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Abstract. The influence of viscosity on the gravitational collapse in radiating fluid spheres is investi-
gated. The interior solution is matched with the Vaidya metric at the boundary of the fluid distribution.
Prescribing an equation of state to take into account the degree of induced anisotropy by the viscosity
and using the Herrera, Jiménez and Ruggeri method, we obtain an explicit Tolman Vi-like exploding
model. The sphere explodes more violently when the anisotropy due to the viscosity is smaller. The
shear viscosity diminishes with the expansion of the distribution of matter.

1. Introduction

Dissipative processes are frequently exciuded in general relativistic calculations
(Carter, 1988; Israel and Stewart, 1980). However, the viscosity may be important
(Arnett, 1977; Brown, 1982; Bhete, 1982) in the neutrino trapping during gravita-
tional collapse, which is expected to occur when the central density is of the order
of 10'1-10'? gcm™3. Although the mean free path of the neutrinos is much greater
than other particles, the radiative Reynolds number of the trapped neutrinos is
nevertheless small at high density (Mihalas and Mihalas, 1984), rendering the core
fluid viscous (Kazanas, 1978; Kazanas and Schramm, 1979). Recently a method
was reported by Herrera ef al. (1989) for radiating viscous spheres. This procedure
may be considered as a first-order iterative method, in the sense that the radial
dependence of the one relevant physical variable is extracted from the classical
approximation and introduced into fully relativistic equations. More recently, was
reported a proposition (Barreto and Rojas, 1992) for studying dissipative fluids
(viscosity + heat flow) in a general relativistic approach which consists of a pre-
scription of an equation of state to obtain the tangential stress induced by the shear
viscosity.

In this paper we shall use the Herrera et al. (1980) method for studying radiating
viscous spheres in the streaming out approximation (Herrera et al., 1989). But now
prescribing an equation of state (through the sphere), relating the tangential induced
pressure to the other dynamical variables (Cosenza et al., 1982).

The paper is organized as follows. In Section 2 are sketched the conventions,
the Einstein field equations, an equation of state for the tangential pressure induced
by the viscosity and the junction conditions at the boundary of the sphere. Section 3
contains the description of the model worked out. The discussion of the results is
presented in Section 4.
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2. The Field Equations, an Equation of State and the Junction Conditions

Let us consider a spherically symmetric nonstatic distribution of matter which
consists of viscous fluid and unpolarized radiation traveling in the radial direction.
in radiation coordinates (Bondi, 1964) the metric takes the form

ds? = ezﬂ[(V/r) du? + 2du dr] — Tz[dﬂz +sin® dSOZ] > M

where 8 and V are functions of v and 7. Here v = z° is a time-like coordinate (in flat
space-time u is just the retarded time, so that surfaces of u = constant represent null
cones open to the future), r = z! is a null coordinate (g,, = 0) such that surfaces

r = constant, u = constant are spheres, and 9, ¢ = 22,23 are the usual angle
p ' P g

coordinates. For the matter distribution considered here, the energy-momentum
tensor has the form

TIW = (P + P)U;LUV - Pg,u,u + 5k7pku + Tuv 2)

where U, and k, denote, respectively, the four-velocity of the fluid and a null-
vector pointing in the direction of the outgoing radiation. The tensor 7, is given
by

T = 0+ Ui = U0, = 0,0,) + (6= 50) 0 P ®
where 7 and ( are the shear and the bulk viscosity, respectively, and as usual

6=U" @)
is the expansion,

Pu = gu = UU,
is the projection tensor, and

U, = U*U,,,

is the four-acceleration. We can write the expression for the energy momentum
tensor in the more convenient form

TMV = (P + P - CH)UMUV - (P - Co)g;w + Ekuku + 2770/,w s (5)
where the shear tensor o, which is given by
. 1
Ouy = U(u;u) — U(MUV) — EQPW, (6)

satisfies the conditions

0, U" =0,9" =0. )
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Also, we can introduce the scalar ¢ by means of

1
g% = Ea‘“’am,. )

Now in order to provide a physical meaning to the components of the energy-
momentum tensor, as given by (2), let us (following Bondi (1964)) introduce
purely locally Minkowskian coordinates (¢, z, y, 2) by

dt = 2P[(V/r)/2 du + (r/V) /2 dr]
dz = f(r/V)/2dr; dy = rd¥; dz = rsindde. )

Denoting Minkowskian components of the energy-momentum tensor by a caret
we have

T()() = T()oezﬁ V/'l‘,

Tor = (Too+ Tor) €%,

T = (Too+ Tu1 +2T01) €¥°(r/V),

T} = T3 =17 + T3 (10)
Next, one assumes that for an observer moving with velocity w relative to these
coordinates in the radial direction the space contains:

(a) a viscous fluid of density j and pressure P
(b) isotropic radiation of energy density 3A

(c) unpolarized radiation of energy density € traveling in the radial direction.
For this specific observer the covariant energy tensor is

b+3A4é —¢ 0 0
—¢ P4+ X— (- 0 0
—4no /3 +¢
0 0 P+ X-(o+ 0 ’
+2n0 /3
0 0 0 P+ A—(o+
+2n0/+/3

then the Lorentz transformation readily shows that

T + Pw?
Ty = e*f(1 -2y (2T
00 e (1 ZT)(I_w2 +el, an

To; = 62[3'0_’__118
1—w

; (12)
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_ _(p+P-w)
In = Gro0 2wy (13)
T} = T3 = -P; (14)
where
p=p+3X P=P+\—(8-4nc/\V3;
P, = P + 2/3n0; e=¢€ 11—:)),
V = e¥(r - 2m(u, )
can be shown by Eq. (4) that
2w(1 — 21 /r)/?
0 = El_wz)/l/z) (Br+1/r)+ (15)
L—w)'/? wo(1 — 2 /r)~1/2
~28 S -3/2 _ 0
e {<1+w) (1=2m/r)= o/t = S a — ez |
I R Ay VX (|
Yo 2)1/2(1 21 /7) (Tz 1) +
1/2 w1
and, by Equation (8)
3w r—27h(u,r)>1/2 0
0—T2< T +\/§. (16)

Thus, it can be shown (Herrera ef al., 1989) that the Einstein fields equations may
be written in radiative (null) coordinates as

p+ Pu? _____j;___(_~ gy (1= 21) )
T2 T T T2y e T T T ™M) n
p—wP My
l1+w  4nr?’ o
1 —w _ Bu(r = 2m)
Pt ="0m )
Bore™2? 1 =
P o= — o + §7—r(1~—2m/r)(2ﬁ11+4,3f—ﬂ1/7')+
1—2iy) — 7
L3 = 27) — sy (20)

8rr
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where differentiation with respect to u and r is denoted by subscripts 0 and 1,
respectively. Observe that from a purely formal point of view, the system (17)—(20)
is the same as for a radiating anisotropic fluid (without viscosity), with radial
pressure P and tangential pressure F;.

Now, the method consists in assuming that the » dependence auxiliary functions

p— Puw

~ 21
A T @
. P—pw

 _ 22
E 14w’ (22)

are the same as that of the energy density and pressure corresponding to the static
“seed” model (Herrera er al., 1980). With this r dependence of P and g, we can
integrate the field Equations (18) and (19) to obtain the geometrical variables m
and 3, up to some functions of u, which will be specified for the model worked
out.

It remains for us to give a prescription to obtain the tangential stress induced by
the viscosity. For this purpose we shall use an Equation of State (throughout the
sphere) relating the tangential induced pressure to the other dynamical variables
(Cosenza et al., 1982; Barreto and Rojas, 1992), namely

p-p=cltP)
(r —2m)
where C' is a constant throughout the sphere. Equation (23) specify the degree of
anisotropy induced by the viscosity, P, — P = 2+/350. Therefore, this prescription
permits us to avoid a first-order iterative methods (Herrera et al., 1989).

Before finishing this section, it is worth noticing that, in order to make the
method outlined above completely consistent, it is necessary to match the interior
solution with the Vaidya metric at the boundary of the fluid distribution (Darmois or
Lichnerowicz conditions). It is easy to check that these conditions are equivalent to
the continuity of the functions 3, and 7 across the boundary of the sphere (Herrera
and Jiménez, 1983), and to the equation

"'ﬁOa + (1 -~ zma/a),@la - ﬁlla/za = O, (24)

where the subscript a indicates that the quantity is evaluated at the surface r = a(u).
Using the continuity of # and # = 0 for the Vaidya metric, we may expand it near
the boundary

ﬂ()a + dﬁla = 07 (25)

where now the differentiation with respect to u also is denoted by a dot. Substituting
this last expression back into (24) and using the field Equations (18) and (19), we
obtain

a_—.(1_2ma/a){(w“p“;P:L)’;(l—w“)}. 26)

(4nr3P + ), (23)
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In radiation coordinates, the velocity of matter is given by

dr

= @01 - 2m/r) fw. @7)
Therefore, it follows that

. . We

a:(l~2ma/a)1_wa. 28)
Comparing (26) and (28) we get

P, = —4—77aaa, (29)

V3

where

—P_a:Pa‘i':\a—Ca()aa

Thus the radial pressure at the boundary of the viscous sphere does not vanish. This
situation, discontinuity of the radial pressure at the boundary, also occurs in the
case of thermal conduction (Herrera et al., 1987; Santos, 1985), where the radial
pressure at the boundary is proportional to the heat flux evaluated at the surface.

3. An Exploding Model

We shall illustrate the method with a simple but illustrative model inspired in the
Tolman VI solution (Tolman, 1939) The equation of state of the static Tolman VI
solution approaches the one of a highly relativistic Fermi gas. Thus, following the
method, let us choose (Herrera ef al., 1980 ; Cosenza et al. 1982)

= 39T(2“) (30)

where g is an arbitrary function, and

P P Ka(r/a)V#-3h) 31)
C3h | g a'(r/a)‘/(““%)
with
h=1-2C,
I = 8—3h—4/4— 3h,
K = 8—3h+ 44— 3,
I+ 3hw,

K + 3hw,
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It is worth noticing that with the choice of the above auxiliary variables, the
Tolman-Oppenheimer-Volkov-like equation for these variables is not satisfied,
except in the static case (Barreto et al., 1991).

Next, the field Equations (18) and (19) are integrated to give

m = m(r/a) (32)

and

B

l-«a

2
2m 1 - a(r/a)\/(“*Sh) 2-/{4-3h)
= 1 . (33
3ah(1 - 2m/a) ( (r/a) (33)
where m = m(«u, a). For the functions of u appearing in (32) and (33) (m, a,w,)
we have the following three equations (surface equations) which are obtained from
(17), (27) and the conservation law T;L” = 0, evaluated at the surface (modulo the
junction equations),

A=FQ-1) (34)
P 2FE+A(1—F)’ (35)
A

and

o Q{zi/i | h3FQ 8—144((21 -] F(1F— F)}7 36)
where

m(u = 0) = m(0); A = a/m(0);

M = m/m(0); u/m(0) — u;

F=1-2M/A; Q= 1/(1 - w,);

E = 47a’e,.

The system (34)—(36) may be integrated, provided one function of u is given.
As usual we assume that the total luminosity is a specific function of u, such that
a given portion of the initial mass is carried away. In this paper we assume that

Mrad (u — u0)2
FE = —_———
s [ 72 } , 37)

where the constants m,,q and « have been chosen such that 1/100 of the initial mass
is carried away by the pulse. Then the result of the integration of (34)-(36) (with
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Fig. 1. Evolution of the radius for different values of h. The curves labelled a-e are for h = 0.7334,
0.8667,0.9334, 0.9866 and 1.0134, respectively.

25 T T
Q .
2.0} N
> 1-5 i
»
c
©
[a]
t-OF o
b
0-5 _
[+
g
0-0 1 1
0 4 8 i2

u

Fig. 2. Evolution of the dimensionless density p = pm (0)2 for h = 0.8667, monitored at different
regions. The curves labelled a-d are for r/a(0) = 0.25, 0.5, 0.75 and 1, respectively. The density

function is shown multiplied by 10°.
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Fig. 3. Evolution of matter velocity (dr/du) for h = 0.8667, monitored at different regions: curves
a—d are for r/a(0)=0.25, 0.5, 0.75 and 1, respectively.

(37)) is fed back into (32) and (33), fully determining functions 7 and 3. The field
Equations (17)—(20) and (23) remain to be used algebraically for determining the
physical variables (p, P, w, ¢ and n) for any piece of material. As the degree of
anisotropy induced by the viscosity was specified (Equation (23)) some additional
numerical work was necessary to calculate the shear viscosity. It is clear from
Equations (15) and (16) that o depend explicitly of wg and w;.

The following set of initial data has been considered

A(0)=8; F(0)=0.75 Q(0)=09.

This initial data and the running time of the numerical integration was suggested
by the behavior of the matter variables themselves. A discussion of the results is
deferred to the next section.

4. Conclusions

Figure 1 displays the evolution of the radius for different values of h. It is worth
noticing that the sphere explodes more violently when the degree of anisotropy
induced by the viscosity is the smaller. Nevertheless, when Py < P (curve e)
the profiles of the shear viscosity are negative. Likewise, when P, > P but
the difference is too large (curve a), the resultant shear viscosity is not physically
acceptable (n < 0). Figs. (2) —(4) show the evolution of the density, matter velocity
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Fig. 4. Evolution of the shear viscosity for & monitored at different regions. The curves a—e are
for r/a(0)=0.2,0.3, 0.4, 0.5 and 0.9, respectively. The shear viscosity function is shown multiplied
by 10%.

and shear viscosity, respectively. The shear viscosity is high in the regions with high
density, as expected, and diminishes with the expansion of the sphere. The bouncing
of the sphere should not be related to the appearance of a shock wave within
the sphere. Rather it is connected with the simple, but not extremely unphysical
equation of state.

We would like to conclude with the following comment: Although the Eckart and
Landau-Lifshitz (Eckart, 1940; Landau and Lifshitz, 1959) methods of including
viscosity in general relativity have been widely used in the past, itis well known that
these theories present serious difficulties. However, they led to the Navier-Stokes
equations in the classical approximation.
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