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Abstract. The shock formation in a gravitating atmosphere is studied by following the general nonlinear
theory of discontinuity waves. In particular, we perform a discussion on the stability of an isothermal and
isoentropic atmosphere and we evaluate, when the shock appears, the critical time and the critical height.
Some numerical results for the solar and terrestrial atmospheres are also given.

1. Introduction

The field equations of a compressible perfect fluid in the presence of the gravity are (the
x1-axis is vertical)

0,p+ 0,(pv’) =0,
0,(pv?) + ,(pv'v’ + pdY) = —pgd’!, (1.1)
de+ G((e+p')y= —pg-v;

where p is the density, v the velocity, p is the pressure, & = p(30° + e) the total energy,
e is the internal energy, and g the gravity acceleration. As well known, the system (1.1),
taking into account the Gibbs relation

0dS=cle-i2 dp
§4

admits of the supplementary entropy law
6(pS) + 0,(pSv') =0, (1.2)

where 0 is the absolute temperature and S the density of the entropy.

Let us consider the one dimensional problem and, as it is possible for classical
solutions, interchange the energy equation with the entropy balance. Therefore, we can
rewrite the system (1.1) in the form

petvpe +pr. =0,
(pv), + (pv* + p), = —pg, (1.3)
S, +0S.=0.

To the system (1.3), we adjoin the equation of state for an ideal gas, i.e.:

v

p=Rp0=e5p7;  y=cle,, R=c,-c,;
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where 2 is the gas constant for unit molecular weight .Z, c,,, and c, are the specific heats
at constant pressure and constant volume, respectively.

The system (1.3} is a particular case of the following quasi-linear first order hyperbolic
system

u, + A(w)u, = f(u), (1.4)

where u(x, t) is the R unknown column vector of the system, A is an N X N matrix
and f is the R source vector. In the present case (N = 3), choosing as field

u=(p, pv, S)"; (1.5)
we have
0 1 0 0
A=|c>-v* v ps|, f=|-gp|. (1.6)
0 0 v 0

In (1.5) the superscript T indicates the transpose of a matrix.

The problem of the nonlinear wave propagation in a gravitational atmosphere, which
arises frequently in astrophysics (Einaudi, 1970; Ulmschneider et al., 1977; Ferraioli
et al., 1978; Yousaf, 1980; Hariharan, 1987), has been studied by many techniques: in
particular we wish to quote the method of asymptotic waves (Choquet-Bruhat, 1969)
which is applied by Anile et al. (1980) to treat the case of an acoustic wave propagating
in an isothermal atmosphere.

The aim of this paper is to study the propagation of acceleration waves associated
to the system (1.3) and, in particular, to evaluate the related critical time (i.e., the instant
in which starts a shock wave). The plan is as follows.

In Section 2 we sketch briefly the mathematical theory of discontinuity waves. In
Sections 3 and 4 we treat, in the most general form, the evolution of discontinuity waves
and the related stability problem in a gravitational atmosphere. Finally, in the Sections
5 and 6 we calculate explicitly the critical time and the critical height in the cases of an
isothermal and an isoentropic atmosphere giving also some numerical results concerning
the terrestrial and the solar atmosphere.

2. Discontinuity Waves
First of all we recall the definition of hyperbolicity for a system of the type (1.4):

DEF. 2.1 (HYPERBOLICITY)

The first-order quasilinear system (1.4) is said to be hyperbolic in the t-direction if the
eigenvalue problem (A — AX)d = 0 admits only real eigenvalues A (characteristic velocities)
and a set of linearly independent right eigenvectors.

For a generic system (1.4) it is possible to consider a particular class of solutions that
characterize the so-called ‘weak discontinuity waves’ or, in the language of continuum
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mechanics, ‘acceleration waves’. There exists a moving surface (wave front) " of the
Cartesian equation @(x, 1) = 0 that separates the space in two subspaces; ahead the
wave front we have the known unperturbed field u,(x, #) and behind the unknown
perturbed field u(x, ¢). Both the fields u, and u are supposed regular solutions of (1.4)
and across the surface I' are continuous, but have discontinuous normal derivative: i.e.,

[u] =0, [u,J=TI0, 2.1)

where the square bracket indicates the jump (for simplicity we indicate briefly with g
and g, the values of a generic quantity g evaluated on T, respectively, for ¢ — 0~ and
»—>07)

[[]] :(')¢:04 ‘(')¢=0+

and u,, = ou/0p.
As well known the following results hold (Boillat, 1965):
(1) The normal velocity 4 = — ¢,/| V| is equal to a characteristic velocity evaluated
in u,
A= Au,). (2.2)

{(2) The jump vector II is proportional to the right eigenvector d (corresponding to
the eigenvalue 1) evaluated in u,

I = d(u,). (2.3)

(3) The amplitude IT satisfies the Bernoulli equation
dn
o +a(@I* + b(MII = 0. (2.4)
t

where d/d¢ indicates the time derivative along the bicharacteristic lines and a(?), b(¢) are
known functions of the time through u,.

In the case of one-dimensional space dx/d: = A, is the characteristic line and we have
(Boillat and Ruggeri, 1979; Ruggeri, 1980, 1989)

a(t) = ¢ (Vi-d)o, (2.5)

b(t) = {d((Vl)T =) % +(VA-d)(-u) - V(-f)- d} , (2.6)
0

a0, (Vi-u)oe, =0, @7

de

where | indicates the left eigenvector of A that, for the hyperbolicity, it is possible to
choose such thatl-d = 1; ¥ = §/du.
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The solution of (2.4) is

t

11(0) exp [ — f b(0) de]

TI(2) = 0 . . (2.8)

1 +11(0) J a({) exp[— J b(¢) de d¢
0 Q

We recall now that, in the literature, a system (1.4) satisfies the so-called genuine
nonlinearity if for every eigenvalues A we have

Vi d® 20, Vvi=1,2,...,N. (2.9)
Vice versa, a wave is called exceptional if*
Vi-d=0. (2.10)

The exceptional waves are very common in mathematical physics and they play a
relevant role in several questions of nonlinear wave propagation (see Boillat and Ruggeri,
1978).

If the wave is exceptional then the Bernoulli equation become linear because the
coefficient a(r) vanishes. Therefore, if 5(7) = 0 the amplitude decays exponentially as in
the linear case.

Vice versa if the wave in consideration satisfies the genuine nonlinearity, there exists
in general a critical time (t,,) such that the denominator of (2.8) tends to zero and the
discontinuity becomes unbounded. This instant usually corresponds to the creation of
a strong discontinuity, i.e., a shock wave and the field itself presents discontinuity across
the wave front. In particular, if the wave satisfies (2.9) the coefficient a(z) # 0 and we
can consider it always positive (with an appropriate choice of the right eigenvector).
Therefore, from (2.8) a positive critical time exists if the initial perturbation I1(0) satisfies

© 4
I{0) < -1, where II, = I/J a(f) exp[— J‘ () dC] dé=0.
4 2.11)

0

This condition says that for the existence of the critical time it is necessary that the initial
amplitude be negative and, in absolute value, greater than a critical quantity. A qualita-
tive analysis of the behaviour of the solution of the Bernoulli equation can be read on
the papers of Chen (1973), Ruggeri (1989). The existence of ¢, is a nonlinear
phenomenon, but in three dimension space, as well known, it is possible to have also
a critical instant due to geometrical reasons: the caustic case.

* Of course if the eigenvalue 1 have multiplicity p then the condition is valid for all the corresponding
eigenvectors d, (I = 1,2, ..., p).
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3. Stability of the Unperturbed Field

It is possible to consider the problem of discontinuity waves as a nonlinear stability
problem for the unperturbed field u, in the sense of the following definition (Ruggeri,
1989):

DEF. 3.1 (STABILITY WITH RESPECT TO A A~WAVE)

Let wy(x, 1) a regular solution of (1.4), and we consider perturbations in the class of
discontinuity waves ( piecewise classical C* solutions). We said that uy(x, t) is stable with
respect to a discontinuity wave of velocity 24 = A(uy(x, 1)), if given a P, > 0, there exists a
P(Py) > 0, such that if the initial perturbation T1(0) satisfies the condition

TI(0)| < Py, (3.1)
we have
ITI@)| <P, Vi=0,Vx,eR. (3.2)

where t is the time along the characteristic €:dx/dt = Ay and x,, is the point at t = 0 where
the discontinuity wave starts.
Moreover, if

lim |TI(})] =0, (3.3)

then we have asymptotic stability and if the inequality (3.1) depends on the solution uy(x, 1)
we have the so-called conditional stability.

We observe that this problem corresponds to the stability of the zero solution of the
Bernoulli equation (2.4). If we look the soiution (2.8) and the condition (2.11), it is
possible to prove the following simple theorem (Ruggeri, 1989):

THEOREM 3.1

A regular solution wy(x, ?) of the hyperbolic system (1.4) is stable with respect to a A-wave
if the corresponding coefficients a(t) and b(t) in the Bernoulli equation, that we suppose
continuous functions for all t = 0, are such that

© ¢
J la(é)| exp[— J b)) dC] dé=K(xy)< +0, VxseR; (3.4)‘
(] [4]

and there exists a constant m such that the integral of b(f) is bounded from below: i.e.,
t

Jb(f)d§>m, Vi>0,Vx,eR. (3.9
0

Moreover, if we have also

[e®)

fb(t)dt: +, VxeeR, (3.6)

0
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then the solution is asymptotically stable. The initial perturbation satisfies the condition

II0) < P, = inf
MO <Fo = jaf, o

(3.7)

and, as Py is, therefore, a functional of u,(x,t) then we have in any case a conditional
stability.

Therefore, for the stability or the instability it is necessary to study the integrability
conditions (3.4), (3.5), and (3.6).

4. Acceleration Waves in the Atmosphere

We study now the evolution of discontinuity waves associated to the system (1.3)
following the previous general approach.
The possible discontinuity waves propagate with the characteristic velocities

A=0v+c, h=v-c, Ay =1} 4.0

where ¢ is the sound velocity: ¢ = p, = (dp/dp)s.

The contact wave i, is exceptional and, therefore, does not present problems.

For the acoustic waves 4, and 1, choosing as field (1.5), the corresponding right and
left eigenvectors are found

d,=v+c07, lL=— (c-11, pgle); 4.2

d=1,v-¢07, L=—(c+v -1, pg/c); (4.3)
where p, = (dp/0S),.

With the previous choice of the right eigenvectors, taking into account (2.3), the
amplitude IT represents the jump of the normal derivative of the density and this is
related with the jump of the acceleration G through the relations

n=[p], G=[un]=-Tp, [hy]=-ST. (4.4)

Let us evaluate now, in the most general form, the expression of the functions a and
b appearing in the Bernoulli equation (2.4).

We perform the calculations for the fastest wave (4, = v + ¢) only: in fact, observe
that the results which we obtain are applicable to the wave with velocity A, = v — ¢
changing ¢ into —c.

By assuming the static solution with zero velocity (v, = 0) as unperturbed state the
system (1.3) reduces to the momentum equation

Px=Cp +psS. = —gp, (4.5)
with p= P(Pa S), ¢ = C(P’ S)
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By choosing a particular law for S(x) or for p(x) we select a solution of Equation (4.5).

In this section we suppose that the functions p and S are whatever and, in this manner,
we find the generic expressions of the coefficients of the Bernoulli equation (2.4).

Instead, in the next sections we shall consider the particular cases of an isothermal
{0 = constant) and an isentropic (S = constant) atmosphere.

By some simple calculations, we find first of ali (henceforth, we omit, in the right side,
the suffix 0 referring to the physical quantities in the unperturbed field uy)

1 1 ps)
Ao =¢C, d,=(l,c 07, bb={—, —, =1}, 4.6
0 o= 0", 1 (2 o (4.6)
Px )
(ux)O = 0 » (V/'{)g = (Cpa T cS) ; (47)
S, P
so that
g (*ps
Vi a)g=~>—"+7y]), {4.8)
2c\ gp
having the following thermodynamic relations
y -1 ¢ R c?
c,=——, Cg=—, C,=——, =(y-1pd, 0=— .49
» 2 s 2. -1 Ps 7 )p Ry 4.9)

By observing that, in this case, duy/dt = Ayu,, and subsequently VA, - u,, = d In |1, /ds
we find from (2.7) that

_ ¢o(0)
¢o(®)
where ¢(0) represents the value of ¢ at time 7 = 0 on the characteristic lines starting at

X = XO.
By taking into account (4.6), (4.7), (4.9) we have also

o1

(4.10)

cpy
+1 d
(V2-d), = o+l (“‘) =c(),=| 0 |, (4.11)
2p dt 0 s
C

X

d
d, (V17 - V1), (-”) - - <£ + %) - (fﬂ 4 3&), (4.12)
dt/o 2c 2p d¢  dp
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lu) = - P& fyd) =128
tu)o= %, (TU0)dy=—"" (4.13)

Then, finally, (2.5) and (2.6) yield

a=<uf)@, b=_<3g_y+%). (4.14)
2 p/ ¢ 4c 4p

Because the generic coefficients a and b are functions of the variable x it is more
advantageous, in the actual context, to utilize the Bernoulli equation in x instead of (2.4).
In fact by observing that dIT/ds = (dI1/dx) (dx/df) = (dII/dx)c we can write

%13 + a*()I + b*(x)I =0, (4.15)
X

where a* = ac, b* = bjc. The solution of (4.15) is

T1(0) exp [ - J b*(&) df]

T(x) = (4.16)

X

¢
1+11(0) J a*(0) eXp[— j b*(&) dé]dC

Xo

with TT(0) = TI(x,).

5. Acceleration Waves in an Isothermal Atmosphere

We consider as unperturbed field the well-known static isothermal solution with zero-
velocity of (1.3)

o gx ~
v=0, = p exp ——), 0= 10 (5.1)
p=p ( 20
with p and g positive constants*. Moreover observe that, in the present case

= ¢(0) = constant. Then by remembering (4.14) we obtain, for the upwards traveling
wave with velocity dx/dt = ¢

y+ 1
e

a*() = e px() =¥ = constant (5.2)
25 2

where u = g/ R0 = gy/c?.

* Henceforth ~ indicates the value of a generic quantity ¥ at x = 0 and ¥(0) is the value of i at time ¢ = 0
along the characteristic line starting at x = x,.
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It is a simple matter to see that the stability condition (3.4) is never satisfied and,
therefore, the isothermal solution (5.1) is unstable with respect to the upwards wave.
In this case, in fact, by evaluating (4.16), we obtain soon that for an arbitrarily small
initial acceleration compression jump G(0)

G(0)> 0 (5.3)
there exists a critical height x,, > x, for which
xcr=x0+g 111<1+i . e“‘""). (5.4)
U GO) y+1

The corresponding critical time is immediately obtained by integrating dx/d¢ = ¢. One
finds that

tc,=31n(1+i v e""“’) (5.5)
uc GOy y+1

with the condition (5.3).
Then it is possible to establish

STATEMENT 5.1

There exists always a critical time (5.5) for a compression (G(0) > 0) upwards propagating
acoustic wave.
This statement, in terms of stability problem, reads to

STATEMENT 5.2

The isothermal solution (5.1) is unstable with respect to the upwards acoustic wave.
In the case of the acoustic wave propagating with the velocity 4 = — ¢ we have from
(5.2) changing ¢~ —c and x —» - x

y+1

la®)| = c eHet . b(f) = —g c. (5.6)
The solution (5.1) is still unstable; in fact, it is easily verified that the integral (3.4) is
convergent while the condition (3.5) is never satisfied.

It is a simple matter to prove that the existence of a critical height is ensured actually
by the condition

GO)<0, |GO)>-81 g-nxox &7 & (5.7)
y+1 y+1 2
having then
2
X, = Xg+ = ln<1 S S e"‘"") (5.8)
2 [GO)] y+1
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with x,, < x,. The corresponding critical time is actually

A ln(l -5 T e""“’). (5.9)
pc |IGO)| y+1

Therefore, so the following statement holds:

STATEMENT 5.3

The critical time of the acoustic wave traveling downward exists only for a sufficient large
initial compressive amplitude of the acceleration jump G(0). The critical amplitude and the
critical time are given by (5.7), (5.9), respectively.

6. The Isentropic Atmosphere

We have performed the calculations also in the case of an unperturbed solution
corresponding to an isentropic atmosphere although this is of lesser physical interest.
The static isentropic solution of (1.3) is

-1 Yr-1 ~
v=0, p(x)={,5y‘1—g(—y—) x} , Sx)=2§, (6.1)
oy
where § = constant. In the present case the following hold
r=ayp?" ', 20)=ayp(0)’"; (6.2)

where

pr-t=poyt + 50D 6.3)

oy
By taking into account (4.14) we find

+1 ¢ 5-3
o= LD g 22 B (64)
2p(8) c(©) 4 X
so that, actually, p, = — gp/c®. By proceeding in the same manner of the previous section
we find that the critical height for the fastest wave exists if
G(0)>0. (6.5)
Then
2 2G(0 [4(y— D/(y+ 1]
x, = xg+ <O {1 - (—i) ‘ (6.6)
gy- 1 2G6(0) + g

The critical time is obtained, as usual, by integrating dx/dt¢=c. But, in this
case, c¢=c(0)— Pt (with B=g(y-1)/2) so that the characteristic line
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TABLE I

The terrestrial atmosphere with g = [G(0)] = 9.80665 m s 2,
&=340293Tms "}, y = 14, & = 28.9644 gmole ™', %4 = 287.0524

Terrestrial atmosphere at 6 = 288.15 K.
Critical time and critical height for A = c.

Height Isothermal Isentropic
o (k) —
fo, (5) X, Ly X

0 22.78 775 21.93 6.99
1 20.69 8.04 21.56 7.5
2 18.77 8.39 21.18 852
3 16.99 8.78 20.79 9.28
4 15.35 9.22 20.39 10.04
5 13.85 9.71 19.99 10.81
6 12.48 10.25 19.58 11.57
7 11.23 10.82 19.16 1233
8 10.10 11.44 18.73 13.09
9 9.07 12.08 18.29 13.86

10 813 12.77 17.84 14.62

TABLE 1I

The terrestrial atmosphere by assuming the same values of the Table I. Observe
that, in the isentropic case, the values of x_, are bounded accordingly to
(6.12). In fact one has x, = 29.52 km. Furthermore, in this case, x_, must be
positive (x = 0 is the ground level). In the isothermal case the limiting value of
xo for which x,, = 0 is x§ = 5.83 km. In the isentropic case x% = 10.94 km.

Terrestrial atmosphere at § = 288.15 K.
Critical time and critical height for A= —¢.

Height Isothermal Isentropic
xo (km) —_—
tor ) %ol L, %

6 16.73 0.31 - -

7 14.55 205 - -

8 12.69 3.68 - -

9 11.10 522 - -
10 9.73 6.69 - -
11 8.54 8.09 3572 0.12
12 7.51 9.44 3474 1.71
13 6.61 10.75 33.74 3.29
14 5.83 12,01 3270 4.88
15 5.14 1325 31.63 6.47

16 4.54 14.45 30.52 8.06

137
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TABLE II1

y=32, .4 =13gmole, Bl.H = 6395.615

’

Solar atmosphere at § = 4000 K.
Critical time and critical height for A = c.

Height Isothermal Isentropic
xo (k)
£, (5) % Ly X,

0 13.90 90.79 13.14 77.92
10 12.76 93.35 12.85 84.59
20 11.70 96.40 12.56 91.25
30 10.71 99.93 12.27 97.92
40 9.79 103.92 11.96 104.59
50 893 108.34 11.65 111.25
60 8.15 113.19 11.33 117.92
70 742 118.43 10.99 124.59
80 6.75 124.06 10.66 131.25
90 6.13 130.03 10.30 137.92

100 5.56 136.34 9.94 144.59
TABLE IV

The values of the physical quantities are the same of the Table III. In this case
Xz, = 233.76 km. Furthermore, in the isothermal case x¥ = 67.92 km. In the
isentropic case x} = 117.00 km.

Solar atmosphere at 6 = 4000 K.

Critical time and critical height for 1 = —c¢.

Height Isothermal Isentropic
xo (km)

L, (5) Xer Ler Xor
100 6.91 54.85 - -
110 6.13 69.96 - -
120 5.45 84.43 20.69 6.24
130 4.84 98.37 19.76 26.24
140 431 111.83 18.78 46.24
150 3.85 124.89 17.75 66.24
160 343 137.59 16.66 86.24
170 3.06 149.99 15.49 106.24
180 2.74 162.12 14.22 126.24
190 245 174.01 12.83 146.24
200 2.19 185.70 11.27 166.24
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TABLE V

The solar atmosphere with g=273.6ms~2, ¢=7300465ms !, y
M= 13gmole™ !, B/H# = 6395.615

3
3

3

Solar atmosphere at 6 = 5000 K.
Critical time and critical height for A = ¢.

Height Isothermal Isentropic
xo (km)
L (5) X, t %,

0 15.54 113.49 14.69 97.40
10 14.52 116.00 14.44 104.07
20 13.55 118.90 14.18 110.73
30 12.63 122.19 1391 117.40
40 11.76 125.86 13.65 124.07
50 10.94 129.90 13.37 130.73
60 10.17 134.28 13.09 137.40
70 9.45 139.00 12.81 144.07
80 8.77 144.05 12.52 150.73
90 8.14 14941 12.22 157.40

100 7.54 155.07 11.91 164.07
TABLE VI

The values of the physical quantities are the same of the Table V. In this case
x; = 292.19 km. Furthermore, in the isothermal case x§ = 84.58 km. In the
isentropic case x¥ = 146.25 km.

Solar atmosphere at § = 5000 K.

Critical time and critical height for A= —¢.

Height Isothermal Isentropic
xo (km)

lcr (S) x(_‘l‘ tcl‘ xcr
100 9.89 27.82 - -
110 8.95 44.66 - -
120 8.11 60.76 - -
130 7.37 76.22 - -
140 6.69 91.13 - -
150 6.09 105.54 23.13 7.80
160 5.54 119.52 22.30 27.80
170 5.05 133.12 21.44 47.80
180 4,61 146.37 20.55 67.80
190 4.20 159.32 19.61 87.80
200 3.84 171.99 18.62 107.80
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x = ¢(0)t — (1/2)r* + x, follows and

- 2¢(0) {1 ) < 2G(0) >[2(v— DAy + 1)]} 67)
gy -1 26(0)+ ¢
or, equivalently, by (6.2), (6.3)
274G - Dx {1 _( 26(0) )[2”“1’/‘“1”}_ (6.8)
gty - 1) 2G(0) + ¢
For the wave traveling with the velocity A = — ¢ we obtain the following existence

condition for the critical height:
G0)<0, |G >§ . (6.9)

If (6.9) is satisfied, one has

= xy s O {1 _( 2 |G(0)] )[‘“Y“’/‘“”}} 6.10)
g -1 216(0) -«

0
28 -
26 —
24 =
22 - 4
20

18 =

144

12

2 T | T I T [ T ] T ' T | s | T l T | T
G 20 4C B0 8¢ 10G 120 14G 160 180

xe (km.)

Fig. 1. The critical time as a function of x, in the solar atmosphere at 5000 K. (1) Isothermal atmosphere
and A = v + ¢. (2) Isothermal atmosphere and A = v — ¢. (3) Isentropic atmosphere and A = v + ¢. (4) Isen-
tropic atmosphere and A =v —c.

2C0
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and
[2¢y - DAY+ 1]
) {( 2160) ) - 1} . (6.11)
gy - 1) (\21G6(0)| - ¢
Note that from (6.1), because p > 0, it follows that
~ =1 ~2
0<x <P S =Xx; ; (6.12)
gr~1) gly-1)
and, consequently,
0
OSt<EQ52L. (6.13)

The values of x and ¢ are, at present, bounded.

We conclude that in the case of an isentropic atmosphere analogous results to those
of the isothermal case hold with the only qualitative difference of the threshold value
{6.9) with respect to (5.7).

Let us summarize these results in the following statements:

240
220
200
180 -
160 —
140
120 -
100
80 —
60 -
40 -

20 1

G T I T I T I T I T [ T I T I T | L I T
¢} 20 4G 6O 80 1Q0 12¢ 146 160 186G
xe (Km.}

Fig. 2. The critical height as a function of x; in the solar atmosphere at 5000 X. (1) Isothermal atmosphere
and A=v+ ¢ (2)Isothermal atmosphere and X=v-c. (3) Isentropic atmosphere and A =10+ c.
(4) Isentropic atmosphere and A= v — c.

200
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STATEMENT 6.1

There exists always the critical time (6.7) for the upwards propagating acoustic wave: it
occurs even if one has an arbitrarily small initial acceleration jump G(0) (>0).

STATEMENT 6.2

The critical time of the wave traveling downward exists only for a sufficiently large initial
amplitude of the acceleration jump G(0). The critical amplitude and the corresponding critical
time are given by the conditions (6.9), (6.11).

Note that, in both cases, we have still nonlinear instability for the reasons analogous
to isothermal case.

Finally let us observe that for g— 0 (5.5), (5.9) and (6.7), (6.11) give the same value
which represents the critical time in the absence of gravity: i.e.,

2
1GO)] (y + 1)

already obtained by Ruggeri (1980). In particular we obtain for the atmosphere of the
Earth the value 7, = 28.92s, and for the Sun at 4000 K and 5000 K the values
t., = 17.90s,1,, = 20.01 s, respectively, by assuming for the physical quantities entering
in (6.14) the values carried in the captions of Tables I-VI.

In Tables I-VI we display the critical heights and the critical times for various values
of x4 in an isothermal and isentropic atmosphere. Tables I and II refer to the case of
the Earth. Tables III-VI describe the wave propagation in the solar atmosphere at
# = 4000 K and 6 = 5000 K.

Figures 1 and 2 point out the behaviour of ¢, and x,, in function of x, in the
atmosphere of the Sun at 5000 K. Similar graphs are obtained in the case of the
terrestrial atmosphere.

6.14)

cr
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