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Summary. We prove an estimate for the Prohorov-distance in the central
limit theorem for strong mixing Banach space valued random variables.
Using a recent variant of an approximation theorem of Berkes and Philipp
(1979) we obtain as a corollary a strong invariance principle for absolutely
regular sequences with error term ¢*~7. For strong mixing sequences we
prove a strong invariance principle with error term o((tloglogt)?).

1. Introduction

In a recent paper Kuelbs and Philipp (1980) proved several almost sure
invariance principles for sums of ¢-mixing random variables with values in a
separable Banach space. As remarked in a paper of Dehling and Philipp (1982)
[6] their theorems hold even for partial sums of absolutely regular sequences.
One of the purposes of this paper is to improve some of the results of Kuelbs
and Philipp (1980) even further by using a different approach, We establish
first estimates for the Prohorov distance in the central limit theorem for strong
mixing B-valued random variables. These results, which may be of independent
interest, together with a recent variant (see [6]) of an approximation theorem
of Berkes and Philipp (1979), vield then almost sure invariance principles.

First we introduce some notation. Throughout the paper B denotes a real
separable Banach space. Let {X , v=1} be a sequence of B-valued random
variables and denote by 9’ the o-field generated by the random variables
X Xoito Xy

i) {X,, v=1} is said to satisfy a strong mixing condition if there exists a
sequence of real numbers o(n)| 0 such that

|P(A ~B)~ P(A) P(B)| < a(n) (L1)
for all AeM* and BeMP,, and all k,n=>1.

k+n
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394 H. Dehling

ii) {X,,v=1} is called absolutely regular if for some B(n)]0
E sup [P(A[M)—P(A)| < B(n) (1.2)

ATy .
for all k,n=>1.

iii) {X,,v=1} is called ¢-mixing if for some ¢(n)|0
|P(A "~ B) — P(4) P(B)| < ¢ (n) P(A) (1.3)
for all AeM}, BeM® , and k,n=1.

k+n
It is well known that ¢-mixing implies absolutely regular which in turn

implies strong mixing. Moreover «, § and ¢ can be chosen in such a way that

a(n) =) = ¢ (n). (1.4)

On the other hand there exist examples of stationary sequences that are strong
mixing but not absolutely regular and there exist examples that are absolutely
regular but not ¢-mixing. For a detailed investigation of these properties for
stationary Gaussian processes see Ibragimov and Rozanov (1977). From their
results it is also easy to derive the examples mentioned above. We denote the
space of all probability measures on B by .#(B). If u, ve.#{(B), their Prohorov-
distance is defined by

w(p, v)=1inf{e>0|u(4) £ v(A4%+¢ for all closed sets A =B}

where A*={xeB|jjx—A|| <e}.

A measure p on B is called Gaussian, if gof ~' is a normal distribution on
the real line for all feB*, the topological dual space of B. It is well-known that
cach Gaussian measure is completely determined by its mean and its co-
variance function T which is defined by

T(f,e)=[f(xgx)du(x), fgeB*.

We denote therefore the Gaussian measure with mean g and covariance opera-
tor T by N(a, T).

B-valued Brownian motion is defined in exactly the same way as Brownian
motion on the real line. It is well-known that for each mean zero Gaussian
measure 4 on B there exists B-valued Brownian motion such that X(1) has
distribution p.

Theorem A, Let {B,,m,,k=1} be a sequence of Polish spaces. Let B, denote the
Borel field of B,, let {X,,k=1} be a sequence of random variables with values
in B, and let §, be a non-decreasing sequence of o-fields such that X, is &,
measurable. Suppose that for some sequence {f,,k=1} of non-negative numbers

E sup |P(X,c Al §,_,) ~ P(X,e A)| <5, (1.5)

for all k=1. Denote by F, the distribution of X, and let {G,k=1} be a
sequence of distributions on B, such that

F(AZ£G(A")+0, forall AeB,. (1.6)



Weakly Dependent B-valued Random Variables 395

Here p, and o, are non-negative numbers and A*=|){y:myx,y)<e}. Then

xeA

without changing its distribution we can redefine the sequence {X,,kz1} on a
richer probability space on which there exists a sequence {Y,, k=1} of inde-
pendent random variables Y, with distribution G, such that for all k=1

P{m(X,, Y)Z 28,2+ p)} £2(8, +0). (1.7)

The proof of Theorem A can be found in Dehling and Philipp (1982). It is
practically the same as the proof of similar approximation theorems of Berkes
and Philipp (1979) and Philipp (1979).

In order to prove estimates for the Prohorov distance in the central limit
theorem we need the following Theorem of Yurinskii (1977).

TheoremB. Let X,,X,,..., X, be independent R%valued random variables with

n
EX,=0, E|X,||® <o0. Denote the distribution of n="2 %" X, by u, and let v, be
i=1
the Gaussian measure with mean zero and same covariance as p,. Then:

Tty v,) Scd py*n=V3(1 + [log(p, n~ /2 d= 1)) (1.8)

n
where py=n="1 Y E|X,||? and c is an absolute constant.
i=1
Our first theorem is a partial generalization of Theorem B to weakly sta-
tionary strong mixing sequences of random variables with values in a finite-
dimensional Banach space B.
A sequence {X ,v=1} of B-valued random variables is called weakly sta-
tionary if

EfX,)gX,)=Ef(X,.)eX, ) forall nm=1, k=20, f,geB* (1.9)

Theorem 1. a) Let {&,,v=1} be a weakly stationary strong mixing sequence of
random variables with values in a d-dimensional Banach space B, centered at
expectations and with (2+06)-th moments uniformly bounded by p,,, where
0< 8 =2. Suppose that the mixing coefficients a(k) satisfy

ak) k=920 for some 0<e<1. (1.10)

Then the two series defining the covariance function T of the sequence {¢,,v=1}
which is defined by:

T(f,g)=Ef(§’1)g(§1)+ZEf(fl)g(ék)+kZZEf(€k)g(fl) fgeB* (111

kz2

converge absolutely. Moreover, there exist constants >0 and C, depending only
on &6 and the constant implied by < in (1.10), such that

7 (3 (n— 2y g); N(O, T)) <Cn=*d3(1+pl3,). (1.12)
=1
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In particular, if B is an inner product space, (1.12) can be replaced by:
. (g( -2 Z q), N(O, T)) < Cntd¥(1+pl3)) (L.13)

b) If the sequence {£,,v=1} is ¢-mixing with rate
d(k)<k=214+9  for some 0<e<]1. (1.14)

then the conclusions above remain valid. As a matter of fact we can replace
(1.12) and (1.13) by

T (,f (n‘”z y §j>; N(O, T)) SCn~Md*B3(1+p33, (1.15)
=1
and

n ($ (n“/z Y. &5 N, T)) SCnMdY3(1+py3, (1.16)
=1
respectively.

Remarks. As a matter of fact the calculations yield

o¢
=m 117
and
A1=(e0)/144. (1.18)

Theorem2. Let (X ;) be a weakly stationary strong mixing sequence of random
variables with values in the separable Banach space B such thar EX;=0,
supE | X; |2+°<p,. ;<00 for some 0<5<3% and suppose that the mixing coef

J
ficients satisfy (1.10).
Let Py be a sequence of bounded operators on B with N-dimensional range.
Assume that:

] a-+n

,l”_% Y (X;—RX)

j=a+1

2
E <N~  for some s>0 uniformly in a0, n=1,

(1.19)

and
[\ Byl = sup [Byx| < N"  for some r=0. (1.20)
[lxff =
Then the two series defining the covariance function of T, which is defined as in
(1.11), converge absolutely. Moreover N(0, T) exists and we have:

( ( _WZX) )<(1+Pi/35)n"‘ (1.21)

S )
where K=m and A as in (1.17).

The constant implied by < in (1.21) depends only on ¢, & and the constants
implied by < in (1.10), (1.19), (1.20).
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Moreover, the conslusions remain valid for ¢-mixing sequences satisfying
(1.14).

Using Theorem A we can easily obtain from Theorem2 the following al-
most sure invariance principle:

Theorem3. Let {X;,j=1} be a weakly stationary sequence of random variables

with values in the separable Banach space B such that EX;=0,

SUpE[| X ,|2*°<p, ;<o for some 0<5=3. Suppose that {X ;j=1} is either ¢-
Jj

mixing with mixing rate (1.14) or absolutely regular with mixing rate

Blk) <k~ (190210 for some £>0. (1.22)

Let By be as in Theorem?2. Then we can redefine the sequence {X;,jz1} on a
new probability space together with Brownian motion X(t) with covariance struc-
ture T such that :

IS X,—X (@) <tV?=7  for some y>0.

j=st

Note that, although we have an estimate for the Prohorov-distance in the
central limit theorem for strong mixing sequences, we are not able to prove an
invariance principle as in Theorem 3 for this case. This is due to the fact that
Theorem A does not hold for strong mixing sequences. But a “good” estimate
for the speed of convergence in the central limit theorem together with a
maximal inequality always imply the law of the iterated logarithm. This on the
other hand, implies an almost sure invariance principle with error term
o(tloglogt)!/?, as was remarked in Dehling and Philipp (1982).

Theoremd. Let {X;,j=1} be a weakly stationary strong mixing sequence of

random variables with values in the separable Banach space B such that EX ;=0,

sup E||X,|>7° < o for some 0< 6 =% and suppose that the mixing coefficients o(k)
Jj

satisfy
a(k) <k=C+a+20 for some &> 0. (1.23)

Let Py be a sequence of bounded operators on B with N-dimensional range and
assume that (1.20) holds and that

E[n='?Y (X, —BX)II* <(logN)=3*  for some o> 1. (1.24)
Jj=n
Then we can redefine the sequence {X;,j=1} on a new probability space together
with Brownian motion X (t) with covariance structure T such that

1Y, X, —X(t)| =o(tloglog®)'%.
ist
Remark. For Hilbert space valued random variables this theorem was proved

in [6] under much less restrictive assumptions, namely without (1.24) and with
(1.23) replaced by (1.10).
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If the random variables have values in the separable Hilbert space H, then
Theorem 2 and 3 assume a simpler form.

Let {X;,jz1} be a strictly stationary sequence of H-valued random vari-
ables centered at expectations and with finite (24 0)-th moments. Suppose that
{X;, j=1} is either ¢-mixing with mixing rate (1.14) or absolutely regular with
mixing rate (1.22). As a consequence of Theorem8 and 9 in these cases the
Gaussian measure N(0, T) exists, where T is defined as in (1.11).

It is well known that T can be regarded as an element of B(H, H), the space
of bounded linear operators from H into itself. Moreover T is compact,
selfadjoint and has finite trace. Hence there exists an orthonormal basis (2;) of
eigenvectors of T with corresponding eigenvalues (4,) for H. Denote the system
consisting of those & with [0 by (e) and let (1) be the corresponding
eigenvalues. Then every xeH can be written as:

x= Z (x,e)e;+ L(x)

where L is the orthogonal projection from H onto the orthogonal complement
of the closed linear span of the e/’s.

The following corollary is an improvement of Corollary3 of Kuelbs and
Philipp (1980).

Corollary 1. Let {X;,j=1} be as above. Moreover suppose that with the e/s
defined as above we have in the ¢-mixing case

Y E(X,,e)*<N~* for some s>0 (1.25)

iZN

and in the absolutely regular case

(E(Y (X, e)?) P22 N=5  for some s>0. (1.25)

izN

2
Then (1.21) holds with K=3 > Moreover the conclusion of Theorem3 remains

valid. +2s

Of course the statements of Theorem 2 and 3 as well as Corollary 1 contain
central limit theorems for weakly stationary sequences. For strictly stationary
sequences {X;,j=1} with values in a separable Banach space we can prove
central limit theorems under much weaker conditions. If the sequence
{X;,j=1} is ¢-mixing, we need only finite second moments and that the
mixing coefficients ¢ (k) satisfy:

Y k)< 0. (1.26)

Kzt

If the sequence is strong mixing, we need still finite (2+9)-th moments, but
(1.10) can be replaced by

Y (k)P +9 < oo, (1.27)

kz1
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In the special case where B is a separable Hilbert space our theorems general-
ize theorems of Ibragimov (1962).

Theorems 2, 3 and 4 will be applied to an example that was already treated
before by Kaufman and Philipp (1978) and Kuelbs and Philipp (1980).

Let x>1/2 and define

Aﬁ{fec[O, 111 /) =fWIslx =yl x,ye[0,1],  f(0)=f(1), gfdx:o}

(1.28)

By Arzela-Ascoli’s theorem A, is a compact subset of C[0,1] and hence C(d,),
the class of all continuous real-valued functions on 4, is a separable Banach-
space with the usual sup-norm.

Now let {¢;,j=1} be a strictly stationary sequence of random variables
uniformly distributed over [0,1]. Moreover, assume that {&,,i=1} is either ¢-
mixing satisfying (1.14) or absolutely regular satisfying (1.22) or strong mixing
satisfying (1.10).

We define now random variables X ; with values in C(4,) in the same way
as Kuelbs and Philipp (1980).

X, N)=fE[w)). (1.29)

The following result is a partial improvement of Theorem 6 of Kuelbs and
Philipp (1980).

Theorem 5. Let X, be defined as in (1.29). Then there exists a Gaussian measure
uon C(A,) such that:

T (3 (n“”zZth);;O <n~*  for some k>0.
=
a) If {&;,j=1} is ¢-mixing or absolutely regular, we can redefine {X;,j=1} on a
new probability space together with C(A )-valued Brownian motion X(t) such that

IS X,—X@)| <tt=*  for some 1>0.

=t

b) If {¢;,j=1} is strong mixing satisfying (1.23), we can redefine {X;,j=1} on a
new probability space together with C(A,)-valued Brownian motion X(t) such that

| X, — X0l =o((tloglogt)''?).

jst

As a second example we shall consider C(S)-valued random variables. Let
(S,7) be a compact metric space and let C(S) be the set of all continuous real-
valued functions on S. C(S) equipped with the sup-norm is a separable Banach
space.

Since § is compact, there exists for every ¢>0 a finite number of &-balls
that cover S. Denote the minimal number by N(S, ). NS, ¢) is a non-increasing
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function and hence there exists a (not necessarily unique) inverse function g(x),
say.
Let {X;,j=1}={X(s),j=1} be a weakly stationary sequence of C(S)-valued
random variables centered at expectations and with (2+6)-th moments uni-
formly bounded by p,_ ;. Again suppose that {X ;» j21} is ¢-mixing or
absolutely regular with the usual mixing rates.

Let R,(s)= ) X (s) and suppose

JjEn

sup Esup {n~'|R(s) —R,(s)[*:1(s,s) e, s,5eS}Sule)|0 (1.30)

nz=z1

as ¢—0. Then the sequence {n~'?R,;n=1} is tight and hence with the usual
arguments one can show that {X,j=1} satisfies the central limit theorem. If,
moreover, uog(x) goes to zero fast enough as x—oc we can even improve this
and get the following result:

Theorem 6. With the notation as above assume

u(g(m)<n=* as n—oo  for some s>0. (1.31)

2s A
Then (1.21) holds with K=9 S and the conclusion of Theorem 3 remains valid.

+2s

Remark. In a forthcoming paper Marcus and Philipp (1982) prove similar
almost sure invariance principles, but only for independent random variables.

As a by-product of the proof of Theorem 1 we obtain the following result
which is useful in applications:

Theorem7. Let u and v be two Gaussian measures on R® with mean 0 and
covariance operators T and S. Then the following estimation for their Prohorov-
distance holds:

n(p, ) S CT=S]12d"°(1 +log(| T~ S| { ' d)'?) (1.32)

where C is an absolute constant.

Remark. In (1.32) 4|, denotes the trace class norm of A, which can be defined
for compact operators on a separable Hilbert-space H. The definition of || ||,
goes as follows: (for the details see Kuo (1975.)

A can be written in the form A=UT, where T is a positive compact
operator on H and U is an isometry mapping the range of T into H. Then

Al = ;ﬂn,

where the A’s are the ecigenvalues of T,
If 4 is also self-adjoint, there is a simpler representation of || 4|,.

Lemma 1.1. For a compact and self-adjoint operator A on H we have:
HAHIZS(uI)) Y. KAe,,e,0l, (1.33)
en) n=1

where the supremum is taken over all orthonormal bases (e,) of H.
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Proof. 1) If A is in addition positive definite, (1.33) trivially holds: In this case
we have for every complete orthonormal system (e,):

§1I<Aen=e,,>l= Y (Aeyed=Y d=lAl,
n= n=1 n=1

ii) In general, we have the following spectral representation of A:

Ax=Y Lix,eye,,
n=1

where the e.’s are the eigenvectors of A and the A’s are the corresponding
eigenvalues. We define:

AT()= ) L{xeve, A=) L Ax e e,
n=1 n=1

where A, =max(4,,0) and A, =max(—4,,0).

One can easily see that 4], = Z [, l=1A*],+]|lA"|, and hence:
1

n=

1A,= Y e T ey el

en) n=1

<sup ), {ATe,e,p+sup Y (A7 e,e,

(en) n=1 (en) n=1

=A%+ 147 =14l

which proves (1.33). []

Let us finally briefly indicate the contents of the various sections. Section 2
gives estimates for the Prohorov-distance of two Gaussian measures with
different covariances. Section3 contains lemmas on mixing random variables.
Most of them are known, but we list them for the sake of completeness.
Section4 gives central limit theorems, weak and distribution type invariance
principles for mixing sequences. In Sect.5 we prove Theorem 1, part (b), by
combining Theorem A and B. Since its proof does not work for strong mixing
sequences, we need a different proof for part (a) of Theorem 1, which we give in
Sect. 6. Section7 contains the proof of Theorem2, Sect.8 the proof of Theo-
rem 3 and Corollary 1. Theorem4 is proved in Sect.9 and in Sect. 10 and 11 we
treat the examples given in Theorem 5 and Theorem 6.

2. Estimates for the Prohorov-distance of Gaussian Measures

Later in this paper we shall often face the problem that we have to estimate
the Prohorov-distance of two mean zero Gaussian measures with known co-
variances. A first almost trivial, but nevertheless sometimes useful result in this
direction 1is
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Lemma2.1. Let X and Y be R%valued square integrable random variables with
mean zero. Then we have the following estimation for the Prohorov-distance of the
corresponding Gaussian measures:

n(N(0, cov X); N(O,cov Y) S(E| X ~ Y|/, (2.1)

Proof. We consider the random variable (X, Y) in R*. (X, Y) is square integra-
ble and hence there exists a Gaussian measure u on R?? with mean zero and
same covariance. Let Z be an IR?%-valued random variable with distribution u
and denote by pr, and pr, the projections of R*? on the first d and the last d
coordinates.

Then the r.v’s pr, Z, pr,Z, pr, Z-pr,Z have alle Gaussian distributions with
the same covariance as X, ¥, X - Y.

By Cebysev’s inequality and the fact that E|X|?=trace(covX) for any
mean-zero random variable X, we get:

n(N(0,cov X); N(O,cov Y))<(E|lpr,Z—pr, Z|H'?
=(trace(cov(pt, Z —pr, Z))'/?
=(EHX__ YHZ)IB. 0

Unfortunately, in most problems we know only the covariance matrix of the
Gaussian measures, but nothing about the I*-distance of related random vari-
ables. In order to obtain estimates for the Prohorov-distance in this case, we
shall first prove a general result about Gaussian measures in Banach spaces.
For this we recall the notion of differentiability of functions with domain
and range in a Banach space.
For two Banach spaces E, F we define:

L(E,Fy={¢:E— F|¢ is bounded and linear}.

A function f: E—F is said to be differentiable at the point x,€E, if there exists
a ¢eL(E, F), such that:

lim I f(xo+h)~f(x0)— P (h)l _0.
B0 (Al

In this case we define the derivative D, f of f at x, to be ¢. In the same way
we can define higher derivatives of f, which we denote by D’ f. For fixed xeE
the n-th derivative D"f is an element of L(E,...,E;F), the space of all con-
tinuous n-linear functions from E x ... X E into F. (See also Cartan (1971).)

For n-times differentiable functions f: E—R an analogue of Taylor’s theo-
rem is valid.

Lemma2.2. Let f:E—RR be n times differentiable and let x,heE. Then

D=1 f(h,...,h)+R(x,h,f)
2.2)

1
flet b= 10) + D)+ 5 DL W) oot
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where 1
R,(x, h,f)él—ﬁsgp DL S A

For the proof of this lemma see Cartan (1971), Theorem 5.6.2.

We can now prove a result about the difference of the integrals of certain
functions with respect to two Gaussian measures, which will be a key in the
proof of Theorem 7.

Proposition2.1. Let E be a separable Banach space and let f:E—IR be a three
times differentiable function with bounded third derivative. If p and v are Gauss-
sian measures on E with mean zero, we have:

Iifdﬂ—ifdwé%sugliDif(y,y)d(uﬂ)(y)l- (2.3)

Proof. We shall prove this theorem by using the so-called operator mecthod,
due to Trotter (1959). Let u be a probability measure on E; we define an
operator W, on Cp, the class of all bounded real-valued equicontinuous func-
tions on E, in the following way:

Wuf(X)=I§5f(x+y) du(y).

If o pqy .oy iy Vs ¥y, ..., v, are probability measures on E, the following facts are
easily proved:

) W, feC);  IW,I=1,
i) W,,,=W,o W, (2.4)

nEy

i) W, f = Wi SIS 3 W, =W, S

Now let § and T be the covariance operators for the Gaussian measures y
and v. We define:

w,=N(@O0,n"'S), v,=N(@O,n 'T). 2.5)
Hence:
U=U % k[, V=V k. kY, (2.6)

n

Using (2.4) and (2.6) we conclude:
1§ fG)dpx)—[ f(x)dv(x)| =W, f(0) =W, f(O)]
SIWS=W Sl EnllW, f=W, fl. 2.7)
By definition we have

W, =W, [l =s1ip|jf(x+y) d(p, =)y (2.8)

We fix xeE, and using the Taylor-expansion of f about x and the linearity of
D, we get:

Ff(x+y)du,—v,) ) =[ f(x)+ D, f()+5D2 f(y, )+ Ra(x, y, f) A, — v,) ()
=3 D f(, ) d(p,~v,) )+ [Ry(x, 3, /) A, —v,)»).  (29)
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By (2.5) and bilinearity of D? f we have then:

D215, y)d(ty~)0) = ] D2 (3. A=) 210
From (2.2) we get:
I R3(x, . ) dlp, =)W S55up DS § ¥ Ao, +9,)0)
~&sup 12712 [y dlu+v))
_Cn-an | @.11)

where C is independent of n. Combining (2.7), (2.8), (2.9), (2.10) and (2.11) we
obtain:

1§ fX)du(x)= [ f () dvx)l=zsup | DZ f(y, ) d(u—v)(y)I+ Cn~ 2

Passing to the limit finally yields (2.3). [

The usefulness of Proposition2.1 lies in the fact that, at least in Euclidean
spaces, the right side of 2.3 can be estimated in terms of the covariance
operators of u and v:

In what follows let E be the d-dim Euclidean space IR%. By Schwartz’s
theorem we know that D?f is symmetric, hence applying the principal axis
theorem gives us the existence of an orthonormal basis e}, ...,e} for R? such
that:

d
DI f(n,y)= 3 Ay, e
i=1

where 17 are the eigenvalues for D2f. So if T and S are the covariance-
operators for the Gaussian measures p and v, we get using (2.3) and (1.33):

d
lffdu~§deI§%Sgp .;M?‘ 1(T—=S)e7; )l

<gsup |DZSIIT=S),.

We summarize this result and get:

Corollary 2.1. If in Proposition 2.1 E is replaced by R? and T and S are the
covariance-operators of y and v, then we have:

lﬂgdfdu—ngdfdﬂé%jllﬂgfll)ifll IT—S];. (2.12)

In order to obtain an estimate for the Prohorov-distance of x4 and v we will
apply Corollary 2.1. to the smooth “indicators” of sets, as defined by Yurinskii
(1977).
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Lemma 2.3. Let AcR® be a closed set, then for any e€(0,1) there exists a three
times continuously differentiable function ¢(x), such that:

0=¢(x)=1

o(x)=1-2¢& for xed (2.13)
1 1/2

G(x)=2¢ for xeRNA® where ¢, =4¢ (log~) d'’? +4ed?,
3

IDipl <26=%d—"12
ID}plse=2d1? (2.14)
ID ¢l e td~ Y2
Proof. All the statements of the lemma except the last two inequalities are
proved in Yurinskii (1977), Lemmad4, thus we only have to estimate |D2¢|

and [ D, |l
Recall from Yurinskii (1977)

B09= [ Px+2)5(2)dz

(z,2)

2)-dr2 exp(—;z—) and where ¢ is a.e. differentiable with
£

where g(z)=(2ne
(D p) £a="e ",
As is proved in Yurinskii (1977), we have
D pw=[D,,  dWg(2)dz (2.15)
D$(u,v)=—[D.du)D,_,g(v)dz. (2.16)
Using (2.15) we get the last inequality in (2.14). Using (2.16) and the fact that

L
D,g= —;zg(Z)-z

we get

ID?p(u, )| <[ 1D, $(u)| dz

< fujd=2" 62 [ (2, 0)| g (2) dz
< [l d= 263 (2, 1) g (2) d2) 2
= fulld= 7232 of12) 112

=lullflvjd=""2e=2 O

8—12«(2 —x,0)g(z—x)

The following almost trivial lemma enables us to prove Theorem 7.
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Lemma24. Let p, v be two Borel measures on R, AcR?® a Borel set. If
¢:R?*—-[0,1] is a measurable function such that:

Pp(x)z=1—-2¢ for xeA,
d(x)<2¢ for xeR%/A%

then p(A)=v(A*)+4e+6
where 6:=|{ pd(u—v)|.

Proof of Theorem7. Take e¢=|T—S||1’*d='/* and observe that in case £x1,
(1.32) is trivially valid. Thus we can assume without loss generality e< 1.
Let ¢ be as in Lemma 2.3, By (2.12) and (2.14)

fpdu—fddvi<ie—2d= "2 T3],
=3d"°| T-5|}".
Then we get by Lemma 2.4:
(V) S4 | T—S|13d="3d > (log (| T— S| 2 d V)2 +4| T—5| 12 d "
HAIT=SIF2d= 1 4340 TS}

1/2)

3. Some Lemmas on Mixing and Absolutely Regular Random Variables

Lemma 3.1. Let § and ® be two o-fields. Define
(&, ®)=sup |P(A " B)— P(4) P(B)|

< C| TS| 13416 (1+ log

I'T—S14

the supremum being extended over all Ac§ and Be®. Let & and n be random
variables with values in a separable Hilbert space H measurable § and ®
respectively. If & and n are essentially bounded then

\EC,m)—(ESEn =10(F, ©) [ £, 11 - (3.1)

Here ||-||,, denotes the essential supremum with respect to H. Moreover, let
rs,t>1 with r=t4s 4+t~ =1. If ¢ and n have finite r-th and s-th moments
respectively then

B, )~ (EE En S 157§, G) &l [nll,. (3.2)

For real-valued random variables (3.1) is due to Volkonskii and Rozanov
(1959) with 10 replaced by 4 and (3.2) is due to Davydov (1970). The proof of
Lemma 3.1 in the general case was given by Dehling and Philipp (1982).

Lemma3.2. Let {¢,,v=1} be a weakly stationary sequence of H-valued random
variables centered at expectations and with (2+ 6)-th moments uniformly bounded
where 0<d< 1. If {&,,v=1} satisfies a strong mixing condition with mixing rate
(1.27), then

2=<72n+0(n) (3.3)

a+n

> &

v=a+1

E
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and in fact
a+n 2
E| Y &l sn(1+ Y (OC(J'))5/(2+5)SUE1’ 35 (34)
v=a+1 jiz1 vz
where

o?=E[& 7 +2 ), (&)

v=2
For a proof of this see e.g. the proof of Lemma 2.3 in [14].
Remark. (3.4) holds without the assumption of weak stationarity.

Lemma3.3. Let {£,,v=1} be a sequence of random variables with values in a
separable Banach space satisfying a strong mixing condition (1.1) with mixing
rate

a(k) <k~ 101 +20 for <e<]. (3.5
Suppose that their (2+ 8)-th moments are uniformly bounded by b, where 0<d<1
and that for some g <0

2
<e¢*n forall a=0, n=1. (3.6)

a+n

P

v=a+1

Then for all a=0 and all 00 <e6/3

E

2+a
1+a/2(, 2+a 2+ay2+8)-1
<n (¢***+b )

a+t+n

PR

v=a+1

E

where the constant implied by < only depends on ¢,§ and the constant implied by
< in (3.5).

In the real-valued case Lemma3.3 is due to Sotres and Malay Ghosh
(1977). But as was already remarked in Dehling and Philipp (1982) their proof
still works for B-valued random variables.

For ¢-mixing sequences the three lemmas stated above can be strengthened
considerably.

Lemma 3.4. Let § and G be two o-fields and define
(&, ®)=sup|P(B|A)— P(B)|

the supremum being extended over all AcF and Be®. Let & and n be random
variables with values in a separable Hilbert space H measurable § and &
respectively. If p,q=1 satisfy p~t+q~'=1 and if ¢ and n have finite p-th and
q-th moments respectively then

[EE,m) —(ESEMIS2677(F, 6) &, Inll,. (3.7)

The proof of this lemma can be found for real-valued random variables in
Billingsley (1968), p. 170, but his proof works also for H-valued random
variables. The same is true for the following lemma.
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Lemma3.5. Let {¢,v=1} be a weakly stationary sequence of H-valued random
variables, centered at expectations and with finite second moments. Suppose that
{€,,v=1} is ¢p-mixing and that the mixing coefficients ¢(k) satisfy (1.26). Then

Eljn12 Y £,1>=c%+o(1) (38)
and =
Eln'2Y £ < (1 +k_21¢’”2(k)) Eé, |2 (3.9)

Lemma3.6. Let B be a separable Banach space and {&,,v=1} be a ¢-mixing
sequence of B-valued random variables centered at expectations and with (24 0)-th
moments uniformly bounded by p, , s where 0<6<1. If for some 6 <0

a+n 2
E| ¥ & <e*n  az0, nx1 (3.10)
v=ag+1
holds, then we have
a+n 2+6
E| Y &)  <n't%0* 0 4p,.,) (3.11)
v=a+1

where the constant implied by < depends only on ¢ and 6.

Remark. Note that the only requirement on ¢ is ¢(k)—>0. Lemma3.6 was
proved by Kuelbs and Philipp (1980) under the additional restriction that ¢ (k)
tends to zero at a certain rate.

Proof of Lemma 3.6. The proof follows completely the lines of Doob (1953), p.
225-227 and only a few minor changes are necessary. First note that without
loss of generality we can assume 6> *°+p,, , <1. Then define

at+n

E Y &

v=a+1

2+9

c,=sup
a

As in Doob we can show that ¢, <bn'*%? for some constant b depending only
on ¢ and 6. For the proof of (7.10) in Doob we have to use of course our
Lemma 3.4. Finally note that because of our definition of ¢, we do not need
stationarity. [

Now that we have stated inequalities for strong and ¢-mixing random
variables, the reader may wonder whether there are similar inequalities for
absolutely regular sequences. Unfortunately no special inequalities are known
for these sequences and all we can do is to use the ones for strong mixing
sequences. The only reason for the fact that our main results for absolutely
regular sequences are worse than for ¢-mixing sequences is the fact that the
above lemmas yield worse estimates for the strong mixing than for the ¢-
mixing case.

Now let H be a separable Hilbert space and denote by & the set of all
covariance operators of Gaussian measures on H. Let & be equipped with the
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metric d, defined by
dS, T)=S=Tll,

It is easy to see that(¥,d)is a complete metric space.

Lemma3.7. a) Let {¢,,i=1} be a weakly stationary ¢-mixing sequence of H-
valued random variables with EE,=0, E|&|*<oco. Assume that the mixing
coefficients satisfy (1.14). If the covariance-operator of n='? ¢, is denoted by

i=1
T,, then (T)) convergesin (¥, d) to a limit T, say. Moreover T is given by

(Tx, »)=E(C 1, )& )+ ) BE LX) 0+ Y B, X)(E 1Y) (3.12)

Kz 2 Kz2

and the following estimate holds:
IT,~ Tl <n*E[|&,]? (3.13)

where the constant implied by < depends only on the one implied by < in (1.14)
and on e.

b) Let {¢,,i=1} be a weakly stationary strong mixing sequence of R%valued
random variables centered at expectations and with (2+ 90)-th moments uniformly
bounded by p,, ;. Assume that the mixing coefficients (k) satisfy (3.5). Then the

two series defining T as in (3.12) converge absolutely and the following estimate
holds

T, ~ T, <dn=2p32; 97" (3.14)

Here the constant implied by < depends only on ¢ and the constant implied by <
in (3.5) but not on d.

Proof. a) First we show that T as defined in (3.12) belongs to . By Lemma 3.4
and weak stationarity we have that:

i(TX)X)I§E(€1,X)2+2kZZE(€x,X)2(¢(k— 1))
<E(E,x)*(1 +2;Z k=t+ey,
z1
Hence for each orthonormal basis {e,,n=1}:
3 (Tey e <EIE P42 T k0
It remains to show (3.13). By weak stationarity we have, putting

_nll/Z Zé

i<n

(T,x, »)=E(S,,x)(S,, )
"E(ébx)(étay)—i_ Z(n—k+1 E( )& Y)

i (n=k-+1) B x)(1, )
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)

Hence for any orthonormal basis (e;) of H we have:

Z Eél’ J ék’e])

(T=T)e,e)s2 T B e

k=n+1
§ (k Z 1¢1/2 k 1)+ zn: k— 1¢1/2(k 1)) E(élaej)z

N o e O
k=n k=11
<n~*E(¢y, ej)z'

Summing over j and using (1.33) we get (3.13).

b) The absolute convergence of the series in (3.12) follows by the same kind
of computations as in (a). Instead of Lemma 3.4 we just have to use Lemma 3.1
with s=t=(2+8)"! and r=35(2+ )~ L. In the same way we can show that

((Tn—T)eJ’ 1)<n‘£ 2(2+6) :

Summing over j then yields (3.14).

Lemma3.8. Let § and & be two o-fields and define a=o(§, ®) as in Lemma 3.1
If & is ®-measurable and E|E|" < o0, then we have for 1 <r<p,

EIEG|F) — E¢l <154 7 (Bl ey, (3.15)

Proof. For the proof we use a trick of Philipp and Stout (1975). Assume
without loss of generality that E£=0. Then we get using (3.2)

E|E|®)I"=E(E(|F)sgn ECIF) IECIF)I
= E(¢ sgn ECI®) IECIFIH

r—1

<154' TP (E|EIP)P(E|EE|F)P) P
<154' TP(ELEP).

Lemma3.9. Let {£,v=1} be a strong mixing sequence of B-valued random
variables, centered at expectations and with (3 + 0)-th moments uniformly bounded
by p_ s for some 6>0. Suppose that the mixing coefficients a(k) satisfy

a(k) k= A+RG+99  for some £>0. (3.16)

If c*=supE|n="23 & ||%, then we have

vEn

3

n

2&

1

E S Cn* (a3 +p33T ) (3.17)

where C is a constant depending only on &,6 and the constant implied by < in
(3.16).
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Proof. We follow the lines of a similar proof in Kuelbs and Philipp ([14]). For
given n define

k=[n*""] m=[in]-k

where y is chosen in such a way that (1 —v)(1+¢)>%. Then a(2k)<n~ 3G+
Define

a+m 2m+ 2k
R= Y & S= Y &
v=a+1 v=a+m+2k+1

. 3+6
Now put in Lemma 3.8. r=3, p=~——|2—— to get:

E|E(HS Hzlilnqﬂ—m)_E”SHZlmzé Cn—%(3+9/5)(1~3/(3+6))(EHSaH3+6)3/‘3+5
SCn=3¥%53

<Cn’?,

The rest of the proof follows now as in [14], p. 1016.

4. Some Central Limit Theorems

The following central limit theorems improve recent results of Kuelbs and
Philipp (1980) and of Dehling and Philipp (1982).

Theorem8. a) Let {X,,j=1} be a stationary sequence of random variables with
values in a separable Hilbert space H centered at expectations and with finite
second moments. Suppose {X;,j=z 1} is ¢-mixing and that the mixing coefficients
@ (k) satisfy (1.26). Then the two series defining T, which is defined as in (1.11),
converge absolutely and n="*Y X converges weakly to a Gaussian measure

vEn

with covariance T.

b) Let {X;,j=1} be a stationary sequence of B-valued random variables with
the same properties as in a). Moreover assume there exists for each p a
measurable map A,: B— B with finite-dimensional range, such that

EAX,=0, E[A,X*<w "

E =p.

nmY (X~ A,X)
j=1

Jj=

Then the conclusion of a) hold.

Theorem 9. Theorem 8 continues to hold for strong mixing sequences with finite
(24 9)-th moments if the mixing coefficients satisfy (1.27) and if 4.1 is replaced by
EA X,=0, E|AX,[|?<c

Pt oo (4.1)

E <p.

n—”z_zl(XfﬂAﬂXf)
J:
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Proof of Theorem8. b) For R-valued random variables this is just Theorem 1.5
in Ibragimov (1962). Using the Cramér-Wold device we get the theorem if
B=IR?. Then we can proceed as in Proposition4.2 of [14].

a) This can be proved as Corollary2 in[14].

Proof of Theorem9. This time for R-valued random variables the result is just
Theorem 1.7 in Ibragimov (1962) and the remaining part of b) follows as above.
Part a) can again be proved as Corollary2 in Kuelbs and Philipp (1980) if we
replace their (4.33) by our (3.4). [J

Although we have been unable to prove an almost sure invariance principle
under the assumptions of Theorem 8 and 9, we still have a functional central
limit theorem. We define a random element Z, of Cyz[0,1], the space of all
continuous functions f: [0,1]— B, by:

nm\2Y X, if t=k/n

Zn(ta CO) = { J=k
linear in between. (42)

Theorem 10. Let {X;,j=1} be a stationary sequence of random variables with
values in B or H such that the assumptions in Theorem8 hold. Then the sequence
{Z ,nz1} defined in (4.2) converges in distribution to a B-valued Brownian
motion on [0, 1] with covariance structure T.

Proof. We apply Theorem 3.4. of Eberlein (1979). It is easily seen that the array
{n="2X,, 1<j<n, nz1} satisfies Eberleins conditions and this proves our
theorem.,

Theorem 11. a) Let {X,,j=1} be a stationary sequence of random variables with

values in a separable Hilbert space H centered at expectations and with finite
(24 8)-th moments. Suppose {X ;,j = 1} satisfies a strong mixing condition (1.1) with
rate of decay (3.5). Then the sequence {Z, n=1} defined in (4.2) converges in
distribution to a B-valued Brownian motion on [0, 1] with covariance structure T.

b) Let {X;,j=1} be a stationary sequence of B-valued random variables with
the same properties as in a). Moreover assume there exists for each p a
measurable map A,:B— B with finite-dimensional range, such that

EAPX1=O’ E”Xl—ApXIHZ‘FaépZ-Fé,
E|jn="? Z(Xj—ApXj)Hzépz'

jzn

(4.3)

Then the conclusion of part a) holds.

Remark. The assumption in a) are exactly the same as in Theorem 1 of Dehling
and Philipp (1982), where an almost sure invariance principle is proved.

Proof. b) We first show that the sequence Z, converges in distribution to some
probability measure on C,[0,1]. If = denotes the Prohorov distance on the
space of all measures on Cz[0,1], it is sufficient to show that the distributions
of Z, form a Cauchy sequence with respect to 7n. Let Z% be the random
element of C,[0,1] defined as in (4.2) with X replaced by A,X;. Then we
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know by Theorem 4 of Kuelbs and Philipp (1980) that for fixed p the sequence
(Z%) converges in distribution as n—oo. If we can show that n(Z(Zf), £(Z,))
converges to zero uniformly in n as p — 0, we are done.

From (4.3) and Lemma 3.3 we know that

2+a

E écp2+a

nm2 Y (X;—4,X))
j=1

for some constant C, where o =¢45/8. Hence by stationarity

2+

E|Y(X;-4,X)| <SCp**ein—kl+¥2

k

J

If we define M?=max || ) (X j—A,X )|, then Theorem 12.2 in Billingsley (1968),

ksn <k
which continues to hold for Banach space valued random variables, implies
that for all >0

n

P{Mﬁ>l} §K/l_(2+“)n1+“/2p2+“.
12+
If we put A=K3+2.n1/?p3+a we get

1 1
P{M?>n?K3+ap"} S K3%ap”  where y=2+a)(3+a)" .

Since {|Z,—~Z?|| £n~Y2M?, this implies that P(||Z,—Z?| > Cp?)< Cp’ for some
constant C and hence

HL(Z,), L(ZN=Cp.

To finish the proof, we have to show that the only possible limit point for the
sequence {Y,} is Brownian motion with covariance structure T. But this can be
done by a minor modification of the proof of the corresponding part of
Theorem 3.1 of Eberlein (1979). Note that in his proof of this part strong
mixing is sufficient and that all the other assumptions are easily verified, since
we work with a sequence of random variables rather than with an array. Part
a) follows from part b) in the usual way.

5. Proof of Theorem 1, Part b)

First we prove a special case of Theorem1 where B is the d-dimensional
Euclidean space and where X, are independent. We state this result separately.

Proposition5.1. Let X ,,..., X, be independent R-valued random variables with
EX,;=0, E|X;|**°< 0. If u, and v, are defined as in Theorem B, then

Wy, V) Scn~ Y2 dl pi (1L +log(n=?2d~ " p,, 5)|'?) .1

n
where Pris== M E|X;|**? and c is again an absolute constant.
i=1

i=
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Proof. Without loss of generality we can assume that n=*°p, ,<1. Define:
Y,=X;1x, <y Bi=EY,, Z;=Y,—B;. Then we have:

E|IZ|> S4B Y2 =4E1X,1> Ly, <y
SAE|X,|2+ondt -0

12 ,
P:«}:%_ZIE1|Z1'||3§4”7(1_6)92+a-
Thus we have by (1.8):

(2 (2 S 2)s No.covn=2 5 7))

i=1

1-6 1-5
<Cd1/4 1/4- #S—n—l/S(l_‘_“Og(d—lnTngl/z P2+5)l1/2)
- Cd“‘*p”“ =¥ (L+[log(d=*n~?2 p,, )M, (5:2)
Since
EHXi—ZillzéE”Xi—Yi”2=E||Xi“21{|\XiL|;1/ﬁ}
<n~E|X>*°
we have:

1 2 n
El— X _ é (n—l E Xi 2+6) n—&/l
Wiz 1/;1 Y EIX]

i=1

=PaisN

—d/2

Using this, Ceby3ev’s inequality and Lemma 2.1 we get:
7 (y (n‘”z D Xl.>; ( ne 12 Z z )) <n=95 153, (53)
i=1
T (N (0, cov (n’”z Y Xi)>; N (0, cov (n‘”2 Y Zi>)> Sn~¥0p33. (54
i=1 i=1

Now using (5.2), (5.3), (5.4) we get the desired result.

Remark. Instead of (5.1) we will often use the following inequality.
n(umv")écn—ﬁ/gdl/?’p%/fa. (55)

Now we conclude the proof of Theorem 1.

First we shall prove (1.16) and (1.18). Since all d-dimensional inner-product
space are isometrically isomorphic, we may as well assume that B=R? Then
we define for every nelN:

p=[n7), g =[n), lm=| ] 56)

and we get
nt2 gl(n)<nt2, 5.7
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For the moment let n be fixed. We define blocks H;, 1<j</ and [, 1Sj=sI+1
of consecutive integers such that:

cardH;=p, cardl;=q 1=Zj51

(5.8)
cardl,, ,=n—I(p+q)
and the order of the blocks is H,, I, H,,...,H;,I,,I,, ;. We further define
X;=Y¢& 15jsi
veH; (59)
Z=Y¢ 1SS+ L
velj
n 1 I+1
Hence ) &,= ) X;+ Y Z; and therefore using Lemma 3.5 we get
i=1 j=1 j=1
1 n 2
Y Xt Y g
j=1 j=1
I+1 2
=n"1E| 7, <nHg+p+a)pdyo <n 10 p3
J_
which implies
4 n
m (z’(n—lfz > Xj), 3’(rr”2 > g)) <n~M18(p3l3 4+ 1), (5.10)
j=1 j=1

By Theorem?2 of Berkes and Philipp [2] we can redefine the sequence (X

]3
1<j£]) on a new probability space together with a sequence (¥;, 1<j<) of

independent random variables such that X; and Y, for each j have the same
distribution and such that:

P{|X;-Y;|Z260(q)} =64(q)
Hence

n(L(n‘”zé:lXj), (‘1/ gl: >><6ld) (q)<n~ (5.11)

Now we are going to apply Proposition 5.1 to the sequence {I'*n~'?Y,
1=I<j}. By Lemma3.5 and 3.6 and by definition of / and Y; we know that

E”ll/Zn—l/Z lef2+6<p2+5. (512)

If we denote by T the covariance of I''?n~1/2Y,, then we get using (5.5)

( ( —-1/2 ZI: ) 0 T))<l 5/9d1/3 2/9 __n-6/18d1/3(p1/35+1) (5 13)
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We finally have to estimate n(N(0, T,)); N(0, T)). This will be done in two steps.
First we get using Lemma2.1:
n(NQO, T,); NO, ) S(E|Y,(p~ "> =120~ 172) |21/
<(n= 13t 2 = () )R (E [p 2 Y, )
< lg+p+q)* P p3 g+
<n~ (14 p33)). (5.14)

Using (3.13) and Theorem 7 we finally get
n(NQ, T), NO, T)) d"*p=*a'? <d"*n= 31+ p313,). (5.15)

Note that in all the inequalities above the constants implied by < depend only
on ¢ & and the constant implied by < in (1.14). Now put (5.10), (5.11), (5.13)-
(5.15) together and get (1.16) and (1.18).

The general result is now an easy consequence of (1.16) and the fact that
the Banach-Mazur distance of a d-dimensional Banach space B from R? does
not exceed d.

Lemma5.1. Let B be a d-dimensional Banach space with norm ||-|. Then there
exists an inner product norm ||\, on B such that

1
FIxlh=lixi=lxi,  xeB. (5.16)

Proof. See Lindenstrauss, Tzafriri (1977), p. 17, proof of Lemma 1.c.4.

Now let |||, be the inner product norm defined above on B and let n,, =
be the Prohorov metrics on .#(B) with respect to the norms ||+, ||*|. Then it
is easy to see that

(S5 ()

Hence we have from (1.16)
i (g(n\x/z Z fi)5 N((), T)) < Cn_’“dl/3(1 +(p(21ié)1/3)
i=1

where p(zljré=$1>1[1)E||£i||f*"§d’“"’p2+,S and this implies (1.15).

6. Proof of Theorem 1, Part a)

Because of the lack of an approximation theorem like Theorem A for the
strong mixing case, we have to use a different method to prove part a) of
Theorem1. Our proof is essentially a variant of Yurinskii’s proof of
Theorem B.
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Proposition6.1. Let X ,,..., X, be a set of R%-valued random variables with EX ;
=0and py:=supE|X,|> < co. Let M denote the o-field generated by X, ... X,
and define o=supa(IRf, M, ). Let Z,, w,Z, be a set of independent
N(O,cov X)-distributed random variables. If f: R*—R is three times differenti-
able, then
lEf(n‘”z(Xl+...+Xn))—Ef(n‘”2(Zl+...+Zn))|
S C@**n'?sup D, f] p3* +d%a * sup [D2 £ p3 +n~ "2 sup |D3 1| p, ,
X x X (6'1)

where C is an absolute constant.

Proof. We can take Z,,...,Z, to be independent of X4 -, X, Then

Ef(n™ (X + .+ X ) ~Ef (0 Y Z, + ...+ Z,))|
SIEf(n VX 4+ X ) —Ef(n VX 4. 4+ X, +Z,)
+...
HIEfn X+ X+ 2+ +Z,))
—Ef(n "X+ X, AZ+ . +Z)
+...
HEf(VAX 2o+ A Z)—Ef (2 + L+ Z)).
We estimate each of the n summands by using Taylor-expansion of f about
n (X 4. +X,_+Z;, +..+Z). For the sake of brevity denote
Wi=n='2(X,+.. .+ X, | +Z,,  +..4+Z).
Ef(n (X4 + X, X4 2, 4.+ 2Z)
—Efn "X 4+ X, 242 .+ Z)
S|EDy, f(n 2 X )| +|EDy, f(n=12Z))
+IEDf,, f(n~*? X))~ ED}, f(n= 2 Z)|

3 3
L)+ )
n

% Dg E ‘“—‘Zi
+hsup D3] (V o
Dy, S~ 2 X )=n~"*(grad f(W); X.).

We estimate now these summands separately:

If 3 denotes the o-field generated by Z,,...,Z,, then 3 is independent of "
and hence

(M v 3 M) <.
Now W, is 9! v 3-measurable. Hence by Lemma 3.1, we have,

[EDy, f(n™ "2 X )| S152*Pn=2sup | D, || |1 X, |,
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and EDy, f(n~'?Z,)=0, since Z; is independent of W,.
EDY, f(n~2X )~ ED%. f(n ‘1/ZZ)|=~|EX AW)XT —EZ,AW)Z?|

where A= A(W) is a symmetric d x d-matrix A(W)=(a, ); <1<, and where g,
are realvalued random variables, measurable with respect to o(W).
If X,=(X",...,X9), then

IEXiA(V‘G)Xf—EZiA(VK)ZiTIézIE(XE"’XE”ak,z)—E(Z?"ZE”ak,z)l
gz (X®XPq,)— EX® X®)Eay|
k,l

+Y |EZPZ0a,)— E(ZPZP)Ea,)|
k1l

because X; and Z; have the same covariance. The second sum vanishes again,
because Z; is independent of W.. By applying Lemma3.1. to each term in the
first sum, we get:

EX, AW) X —EZ,AW) Z]|<d* 150 HXng\S;l? s, il
and hence ,
\ED3, f(n~ 2 X)—EDj, f(n~ ' Z)| <150~ ' d*a'* | X, ssup || D f .
Using the fact that there exists a universal constant ¢ such that
E||Z,|? £ c(E||Z,|*)*'?, we get finally
E(jn= 2 X2+ In~ 12 Z,)1°) Sen P2 X3

Combining the above estimates we obtain the desired result. [

By applying Proposition 6.1. to Yurinskii’s smooth “indicators” of sets we
can estimate the Prohorov-distance of Z(n Y} X,+...+X,) and

N (0,1 Y covX i) . Using Lemma 2.3 and Lemma 2.4 we get for every e€(0, 1)
ni1

n(g(n—”z(X1+...+X,,)), N (O,H‘li COVXi>)

<(@PPnl2g= 4=V U3 L 2ol 232 g 112 4 12 =3 112)
1 1/2
+hotde (Iog ) A2 4 4adt . 62)

Proposition 6.2. Let {¢ ,v=1} be a strong mixing sequence of R%-valued random
variables centered at expectations and with (3 + 0)-th moments uniformly bounded
by p,. s for some 6>0. Suppose that the mixing coefficients a(k) satisfy (3.16).
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If T, denotes the covariance operator of n='*% &, then

v=n

n(Ln 2 Y L) NO, T)<n™ H20d¥2(1+p357) (63)

where the constant implied by < only depends on ¢, and the constant implied by

< in (3.16).

Proof. For fixed n put p=[n'*],q=[n"*], l:[{_q]; n'2<l<n'?. Again we
p

define blocks H;, 1 <j<land I;, 1<j<I+1 of consecutive integers with:
card H;=p (1£j<1), cardl;=q (1<5j<), card I, =n—I{p+gq).

Define X;=p~'2 } ¢, 1<j<1 Using Lemma3.2 and Lemma 3.9 we get
veH;

E”Xjﬁaé(fbs, where b=pl/3+9).

C is a constant, depending only on g J and the constant implied by < in
(3.16).

Using Lemma 3.2., Minkowski’s inequality and the mean-value theorem we
obtain,

Hl~l/2 ixj_n—l/Z i é:
v=1

1

S I |

j=1 j=1 veH;
I+1 1
§ —-1/2 Z Z\Dv +(lp)—1/2 »1/2) Z Z év
Jj=1 vel; j=1 veH;

2
< (g +p+q)' P +Ap)Pm 2 =(Ip) )b
<P Y22 L (- p)b

<(m Y8+~ Yn**+nt2)b

<n~1sh,

Hence:

14 n
T (g (lﬁl/Z Z XJ)’ ( —1/2 Z )) «1/12b2/3
j=1 =
and by Lemma 2.1
n(N(0,cov(I="2 " X )); NO, T,)) kn~ 112 b*3,
iy

Next we use (6.2) to estimate the Prohorov-distance of #(I"'? ) X) and
jE!
N, ! ZCOVXJ-). Note that a(k)<k™3, hence a=a(q)<n** If we put
it

1/15 we get:

e=n



420 H. Dehling

(L2 Y X );NO,I-' Y. Cov X))

JEl izl
<n—1/2 n1/4n1/15 d—1/2 b+n—1/4n2/15 d3/2 b2+n-1/4n3/15 d—1/2 b3 +n;1/15
+n*1/15(10gn1/15)1/2 d1/2+n—1/15 d1/2
<n~ 120 g32(1 4 p3),

For the sake of brevity we define:
T=Cov(I"'? Y X) S=I""3) CovX,

ist ist

We want to use Theorem 7 to estimate the distance of N(0,T) and N(0,S), so
first we have to estimate |T—S||,. Let e,,...,e, be any orthonormal basis for
R

(Teknek)=E(l_1/2 ZXj’ ‘3k)2=l_1 z E(st ek)2+l‘1 Z E(X;,e)(X;, e0)

jsi gl i*j
(Sey,e)=1""1 ;E(Xj,ek)z.
Then -
(T—S)e el <217" ) <i§j<l|E(Xi:ek)(Xj7ek)l
<t T A i)b?
Si<jsl

= io?m(i)(l—i)bz
i=1

where & denotes the mixing coefficient for the set X,,...,X;. Thus &(1)=Zo(g)
<n~3* and a(i)Sa((i—1)p)<i~>n=>? for i>1. Hence

1
(T—S) e, e) <l tn=41p2 4171 Y i~ n= 2 (1—i)b> <n~ 1*b?
i=2
and therefore | T—S|, <dn~Y*b%
Using Theorem 7 we get
n(N@©,Cov(I=*2 Y X)); N(O,I! ZICOVXJ.))
iz

jsl

<l =116 P12 gUA _ g2 p= 116 p1j2

Now we conclude the proof of Theorem 1, part a.

First we prove (1.13) and (1.17). Then (1.12) can again be deduced from
these relations using Lemma5.1. We may also again assume that B=R’. For
fixed n define a sequence 7,=1" by

|

[a]

=8 g gy and o, =T,—F

v
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{r,,v=1} is strong mixing with the same mixing coefficients as {£,,v>1} and
has finite 12-th moments. Since  £2/3, we have:

oc(k)ék“““) 4 (e 3+9/9)

Hence {7,,v=1} satisfies the assumptions made in Proposition 6.2.
E|z|"? L2 E &) L zms SE & ]2 +2nt0-os0

-~ 0-4)1/200
(E |‘Ti“12)3/12§(E"€i|‘2+5)1/4n(10 5)1/200§p§/f6n(1 8)1/2 .

If S, denotes the covariance operator of n='/2 ) 7, then we get by (6.3)

vEn

(L 1? Z ); N(0,8,) <n= 120 4%2(1 +p5/ﬁ5n1/20~5/200)

vEn
=200 g32(1 4 p3ft ).
Now we have to estimate the error introduced by replacing {£,v=1} by
{r,,v=1}

2
If 5’:5~+—, then 1+2/0 <(1+¢)(1+2/9), so that there exist an ¢ >0, such
that ¢

(L +&)(1+2/5) <(1 +&)(1 +2/5)

and hence o (k) <k~ +&1+2/9),
ThenE||&,— 1,27 S4E &>+ n~ =950 <dp,  n~ 9950 whereg=g(2+ &),
Hence by (3.3)

E “n—l/Z Z (Q“%)“Zé Cpg/i25+6')n—1/50522/(2+6’).

Using CebySev’s inequality and Lemma 2.1 this implies,

n(i”(n—i/z Z E); Ln1? Z ) Cpé/fan‘l/zoo‘jg

vEn vEn

and n(N(0, T,); N(0,S,) < C pl/3,n— 112009
Using 3.14 and Theorem 7 we finally get:

(N0, T,), N(0, T)) < Cd'/2 p=#* p}/4+29)

Putting everything together gives (1.13) and (1.17).

7. Proof of Theorem 2

We shall prove Theorem 2 for both cases simultaneously.
We introduce the following notation:

w, = (n*I/Z .ZlXj)’”'y::ﬂ"OBVﬁl =% (n-l/z .ZIBVOXJ')
j=

i=

pV=w—lim puf, where w-lim means the limit in the weak topology on .#(B).

n— 00
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This limit exists by Theorem 1. By (1.19) and Ceby3ev’s inequality
w(uy, ) <N 53,

By Theorem1 we have with pj_ ;=sup E || R X ;|| **+°
J

wluy, k)<= N? (L+(p3, ')
<n AN (14 p33)).

34

Now let m=n and take N={[n"] where y =9 3r s
r+s

Hence
T (s M) STt 1)+ (utl, ™) (e, 1)+ (), 1)
sy

<n 3 +n" A0 (14 pl3,

<n™* (L+p372,).
Hence (u,,n=1) is a Cauchy sequence in (.#(B),n) and since this is a complete
metric space, p=Ilim g, exists. That p is a Gaussian measure with covariance
operator T defined by (1.11) is easily seen by application of Theorem 1 to the

one-dimensional sequence (foX,,j=1), fe B*.
Hence we get

(i, NO, T) =lim n(u,, p,.) <n~*(L+p3,)

which proves (1.21).

8. Proofs of Theorem 3 and Corollary 1

We shall arrange the proof of Theorem3 in such a way that we prove both
cases (¢-mixing and absolutely regular) simultaneously. To prove Theorem 3 all
we need is that the sequence {X;,j=1} is absolutely regular with B(k)
<k=21+9 that EX;=0, E{X;|**°<p,_,, that (1.21) is satisfied and that for
some constant C < oo

240
<Cn'*t*?  forall a=0, nx1 (8.0)

a+n

2 X

j=a+1

E

&d
h =
where o A

To prove (8.0) we use in the absolutely regular case Lemma3.3 together
with (1.19) and Lemma 3.2 and in the ¢-mixing case Lemma 3.6 together with
(1.19) and Lemma 3.5.

Let k be as in (1.21) and define

A=24x7",  me=[K1], BoK

"= 256+ 25) ®.1)
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Let H, and I, be blocks of consecutive integers such that
card H,=n, cardI, =[k*]. (8.2)
The order of the blocks is H,, I,, H,, I,,.... Furthermore define

k
bepr= ), card(H; Ul ). (8.3)
j=1

J

From this definition we get using (8.1) and (8.2)
k* <t <k (8.4)

If we define Y, =n;'* ) X, then we have using (1.21)

veHy
(L) NO, T)=Cn."

where C is a constant. Now Y, and Y, , are separated by the block I, and
hence we can apply Theorem A to get a sequence {Z,,k=1} of independent
N(0, T)-distributed B-valued random variables such that:

P{|Y,—Z |22 Cn*+2p"*(card I, _,)}
<2Cn7"+2pY*(card I, _ )
KRN 220 g -y = (2420, (8.5)
By the Borel-Cantelli Lemma and using the fact that k <1/8 we get then:
1Ye—=Z, )l <m . (8.6)

If X(t) is any B-valued Brownian motion with covariance structure 7 then
(te, 1 — 1)~ (X (5. )— X (t,) has the same distribution as ¥,. Hence using the
same kind of argument as Kuelbs and Philipp (1980), p.1024 we can assume
without loss of generality that there exists a Brownian motion X(t) with co-
variance structure T such that

(tk+1 -tk)*l/z(X(tkjL 1)_X(tk)):Zk' (8-7)

We shall show that X(r) satisfies (1.22). First note that by Fernique’s
Lemma ([10])

|Z, | €<logk as. as k— oo.
Using this, (8.2), (8.3), (8.6) and (8.7) we get

F Y X=Xy )= X =1 Bty =)V Z,

veH
<P\ =Z 2 =ty — )P Z,
<nl? 4+ n 12 k2 logk

1/2 -k
<nj .
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Summing these inequalities we then get

Z Y X, —X(t, )| < Z /2K /2R s

j=1 veH;

<t;c1/2 00 11+ 1A g 112 (8.8)

since (1/2~x)(1—1/A)+1/A=1/2—x/2<1/2—7y by (8.1).

Lemma 8.1. Z Y X, <t

i=1 velj

Proof. By Cebygev’s inequality and (8.0) we have:
P Y X, 2k Sk 2@+ B Y X, |25 k=224 1207 D) ek,
vely velx

Hence again by the Borel-Cantelli Lemma we have

Iy X, <k?

vely

which implies Z Iy X, <k®<e/

j=1 vel;

t
T X, <2,

v=1ir+1

Lemma8.2. max

Ie<t=ti+1

This can be proved in almost the same way as Proposition2.2 in Kuelbs and
Philipp (1980). The only difference is that instead of their Lemma2.5 we use
(8.0).

Using Fernique’s Lemma [10] it is easy to show that

max | X(0)— X(g)] <ty 89)

teStStee 1

Now let t>0 and choose k such that 1, <t<t, ;. Then we get using Lemma
8.1, Lemma 8.2, (8.8) and (8.9)

HZJXV—X(t)Hé Y 1Xv +\IX(t)—X(tk)ll+HZk ZH‘XV—X(tk)H
+Y 1Y X <g”n O
i<k velj

We now prove Corollaryl. First consider the sequence X*=X —L(X)),

v=1 and define Bx= ) (X,e,)e,. The range of B, has dimension N and (1.20)
vEN

is satisfied with r=0. We shall show that (1.19) holds for the sequence

{X¥vz1}. If {X,,v=1} is ¢-mixing, then we have by Lemma 3.5 and (1.25)

that

atn 2

nl2 Y (XE—R X%

v=a+1

<SE|Xi~RXI*((1+ Z¢”2(1))< Y E(X ,e) <N~

v>N
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If {X,,v=1} is absolutely regular, this remains valid because of Lemma 3.2 and
(1.25"). Hence we conclude that (1.21) and Theorem 3 both hold for {X¥ v=1}.
Now it is easy to see that the covariance function T; of the sequence
{L(X,),v=1} vanishes identically. Next we use the following proposition,
whose proof we shall postpone until the end of the section.

Proposition8.1. Let {Y;,j=1} be a strictly stationary sequence of H-valued
random variables centered at expectations and with finite (24 0)-th moments with
0<d=1. Moreover suppose that {Y, j=1} is either ¢-mixing or absolutely
regular with the usual mixing rates (1.22) resp. (1.14) and that the covariance
function T of the sequence {Y;,j=1} which is defined as in (1.11) vanishes for all
f,g€H. Then we have

E|Y Yl*<n'"" (8.10)

jzn

Now we conclude the proof of the corollary. By (8.10) we have

E[n=12 Y (X;—XPI*<n~"

j=n
and hence n(L(n~"* Y X)); L(n~Y* Y X*¥)<n~%% This combined with the

facts that (1.21) holds for {X¥, j=1} and that {X,,j=1} and {X%jZ1} both
have the same covariance operator proves that (1.21) holds. To prove that the
conclusion of Theorem 3 holds note that all we needed in the proof of it were
the absolute regularity with f(k)<k~?*?, the fact that EX,;=0, E | X |**°< o0,
(1.21) and relation (8.0), which by Lemma3.2 resp. 3.5 always hold. This
concludes the proof of Corollary 1.

The proof of Proposition 8.1 follows the lines of the proof of Propisition 4.3
of Kuelbs and Philipp (1980). First note that their Lemma4.9 continues to
hold in our situation, hence

o2=limn 'E|} Y|>=0.
n—00 j=n
Using Lemma3.l resp. Lemma3.4 we deduce by standard arguments that
E| Y Y|*=nao’+0(n' %), which proves (8.10).

iZn

9. Proof of Theorem 4

Our first Lemma gives us an estimate for the speed of convergence in the
central limit theorem of the kind needed for the proof of the law of the iterated
logarithm,

Lemma 9.1. Under the assumptions of Theorem4, there exists a Gaussian measure
u, such that

n(En 2 Y X)); u)<(log N)~* ©.1)

jgn

where a is the constant from (1.24).



426 H. Dehling

The proof for this is almost the same as the proof of Theorem?2 and we
shall omit it. The following maximal inequality is due to Berkes (1974).

Lemma9.2. Let {X;jz1} be a strong mixing sequence of B-valued random
variables with EX,=0, supE HX].\|2+5< 0. Suppose that the mixing coefficients
a(k) satisfy (1.23). Let ¢* be defined by o*>=supE |n "*(X, ;+...+ X, )%

a+n)

Then there exist constants p>0 and nyeN such that for all n=n,

P{max ||S,| >x}<2P{|S,||>x—20n'? g} +n=*. 9.2)

Proof. We follow the lines of a similar proof in Reznik (1968) and Berkes
(1974).
Put A, ={|SI=x, ..., [S_ [ =x IS,]>x} to get,

P{max 51>} = 3. P(4).

12k=n

Let p>0 be a fixed number (to be chosen later) and denote by Z’ P(4,) the
sum over those k for which P(4,)>n""*#, Hence to prove (9.2) it suffices to
show that Y’ P(4,)<2P{|S,| >x—200n"?}. By a standard argument, this will
follow if we show

P(|S, =S, I>200n'?|4)<5

for those k’s for which P(4,)>n""*. For every p=1 we have

P(IS, =S >200n A P(I1 X,y + . + X, >100n'?|4,)
+P(| X, py s+ - + X, >1000"214).
Using Minkowski’s inequality the first probability is bounded from above by
n1+pn—(1+5/2)6—(2+5) 10‘(2+5)p2+5§u11)E HXJ_H2+5§ Cnp—5/2p2+5_
iz
The second probability is bounded by
a(p)
k+p+ P(Ak)

107267207 E | Xy, 01+ oo T X, |2 Hpm G020 ghbs
£10—2+p~(2+5)(1 +2/8) yl4p

P(jX

e+ X, 2100 0 )+

Take a >0 such that
6(2+0) '2+e) T <p<3o2+8)7 "

Then we can find a p>0 such that

2+3)p<é2—p and 1+p<B2+e)(1+2/5).
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Take p=[n’]. Then
P(IS, = S, > 206 n1/2| A) < CnP@+9+p=52 1 102 gl +p=PE+a(1 +210)
<4

for n big enough. [

Our next step is to prove a bounded law of the iterated logarithm. By
Fernique’s theorem there exists a constant ¢ which depends only on the space
B such that for all Gaussian measures v we have

Ix]?
jexp?—?dv(x)él

where o” = ||x]* dv(x).

Proposition9.1. Let {X,j=1} be a weakly stationary strong mixing sequence of
B-valued random variables, centered at expectations and with finite (24 0)-th
moments for some 0<8<%. Suppose that the mixing coefficients satisfy (1.23).
Moreover suppose that there exists a Gaussian measure u and a constant o> 1
such that

(& m 1Y X)) <(logn) ™.

jsn

Then, if a? is defined as in Lemma9.2 and a,=(2nloglogn)*/?

limsupa, ' Y X,;<4co.

n—=0oo ]én

Proof. By a well-known theorem we have: ||x[*du<c¢” Define n,=¢"
Sn= Z Xv

vEn

— S, .
P{lim”vid>4ca}§P{ sup Li>4co-1.o. mk}

n me<nSmer1 Gy

<P{ sup |S,|>4coa, io. in k}.

REWp+ 1
For k so large that n,2n,, where n, is as in Lemma 9.2, we obtain

P{ sup [S,|>4coa,}

<2P{|IS,.. |>4caa, 200/ }+n;",
<P{In12S,  II>2coy/2logk}+k >
<p{x|[x|>2coy)/2logk —c(logk)*} + k=
<pix] x| >2co(logk)’*} + k==
<exp—((2co(logh)t’??c 2672 +k*
<k

Since o> 1, the Borel-Cantelli Lemma shows that frﬂa; LIS I€4co.
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Proof of Theorem4. Following Theorem2 of [6] all we have to show is a
compact law of the iterated logarithm. By the law of the iterated logarithm for
finite-dimensional spaces we know that {a;' > B, X ,nx1} is relatively com-

pact almost surely for each N. Since (I —E,):is a bounded linear map, the
estimation for the n-distance (9.1) holds also for the sequence {X,

—F X, vz1}. if oy is defined by

ox=supE|n~"* % (X,~ B X)|?

v=n
then by the previous proposition

lima;' Y (X,—BX,)S40,C.

vEn

n
Since gy —0 as N — oo, we conclude by standard arguments that a; ' > X, is
a.s. relatively compact. v=1

10. Proof of Theorem 5

We define a sequence (e,),» in C[0,1] by

(0= cos2nkt if n=2k-1
)= sin2nkt if n=2k.

Note that e,=(2nn)"'e,c4,. As usual, an inner product on C[0,1] is given

by (f,g)=3[f(t)g(®)dx.

Lemma 10.1. There exists a sequence (A,)=(A%) and a constant C= C, such that

Y A i< o0, (10.1)
S 2(feal+(fren JISCN'"  forall fed,  (102)
i Y fieJJSC  forall fed,. (10.3)

nzl

Proof. The proof of (10.3) can be found in Zygmund (1935), p.135. For the
proof of (10.1) and (10.2) let f=1/2(x+1/2) and 4,=nP. Since a>1/2 we have
that (10.1) holds. From Zygmund (1935), p. 136 (3) we get that

Y (fieg P+ (fiep))SC2 2

2v-lepg2v
for some constant C depending only on «. Hence

Y B(senn P+ (fen ) S €222 2= O

2v-leng2v
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If NeN choose k such that 2~ * < N <2* and then

Y Zallfe2)* +(fr e2n_ )M ZZ A ((fea)* +(fezn_ 1))
nzN n>2k-1
vk

< C Z 2v(%~a)§ CN*-* [

mappings B, with the properties (1.19) and (1.20).

Recall that in order to prove Theorem5 all we have to do is to find the
For xe C(A,) define P,y(x) by

PzNX(f)=n<ZZN2TMX(€;)(ﬁ e,)
so that we have: )
I%NXj(f)=n<Zleen(§’,-)(ﬁ e,)-
It is easily seen that it is not necessary to define P, _;.
dim B, (C(4,) S2N.

i) By(C(4,) is spanned by the 2N mappings f—(f.e,),n=1,...,2N, hence

ii) First note that Theorem2 remains valid if (1.20) is replaced by the
following weaker statement:

By X;ISCN"|X;| as. for some constant C. (10.4)
Now (10.4) can be proved as follows:
1Py Xl =sup| )

e(E)f el Ss
fedo n<2N s

up 2lf e <1.

€Ada n
2

n

Z (Xj_PZNXj)

j=1

iii)

—sup| ¥ (X,)~ By X /)

2

ey

2

2
n 2N
gmpzﬁ@%zumw@)
fedq|j=1 k=1

<sup

2
Seda

Z Z (f ek)ek(gj)

j=1k>2N

=sup

2
fedq

Z En: (fededs))

k>2Nj=1

n

Z Z (frea_1es 1(‘51-)

<2sup
SeAy

2
k>Nj=1

+2sup
Sfedy

n 2
Z Z (frezeddy)

k>Nj=1 '
Now we estimate the first and the second summand separately.
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The first summand is bounded by:

<sup
fedo

Z(f;eZk 1)/1 Zi !

k>N

Ssup (), (fea 1)2'12)(2'1 Z(Ze“ I(S’))

fede k>N

<NV Y g Z(Zen 1(5))

k>N

A similar estimate holds for the second summand, hence

<NT°‘ 247 ( (j=i162k_1(5j))2 wE (jée“(fj))z)

k>N
<N#=*Y A *Cn
k>N

<N+ “*.p

The second step follows from calculations similar to those in Lemma3.2 and
Lemma 3.5.

11. Proof of Theorem 6.

First we need some facts from topology.

Definition. a) Let X be a topological space. A set {¢; icl} of real-valued
functions on S is called a partition of unity if

i) The supports of the ¢, form a neighborhood-finite closed covering of X.

i) 0= x)=<1 for all xeX, all iel.

iil) Y e x)=1.

iel

b) If {U,,iel} is an open covering of Y, we say that a partition {¢,,i€l} of
unity is subordinated to {U,iel} if the support of @, lies in the corresponding
U,.

The following lemma is a special case of Theorem4.2 in Dugundji (1966).

Lemma11.1. If S is a compact space and {U,,icl} a finite open covering of S,
then there exists a partition of unity subordinated to {U,,iel}.

Of course to prove Theorem 6 we want to apply Theorem2 and 3. Hence
again we have to define operators Py: C(S)— C(S). Let N =1 be given. Then we
can cover S with N balls of radius g(N) by assumption. Let {s;, 1<i<N} be
the centers of these balls and let {@;,, 1<i<n} be a partition of unity sub-
ordinated to this covering.

Define for xe C(S)

N

Bix= Z x(5) ;-

i=1
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Clearly the range of B, has dimension N and using the fact that Z p,=1 we
isN
get that |[Byl|=1. Moreover (x—Fyx)(s)= ) (x(s)—x(s))e;. If s€S, then ¢,(s)
isN

=0 unless d(s, s;) < g(N). Hence we see that
Ix — Byx [l S sup{lx(s) —x(s')|:d(s,5) S g(N)}.

This together with (1.30) and (1.31) shows that B, satisfies (1.19) which finishes
the proof of Theorem 6.
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