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Abstract. The object of the present paper is to investigate the influence of initial stress on the waves
propagation in a generalized thermoelastic granular medium subjected to the boundary conditions that the
outer surface is traction free. In addition, it is subjected to temperature boundary conditions. The wave
velocity equation for the generalized thermoelastic granular medium Rayleigh wave under the influence of
initial stress has been obtained. The classical result has been derived as a limiting case similar to one which
was obtained by Ewing er al. (1957).

1. Introduction

The dynamical problem in granular medium of a generalized thermoelastic waves has
been studied in recent time. This study has been necessitated by its possible application
in soil mechanics, geophysical prospecting, mining engineering, etc. The theoretical
outline of the development of the subject from the mid-thirties was given by Paria (1960).
The frequency equation of Rayleigh waves in a granular over a granular half-space was
given by Bhattacharyya (1965). The present paper focusses on the study of the Rayleigh
waves with the models which can be used to investigate related research with the Earth.
In general, the surface stratum of the Earth is granular and the base is the generalized
thermoelastic solid under large initial stresses due to many causes. Such as weight of
the substratum, gravity, creep, and inelastic deformation under temperature inside the
Earth.

The granular medium under consideration is a discontinuous one and is composed
of numerous large or small grains. Unlike a continuous body, each element or grain
translates and also rotates about its centre of gravity. This motion is the characteristic
of the medium and has an important effect upon the equation of motion to produce
internal friction. It was assumed that the medium contains so many grains that they will
never be separated from each other during the deformation and each grain has perfect
generalized thermoelasticity.

The initial stresses present in the medium also have considerable effect in the
propagation of waves (Biot, 1965).

This paper is devoted to the study of the effect of granular body and also of the initial
stress in the propagation of Rayleigh waves. Furthermore, a friction coefficient is
introduced for the boundary conditions between the granular and generalized thermo-
elasticity. The frequency equation has been derived in the form of fourth-order determi-
nant. The roots of this equation are in general complex and the imaginary part of an
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appropriate root measures the attenuation of the waves. It is noted that the frequency
equation of Rayleigh waves contains the term which involving the initial stress and so
the frequency equation of Rayleigh waves changes with respect to this initial stress.
When the initial stress vanishes, the derived frequency equation reduces to that one
obtained in classical generalized thermoelasticity granular medium.

2. Formulation of the Problem

The dynamical problem of a generalized thermoelastic granular medium in an infinite
cylinder of radius R under initial compressive stress P along the r-direction subjected
to certain boundary conditions is studied. The state of deformation in the granular
medium is described by the displacement vector U = (y,, 0, u,) of the centre of gravity
of a grain and the rotation vector & = (¢, 5, {) of the grain about its centre of gravity.

The dynamic equations of motion in the absence of body forces can be written {cf.
Oshima, 1954) as

. 2
uV2u+(,1+,u)V(V~u)+FV?pV/\m=yV(T+tT)+pa—;l, ()
t t
as
—F;+MV2(§+V/\u)=O; (2)
t
and the generalized heat conduction equation is
KV2T = pc (T + 11) + a(32 + 2u) T,V - (i + i) (3)

where T represents the time lag needed to establish steady-state heat conduction in an
element of volume when a temperature gradient is suddenly imposed on that element,
and will be called the relaxation time. T is the temperature change about the equilibrium
temperature Ty ; p, the density of the medium; A and u, Lamé’s constants; M, the third
elastic constant; F, the coefficient of friction; «, the coefficient volume expansion; c,,
the specific heat per unit mass at constant strain; K, the thermal conductivity
y =034+ 2u); and @ = (0, w,, 0), the rotation vector.
The stress tensors are non-symmetric: i.e.,

T,# 1T, and M, #M,;

7;; can be expressed as the sum of symmetric and anti-symmetric tensors

Ty =Syt Sy, @
where

Sy =301~ 1), ©)

S, = %(‘cij + 1), (6)

T,

rro

T,ys Togs Trz0 a0A Ty, ... are components of the resultant force acting on a surface
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clement. Also, M,,, M, ,, etc., are the components of the resultant couple acting on a

re?

surface element.
The symmetric tensor S;; = §; is related to the symmetric strain tensor

1
ey =e; =30 ;+u ). (M
The components of stress in a generalized thermoelastic in an infinite cylinder are

given by Biot (1965).

S, =0 +2u+p)

Wr i Gorp) P v o) - L (T ),
or 0z ro Xg

0 0
So= Vot 2u+p) L4 (e p) S rp) 2= L (T ar),  (9)
r or 0z xq
)
S.—Gra) e M T (T,
0z ar Y X
ou, du
Se=p|—+— )3
i ( 0z 6r>
where x, is the isothermal compressibility.
The anti-symmetric stress S,; are given by
i) il
S;r:—F_n’ ;BZ_F_Ca
ot ot
)
3]
Se, = - F o and S, =Sye=S..=0;
ot
where F' is the coefficient of friction between the individual and f is the time.
The stress couple M,; is given by
M, =My,. (10)
The non-symmetric strain tensor y; is defined as
- SR S
ry or ’ zz 8z ’ 08 , s
oC
o=— (We+ 1), =
Vo= 2 (wy + 1) Ve = o
(11)

0 1
Yo == (Wp+ )+ — (wy + 1),
or r

&

Yoz = H] yrzoa
or ¢
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Equations (1) and (2) now yield six equations

(z+2u+p)%+2<u+£)@ﬁ—li(TH'T)-
or 2/ z x4 Or
2
_Fg(@>:aa” (12)
o1 \ 8z or?
o oL
0z Or
oA 2 P\ 0 y 0 .
12 2 -5 oy - L L)
( 2 0z r<’u 2>6r( 2 xeaz( )
2
u,
R 14
r@ @2 (14)
2 1 2
_F%+M(Lzé_-+i)5=o, 0
ot or> ror 2 022
2 2
—F@+M(a—+l3—l+a—>(n+5”’—5“2):0, (16)
ot o2 v or r? 972 0z  Or
ot 2 190 62>
-F —=+M|—+-—+—](=0; 17
Ot (5r2 r or 0z2 ‘ (17

where

ou, u, Ou, <8u 6142)
A=—+—+—, Wy = .
or r 0z 0z O

By use of Helmholtz’s theorem (cf. Morse and Feshbach, 1953) and introducing the
potential ® and ¢ by the equation

U = grad® + curl(0, y, 0). (18)
From Equations (12), (14), and (18) we get the equations

2
vg-.__ P~ 0, @+ (19)
(A+2u+P) 02 x(A+2u+P)

oo P ) y(T—f— tT) (20)
(A +2p) o xg(/l +2u)

, 1)
n+ 5P 02 up+ 3P Ot
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vl,j,:_p_az_w__f_aﬁ, (22)
u~3iP o2 u-3iP ot
respectively.

These equations differ in form and in number from those of the classical theory where
there is no initial stress. This is due to the fact that longitudinal and shear wave velocities
are not the same in all directions when the medium is subjected to non-hydrostatic initial
stress. Since the initial stress has been taken in the direction of # only, the velocity of
body waves will be different in - and z-directions. In the absence of P, Equations (19),
(20), (21), and (22) have been reduced to two equations only (19), (22). Now Equations
(19) and (20) represent the compressive wave along the r- and z-directions, respectively,
and Equations (21) and (22) represent the shear wave along those directions, respec-
tively. Equation (19) represents the longitudinal wave in the direction of r with velocity

<), + 20+ P>"'2
o ={———]
P

Equation (22) represents the velocity of the shear wave in the direction of r with velocity

~ P2\
(“ /) |
P

Equation (20) represents the longitudinal wave in the direction of z with velocity

(,1 " zu)l/z
A =
p

and Equation (21) represents the shear wave in the direction of z with velocity

((u + P/2)>”Z
o = —" .
0

In the following discussion compressional and distortional waves along the r-axis are
only considered. These waves are represented by Equations (19) and (22), and the
generalized heat conduction equation is given by

2
kV?T = pc, (T + <T) + a(32 + 2u)T,V? (%(—) +1 %?) ) (23)
t t

Assuming a simple harmonic time-dependent factor exp(iwt), Equations (15)—(17)
and (19)~(23) yield a set of differential equations for ée™”, ye™?, Le™*, e, o™, and
Te™' ie.,

8? 1 ¢
—in§+M<—+ ~;2+—)§=0, (24)

1 8
or® r or r?* 922
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F+M<(32 L9 1+02>><
—iw e_r. v
1 o2 ror r? 822

x<n+§2—‘ll+l%—£+@>=0, 25)

o2y or r? 972

1o @
1wF(+M(a - — )(* (26)
o v Or 6z
2 1 ;
V2q)=_f)_q>+m_+ﬂvi)’ (27)
cf xppei
2 uF
‘721//=—p~2 w—"‘], (28)
€3 pca
V27 = P 1y 4w + V}f" V20 (iw(l + iw)) . 29)

If we climinate T between Equations (27) and (29) by substituting Equation (27) into
Equation (29) we get

2 3
V40 + [“’ PeVT (| a'c)] vep - WP (30)
c? kc?
where
2
&= —TZ——— , t=1+1iwr.
prCiC Xy

Also, 1 can be eliminated by use of Equations (28) and (25). Finally we get the equation

of ¥ as
(V2 1>2 y |:ia)pc%F ~ Ma)zp:I (Vz ~ 1> v~ iwpFy
r2 iwFM - pcsM r? iwFM + pcaM

G

3. Solution of the Problem

General solution of Equations (24), (26), (30), and (31) can be found. Inversion of
Hankel transform has been introduced as

O(r,z,w) = J (1, z, wio(nr)ndy. (32)
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If we substitute from Equation (32) into Equation (29) we get

( az)(ﬂz—-ai)(b—[w—j—pcim(1+er)]+

62 3
+<n2-—2>cp~w%l ©=0. (33
0z kc;
The indicial equation governing Equation (33) is
oo |:w2 pCiwT 1+ 81_):' 72 wpc,T 0 34)
cf k ket -
If ¢ = 0, then the roots of Equation (34) take the form
o W w2 PewiT  pciw
S :E and f; :T_T’ (35)
. w?  peiw’t[w?k — pew?elkt — pe iweik] . (36)
Pk W2k — pc,w?c)? + p2ciciw? ’
2o peive [p%fcfw%ﬂw%z - pe,wictkT - pcez'wcfk] e, (G7)
: k (W2k?* — pe w?c2kt)® — p*cwrclk? -

Moreover, let us set

&Z=n-f7, R(£)=0 and j=1,2.
Hence, the solution of Equation (33) is of the form
(33)

(eo]

O(r, z, w) = J [A(n) e =7+ + By e~ %22+ ™) jo(nr)n d.

0
Similarly we can obtain the indicial equation governing Equation (31) which takes the

form
P [iwpc%F— szp} I iwipF 0. 39)
iwFM + pciM iwFM + pc2M
For F = 0, the roots of Equation (39) are
2
=" -0 (40)
€2
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Also, for F < 1, taking only the first-order terms, then the roots of Equation (39) can
be found in the form

2 w? I:iwpcg_ +iw?pM + (iwpc + iw?pM + 2pc%)pc§:l F
bg 2Mpc3 ’

o [iwpc% + iw? oM + (iwpc + ipw3 M + 2pc§iw)pc§]F 1)
2 2Mpc3 .
Putting 67 = n* ~ 43, R,(3,) = 0 and j = 1, 2, hence, the solution of Equation (31) is
Y(r, z,0) = J lc(n)ye™ =™ + D(nye~ > * ™ [J(yryndy. (42)
0

Also, the solution of Equations (24) and (26) can be found as

¢= f E(n) e =7+ (yr)ndy, (43)
(0]
{= j G e ==+ ™y(nryndy; (44)
0
where
iwf
G=n+ o

Also, the temperature deviation 7, can be obtained by substituting Equation (38) into
Equation (27)

T(, 7 0 = 22 j [A4(n) (9 — c2 f2) e 7t 4
T
+ B(n) (W — ¢ f2) e =+ ™ o (nr)ndn . (45)

By substituting Equation (42) into Equation (28) to obtain the value of #(r, z, f) which
can be written as

2 P 5
nr, z, 1) = _p_c_; J l:c(n) <,,,2 -2 - w_z) o— Bz tiwt 4
0

iw c5

2

+ D(n) (112 -%- X;—;) e” azz”w’] Jo(nr)ndn. (46)
2
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The stress 7,,, 7,,, and a secondary stress couple M,,, M,,, M_, are given by

2 2 .
e e P02y SV 0y TV Ty oy
or? oroz x4

oroz 072 > roor 2

A2 2 2
coen(2 228, T 10 Y o

o

Mrr=M)’,,=M%a

or
MrzzM"/rz=M€C"

or

i 1/ e%y 2y 14y l#)]
M=M= S lp A S AT 47
= %0 Bz[ﬂ 2(6r@z2 o: r or r? “7)

Substituting from Equations (38), (42), (43), (44), (45), and (46) into Equations (21) and
(47) the components of displacement and stress can be deduced as

U, - - f Lo w5 -

- [Bye(m) e+ + 3,D(1) 6"52“"”]711'1(77’)] dn,

= - J [[A(ﬂ)Q e”SEHE g B(n)Ey e S M Indo(nr) ~

Q

=

_ [c(n)e—512+iwt + D(n)eAézz+iwz]n2JO(’1r):| d’7»

Ty = J [A(n) (mjo(nr) (A + PY (7 - ) +

201 _
# 0 = 2 o) = p(w? - c%fﬁﬂ em By

+ B(n) [’1]0(’7”) (A+P)(&-n)+ %L‘ri Ji(nr) -

= 2unJy(yr) = p(w? = szfzz):‘ eG4
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1 )
- o) [zunélwo(m) - Jl(nr>] e

+ D(n) [2un52(n10(f7r) - % Jl(m'))} e 7 vl dy,

T, = J {A(n)uélanl(nr)e‘f‘“"w’ +

0

+ B(’?)#fzﬂz.fl(nr) e ‘fzjl(;/,r) e~ SaEHiwt _

et utst + >+ ez (1255 -7 ) |

P
c2

X e~51z+iwtjl(nr)n _ D("]) l:u((s% + 7?2) +

w? N
+ pe3 (112 - 03 - 7)] e“’z”’w’Jl(nr)n} dn,

c3

1 )
Mrr:MJ E(ﬂ)I:Jo(ﬂr)“;;; Jl(nr):le—§3z+lw't712d1/’,
o]

M.,= —MJ G(n) [& e ™ J(yr)nl dy,
0

M,,= MJ {C(n) [l (5?113(Jo(nr) 1 Jl(nr)> -
2 nr

c2d w2
= o’ Jy(nr) — ﬁ—z—F—‘(nz -6 - ;) Jl(nr)n] X

iw 5

. 1
x @= iz viwt 4 D(n) l:l (53;12 (_]O(nr) - Jl(m')> _
2 nr

c2d w?
- 52113J1(nr)) - p—,—zﬁ(fvz -8~ —2) Jl(nr)n] X

iw cs

X e‘éz“"w’} dn. (48)
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4. Frequency Equation

In this section frequency equation for the boundary conditions which specify that the
outer surface of the cylinder is traction-free is obtained: i.e.,

(1) 7, =0

(i) t.=0

(iii) M, =0 (49)
(iv) M,.=0

v) M ,=0 at r=R,

and the temperature boundary condition is

—=0 at r=R. (50)
or

Boundary conditions (iii) and (iv) give, respectively, G(1) = F(n) = 0 and by eliminating
constants A(x), B(n), c¢(n), and D(n) by substituting Equations (45) and (48) into the
boundary conditions (49) and (50), the frequency equation is given in a form of fourth
order determinant as

n, n, Ny My
R n n n
5 6 7 8
=0, (1)

where

2un?
akl Ji(nR) -

n, = [nJo(nR) (A+P)(& -0+

= 2un*Jo(nR) — p(w* - Cfff)},

ny = [’7J0(’7R) (+PY&E-n)+ 2};’1 Ji(nR) -
= 2un*Jo(nR) = p(w* - C?f;z)],

1
ny = 2und, l:’?Jo(”IR) - E Jl(”IR)J s
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1
Ny = 20nd, [nJo(nR) "R Jl(nR)],

ns =& 772J1(’7R) s

g = & J (nR),

CZ W2
- [512 + Bi(nz - 87 - Cj)] nJ,(nR),

By =
U 2
2 2
g = — [53 + 72+ Bc—z<n2 -8 - w_z)] nJ,(nR),
[z €2
1(ss 2 1 3
ny = | ={ 82n°Uo(nR) - p Ji(nR) | - & °J,(nR) ~

iwF

2 2
S O (’72 - & - W_2> Jl(ﬂR):’,

. 2

Mg = [l (5%’12(]0(’113) - —1‘ Jl(”IR)> ~ &, J,(nR) -
2 nR

c2 w2
_ ek 52<n2 5 ‘72) lee)],

iwF 3
n11=(W2—612f12), ny, = (wW? - c7 22)~

The transcendental equation (51), in the determinant form, represents the required
wave velocity equation of granular generalized thermoelastic medium under initial stress
P. It can be seen that Equation (51) has complex roots. The real part gives the velocity
and the imaginary part gives the attenuation due to the granular nature of the medium.
However, if the coupling factor ¢ and the coefficient of friction F are assumed to be
small, approximate solution to this equation can be found. It is clear from this frequency’
equation (51) that the phase velocity depends on initial stress in granular generalized
thermoelastic medium. Also, Equation (51) is the frequency equation for Rayleigh waves
in granular generalized thermoelastic medium under initial stress.

The frequency equation (51) contains the coefficient of friction and initial stress, but
in absence of initial stress, the frequency equation of granular generalized thermoelastic
medium in infinite cylinder has an expression similar to that which have been obtained
by Elnaggar and Abd-Alla (1991). Also, if the granular rotations are ignored, the
frequency equation, for Rayleigh waves of a generalized thermoelastic medium has
formula which is similar to that which have been obtained by Elnaggar and Abd-Alla
(1987). In addition, in absence of initial stress and no coupling between the temperature
and the strain fields (i.e., P = 0) and & vanish, one can get the frequency equation of a
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granular generalized thermoelastic medium similar to that obtained by Oshima (1954)
and Bhattacharya (1965). Then Equation (51) take, the form:

n,  hn, hHy N,
ns ns M Mgl (52)
0 0 Mg Mg

I”n n, 0 0

where

n

—

2 2
. [n.fo(anéf — )+ —%"— J(nR) -
= 2un’Jo(nR) — p(w? - clzfl*")},
2 2
ny = [ﬂJO(HR)l(ﬂz — )+ i‘R—"’— Ji(nR) -
= 2un* Ty(yR) — p(w? — ¢} 2*2)},
. 1
ny = 240 {nlo(nR) "2 Jl(nR)],

ny = 2ﬂ5l:’7jo(’7R) - R% J;(’?R):I s

ns = & ’72J1(’7R) > ng = é”lle(’?R) s
w2
ny= - [512 + 297 - 8f - —7} nJ1(1R).,
5
ng = - [5% + 2107 - 05 - g] nJy(nR),
2

1 1 ;
ng = [5 (513112 (Jo(nR) TR ﬂJl(nR)) - ’7311(’7R)> +

ind W
+ _Q(i?z -8 - 7) Jl(rzR)r;],

wE c5
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1 53,2 1 3
Ry = 5 n° | Jo(nR) - ;1} Ji(nR) ) = o,n°J;(nR) ) +

ind w2
+ *“—2<112 -0 - ;2—> Jl(nR)n],

wF 3
ny o= w? - effiF?, np=w? = cif3,
E=nw-/* G=r-5L,
R et
p p
oo, B (53)

It is clear that Equation (53) is the familiar frequency equation of Rayleigh waves of
a granular generalized thermoelastic medium. Also, if the initial stress and granular
rotations vanish, the frequency equation should reduce to the classical frequency
equation as obtained by Ewing (1957).
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