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Summary. Recently, in answer to a question of Kolmogorov, G.ID. Makarov
obtained best-possible bounds for the distribution function of the sum X +Y
of two random variables, X and Y, whose individual distribution functions,
Fx and F,, are fixed. We show that these bounds follow directly from an
inequality which has been known for some time. The techniques we employ,
which are based on copulas and their properties, yield an insightful proof
of the fact that these bounds are best-possible, settle the question of equality,
and are computationally manageable. Furthermore, they extend to binary
operations other than addition and to higher dimensions.

1. Introduction

In a recent paper [3], G.D. Makarov, in response to a question and conjecture
of ANN. Kolmogorov, solved the following problem: Let X and Y be random
variables with respective distribution functions F and G. Find functions F and
F such that, for all zin IR,

Fz)=infP(X+Y<z) (L.1)
and
F(z)=sup P(X + Y <2z), (1.2)

where the infimum and supremum are taken over all possible joint distribution
functions H having the margins F and G.

In this paper we will show that the bounds F and F - which Makarov
obtains via a cumbersome, ad hoc argument — arc just a special case of a
basic inequality which has been known for some years [4, 6]. The techniques
used to establish this inequality yield an insightful proof of the fact that these
bounds are best-possible and a necessary and sufficient condition for equality
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as well. They also allow us to determine F(z) and F(z) explicitly in a number
of special cases. Furthermore, the basic inequality holds, not only for addition,
but also for a large class of functions L: R?—IR. Thus we can immediately
answer Kolmogorov’s question for many other binary operations on random
variables. Lastly, we indicate how these results extend to finite collections of
random variables.

2. Preliminaries

In the sequel, we let 4 denote the set of all one-dimensional probability distribu-
tion functions (d.f’s) that are non-defective at — oo and left-continuous on the
real line IR. Specifically,

A={F|Dom F=[— o0, c0], Ran F<[0, 1], F is left-continuous and
non-decreasing on R, F(+o0)=1, and F(—o0)=0= lim F(x)}. (2.1)
The elements of 4 are partially ordered via
FZG iff F(x)=G(x) forall x in R. 2.2)

For any a in (— o0, c0] the unit step at a is the d.f. g, defined by

0, x=Za,
ea(x)={1’ x>a, —w<a<o, 2.3)
and
0, —ow=Zx<oo,
gw(x)z{l, X=00.

We denote the d.f of a real random variable (r.v.) X either by Fy or by
af (X).

The key to our development is the notion of a copula, first introduced by
A. Sklar in 1959 [7] (see also [6], Chap. 6).

Definition 2.1. A (two-dimensional) copula is a mapping C from the unit square

[0, 1] x [0, 1] onto the unit interval [0, 1] satisfying the conditions:

(@ C(a,0)=C(0,a)=0and C(a, )=C(1, a)=aq, for all ain [0, 1].

(b) C(a,, by)—C(ay, by)—Cl(a,, b))+ Cla,, b))=0, for all a,, a,, by, b, in [0, 1]
such that a; <a,, b, <b,.

1t is readily verified that any copula C is non-decreasing in each place,
is continuous, and satisfies

W(a, b)=C(a,b)=M(a,b), (2.4)
for all (a, b) in [0, 1] x [0, 1], where W and M are the copulas given by

W(a,b)=Max (a+b—1,0), (2.5)
M (a, b)=Min (a, b). (2.6)

Henceforth we denote the set of all copulas by €.
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Copulas were so-named because they link multidimensional d.f’s to their
one-dimensional margins. They therefore provide a natural setting for the study
of questions dealing with properties of d.f’s with fixed margins (the present
paper being a case in point). The exact connection is given by the following .
basic result, due to A. Sklar [7] (see also [5]).

Theorem 2.1. Let H be a two-dimensional d.f. with margins F and G. Then there

is a copula C such that
H(u, v)=C(F(u), G(v)), 2.7

for all u,v in R. In the other direction, for any F, G in A and any copula C,
the function H defined by (2.7) is a two-dimensional d.f. with margins F and G.

If F and G are continuous on [ — o, co], then C is unique; otherwise, C
is uniquely determined on (Ran F) x (Ran G).

If X and Y are real r.v.s with df (X)=F, df(Y)=G and joint d.f. H, then
we call any copula C that satisfies (2.7) an X Y-copula. Thus, for example, X
and Y are independent if and only if IT is an X Y-copula, where

H(a,b)=ab. (2.8)

Note also that combining (2.4) and (2.7) yields the familiar Fréchet bounds
for H.
Now, for any C in 4 and any F, G in 4, let o¢(F, G) be the function in
A defined by
oc(F, G)(—0)=0, oac(F,G)(c0)=1.
and
6c(F, G)(x)= [| dC(F(u),G(), for —oo<x<co. (2.9)

utv<x

It is well-known that if X and Y are r.v.s with df(X)=F, df (Y)=G, and if
C is an X Y-copula, then
df (X +Y)=0.(F, G). (2.10)

Thus, for fixed F, G in A, the sets

{oc(F,G)|C in %}
and
{df(X+Y)|df (X)=F,df (Y)=G}

are coextensive; and, clearly, for any fixed C in %, o is a binary operation
on 4.

In order to obtain bounds on o, we need to introduce two additional
families of binary operations on A. These are the families 7. and pc which,
for any C in &, are defined for all F, G in 4 and x in [ — o0, c0] via

1c(F, G)(x)= sup C(I'(u), G(v)) (2.11)
and utv=x
pc(F,G)(x)= inf C(F(u), G(v)), (2.12)

utv=x



202 M.J. Frank et al.

respectively, where
C(a,b)y=a+b—C(a,b). (2.13)

The operations o, 7¢, pc have been studied extensively (see [6] for details
and references to the literature). For our immediate purposes we need the fact
that for any copula C,

TwSTcS0cSPc=Pws (2.14)

where each inequality holds for all F, G in 4 and all x in [ —oc0, oo]. These
inequalities were established in [4] (see also [6], Theorem 7.55) for d.f’s having
the value 0 at x=0. The elementary arguments given there extend without
difficulty to all of 4, since (2.4) and Fig. 1 make it clear that, for any given
copula C and any pair of points (u,, v,), (u,, U,) on the line u+v=x, we have

W (F (u1), Go)) S C(F (uy), G(vy)) = || dC(F (u), G(v)
A
Zac(F, G)(x)= ff dC(F (u), G(v))

=F(uy)+ G(v2)— C(F(uy), G(vy))
= C(F(u2), G(v2)) S W(F (1), G(v)).

N\ Complement
N of B

Fig. 1

3. Bounds for df ( X+ Y)

From (2.10) and (2.14), we immediately obtain
Theorem 3.1. Let X and Y be r.v.’s with d.f’s Fy and Fy, respectively. Then

Ty (Fy, F) Sdf (X + Y) S py (Fx, Fy). (3.1)
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In other words, the functions F and F in (1.1) and (1.2) are given, respectively,
by .
F=1y(Fy, Fy) and F=py(F, F).

In [3] Makarov obtains (3.1), not directly in terms of the d.f’s involved,
but rather in terms of their quasi-inverses. The left-continuous quasi-inverse
of any d.f. F in 4 is the function F* defined on [0, 17 by

F*(a)=inf {x| F(x)=a}.

The transition from our formulation to Makarov’s, and vice versa, is an immedi-
ate consequence of a basic duality theorem which was established in [2] (see
also [6], Sect. 7.7]). In the special case of the operations 7, and py, this theorem

states that
w(F, G)*(@= inf [F*(s)+G*(t)]
W(s,t)=a
and
pw(F, G)*(a)= sup [F*(s)+G*(1)].

Wis,1)=a
Thus (3.1) is equivalent to

inf [F()+KOI=[df(X+Y)]*(@)= sup [Ff(s)+F ()]

W(s.t)=a Ws,t)=a

which, apart from a slight difference in notation, is Makarov’s result.
Next, a straightforward extension of the argument used to establish Corollary
2 of Theorem 9 in [4] yields the fact that

O-C(F’ G):TW(F'J G)
if and only if F =e¢, for some a> — o0 or G=g, for some b> — o0 ; and similarly
O-C(F7 G):pW(F> G)

under the same conditions. From this it follows that, viewed as an inequality
among all functions in 4, (3.1) cannot be improved. But more is true: (3.1)
cannot be improved for any pair of functions in 4, i.e., the bounds are pointwise
best-possible. More preciscly, we have

Theorem 3.2. Let F and G be any d.f’s in A and x any point in (— oo, 00). Then:
(1) There exists a copula C,, dependent only on the value t of ty (F, G) at
x, such that
oc (F, G)(x)=1y (F, G)(x)=t. (3.2)
(i1) There exists a copula C,, dependent only on the value r of py (F, G)(x+),
such that
oc,(F, G)(x+)=pw(F,G)(x+)=r (3.3)

Proof. For the given x, let A, and B, be the regions of the extended plane
above and below the line u+v=x, i.e., let
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A, ={(u, v)|u+v>x}
and
B,={(u, v)|lu+v<x}.

To establish (i), we will show that if C, is the copula defined by

C.a, b):{Max (a+b—1,1), (ab)in [t,1]x[t 1], 64

Mi(a, b), otherwise,

then o, (F, G)(x)=t. To this end, first note that if 7, (F, G)(x)=1 then, in view
of (2.14), 6¢(F, G)(x)=1 for any copula C. Thus it suffices to show that for
0=5t<«],

¢, (F, G)(x)= [f dC,(F (u), G) <t. (3.5)

By

For any (u, v) in B, the closure of B,, we have
W(F W), Gu) Stw(F, Gu+v)stw(F, G)(x)=t,
so that F(u)+ G(v)—1<t. Consequently,
C.(F (1), G(v))=Min (F(u), G(v), 1), for (u,v) in B,. (3.6)

In particular, Co(F (), G(v))=0 for all (4, v) in B,, whence a¢ (F, G)(x)=0, so
that (3.2) holds for ¢t =0.
Now suppose 0<t<1, and let

uo=sup {u|(F(u)<t}.

Since lim F(u)=0, we have uy> —oo. If uy=00, then F{u)j<rt for all finite
u. But since lim G(u)=0, there is a finite ¥’ such that G(x—wu)<1. Thus, for
su h
Ui, wehave F(W)+ G(x—u)—1 < FW) <F)<t,
and for u=u', we have
Fu)+G(x—w—12t+G(x—u)—1<t.

Thus 1t (F, G)(x)=Max (F(u), t + G(x—u)—1)<t, which is a contradiction.
Consequently, u, is finite.

Next, we show that G(v)=¢ whenever v>x—u,. Suppose, to the contrary,
that there exists a v'>x—u, such that G(v)<t. Since x—1v'<u,, we have
F(x—v)<t Thus, forusx—v,

F+Gx—uw—12Fu)=F(x—v)<t,
and foru=x—v/,

Fu)+Gx—uw)—1=2G(x—u)SG@)<t,

and again, 7y (F, G)(x)<t, which is a contradiction.
It follows that F{u)<t for u<u,, whence by left-continuity F(u,)<t; that
F(u)=t for u>uy; and that G(v)=t for v>x—u,. Combining these facts with
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(3.4) yields (see Fig. 2) that for (u, v) in B,

F(u), U<y, V>X—Ug,
C,(F(u), G(v))={Min (F(w), G(v)), u=Zuy, v<x—1up, 3.7)
Min (G(v), 1), u>ug.

—_——

Min [G(v), t]

To evaluate ¢, (F, G)(x), choose >0; let R;, R;, R; be the rectangles given

by
Ry =[—00, uy—6]x[vy,v0+9],

Ry =[~00,uq] x[—00,v0],
Ri=[uo,uo+0] x[—o0,v,—0];
let R,, Rs be the sectors given by
R,=B.n{(u,v)|v>v,+6},
Rs=B.n{(u,v)|u>uy+5};

and, for k=1,2, ..., 5, let I(R,) denote the contribution of the region R, to
the integral in (3.5). Then, using (3.7) (again see Fig. 2), we obtain
I(Ry)=F (uo — 6)—Min (F(uo— ), G(vo)),
I(R5)=Min (F (uo), G (vo)),
I(R3)=Min (G (ve— ), t)— Min (F(u,), G(ve — ),
I(R4)=1(Rs)=0.

Hence, since F and G are left-continuous and F(uy)<1, we have
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oc,(F, G)(x)=lm[I(R)+I(R,)+I(R;)]

slo
= F(uo)+Min (G (vo), t) — Min (F (o), G(vo))
(t, if G(vo)>t,
- {Max (F(uo), Gwo) =t,  if G(ve)=t,

and (3.5) holds. This proves (i).

Note. When F is continuous, the above argument simplifies and, in particular,
in this case I(R;)=I(R5)=0.
To establish (ii), we will show that if C, is the copula defined by

Max(a+b—r,0), (a,b) in [0,r]x[O0,r],

Cr (a: b) == {M (a’ b), otherWiSG,

(3.8)

then o¢ (F, G)(x+)=r. Again, first note that if py(F, G)(x+)=0 then, since
0=0c(F, ) (x+8) = pw(F, G)(x+0) for any C in ¥ and any 6>0, we have
oc, (F, G)(x+)=0. Thus, in view of (2.14), it suffices to show that for 0<r <1,

o¢, (F, G)(x+2d0)zr, forall 6>0.
For any (4, v) in A,, we have
W(F (), G) 2 pw(F, G)(u+0v)Z pw(F, G)(x+)=r>0, (3.9)

so that, since W(a, b)=Min (a+b, 1), we have F(u)+ G(v)—r=0. Consequently,
for (u, v)in A,,,
C,(F(uw), G(v))=Min (F (u), G(v), F{u)+ G(v)—r). (3.10)
If r=1, then C,(F(u), Gw)=F(u)+G()—1=0, for all (u,v) in A,. Since
both F and G are non-defective at — oo, it follows that they, and consequently
oc,(F, G), are also non-defective at co. Thus, for any 6> 0,

oc,(F, G)(x+8)=1— [[ dC,(Fw), G). (3.11)

Ax+s

But the contribution to the integral in (3.11) from any rectangle whose vertices
are in A4, is identically 0. Hence o¢, (F, G)(x+)=1=p¢,(F, G)(x+).
Now suppose O0<r< 1, and let.

uo=1nf {u| F (u)>r}.

Then arguments entirely similar to those used to establish (i) yield that u, is
finite, that G(v) =r whenever v <X —ug, that F(u)>r for u>u,, and that F(u)<r
for u<u,. Thus, using (3.10), for (u, v) in 4, we have

G(v), U>ug, VEX—Ug,
C,(F(u), G(v))= 4 Min (F (u), G(v)), US> Uy, U>X—Ug, (3.12)
Min (F(u), Fu)+ G@w)—r), u=Zu,.

To evaluate g (F, G)(x+), choose 6 >0; let S, S,, S5 be the rectangles given
by
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Sl :[u07 u0+6] X [U0+65 (D]’
SZ:[uor«l—é, o] x [vg+9, o0],
S3=[uo+9, 0] x[vy, v5+0];

let S, and S5 be the sectors given by

Sa=Axr250 {1, v)[v>09+ 3},

SSZAx-%Zém{(ua U){u>u0+5};
and let
I(S)= {{ dC.(F (w), G(v)).
N

Then it follows from (3.12) that

HS ) =F(ug+8)— Fug)+Min (F(uy), Fug)+ Gl{oy+6)—r)
—Min (F(ug+9), G(vy +9)),

I(S5)=1—F(uy +0)— G + )+ Min (F(uo + 6), G{v,+9)),

1(S3) = G(vg + 8} —Min (F(uq + 3), G{vg + 8)),

I(S)=1(S5)=0.
Adding yields

I(A, ; 5) <1 —F(ug)+Min (F(uo), F(up)+ G(vg+0)—r)
—Min {F(ug+9), G(vg+ ).
Since F(uy+ 6)=r, we have that
[(Az120) é{i — ;l‘\’/ﬁn (Flug+8), Glog+ o) =1—r. g gizz i g;;:,

Consequently,
O-CV(Fa G)(X +25):I(BA+26): 1 _I(Zx+zé)Z’”,

which, on letting § decrease to 0, yields (3.3) and completes the proof of Theorem
3.2
We conclude this section with several remarks.

{1) The statement (ii) of Theorem 3.2 cannot be strengihened to o (F, G)(x)
= pw(F, G)(x), not even when py(F, G) is continuous at x. To see this, let F
be the uniform d.f. on [0, 1]. Then py(F, F)=F; but from (3.8} it follows that
for any x in (0, 1), C.(F(u), F(x—u))=0 for all u, whence o _(F, F){x)=0<x
=pw(F, F)(x)=pw(F, F)(x+).

{2) The crucial property of the copula C, which is used in the proof of (i) is
the fact that when a+b— 1=t, then C,, considered as a joint d.f., assigns the
mass ¢t to any rectangle of the form [0, a] x [0, #]. It follows that C, is not
unique. For example, the copula C; defined by

ab/t, (a, b) in [0, ] x[0,t],
C/a,b), otherwise,

Ci{a, b)z{
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would do just as well; indeed, with C; the calculations that yield (3.2) remain
unchanged. Similar remarks apply to the copula C, used in the proof of (ii).

(3) The fact that the results of Theorem 3.2 are best-possible is closely related
to the fact that the binary operations 7, and p, are not derivable from any
binary operation on random variables, in the following sense: There are no
Borel-measurable functions § and y such that, for all pairs of random variables
X, Y defined on a common probability space, T (df(X), df (Y))=df (B(X, Y))
or pw(df (X), df (Y))=df (y(X, Y)) (see [5] and [6], Sect. 7.6).

4. Examples
In a number of cases of special interest, the bounds for df (X +Y) given in
(3.1) can be determined explicitly.

(1) For —wo<r<s<om, let U, denote the uniform distribution on [r, s], i.e.,

let
0 t<r,

[]rs(t)z (t—r)/(s—r): rétés,
1, s<t.

Then, as shown by C. Alsina in [1],

T (U Ung) ()= UMin(a+d,b+c),b+d7
and

pw (U Upg)(x)= Ua+c,Max(a+d,b+c)-

(2) For any 6>0, let E, denote the exponential d.f. with parameter 6, i.e., let

0, x <0,
Eel=91 gm0 20,

Then, using the method of Lagrange multipliers to determine the extrema of
E,(u)+ E;(v) under the constraint u+v=x, we find that

TW(Ezz’ EB)(X)zEa+ﬁ(x_k)a
where k= (a+ ) log (a+ f)— o log a— f log 5, and that
pw(E,, Ep) (x)= EMax(a, ) (x).

(3) Let N, denote the normal d.f. with mean y; and variance o7, i.e., let

Ni(x>=d>(x““i),

i

where

t
&(t)= [ e s2ds.

NI
=
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Then, after some calculations similar to but more involved than those in (2),
we find:

() If 62 =03 =02, then

0, X=pyt g,
Tw{Ny, Np) (%)= o
2¢<x—%‘ﬁ>—1, XZ U+,

and
X— g — Hs
2 —————), x=ptp,
pw(Ny, o) (x) = ( 20 ) P
L XZ g+ o

(i) If 6203, then

—018S—0,t 0,8—dqt
rW(NI,NZ)(x):@< 012—022 >+<p( = )—1,

2 1 -

o5—071
and

—0‘1S+O'2t) (azs—f-olt)
2= 0% "

oy, M= (5 o (T
where s=x—pu, —p, and t=[s2+2(c3 —o?) log (0,/0,)]">

(4) Let A; denote the Cauchy distribution with location parameter o; and scale
parameter f3;, ie., let

1 1 —a
Ai(x)=-2—+;arctan (x 'B.a‘>.

Then calculations similar to those in (3) yield:
(1) If B, =B, =p, then

O, x§a1+a23
Tw(dy, 45)(x)= 2 X —ty— 0y
;arctan(T>, X>0y +0,,
and
1+2arct (xaal‘az) <u,+
— an|———), x=oq+a,,
pw(d;, 4)(x)= g4 2p ! g
1, X> 0 0.

() If B, £ 8,, then

Ty (Ay, A)(%) zé[arctan (—TSJ;F—[;J) rarctan (;_—ﬁ B[)]

and
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pw(dy, A)(x)=1 —i—% [arctan (;ﬁj—:%{) +arctan (;j_ﬂ;gf)]

where s=x—o; —a, and t={[s>— (B, — ) (B3 —BD]1/B: B} ">

5. Extensions

Let & be the class of all functions L from [ — o0, c0] x [— 00, co] onto [ — ¢o, 0]
that are non-decreasing in each place and continuous, except possibly at the
points (o0, — o) and (— o0, o).

The basic operations 7., p¢ and o may be extended in the sense that the
operation of addition which appears in (2.9), (2.11) and (2.12) may be replaced
by any L in &. (See [4] and [6], Chap. 7.) This yields new families of binary
operations t¢, ., pc,z and 6¢ . on A, which are defined via

T, (F, G)(x)= sup C(F(u), G(v)),

Lu,v)=x
pc.o(F, G)(x)=inf C(F(u), G(v)),
Lu,v)=x
and
oc,(F, G)x)=[[ dC(F(u), GW)).

Lu,v)<x

Again, if X and Y are r.v’s with df’s F; and Fy, respectively, and if C is
an X Y-copula, then L(X, Y) is also a r.v. and

df (L(X, Y))=oc, L(Fx, Fy).
Furthermore, the basic inequality (2.14) immediately extends to

Tw, L. =Tc, S0, 1S Pc, LS Pw, s (5.1
and thus we have

Theorem 5.1. Let X and Y be r.v.’s with df’s Fy and Fy, respectively. Then, for

any L in &,
TW,L(FX, Fy)sdf(L(X, Y))_S_pW,L(FXs Fy). (5.2)

The bounds in (5.2) are best-possible in the sense that equality holds through-
out (5.2) whenever one of Fy, Fy is a unit step function. Whether or not they
are pointwise best-possible remains to be determined.

When [0, o] is closed under L, then (5.2) is an inequality for non-negative
r.v.’s (more precisely, for d.f’s whose support is [0, co]). In particular, if
P(x, y)=xy we have that

T, p(Fx, ) = af ( XY)= Pw, p(Fx, Fy).

for any pair of non-negative r.v.’s X and Y.
The basic inequality (3.1) admits a simple extension to sums of any finite
number of r.v.’s. From (3.1) and the fact that 7,4 and py preserve the ordering
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(2.2) of 4, we have

T (Tw (Fys 1), F) 1w (Fx v, F) SRy vy 22 pw Py vs F) S pw(pw (Fe, 1), 1),

for any r.v.’s X, Y, Z; and similarly,

Tw(Fy, tw(Fy, Fz))éFX+(Y+Z)§PW(FXa pw(Fy, F7)).

In view of the fact that the operations ty and py are associative ([6], Chap.
7], we may write

Tw(Fy, Fy, ) Sdf (X + Y+ Z)Spy (Fy, Iy, Fy)

and, more generally,

Tw (FX,; cees Fx")édf( 2 Xk)épw (Fx,’ s Fxn),
k=1
foranyrv.’s X,, ..., X,.
Finally, upon replacing addition by any associative L in ., the above argu-
ment yields

TW,L(FX“ -~-:Fxn)§df[L(X1» ey Xn)]§PW,L(FX1: "'7FX,,)'
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