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MODELS FOR THE FORCE ANALYSIS OF COMPOSITE WINDING

A. I. Beil', A. R. Mansurov, : UDC 678.2:678.067
G. G. Portnov, and V. K. Trincher

1. A special force characteristic of the winding process consists in the fact that by
developing a certain pressure on the underlying layers, each tension-wound loop results in
their deformation and, consequently, variation in their tension. Studies of the winding pro-
cess are devoted to determination of the relation between the stresses in the wound loops and
the forces developed in the winding process with tensioning apparatus. The basic character-
istics of the winding mechanics can be investigated on the simplest medel — a ring — with
subsequent generalization in the case of a cylinder. The layout of reinforcement in a radial
section, as for all wound articles, assumes the form of a spiral. In designing wound articles,
the spiral structure is replaced, as a rule, by a concentrically annular structure on the
basis that the layer directions in these layouts differ only by a small rise angle of the
spiral. In the annular model, the process of forced winding is schematized by sequential
application with the initial application of annular layers on a mandrel, and then one on the
other. In this case, it is assumed that a drop in stress in the wound layers occurs as a
result of radial displacements of the semi-finished product.® Let us examine the case where

*The case of variation in tension in spirally arranged loops due to their slippage 1is
discussed in [1].
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tensile winding is combined with pressure. Radial stresses can be developed on the surface
of the article being wound by different methods — excessive pressure, continuous pressure
applied by a steel strip, etc. (see, for example, [2, 3]). Both force parameters — the ten-
sion in the last loop and the pressure — can be varied in accordance with a preassigned
program.

2. The stresses, deformations, and displacements in the i-th ring can be determined by
the number of the ring and the overall number of wound layers j (i< j). Let us denote the
radial stresses oy and the displacements u on the inner surface of the i-th ring for a total
number of rings j by Grlj and u;., and on the outer surface by Grij and ujj;  the inside
radius of the ring and the averafe circumferential stress in it by T4 and 0913. Later on,
the subscripts jwill be dropped in certain cases. In an annular system, we have

ori=0t  di=uip L

from the coupling condition of the rings. For the first ring laid over an elastic mandrel,
we can assume

}\40,-1-7.-u15=0, (2)
where A is a parameter characterizing the flexibility of the mandrel.

The process of applying the (j + 1)-th ring is associated with the advance of a given
pressure (radial stress Or,j+: ) on the surface of the j + 1 ring and with Variagign of the
radial stress on the surface of the j~th ring. An increase in radial stress AoyJ»Jt! can be
represented in the form of the sum of the effects of certain components — removal of the
stress Or j+1 on the radius rj+,, the application of a ring of thickness h with a negative
clearance and a stress 0g,j+.° in it, application of the stress Gr,j+20 to the radius ri+s,
and variation of the tension Acgd™*s3%1 in the § + 1 loop as a function of application of
the stress 0r,j+2°' Thus, we obtain
Ao it = Agpithit = — Ug,j+1 _ 0§,j+1 + dic G(r),j+2—AGejJr"H'1 "‘h—‘ (3)

it Tin Tt

for an increase in radial stress on the Tit1 radius. Setting Or,j+2o = Or,j+1° + AOr,j+1°
and rj+z = rj+. + h, we obtain

(4)

0 0
(Or,j+1—06,541)

s ok 0
Ag,jthit! + Aogithitl——=Agy ;11 +
Tita i1

from (3).

On applying stress increases to the boundary, stress and displacement variations, which,
in addition to (4), are determined by a system comsisting of an equilibrium equation, an equa-
tion of state, and Cauchy's relationship for increases in layer deformations, occur as a result
of growth of the prestressed body over .the entire system of j + 1 rings. Adopting the equa-
tions of an anisotropic nonlinear elastic body er,8 = Fr’e(cr, og) as equations of state, we
obtain

(AgyHhitl —Ag,hitl) T (Ao, +1i+ — Agghitl) =0; (5)

ey it = aFr,e(cZZ,J’ i) A4+ 4 O0F ;g (g::::', i) Acphit; (6)
Or 8

Aeyinitl =Aui+1d’+1 —Audijir, Aeghit! =_____Aui’j+1 (i=1twj+1), N

h ’ ;i

where Or,ei’j are the stresses in the i-th layer prior to application of the j + 1 layer
i< .

A boundary condition, which is similar to (2), but written in terms of the increases in
magnitude, is used in addition to (4). Relationships (2) and (4)7(7) form a system of 5(j +
1) + 1 linear equations to determine 5(j + 1) + 1 unknowns: Acr,gt, Aer,g (1 =1 to j + 1);
Auj (i = 1 toj+2). The coefficients in (6) are determined, since the stress—strain state
of a system of j rings at the moment when the j + 1 ring is applied is considered known. The
accumulated stresses and displacements are determined from the relationships
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Orgh it =06t F Aore™ Tt Wi =it Ay (i=110]);

(8)

. . . N . . 0 . s
ol it = ()'rj0+A0’rJ+]' H—l; ggitl i+l = 08, j+1 + Aggith i+,

As follows from the form of system (2) and (4)-(7), its right side is a vector with one
nonzero component Aor,j+1° + h/rj+1(or’j+1 ”‘Ge’j+1°), which is small in the case of smooth
pressure variation during winding, as a result of which the increases in stress for each step
are also small as compared with Orjo and G@jo. For the selected winding scheme, for example,
the circumferential stress in the winding drops by a small amount AcgIT™I*'| when the (3 + 1)-
th ring is applied. If we consider that ogit:,j+1 = 00,3+.° after application of the pressure
gr’j+1°, Aggd*isjt: should be set equal to zero by convention (in this case, the two equations
used to determine AerJt' and Aegit’ cease to be independent). The difference between these
methods of determining the boundary conditions vanishes when h + 0. After winding the entire
article, the external pressure can be removed. Variations of the stress—strain state, associ-
ated with the removal of pressure, are easily computed using the same difference scheme, if
the law governing the state for unloading is known.

3, Various modifications of a discrete model have been used, for example, in solving
the problem of the winding of a metallic cylinder with a composite in [4], and in analyzing
the effect of binder seepage on the stress state during winding in [5]. A variant of the discrete
model, where the wound filaments were considered a quasihomogeneous orthotropic linearly
elastic body (in this case, computation of stress and displacement increases was considerably
facilitated), and summation in the form of (8) was retained, however, was employed in [6, 7].
Further development of this approach in linearly elastic problems consists in the conversion
from summation to integration in (8). This limit conversion in the linearly elastic problem
has been used in a number of studies devoted to investigation of the winding of different
materials [8-11]. As applies to composites, this solution was obtained by Tarnopol'skii and
Portnov [12] and analyzed by Tarnopol'skii et al. [13] and Tarnopol'skii and Beil' [14]. It
should be pointed out once again that the winding of a linearly elastic material was discussed
in all of the studies that we have enumerated (with the exception of [5, 13-15]), and the con-
version to continuous relationships was complete only within the framework of this material
model.

4, The discrete approach that we have outlined can also be represented as a difference
analogy of the differential statement of the winding problem. In this form, it becomes a
special case of the problem of the stress—strain state of an expanding body with a given
stressed state on the boundary [16, 17]. As applies to an axisymmetric ring, the solving
equations include equilibrium and state equations (as before, let us examine the case of non-
linear elasticity) and Cauchy's relationships in terms of derivatives with respect to the
expanding radius:

r ;: +6,~00=0; (9)

ero=Frg(0r, 0s) (10)

or oro=Hrp(er, €0); (11)

dey _ o0 _ Oeg =l_. ou (12)
oR 0roR ° O0R r OR’

where v is the current radius, and R is the expanding outside radius of the ring.

The Cauchy relationships are valid even in this special case of the problem only for
rates of change of deformations and displacements in terms of the growth parameter R of (12).
The physical side of the matter consists in the fact that the displacements of each elementary
ring are initiated nonsimultaneously and are reckoned from the moment of its application to
the underlying, already deformed rings. The situation is analogous to examination of the
deformation process of a body with initial stresses and deformations, where deformations and
displacements, which are added to the initial values, enter into the equations of the system
determining the process. For the case in question, a continuous change in the initial (with
respect to further growth of the ring) stress—strain state occurs together with steady growth of
the ring due to the prestressed elements.
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The statement that we have made gollows directly from (12) on conversion to strain incre-
ments Aer and Aeg. Let us designate u = du(r, R)/8R; hereafter, we will so designate all par-
tial derivatives with respect to the growth parameter, We then cbtain

R

R
T | 1 oy <y gm
U= Ju(f,R)dR, 7u=-—;f L.t(f, R)dR= jée(f,R)dR=€e-—€90(f) =Aeg; (13)

r

. . (14)
d = _fu(r R)dR= 5 —(r, R)dR—d(r, 1) =er—e:(r) — —u(r,r)= Ae—i(r,1)

r
for the strain increases. As is apparent from Egs. (13) and (14), Cauchy's relationships are
not met for increases in loop deformations, although they are valid for their strain rates.
This situation also makes conversion to differentiation with respect to the outside radius R
expedient in the remaining equations (9)-(11). After differentiation, we obtain

9% 16— Go=0; (15)
ar »
OF;5(or OF 0 (r (16)
bro= r,0(0r, G0) bt 0(0r, Gp) &
J06; 00e
oY
oH , oH ,
(.71,9‘= r,e(er ee) bt r,&(er eO) Go.

de, dog

The resultant system of equations is solved for boundary condition (2), which is differentiated
with respect to R, and the given full tensor of stresses on the expanding boundary

0r(R,R) =0:°(R); oo(R, R)=0e®(R). (17)

To use this boundary condition in the system of equations differentiated with respect to R,
it must be transformed, substituting (17) in the equilibrium equation when r = R:

o (R) +R‘———~——~60’gr’ R)

Let us hereafter use the derivative from the first of conditions (17) with respect to the
direction r = R:

=R—690(R)=0' (18)

GUr(r, R) . . dO'ro(R)
—"‘T‘ ___R+0'r(r;R)lr=R——'7R'—-. (19)
Substituting (19) in (18),vwe obtain
0 -
52(1, R) |pon=— 20 (R) | 0(R) —0(R) (20)

dR ' R
As is apparent, system (4)-(7) is a difference analogy (with a spacing h equal to the thick-
ness of the strip being wound) of system of differential equations (12), (15), (16), and (20).

The system of equations described can be replaced by an equivalent equation of second
order in rates of change in the stress or or displacement u with respect to the expanding
outside radius (Or, u)

0Fy  0%: + [ 0%Fy dog 3 OF, _1_( 0Fe _ oF, )] %
dog  Or? dog? or r Jdog r 0oy Jdog
.)(-—?—-01 {_1—( 02F9 62F37 (32F9 ) ( do, T dog ) " 21)
or r do2 00,009 O0og? or or
1 [ ( 0F, oF, ) ( 0Fy oF, )] },
- — _ =0
T2\ " a0, / T\ G5, T o or
for the boundary conditions
. __do®  o—0¢ .
Gr=—"1p +- R (r=R);
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0Fg O0Fq ;) ] . 5 d0Fy 06, _ _
[}\' r(dor aE Jog or=r do'e—. or =0 ~(l‘-—l‘o)‘

or

OoH, od% [ 02H, oOe, + 0?H, Oee +1 oH,
de2 Or  Oedeg Or  'r Oe

de, or?
‘+_l ( 0H, _ 0Hg )] ou [_1_( 0211; Oeg n (22)
r Oeg de, or r deg or
; 0%H, de, ) 1 0H, ] =0
T 9,00 Or r*  Oeg “=
for the boundary conditions
OH., o0ua OH, u) . )
7“( e, or T e 7 ) TETO r=roli
0H, 0u OH, u do? 6,0 — og? _
e ot o T aR TR~ VTR

The stresses, strains, and displacements in the wound ring are related to the rates of
change of their values with respect to the expanding outside radius by the relationships

R
u(r,R)= j—au—gl%—ﬁ)—dﬁ;
R -
Coroln )= [ R) g o), (23)
R =
erg(r,R) = J—aé%;—fef’—lz—)-d§+er,e°(r).

r

Note that a special case of the approach described (for less general equations of the
relation and boundary conditions) was used in [18] to investigate the opposite problem — the
search for a winding regime that would ensure tensioning held above a minimal value in the
wound loops.

5. Within the framework of the model described for the winding process, there are no
major difficulties encountered where consideration is given to complex properties of the
material being wound. The latter is accomplished most naturally in a continuous model of the
winding process. Let, for example, the material possess viscoelastic properties, described by
equations of the type (here, differentiation with respect to time is designated by a dot)

OF6(0r, 00) , | OFre(0r, 0p)
or+
ao',. 609
Here, Fr g takes into account the instantaneous nonlinearly elastic effects, while the compo-

nents Dy g account for creep effects. Expressions for Dr,p may be assigned in the form of
functions of er,g and or,g, for example:

D= U070+ Vereero+ U000+ Vereor,

éro= Go+ Drg.

where Ur, 0, Vr,g, ﬁe,r, and ve,r are constants. In this case, they reflect a two-dimensional
variant of the law governing the deformations of a type of "typical body," but with nonlinear
instantaneous components. In using hereditary type theories, Dy g may be functionals of the
history of the stressed state,

Replacing equation of state (16) by Egs., (24) and converting from derivatives with
respect to R to derivatives with respect to t, we can convert from a system of type (2), (12),
(15), and (16) equations to a solving equation of type (21) and (22) in terms of r and t with
respect to or = 30p(r, t)/ot or 0 = du(r, t)/dt, which is complicated by the presence of Dr g
components, with the boundary conditions

do0(t)  dR({)/dt
5 TTRG)

[0:°(£) —ae®(#)]

0r (1, ) |r=ry=
when v = R(t).
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Fig. 1. Effect of stress Geo in strip being wound on relative
pressure q/Geo on absolutely rigid mandrel during winding of

n = 100 loops. Curve 1 corresponds to B = vEg/Eyr = 20; 2) to
B = 40. Ratio of initial loop thickness during winding to in-
side radius of article ho/ro = 0.001,

Fig. 2. Curves of relative radial stresses, computed with (1)
and without (2) allowance for variation in geometric parameters
during winding. B = 40; n = 100; ho/ro = 0.001; og5°/Eg = 0.01.

For this case, the discrete model can be constructed as a finite-difference analogy of
the continuous problem statement. Difference schemes employed to compute the relaxation pro-
cess in cylindrically orthotropic rings have been used, for example, in [19, 20]. Bolotin
et al., [21] utilized a time-and-radius-difference scheme to analyze the effect of seepage in
the winding process; in this case, the application of a loop was considered instantaneous,
while the time of its winding was divided conditionally into stages. Note that the hardening
process of a semifinished product, which can be described by methods of nonlinear elasticity
or the strain theory of plasticity [15], is the most significant process during winding as
applies to composites. The viscoelastic effects accompanying the winding of these materials
can be classed as less significant.

6. In addition to selection of a computational model, another problem requiring analysis
for the problem statement of a composite winding is the selection of a standard for radial
deformation and a coordinate system, The fact is that radial deformations associated with
hardening of the material may reach tens of percents; in principle, this may require rejection
of the hypothesis of the smallness of the deformations, It is necessary to note that during
winding, large deformations are permissible only in the radial direction; they should not ex-
ceed the small deformations of pretensioning in the circumferential direction, while flexure
of the layers will occur in the opposite case. The latter situation is associated with the
smallness of the displacements of the loops as compared with the radius; this justifies solu-
tion of the winding problem in the geometrically linear statement. The errors that can be
introduced with this approach must, however, be analyzed. It should be noted that deformations
developing during winding of a single current loop are small. These small deformations
apply to the current strain state; this results in the natural conversion to logarithmic
radial deformation (Hencky's standard) in describing the finite strain state.

Thus, the entire computational scheme described above is completely transported into a
geometrically nonlinear problem with the exception of the fact that the grid acquires a
variable spacing hj4 and loop radius rjjy:

hiy=hi g+ tigy,jo1— Ui g1 |

i—1

i—1
rij="tij-1+. Z(hhj*hh,j~1)=fi,j—1+ Z (Uht1,j~1— Up,i—1) -

k=1 k=1

As in the geometrically linear case, the radial stresses will be determined by summing,
since the areas on which they act vary by not more than a small magnitude of the pretension
in one loop (in eliminating distortions). It is expedient to replace summation of the in-
creases in circumferential stresses by summation of the increases in the circumferential ten~
sile forces in each of the loops, which develop during winding of the mext loop. The circum~
ferential stresses are computed from these forces and the current thicknesses of the loops.
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Fig. 3. Curves showing relative radial stresses (a) and rela-
tive circumferential forces (b) as function of coil number k
with (1) and without (2) allowance for geometric dimensions of
ring during winding. B = 40; n = 100; ho/re = 0.001; ceo/E =
0.01.

In the case of linear (both physically and geometrically) winding with a constant ten-
sion applied to the strip, the relative pressure on the mandrel (q/ceo) is independent of the
tensioning force. This condition is not observed in solving the problem in the geometrically
nonlinear, but physically linear statement [linear radial-compression diagram in stress o, Vs
logarithmic strain standard (In hij/hjj) coordinates] (Fig. 1). The correction becomes signif-
icant, however, only for extremely high anisotropy of the strip being wound (Eg/Ey > 1000).

The distribution of radial stresses is presented in Fig. 2 in comparison with the solution in
the geometrically linear statement. As is apparent, the difference in the stress distributions
may be significant for large Eg/E,. The size of the wound ring in the example under considera-
tion, as is apparent from Fig. 2, is appreciably smaller than the thickness computed on the
assumption of loop nondeformability. The difference in the stressed states corresponding to
the two approaches diminishes significantly 1if we convert from the radii to the ordinal num-
bers of the loops. These relationships are presented in Fig. 3. As is apparent, the dif~-
ference in stressed states diminishes appreciably in these coordinates. It should be noted
that in the example cited, the anisotropy of the strip and the tensioning force are excep-
tionally large and go beyond the limits characteristic for the winding of the composites.

For smaller values, the variation in geometric characteristics during winding can, as computa-
tions have shown, be neglected, especially in using the ordinal number of the layer as an in-
dependent variable, and the problem of composite winding can be solved in a simpler, geometri-
cally linear statement.

7. The physical schematization that we adopted for the winding process is discrete in
terms of an increasing outside radius. From this standpoint, a discrete model is more effec-
tive, In this model, however, the equilibrium equations and Cauchy's relationships for the
wound loops are replaced by their finite-difference analogy. This circumstance serves as the
source of a specific error in describing the winding process. The continuous model is free
of the latter drawbacks; in this model, however, the process of a discrete increase in the
outside radius is replaced by its continuous growth. For numerical realization of this method,
it is therefore expedient that the interval in terms of the expanding outside radius be equal
to the thickness of the strip being wound. Thus, both models approximately describe the
physical scheme adopted for the winding process.

Determination of the stress—strain state for the discrete statement of the winding prob-
lem is associated with direct numerical realization of the discrete model. Its use results
in a finite-difference scheme, i.e., repeating the solution of an increasing number of linear
equations over and over (right up to the finite number of layers), the coefficients of which
are varied in each step in conformity with the solution in the preceding interval. The thick-
ness h of the layer being wound is actually adopted as the interval. As has already been indi-
cated, consideration of time in the equation of state is not associated with primary complex~
ities of the solution, making it only more cumbersome,

This method is characterized by an accuracy that is not very high, but that can be im-
proved just by selecting a narrower interval and taking readings with increased accuracy (by
retaining a large number of significant digits). Reduction of the interval to values signifi-
cantly smaller than the thickness of the strip being wound, as we have already indicated,
will give rise to distortion of the winding pattern, and is therefore undesirable. Another
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Fig. 4. Variation of circumferential stresses over thickness
with growth in relative size Ry/ve of article being wound (Ry
is radius of ring after completion of winding) during winding
with constant stress og° = 40 and 160 MPa; By = 100 MPa.

Fig. 5. Relationships between stresses 060 during winding and
relative size Ry/ro of article being wound at which loops with
og = 0 appear. Numbers near curves indicate values of param-
eter B, (MPa).

possibility for improvement of the discrete model consists in the use of more accurate discrete
analogies of the continuous relationships. Moreover, the parameters of law (6) governing the
state can be determined more accurately by computing, for example, the coefficients in (6)

for each layer by the iterative method, i.e., first for the stresses and strains preceding
superposition of the next loop, then after computing the increases in these values for moder-
ate stresses and strains (prior to and after superposition of the loop), and then to define
these increases more precisely, etc., The latter method has also been used in performing
numerical computations.

Numerical realization of the continuous model is associated with the need to solve Egs.
(21) and (22) with variable coefficients given in tabular form for an expanding (with an
interval h) boundary and corresponding boundary conditions.

Use of the finite-difference method for the solution results in a computational procedure
analogous to that employed in the discrete model. Formulation of the problem within the frame-
work of the continuous model, however, is better suited to use of the entire spectrum of
numerical methods, including methods of the solution of edge problems for ordinary differential
equations on a computer (see, for example, [22]), than its discrete analogy. Here, we can also
resort to the above-described procedure for defining the coefficients of the equations more
precisely by iteration. Conversion from differential type (21) and (22) equations to integro-
differential substitution (23) is also possible when the continuous method is used.

8. Numerical computations illustrating the use of the models that we have described were
performed for a physically nonlinear elastic semifinished product with a strain law in the
form:

or=H;(er, eg) =E;er— Bie.2+ Argeo;
oo=Ho(er, €0) =Aere,+Eoeq; Aro=Aer.

We adopted values for the counstants, which corresponded to those of fiberglasses in the re-
worked state: Eg = 510 MPa and Ey = 4 MPa; the entire range of the strain curves for the
semifinished fiberglass products compressed perpendicular to the layers, which are presented
in [15, 23], could be encompassed by a variation im By in the 25-200-MPa interval. The value
of the coefficient Ay g assumes little significance for solution of the problem (see Eq.
(22)1; let us assume as a result of its smallness A,.g = 0.

Computations performed using the discrete and continuous models for the above-described
finite-difference schemes indicated virtually coincident results (h/ro was assumed equal to
0.001). Characteristic dependences of the circumferential stresses on the thickness of the
article being wound, with the wound strip under low (40 MPa) and high (160 MPa) tension, are
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Fig. 6. Relationships between relative pressure q/oeo on man-
drel and relative size Ry/ro of ring being wound under differ-
ent tensionings Geo (MPa) (numbers near curves). By = 100 MPa.
Broken lines correspond to thicknesses at which distortions ap-
pear in rings.

Fig. 7. Relation between limiting relative pressure quax/0g°
on mandrel and stress er in strip being wound for different
By (MPa) (numbers near curves).,

presented in Fig. 4. As is apparent, complete loss of prestress by the layers, and even their
transition into a region of compression, is possible with increasing thickness. In this case,
the initial computational model remains, strictly speaking, valid only for a material that is
rigid in the circumferential direction under compression, The circumferential properties of
the layers of the semifinished product under compression are related to their curvature and
become indeterminant. As is apparent, curvature of the layers is more likely under low ten-
sion during the winding of a material that is inflexible in the transverse direction under
compression. This is illustrated in Fig. 5, where relationships between er and Ry/r, for
which layers with og = 0 first appear are shown.

As is apparent, an increase in the tensicn and the winding of materials more rigid in
the transverse direction significantly increases the thickness of the rings that can be wound
in a single pass without fiber distortion under constant tension. Characteristic relationships
between the relative pressure on the mandrel and the thickness of the ring being wound are pre-
sented in Fig. 6. They confirm two experimental facts observed during strain measurement of
the mandrels — rapid convergence of the stress in the mandrel to a horizontal asymptote, which
is associated with the significant anisotropy of the material being wound [24], and the rela-
tionship between the relative pressure on the mandrel and the tension [25}. The latter is
caused by stiffening of the semifinished product in the transverse direction as the tension
increases, i.e., when the radial stresses in the article being wound increase. This stiffening
and the reduction in the anisotropy of the material being wound, which is associated with it,
are illustrated in Fig. 7, where dependencies of the limiting pressure on the tensile force
are presented for different deformation characteristics of the semifinished product in the
transverse direction. Thus, allowance for nonlinearity makes it possible to explain experi-
mental data on the winding process of composites.

CONCLUSIONS

1. It is shown that the discrete laminar model adopted in winding mechanics is a finite-
difference analogy of the problem of a continuously expanding solid,

2. It is convenient to examine the winding of materials with any equation of state with-
in the framework of the continuous model described in this study.
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