the repulsion in the 
dynamics (gravitation parameter G also remains positive). So the free scalar field 
removes the singularity, and provides the transition from compression through a 

regular minimum to expansion. 
The expansion leads to a rapid attenuation of the influence of free (p-field on the 

dynamics and all models tend to 'machian' regime close to the Friedmann models 
with P=ne. Thus Brans-Dicke gravitation theory, in distinction of GRT, admits of  
the principal possibility of the isotropic nonsingular cosmology if co < - 6 . *  

* One assertion in the paper Noerdlindger (1968, that co < 0 contradicts to the minimum action by 
condition. However, the derivation of this result cannot be correct, for the action must be minimum 
on the trajectectory in comparison with that on the every curve of the neighbourhood in the sence of 
generalized coordinates and velocities; and, in his considerations, Noerdlindger uses great values of 
velocity variation. 
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2. Basic Equations and General Solutions 

At the early stages of the expansion of the Universe, the curvature is not essential; 
and we can restrict ourselves by the consideration of  quasi-euclidean variant of  the 
isotropic model with metric 

ds 2 = dr 2 _ R2(~) (dx 2 + dy 2 + dz2}. (1) 

For this metric the Brans-Dicke field equations (if" the scalar field is homogeneous; 
(p=go(z)) are ( c o r  

1 d (/~3go) = 3c~{co(8- P)  + e}, 
3rpRl - R3 dT 

~ G O = 3 + 3 R ~o - 2 = (3 + 209)~8/q~, 

1 d 3 
[ ] ~ = ~ T , ( R  ~ ) = ~ ( 8 - 3 P ) ,  

(2) 

(3) 

= s~/(3 + 2,o).  (4) 

The frame of reference is co-moving, z is the proper time (c= 1) and point denotes 
the differentiation with respect to -c. Equation (4) determines the connection of the 
scalar field with the trace of energy-momentum tensor of material sources. Equation 
(2)-(4) lead to the usual equations of motion T.i~k=0. For  the case of adiabatic 
expansion of ideal fluid in synchronous-comoving system (1) we obtain 

+ 3 ~ ( e  + P) = 0 (5) 

where e and P are energy density and pressure respectively. 

In cosmological applications the most important equation of state is the barotropic 
equation P = ne (0 ~< n ~< 1) which includes the fundamental limiting cases of non- 
relativistic matter (n = 0), radiation and ultrarelativistic gas (n = �89 hypothetical cold 
hadronic matter in ultradensity state (n = 1). For this equation of state one can obtain 
the general solution of the system of  Equations (2)-(5). 

Equations (2), (4), and (5) admit of the integrals 

and 

v l  +ne = M (6) 

dV 
~oV-" - -  = 3c~Ma (q + r/2), 

(7) 
V~-,, dip 

- -  = a M  ( 1 -  3n) (rl + rl l) ,  n ~ 1 ,  
d~l 

where r/is the new time parameter introduced into the metric (1) by means of  relation 
dT=R3ndr/= V"dr/, M, qi, r/2 are the constants of integration and a = l  + c o ( l - n ) ,  



234 L.E.  GUREVICH ET AL. 

Equations (6) and (7) lead to the basic equation for the volume factor 

v" { ){v'V v' t- (1 - 3n) (q + , 1 )  1 - 0, (8) 

where dash denotes the differentiation with respect to t/. 
The integration of Equation (8) gives the expression for the Hubble parameter 

R' a 07 + t/2) 
= Arl 2 + Br I + C (9) 

and relative rate of go-field variation 

go' (1 - 3n) ( t /+  t/z ) 
go Atl z + B~l + C ' (10) 

where 2 A = ( 1 - 3 n ) + 3 a ( 1 - n ) =  (3/~o) ( a - ~ / 1  + ~ )  (o-+x/1 +~cn), B=  
= 3a (1 - n)tl 2 + (1 - 3n)t h and C is the constant of integration. 

The constants of integration C, q~, t/2 are not independent. The connection between 
them follows from Equation (3) which is the first integral of dynamical Equations (2) 
and (4). Taking into account that 

1/c~M 
1/goV 1- .  _ 

Arl 2 + Br I + C 

and also Equation (3), we obtain this relation 

O) 
(3 + 20)) (7 = 3a 2 + 3 (1 - n)aV h - ~ (1 - 3n)27/2 . (11) 

Without loss of generality we have chosen r/2 # 0  as a scale of time and have introduced 
the dimensionless quantities •=C/tl  2, B=B/rl2,  fl=tl/rl2. 

The character of the solution of Equation (9) and (10) depends essentially on 
discriminant sign of the dominator A =/~2_ 4A(7 which we can write as 

A - (1 - 3n)Za2(01 _ 1)2, n # 1 (12) 
1 +}co  

if we take into account Equation (11). Its absolute value represents the square of a 
characteristic time (measured in the units of t/2). We connected IAI with the duration 
of go-field dominated stage. 

If  A >0  (~o > - ~ )  the general solution of Equations (9) and (10) is 

R = R o (g/ -  7/+)o/t3(~-T-'/i +~~ (g/-- 7/_) ~'/E3(#-+'/1 +~~ , 

go = g o 0 ( ~  - -  0 + ) ( 1 - Y - U l + { ~  - -  t l - )  (1+41~s~176 , (13) 

where 7/_+ = ( - ~ + x / A ) / 2 A  and, by definition, f/+ >f/_. Besides we have the next 
relation between constants of integration 

87:Mtl~R~ (i-")/goo = (3 + 2co)/A. (14) 
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This solution has two branches which we may call 'fast' and 'slow' in accordance with 
two different types of the behavior of ~o-field. In the following we shall give detailed 
analysis of these branches. 

The solution (13) has always a singularity where the scale factor R becomes zero 
and the density of matter becomes infinite. In the case for co >~ 0 the initial singularity 
takes place at 7/= 0 + for all values of n ~< 1 on the 'slow' branch ((p-+ oo, G-+0) and f o r  
n < (co + 1 - ~/1 + ~co)/co on the 'fast' branch (q~ 40 ,  G-+ oo). I fn > (co + 1 - x/1 + sZ-co)/co 
the singularity R = 0  at the 'fast' branch will be attained only in the future at 7/-+00 
and then (p-+oo (G~0).  

If  A < 0 (co < _3)  the general solution of Equations (9) and (10) is (A # 0) 

A arctg , (15) 

q, = [ ( 7 / +  7/_)2 + x 

x exp {T_ 3(1 _ n) x/~ Icol - 1 7/+ 7/-~, 
A arctg- q+ J 

where 7/_ =B/2A, 7/+ =x/IAI/2A and the relation (14) remains valid. 
When the parameter 7/and corresponding proper time ~ tend to infinity, the scale 

factor R does not become zero; so that, in such model, the infinite contraction takes 
place till a regular minimum Rml n after which it is followed by the expansion. Thus, 
in the case co < - 3 ,  the singularity with the infinite density of matter is absent in the 
isotropic cosmology for any physically admissible equations of state. 

The particular solution with A = 0 (7/1 = 1) of Equations (13) and (1 5) transformed 
to the proper time z represents a special class of the cosmological models (Nariai, 
1969) 

R = Ro(z/'Co) [2+2~176 (P --- pO(T/ 'CO) 2 (1 -3n ) / [4+3~  (16) 

These models have always initial singularity R-+0 (~-+0) for all values of lcol > 6 and 
ifP<~e/3 the scalar field tends to zero: q~-+0 (G~oo) for co~>0, and tends to infinite: 
p-+oo (G-+0) for co< - 6 .  

The dynamics of this models (16) is governed mainly by the gravitating matter 
(e/~oooz -2) and differs weakly from GR-dynamics. In particular the solution (16) 
coincides exactly with a corresponding Friedmann solution if n--�89 In the limit of 
co-+oo the general solutions (13) and (15) tend to the general relativistic solutions 
(except the limiting case n = 1). 

It can be noted that the trace T in Equation (4) changes the sign if P > �89 and one 
may expect that the gravitational attraction will turn into 'anti-gravitation' (G <0). 
The simple analysis of the relation (14) shows this expectation to be true. The gravita- 
tional parameter Goo q~o ~ changes its sign at n > (1 + co - x/1 + 32-o))/o) that corresponds 
to n~>~ if co> 6. Equation (17) shows that the very variance of the parameter G does 
not change qualitatively the dynamics of the isotropic models expansion in the scalar- 
tensor gravitation theory. 
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The principal distinction between the general relativistic and scalar-tensor cos- 
mologies arises in the general case (A ~ 0) if one repudiates Mach's principle in Dicke's 
sense (Dicke, 1964), which excludes the free scalar field not being connected with the 
material sources. The condition A 50  (41 r 1) is the criterion of the existence of such 
a vacuum field, so that Mach's principle means a highly special choice of the initial 
conditions for (o-field. The important role of the free scalar field is conditioned by its 
being a specific material substratum (the 'scalar fluid' in the homogenious case) with 
extreme 'stiff' state equation Pa = ez, which determines the geometry ot the space-time 
parallel with the material sources and modifies the dynamics of the early stages of 
isotropic models expansion according to the general solutions (13) and (15). The sign 
of the effective energy-density of (o-field is determined by the quantity (2co+3). 
Therefore, its energy density and pressure at co < - ~  becomes negative. This very 
negative contribution of free scalar (o-field accounts for the removal of the initial 
singularity in the isotropic scalar-tensor cosmology of Brans-Dicke. 

3. The Model with Nonrelativistic Matter (P = 0) 

We shall begin the analysis of the general solutions of Equations (9) and (10) with 
the simple case of the equation of state P = 0 (n = 0) when the parameter t/coincides 
exactly with the proper time z. In addition to its significant role for the description of 
the late stages of the Universe expansion (when the rest-mass of the nonrelativistic 
matter dominates in the sources), the solution with P = 0 is also of the interest from 
the methodological point of view, as it shows all characteristic features of more 
complicated models with PC0.  Besides, the analysis of the properties of strong- 
interaction hadronic matter shows (cf. Hagedorn, 1970) that the case P=O may be 
a good approximation for the description of the state of superdense hot stages near 
singularity. 

In the general case depending on the sign of the connecting parameter co two prin- 
cipal different types of the initial expansion of the cosmological models may be 
realized, with singularity (co > -23-) and without singularity (co < -3 ) .  

If  co> - 3  the solution for P =O looks like (co~ - ~ )  

R = Ro (~ - ~ + ) ( ~ + ~ - + ' ~ - ~ / ( ~ + * ~  (~ - ~_)(o,+~T-,/,+~)I~,+4 (17)  

(O : (O0 (~ - -  ~+)(l_+3~/l+~-e~)/(3a~+4)(.~ __ .~_)(1-T 3 ~ / ~ ) / ( 3 ~ o + 4 )  

according to Equation (15). 
Both branches of the solution (17) (for co>0) possess the initial singularity at the 

time moment ~ = ~ +, near which the behavior of the scale factor and the scalar field is 
characterized by the asymptotic expressions of type 

R oo ,-c (c~ 1 • +~-t~176 ~ 0 ,  (O (30 ,l; (l-T- 3~/1 +}~~176 , ( 1 8 )  

(O becoming infinity (G~0) for the upper ('fast') branch of Equation (18) and (O 
becoming zero (G~ oo) for the low ('slow') one. The character ot this singularity is 



THE iSOTROPIC SCALAR-TENSOR COSMOLOGY OF BRANS-DICKE 237 

fully determined with the general vacuum solution for isotropic flat metric (1) (cf. 

O'Hanlon and Tupper, 1972) 

R = Ro (p = (po c/(1 + ' ,  

1 + x/1 +20) d ln (p  (19) 
C - -  - -  - -  

co d l n V "  

If  we move the singularity, the effective energy density of the free scalar field increases 
much faster (((p/(p)2oo ~- 2) then the contribution of the gravitating matter taking into 
account the variation of G(e/(pooz-1). That is why the free (p-field prevails in the 
dynamics of the initial expansion. 

The choice between two different regimes of model behavior corresponding to the 
'fast' and 'slow' branches of the solution (17) (for co > 0) is dertemined by the sign of 
relative velocity of the free (p-field variance with the general expansion in the initial 
singular state 

= ( d  in (p'] = 1 _+ x/1 + 20) (20) 
c \ d  In V I;=;+ 0) 

At the vacuum stage, with the prevalent role of (p-field, the gravitation decreases 
during the expansion if c > 0 and increases if - 1 < c < 0. 

If  c o < - ~ ,  the solution of Equation (15) for P = 0  is 

{ 1 
- -  +-~_ 

R=Ro[(?+?_)2+~i+](~+l)/(3~'+4)exp +_ 3 0 ) + ~ a r c t g  ~+ ' 

3,/210)1- 1 + 
(P = (po [('? + ~_)2 + ~2+]~/(3~,+4) exp -T- 3oo + 4 arctg 

~+ ) 

(21) 

The characteristic property the cosmological models of such types (A # 0) consists in 
their absence of initial singularities. When the proper time varies from - o v  up to 
+ ov the models contract to the regular minimum (at g = - 1 )  

R m i n  = N o  ( 'Cl - 1 )  2 ( 1 + o , ) / ( 3 o ~ + 4 )  x 

- 3 o ) + 4  arctg 0 ) + 1  ' 

and they expand again after 'rebound'. 
Two branches of the solution (21) describe the cosmological models which do not 

differ qualitatively in the dynamics of the expansion, and in which the scalar field may 
only decrease (the gravitational parameter G only increases). 

it  should be emphasized that (p-field has a single maximum at z = - z~ ; and, hence, 
the minimal value of G is attained at the epoch not coinciding with the moment of the 
'bouncing' from the regular minimum Nml n. The difference between the two branches of  
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solution (22) manifests itself in the fact that G, attains its minimal value before or 
after the moment of ' rebound' .  Consequently, in the nonsingular variants the Universe 
may not be in the static state when both variation velocity R and ~b becomes zero. 

Although the sourceless scalar field (corresponding to the criterion A r  is a 
decisive tactor in the dynamics of the early stages, and even removals of the singularity, 
it cannot have purely vacuum character for negative values of co < - 3, and exists only 
in the presence of material sources. 

After the completion of the scalar-dominated stage of the duration z,.~x/IAI, .~ 

"~ (71 - 1), the influence o~ the free go-field weakens quickly during the expansion in 
comparison with that of the gravitating matter; and, independently on the sign of co, 
the general solutions (17) and (21) approach asymptotically (~ >> ~+) to the 'Machian' 
regime (16) with n = 0  

R = Ro(~/'rz) 2(1+~176 , go = goo (v/v2) 2/(3~ (23) 

4. The Model with the Radiation (P=�89 

The degenerate case n=�89 requires a special consideration. The model with P=�89 is of 
a particular interest for a description of the 'hot'  Universe at the radiative stage when 
the primordial radiation prevails in the material sources. Besides, this limiting equation 
of state may be used as the asymptotic limit near the singularity for the majority of 
the relativistic types of the interactions. 

The scalar go-field is not generated by the matter with P--�89 

1 d 3 
[] go = ~ dzz (R fb) = 0, ~bR 3 = z 1 = coast. ,  

and it may be only sourceless (~1 ~ 0). After introducing the parameter dq = V-1/3 dz 
in the Equations (2) and (4) we obtain the first integrals 

dV 
V2/3 d_p = 87zMr/1 ; go - -  = 8~zM (r /+ r/z) V1/3; (24) 

dr/ dr/ 

r/1 and r/2 being the constants of integration. Similarly to the general case (see Equation 
(8), we have 

R' 0 + 1 go' 301 
; ; (25 )  

R 0 z + (2 + 301) O + 03 go 0 z + (2 + 301) 0 + 03 

where the constants 03 and 01 are connected by 

03 = 1 + 301 - 3o902 �9 (26) 

Thus the discriminant of the denominator A in Equation (25) according to Equation 
(26) is of the form 

A = 30t z (3 + 2o)). (27) 
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If  the free field is absent (A = 0, t h = 0) the corresponding 'Machian' model coincides 
entirely with general relativistic Friedmann model filled by the radiation: i.e., (p = const., 
R ~ "ca/z. 

In the presence of sourceless (p-field the character of the initial expansion depends 
essentially on the sign of co as in the general case. 

If co> - ~  the solution of the Equation (25) is 

R = Ro (0 - 0+) 1/2-+1/24.+~ (4 - q - )  1/2~/2"~1+~, 
(p = (po (4 - 0 + )  T ~ / ~  (4 - 0 - )  -+ ' /~  +T~, (28) 

where 7_+ = 1 +~t/1 _+�89 4+ > q - ,  8zrMt/~/3(p0 R2= 1. 
This solution has inevitably an initial singularity at O= 4+ which is characterized 

by the universal asymptotic expressions (19) in terms of the proper time z. 
If co < - 3 ,  the solution of Equation (25) has no the singularity and assumes the form 

{ 1 q + tl-~ (29) R = R o [ ( f / + 0 _ )  2 + t / 2 ]  1/2exp __ x / ~ a r c t g  4+ ) '  

{ 2 
(P = (po exp -T- x/~ Icoi - 1 arctg ~ , 

where 7/+ = �89 l, 4-  = 1 + ~ ,  87rM~2/B(poe2o = 1. 

It may be noted that the solutions (28 and (29) can be obtained from the general 
formulae (13), (15) by a substitution for A from Equation (27). 

The dynamics of the initial expansion of the models with P=~e  during the scalar- 
dominated stage does not differ qualitatively from the case P = 0. In the process of the 
expansion the influence of gravitating matter (not essential at early stages) becomes 
dominant and leads asymptoticaly (4>4+)  the models with P = � 8 9  - i.e., to the 
general relativistic regime with G ~  const., R~'['1/2. 

A consideration of common properties of the solutions with P = 0  and P=�89 leads 
us to some conclusions concerning the dynamics of the expansion for more realistic 
models of the Universe containing a mixture of matter and radiation. Such considera- 
tions are important in connection with the problem of primordial nuclear synthesis 
and relict radiation for the 'hot' variant of the initial state of the Universe. 

It is evident that the dynamics of such a complex model at the early scalar-dominated 
stage has a universal vacuum character and is almost insensitive to the presence of 
both matter and radiation. After a transition to the 'Machian' regime, where the 
influence of sourceless scalar field becomes negligible, the expansion velocity is 
determined mainly by the dominating contribution of radiation, although the matter 
with P = 0 is essential for the generating of (p-field. The resulting behaviour of a 'hot' 
Universe model filled by a mixture of matter and radiation is intermediate between 
the 'Machian' regimes with P = �89 and P = 0 on a radiative stage, if the influence of free 
scalar field may be neglected. Such dynamics does not differ qualitatively from that of 
Lemaitre-Gamov model in the general relativistic cosmology. 

The characteristic feature of isotropic cosmological models with sourceless scalar 
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field (A r  is the essential difference of the initial expansion velocities for different 
signs of connection parameter co. If  co > 0 the sourceless q>field during the stage of its 
domination accelerates the expansion in comparison with the general relativistic case, 
and slows it down for co< 3 .  Therefore, it can influence the primordial nuclear 
synthesis in 'hot '  model of the Universe, increasing or decreasing of the content of 
helium. 

If  co > 6 and the nuclear synthesis occurs at the vacuum stage of expansion, the con- 
tent of  helium then produced depends on the duration of this scalar-dominated stage. 
If the duration is sufficiently prolonged the expansion is so fast that the helium does 
not form (Dicke, 1968; Greenstein, 1968). 

In the nonsingular isotropic cosmology (co < - 6 )  the problem of primordial chemi- 
cal composition requires quite another approach. In particular, the primordial nuclear 
synthesis could not have taken place at all if the temperature at the moment of ' rebound'  
was too low (T< 109K). In the case of high temperature at the moment of ' rebound '  
( T >  1012K) and of the nuclear synthesis at the scalar-dominated stage, the content 
of primordial helium would be smaller than in the case of 'hot'  general relativistic 
model (He4/H 1 ~<25-30% for mass). This is due to the fact that slowed-down initial 
expansion tends to the thermodynamical equilibrium (at T<  1012 K) and, therefore, 
after the stage of 'hardering' the number of remaining neutrons is very small. 

5 .  C o n c l u s i o n s  

The hypothetical scalar field appears in Brans-Dicke gravitation theory in two quite 
different aspects. On the one hand, it replaces the Newtonian gravitational constant 
and, on the other, it plays the role of additional material source of the geometry. If  the 
scalar field is always connected with the material sources, and the sourceless scalar 
field does not exist at all, the isotropic scalar-tensor cosmology does not differ 
qualitatively from that of the general relativity. On the contrary, the existence of a 
scalar field not connected with matter can radically change the dynamics of the early 
stage of the Universe expansion. If  connection parameter co is positive (co > 6), then the 
singularity R ~ 0, ~ -~ ~ is inevitable, and vacuum stage of the initial expansion with 
two possible asymptotical branches ('fast' and 'slow') of  behaviour exists. This stage 
is mainly determined by the free field, and does not depend on the presence of matter 
for P~<�89 

The homogenious free O-field plays, in some respects, the role of an effective source 
analogous to a fluid with extremely 'stiff' equation of state Pz = e~. Its contribution 
near the singularity rises proportionally to "c -2 and, therefore, it dominates as com- 

pared with the usual material sources (~/q~ ~ ~ -1 - 3,A, A = (1 + co = x/(1 + 2o9)/(4 + 3co)) 
and curvature (K-,~ R-  2 ,,~ z - 2a). 

I f P  > ] e  the vacuum stage remains only the 'fast' branch. On the 'slow branch' the 

* Near the singularity we have, in the general case, 
Roo (~-- ~+) -~ o~l((r + 4i + ~-co) (Doo(rT-- ~+) (i + ,/1 + ~o~)/(cr -T- di + ~co) 

rlrooO(~-- ~+)( i  + co -T- d l  +~o~)/(a �9 ,/+~co). 
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behaviour of the model is more complex; for the gravitation of matter near the singu- 
larity can become essential if t/>(1 +co-x / l+~co) /co  and the asymptotics of the 
initial expansion can become 'Machian' (23). 

If  co is negative (co < - 6 )  the free p-field contribution to the sources is negative; 
and this fact leads to the effective repulsion in the dynamics. The negative energy 
density of this 'scalar fluid' increases due to its maximal 'rigidity' faster than that of 
the gravitating matter. This is why the free (p-field always removes the singularity for 
any equations of state and leads to a regular transition from the phase of contraction 
of the Universe to its expansion. Surprisingly, the free scalar field removes the singular- 
ity even for the models filled by the matter with extremely 'stiff' equation of state. 

In the course of expansion the influence of gravitating matter and curvature, which 
were nonessential at the early stages in comparison with the sourceless (p-field, 
becomes dominant; and all models approach to the 'Machian' ones, which differ 
only slightly from corresponding general relativistic models. 

It is worth to mention that, for co < - 6, the Hubble velocity of  the expansion at the 
scalar-dominated stage may be smaller by several orders than in the GRT. If  this 
stage is prolonged enough, the deceleration of the Hubble velocity may lead to a 
considerable increase in the real age of the Universe. If  co is positive, the more rapid 
expansion decreases the age of the Universe only insignificantly. 

If  the duration of the scalar-dominated stage was long enough, the influence of the 
free (p-field would appear even at the present epoch which, in turn, would lead to more 
rapid variation of the gravitation constant as compared with the 'Machian' regime 
with P = 0  where I~/GI < 1 0  -11 yrs -a according to Dicke (1970), and Morganstern 
(1971). Experimentally determined upper limit of the variation of G of: 
IG/GI < 10 -1~ yr -1 (Shapiro et al., 1971) puts the restriction on the possible duration 
of the scalar-dominated stage which can not be longer than 108-10 .9 yr if co is 
positive. 

Thus, the extremely small secular variation of gravitation constant allowed by the 
modern observation can modify the dynamics of  the Universe expansion essentially 
at the early stages. In accordance with Equations (4) and (14) the sign of  velocity 
variation of the gravitation constant G at the late 'Machian' stages is determined by 
the sign of co, and does not depend on the curvature. Consequently, the data concern- 
ing the behaviour of the gravitation constant at the present epoch gives us the insight 
into the nature of the initial state. If  the gravitation parameter G increases at present 
and the sourceless scalar field exists, the singularity of the Universe has been absent 
in the past. 
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