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Summary. The asymptotic behavior of certain magnetic systems on the
circle T=IR (mod 1) is studied by techniques of functional integration. An
arbitrary d-body interaction is allowed, de{2,3,...}. We call these systems
circle models. First, the specific free energy for such a system is evaluated
as the supremum of a functional on L,(T). We refer to this functional as
the free energy functional. Second, a global and a local law of large num-
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bers for the spin random variables of the system are deduced for a subclass
of interactions. These laws of large numbers depend crucially upon the
functions in L,(T) at which the free energy functional achieves its maxi-
mum. We prove that for any suitably normalized, positive, two-body in-
teraction (ferromagnetic), the circle model behaves in the thermodynamic
limit precisely like a Curie-Weiss model. On the other hand, we have exam-
ples of non-positive, two-body interactions (antiferromagnetic) for which the
local law of large numbers implies the following behavior. In the thermody-
namic limit, for sufficiently low temperatures, the local averages of the spin
random variables are described by a random wave on T.

Our methods of proof depend on the fact that in the thermodynamic
limit, quantities of interest in the magnetic system can be expressed in
terms of certain stochastic processes taking values in L,(T). The asymptotic
behavior of the magnetic system follows from large deviation results for
these stochastic processes and from a precise description of the set of func-
tions in L,(T) at which the free energy functional achieves its maximum.

I. Introduction

For each ne{l,2,...} we define a magnetic system on the sites {o/n; o
=1,2,...,n} of the circle T=IR (mod 1). We refer to the system as the circle
model. The circle model allows an arbitrary d-body interaction, de{2,3,...}.
However, in order to simplify this introduction, we now consider only the case
d=2. The general case is discussed in Sect. IL

Let {X"; «=1,2,...,n} denote the random variables which measure the
magnetic spins at the sites {o/n}. The joint distribution of the {X®™} is defined
to be the probability measure

7 o o n
ao[L 3 7 (35) 5, x| TTape)
a=1

dP_y(xy, .0, %)= N7 = N CR)
> Zn,li
where Z, ; is the normalization constant
B < %y Oy E
Z, 5= [exp [ﬂ Y I, —) X, X0, | [1dp(x)- (1.2)
R 20 4 =1\ R a=1

In (1.1)-(1.2), >0 is proportional to the inverse absolute temperature; J is a
continuous mapping from T x T—IR and is called the interaction function; p is
a Borel probability measure on IR with bounded support, but not a one-point
mass. The class of such measures is denoted by .#,. We call p the single spin
measure. The most important example of pe.#, is the Bernoulli measure p
=(6,+d_,)/2, which defines the case of spins taking values {+1}. The hy-
pothesis of bounded support allows one to avoid a number of technicalities
which arise for unbounded p. With extra work, one should be able to extend
our results to unbounded p, but we do not carry this out. For various reasons,
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one may require additional properties of J; e.g, J is translation invariant
(J(s,t)=J(s—1) for all s,teT, some J: T—R) or J is symmetric (J(s, t)=J(t,s)
for all s,teT). One can also generalize the circle model by considering anal-
ogous systems on an m-dimensional torus, me{2,3,...}. A number of our re-
sults (e.g., Theorems 1.3 and 2.1) go over to this case.

The usual set-up in Gibbsian lattice statistical mechanics is to study a sys-
tem on a subset A of a lattice, say Z", re{l,2, ...}, in the thermodynamic limit
ATZ'. The circle model does not fit this prescription.! However, given that one
wants to define magnetic systems on the circle T, the measures (1.1)-(1.2) are
natural objects of study. The factor 1/n multiplying the sums in (1.1)-(1.2),
which does not arise in the usual Gibbsian set-up, is necessitated by the com-
pactness of the circle. Without this factor, the asymptotics of the circle model
could not be studied. For example, the specific free energy would not even
exist. Previous work on the circle model was done in [14, 15] under the re-
strictive hypothesis that J be the covariance function of a Gaussian probability
measure on ¥(I). This work is discussed in greater detail at the end of this
Introduction and in Appendix C.

Our first main result is the evaluation of the specific free energy ¥(f) for
the circle model. Defined by the formula

—By(f)=lim 1logZ,,)ﬂ, (1.3)

n—ooo 1

—BY(p) is shown in Theorem 1.3 to be given by the supremum of some func-
tional G4, on the real Hilbert space # =L,(T). We call G, the free energy
functional. The second main result of this paper is the derivation, for certain
interaction functions, of a global and a local law of large numbers for the spin
random variables {X™}. These laws of large numbers depend crucially upon
the functions in # at which the free energy functional G, achieves its maxi-
mum. We describe these laws of large numbers first.

There are various classes of interesting interaction functions J. The choice
J=1 defines the Curie-Weiss model, which is the case in which all the spins
interact equally. For J =1, (1.1) takes the simple form

exp[n (3 xa/n)z] 11 dotx)

B (dxy,...,dx,)= - ,
Zn,ﬁ

(1.4)

where Z,%V is the corresponding normalization constant. The probabilistic be-
havior of the Curie-Weiss model has been studied extensively in [10, 12] and
[13]. Facts about the Curie-Weiss model needed in the present paper are
worked out in Appendix B. If the interaction function J is positive on T x T, then
we speak of a ferromagnetic circle model. If we have J£0 on T x T, then we
speak of an antiferromagnetic circle model. One of the main points of this
paper is to contrast, by means of the laws of large numbers for the spin ran-

! The circle model is related to a class of models treated by the Lebowitz-Penrose theorem. See

the Note before the References.
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dom variables, the relatively simple asymptotic behavior of the ferromagnetic
circle model with the much more complicated behavior of the antiferromagnet-
ic model.

We do not consider the problems of defining random fields on the whole
circle T and of studying their ergodic components, known as phases. One ap-
proach to random fields would be to study weak limits of the measures {F, ;}
in (1.1), but we omit this. (In the Curie-Weiss case, the weak limits are dis-
cussed in [12; Theorem 8].) Even so, as a heuristic aid in interpreting the laws
of large numbers, we shall use the picturesque term “phases”.

Given an interval 4 in T, we define the total spin in 4, W(4), by the
formula

1
W(d)=— )
() W {a;z X, (1.5

ajne A}

where |4| denotes the Lebesgue measure of A. If A=T we write W, instead of
W,(T). The global law of large numbers describes the limiting distribution of
the average total spin, W,/n, as n— c0. The local law of large numbers describes
the limiting joint distribution of the vector of average local spins,
(W (4 )/n,..., W(A4,)/n), where {4;;j=1,...,r} are r intervals in T(re{1,2,...}).
Although the global law follows from the local law for r=1, 4, =T, we find it
useful pedagogically to discuss both. For now, we restrict ourselves to the case
p=(8,+0_,)/2. More general p will be treated in Sect. II.

Theorem 1.1 discusses the ferromagnetic case? J>0 on T x T where J sat-
isfies the extra condition

[J(s,0)dt=[J(s,t)ds=1 for each s,teT. (1.6)

Here and for the rest of the paper, all integrations with respect to dt and ds
are understood to be over the circle T unless otherwise noted. The laws of
large numbers show that for some critical B, B.>0, the ferromagnetic circle
model has a unique phase for 0<f=<f,. As B increases through f,, the +-
symmetry of the measures in (1.1) is broken, and two distinct phases emerge.
The interesting feature is that the limit in the laws of large numbers is com-
pletely insensitive to any other details of J. In fact, for any such J, these laws
of large numbers are identical to the Curie-Weiss case. We have . =1, which is
the Curie-Weiss critical value, and we find that the magnetization per site in
each of the two phases is +m " (), where m“"(B) is the value of the Curie-
Weiss spontaneous magnetization®. In the next theorem, the formula (1.7) de-
fining m“"(B) is equivalent to the formula in [28; p.101], and the notation
E, ;{—} denotes expectation with respect to the measure F, ; in (1.1). We write
0 and 1 for the constant functions O and 1 on T.

Theorem 1.1. We assume? that J: T x TR is continuous, J >0, J satisfies (1.6),
and p=(8,+5_,)2. We define the Curie-Weiss spontaneous magnetization,
mE¥(B), to be the unique positive solution m of the equation

2 Actually Theorem 1.1 will be proved for a larger class of J (J =0 which satisfy an irreducibility
condition); similarly for Theorems 1.4 and 2.2
3 The reason for this nomenclature is explained at the end of Appendix B.
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fm=tanh~1m, (1.7)
where tanh~! denotes the inverse function of tanh,
For B>B.=1, m“%(B) is well-defined, m“"()>0, and m“"(B) is monotoni-

cally increasing in B with m ()11 as Bloo. For any continuous function
h: R—-IR, we have

. AL for 0<B<B.,
lim Emﬂ{’“ (ﬂ}‘{%[h(mcww»+h(—mCW<ﬂ)>] for B>B..

More generally, for any re{l,2,...}, any r intervals {4;; j=1,...,r} in T, and
any continuous function h: R—-IR

Jim En,ﬂ{h (M’ KV_(é_))}

n— 00 n n

(1.8)

_{h(O) for 0<g=<p8,
" B@™ () +h(—mP ()] for B> P,

where 0=(0,...,0) and m“" (B)=m" (), ...,m“ " (B))eR".

Remarks. 1. Assume that instead of equalling 1, the integrals in (1.6) equal c=1
for all s,t€T. (For example, if J is symmetric about 0 and translation invariant,
then either (1.6) or this assumption holds.) Then J,(s,t)=c~'J(s,t) satisfies
(1.6). Replacing J by J, is the same as replacing p by dpo(x)idp(x/]/c).

2. The limits on the first and second lines of (1.8) and of (1.9) are con-
tinuous since m“” ()0 as B B..

3. Since as f—oo m“W(B)11=|X{"| for each je{l,...,n}, the limit (1.8)
shows that +1 and —1 are the two possible realizations of the ferromagnetic
ground state.

(1.9)

According to Theorem 1.1, in the plus phase for f>1, the number m“" ()
gives the limiting value, as n— oo, of both W, /n and of W,(4)/n for any interval
4 in T. In other words, the local structure of the plus phase mimics its global
structure. (A similar discussion holds for the minus phase.) This is no longer
true in the antiferromagnetic case, as we shall now see.

We now require J to be translation invariant. Then for any ke{l,2,...,

n—1} the random variables {X{),;a=1,...,n} are also distributed by P, , in

(1.1). We refer to this as the Z,-rotational symmetry of P, P (under the ro-

. o o ky . . .
tations ———+—) since {X{”,} represent the magnetic moments at the sites
nonon

{oc%—k}g]r.
n

For the circle model the intuitive picture we have of antiferromagnetism is
for all f>0 zero magnetization per site as n—oo (global average), but for f
sufficiently large (8> p,, some f,e(0,c0)) the spins clustering into alternating

islands of plus spins and minus spins as n—oo. The number of islands and
their size, but not their phase shift, should be determined by the interaction
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function. In other words, as n— oo, the spins should be described locally by a
wave with fixed shape but random phase shift. Although in contrast to the
ferromagnetic case we are as yet unable to treat the antiferromagnetic case in
any generality, we verify this intuitive picture for examples of specific J's.

The interaction functions considered in the next theorem are parametrized
by three numbers b>0, v=0, and pe{l,2,...}. While the interaction is anti-
ferromagnetic only for b=]v|, there is no point in restricting b and v to values
satisfying this inequality since the theorem is true for all b=0, v=+0. For con-
venience we shall continue to refer to the next theorem as describing the anti-
ferromagnetic circle model.

Theorem 1.2. We set p=(6,+0_,)/2 and take for J the interaction function
J(s,t)=J(s—1), where for some b=0, v0, and pe{l,2,...}
J@O)=J,, ()= —b+vcosnpt), teT. (1.10)

For any continuous function h: R->R,

lim E,, ﬂ{h (%)}:hw) for all B>0. (1.11)

n— oo

More generally, for any re{l,2,...}, any r intervals {4;; j=1,...,r} inT, and any
continuous function h: R"—R,

lim En,ﬂ{h (Wn(Al) . W,,(A,)>}

n— 00 n n

_ {h(O) for 0<BZ B, =2/,
§h(f(s; 4y),....f(s; A)ds  for B>,

where for B>p, f(s; A)=|4|"* § f(s+A)dA and f=f; , , is a non-constant con-
4

(1.12)

tinuous function on T which is independent of b, is an odd-function of cos(2npt),
and has the same periodic behavior as J. Specifically,

f(H—EI;;): —f(), teT; ffN(t)dt=0; f has 2p nodes. (1.13)

See (2.12) for an explicit formula for f.

Remarks. 1. The limits (1.11) and (1.12) are consistent since by (1.13) f(s; T)=0
for each seT. The limits on the first and second lines of (1.12) are continuous
since for each teT f, , (1)—0as S5,

2. We also prove that if v>0, then

+1 if cos(2npt)>0,
lim f; , (0= 0 if cos(2mpt)=0, (1.14)
g—oo

—1 if cos(2zmpt)<O.

If v<0, then the +1 and —1 in (1.14) are exchanged.
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Since |X{"[=1 for each je{l,...,n}, (1.13) and (1.14) imply that all possible
realizations of the antlferromagnetlc ground state are given by {hm f,, b p (" 9),
seTr}.

The local law of large numbers (1.12) shows that as n~> o0, for > 2/]v] local
averages of the spins are described by local averages of the random wave
f(- +s()), where the random phase shift s(w) is uniformly distributed in T.
Heuristically, as n—oo one may think of the spins as clustering into 2p alter-
nating islands of plus spins and minus spins, where the plus and minus islands
correspond respectively to the alternating intervals on which />0 and f<O.

The second line of (1.12) represents a breaking of the Z -rotational symmetry
of the measures {P, ;} in (1.1).

We next turn to the specific free energy w(p), defined by (1.3). For general J

and p as in (1.1)-(1.2), Theorem 1.3 below shows that

—By(p)=sup G4(f), (1.15)
fe#

where # = L,(T) and G, is some functional on /. Afterwards, we discuss how
Theorems 1.1 and 1.2 follow from the asymptotics of certain probability mea-
sures on #. The asymptotics of these measures depend upon the functions in
J at which G, achieves its maximum.

For fes#’, we define the operator .#: # —# and the functional F on # by
the formulae

(LHE=[J61 f(B)dt, (1.16)
F(f)=3<S L1, (1.17)
where ( —, — > denotes the inner product on #. We also define the functional
I on # by the formula
I(f)=[i,(f@)d (1.18)
where for u real
ip(u)istlellg {tu—log [ exp(¢x) p(dx)}. (1.19)

In (1.19) and for the rest of this paper, all integrations with respect to dp are
understood to be over R. The function i, is convex. Formula (1.19) expresses i,
as the Legendre transformation of the convex function

7,(H)=1og | exp(tx) p(dx); (1.20)

we write i, =y} Qne can prove that i¥=(y;)*=y,.
For example, if p=(0,+9_,)/2, then

1%log(l—i— )+—2—10g(1—u) for Jul=1,
W= for [u]>1. (@2



304 T. Eisele and R.S. Ellis

Theorem 1.3. We assume that J: T x T—IR is continuous and that pEM,. Then
Y(B), defined by (1.3), is given by

—ﬁlP(ﬁ)=J§g§[BF(f)~I(f)]<OO~ (1.22)

We now see what Theorem 1.3 says in the Curie-Weiss case. For J =1,
(1.22) becomes 5

—pu=sup | 5<t.0~101). (123

In Theorem B.2 (Appendix B) we show that in the variational formula (1.23)
we may replace fe # by f=ul, ueR. Hence we find

—pup=sup [£u i, (124

In Theorem B.1, we verify that (1.24) is the formula for the Curie-Weiss specific
free energy
YYB=—p limn! logZ¥, (1.25)

n— 00
where Z_" is the normalization constant in (1.4). Using the equation®

sup  [f(x)—g)]= _sup  [g*()—S*)), (1.26)

xelR, g(x) < oo yeR f*(y) <+ o0

valid for closed convex functions f and g on R, we obtain from (1.24)

—Bp)=sup [y, /2 B)]. (1.27)

For p=(5, +5_,)/2, this formula is well-known [28; p. 100].

There is an important relationship between the Curie-Weiss spontaneous
magnetization m“" () in Theorem 1.1 and the Curie-Weiss specific free energy
Y (B) in (1.24) (with p=(5,+6_,)/2). We define

D5V = {meR: Bm*2—i (m)= sup [Bu/2—i,(w)]} (1.28)

We show in Appendix B that

{0} for 0<p<p =1, (1.29)
MY (), —mT(B)}  for > .. '
We will come back to (1.29) in Theorem 1.4 below.

We prove Theorem 1.3 by finding a doubly indexed stochastic process
ép,n(t), ne{l,2,...}, pe{l,2,...}, teT, which takes values in 5# and which has

the property that

cw .
Y =

4 See Appendix C for the proof of a more general result.
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—By(p)=lim lLim *IOgE{eXP [nBF(E, )1}

p— 0o n—= 00

(1.30)

=lim lim flog j exp[nfF(f)1dQ, .(f)

p—00 H— 00

In (1.30), E{—} denotes expectation with respect to ¢, ,, and @, , denotes the
distribution of ép,,,: for subsets .of of #

Q,, L) =Prob{{, e} (1.31)

In order to prove that the right-hand side of (1.30) equals the right-hand side
of (1.22), we need an extension of the version of Laplace’s method for function
space integrals given in [29; §3]; namely, a version that applies to doubly
indexed integrals, such as the integrals involving {0, ,} in (1.30). Such an ex-
tension is proved in Appendix A of the present paper. According to this exten-
sion, we will essentially be done once we prove the following large deviation
result. For all weakly closed subsets 2" in # and all weakly open subsets 4 in
H

lim sup lim sup ~logQ L) -1I(A), (1.32)
p— 0 n— 0o
lim inf lim inf - log 0,9z —-1(%9), (1.33)
p— 0 n— 00

where for a subset .« in A, I(<f) is the infimum of I over &/. The reason for .
our use of the weak topology will be clear in the proof. (See the comment after
the proof of Lemma 3.1.)

The process ¢, , appearing in (1.30) is defined in terms of a sequence of
independent, identically distributed (i.id.) random variables {Y,"; j=1,...,n},
cach distributed by p. In the Curie-Weiss case, ¢, , is easy to find: &, (1)

=Y Y"/n for all pe{1,2,...} and all teT; also the second equality in (1.30)

j=1
hojlds without any limits (see (1.4)). However, for general J one cannot get
away this cheaply. Intuitively, (1.32) and (1.33) hold for general J because the
function governing large deviations of sums of the {¥,"”} is the function i, in
(1.19); see Lemma 3.8. In summary, the point of the calculations in the pre-
vious paragraph is that in the limit n— oo, the circle model can be expressed in
terms of a stochastic process ¢,, which by (1.32)-(1.33) has I as its entropy
functional. The formula (1.22) for () is an instance of the Gibbs variational
formula [25; §14], [26; §19].

The local laws of large numbers in Theorems 1.1 and 1.2 are a consequence
of Theorem 1.3 and some additional facts. We find probability measures {R,; n
=1,2,...} on #, closely related to the measures {Q, ,} above, with the follow-
ing property. For any re{1,2,...}, any r intervals {4;; j=1,...,r} in T, and any
continuous function h: R"->R,
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lim |E

R+ 00

. ﬁ{h (elde), Il ))} [ Hcap>. ...,<g,,f>)d@n,ﬂ(f)’=

n

(1.34)

In (1.34) g;=14)|~ IIA L jell, ..,y (1, ; is the indicator function of 4. The
{®, 4} are probablhty measures on # defined by the formula’®

J expnBE( dR,(f)
djn,ﬂ('jy)id (1.35)
Jf exp[nBE(f)1dR,(f)

for subsets o of #. In (1.35), the {E} are a certain sequence of functionals
which approximate F. We need Theorem 1.3 to prove the crucial fact that if it
exists, the weak limit of the {®, ,;} is concentrated on the set

Dy={fe: (ﬁF—I)(f)=S;p(ﬁF—I)}- (1.36)

We show that the limit exists and describe it under the hypotheses first of
Theorem 1.1, then of Theorem 1.2.

Theorem 1.4. We assume the hypotheses and wnotation of Theorem 1.1
( ferromagnetic circle model). For all B>0 we have W(B)=y " (B) where the lat-
ter denotes the Curie-Weiss specific free energy given in (1.24) with p=(J,
+0_4)/2. Specifically, we have that D, # and D;" <R in (1.29) are essen-
tially equal; i.e.

PNC for 0<B=f.=1,
UL —m (B for p>B..
Also for any weakly continuous functional ¢ on #
{40(0) Jor 0<B =B,
Lo (B D) +o(-=m (B 1)]  for B>B,, (1.38)
Remarks. 1. The limit (1.9) in Theorem 1.1 follows from (1.34) and (1.38) with

P(f)=h({g1 f D5 8 S D) g;=14 ] 1 (1.39)

2. The proof of statement (1.37) about %, depends in part upon Theorem
5.1(iii) which characterizes fe%, only up to a set of measure zero. Since we
work in 4, this information suffices to prove the limit theorems. These same
comments apply to statement (1.40) about &, in Theorem 1.5.

1.37)

lim [ o(f)d®, ,(f)=

n—00

Theorem 1.5. We assume the hypotheses and notation of Theorem 1.2 (antifer-
romagnetic circle model). We have

5 We could have worked with measures defined as in (1.35) but with R, replaced by 0, Howev-
er, these measures would have been more cumbersome than those in (1.35). See the remark after
the statement of Theorem 4.1 for more details.



Symmetry Breaking and Random Waves for Magnetic Systems on a Circle 307

_ {0} Jor 0<f=B,=2/V,
? ’*‘{{f(- +9.5€T}  for f>B, (14
and for any weakly continuous functional ¢ on #
. _ {0(0) for 0<B=A,
Jim [ olN)d(f) _{f o(/(+s)ds  for B>, (140

Remark. The limit (1.12) in Theorem 1.2 follows from (1.34) and (1.41) with ¢
defined in (1.39).

The circle model was first studied in [14, 15], but under the restrictive
hypothesis that J be the covariance function of a Gaussian probability measure
on %(M). Because a translation invariant covariance function cannot be every-
where nonpositive, the interesting antiferromagnetic behavior of the circle model
was not treated in these earlier papers. Also, these earlier papers could not
handle the case of an arbitrary d-body interaction. Formula (1.22) for the circle
model specific free energy reduces to the formula for this quantity derived in
[15; Theorem 1.2], when the hypotheses on J assumed in the latter paper hold.
See Appendix C below for details.

In Sect. II, the results in Sect. I are stated for more general single-spin
measures p. In addition, Theorem 1.3 is generalized to d-body interactions. In
Sect. I1I, we prove Theorem 1.3 and its generalization (Theorem 2.1) to more
general p and to d-body interactions. In Sect. IV we prove the laws of large
numbers in Theorems 1.1, 1.2, 1.4, 1.5 and their generalizations in Sect. II,
assuming the validity of the statements about &, in (1.37) and (1.40) and the
generalizations of these statements in Sect. II. In order to prove these state-
ments about &;, we need the crucial fact that if fe €Z,, the f is equivalent to a
solution of a certain nonlinear integral equation. The latter fact together with
additional useful information is proved in Sect. V. In Sect. VI, under the hy-
potheses of Theorems 1.1, 1.2, 1.4, 1.5 and their generalization in Sect. II, we
find all relevant solutions of the nonlinear integral equation of Sect. V. This
leads to a proof of the statements about &, in (1.37) and (1.40) and of their
Sect. II generalizations. In Appendix A, we prove a version of Laplace’s meth-
od for doubly indexed function space integrals which is needed for the proof of
Theorems 1.3 and 2.1. The proof of the theorem in Appendix A is based upon
unpublished notes of S.R.S. Varadhan. Appendix B contains all of the facts
about Curie-Weiss models needed in the main body of the paper. In Appendix
C, we prove a theorem about Legendre transformations which generalizes
{1.26), and then we use it to derive alternate formulae for the Curie-Weiss and
the circle model specific free energies.
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knowledged. We thank S.R.S. Varadhan for a useful suggestion concerning the proof of Theorem
C.1 (Appendix C) and for permission to use his unpublished notes which form the basis of the
proof of Theorem A.1 (Appendix A).
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II. General Statements of Theorems

We generalize the results in Sect. I to more general single-spin measures p. In
addition, we generalize Theorem 1.3 to d-body interactions. An extension of
Theorems 1.1 and 1.4 which treats the relationship between d-body ferromag-
netic circle models and the d-body Curie-Weiss model will be presented in
another paper.

Given de{2,3,...}, a d-body interaction is defined by d functions {J;;j

- . ‘]
=1,...,d}, where for each j J;: T'>R is continuous ("Il"’i X "Il“). For j=2,
k=1

the function J; defines the pure j-body part of the general d-body interaction;
J, defines the external magnetic field. As a generalization of (1.1), we define the
joint distribution of the spin random variables {X™; a=1,...,n} to be

d 1 t oy o n

exp [[3 Y — Y (~,...,—’) X, ...xa] [T dp(x,)

j=1]! W et "A\n n ' it Bl

B dxy,...,dx)= : ~ >
B

1

2.1)

where f>0 and Z, ; is the corresponding normalization constant. As in (1.1),
we assume that pe.#,. We say that (2.1) defines a ferromagnetic model if each
J;20 on T. For various reasons, we may require certain symmetry properties
of the {J;}; eg, for j odd J;=0 or for all j Js;,...,s), (51,...,5)€M, is
invariant under all permutations of s, ...,s;.

Our first result is a formula for the specific free energy ¥/(B) corresponding
to the measures {F, ;}. For each je{l,...,d}, we define the multilinear operator
F9 on # =L,(T) by the formula

F(j)(f)i]—,li 1g.JJ-(sl,...,sj) fs1)... f(s)dsy...ds; (2.2)
and set
d
F(D= 3 () 23

The following theorem generalizes Theorem 1.3.

Theorem 2.1. Given de{l,2,...}, d continuous functions {J;;j=1,...,d} with
J;: T >R, and pe.#,, we define by (1.3) the specific free energy Y(B) corre-
sponding to the measures {P, ;} in (2.1). Then

—ﬁlﬁ(ﬁ)=;lelyg LBF(/)—1(f)]< 0. 2.4

The functionals F and I are defined in (2.3) and in (1.18), respectively.

In Theorems 1.1, 1.2, 1.4, and 1.5, we assumed that p=(5,+0_,)/2. The
natural generalization is to measures p which satisfy the one-site GHS inequal-
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ity. We define ¢ to be the set of even Borel probability measures p on R, p
#+9,, for which

[exp(kx*)dp(x)<oco  for all k=0 (2.5)
R
and
d“’ T 20 for all 1>0, 2.6)

where y, is defined in (1.20). Inequahty (2.6) implies that y, is concave on
0, ). It is not hard to prove that in fact v, is strictly concave on (0, )% We
define %, to be the subset of measures in % which have bounded support. The
following measures ' are known to belong to %, :

(e~ 1)/2
p= Y  d,/k forany ke{l,2,...} and a>0; 2.7
= —(k—1)2

p absolutely continuous with respect to Lebesgue measure and for some
Le(0, o0)
||
“[const exp (— | H(y)dy) for |x|<L,
22 )= °

ol (2.8)

{0 for |x|= L,
where H(0)=0 and H is convex on [0,L) [9; Theorem 1.2(d)]. For L= 0, (2.8)
yields measures in 4. Not every even bounded measure p belongs to %,; e.g.,
[27; p. 1537, [9; Theorem 1.2(b)]

%, for ae[0,2/3],

pzady+(1—a)(d,+5_ 1)/2{¢g for ae(2/3,1).

We next generalize Theorems 1.1 and 1.4 to arbitrary pe%,. The content of
Theorem 1.1 and 1.4 was that with p=(6,+6_,)/2, the asymptotic behavior of
the circle model for d=2 and a suitably normalized ferromagnetic interaction
function is identical to the asymptotic behavior of the Curie-Weiss model.

Theorem 2.2. We assume the hypotheses and notations of Theorems 1.1 and 1.4
( ferromagnetic circle model) except that p=(6,+3J_;)/2 is replaced by another
pe%,. Then all of the conclusions of Theorems 1.1 and 1.4 remain valid after the
following changes. The critical b, B, =1, is replaced by

B.p)=1/] x> dp(x).

¢ If y,'=0 on some sublnterval of (0, c0), then by real analyticity, y,'(u)=0 for all u>0. This
implies that y,(u)= cu? for some real C and thus that p is Gaussian. But a (Gaussian measure
cannot satisfy (2 5).

7 1In a general even ferromagnet with single-spin measure (2.7) or (2.8), the multisite GHS
inequality is valid [18, 19], [9; Theorem 1.2(d)]. This implies that the average magnetization is a
concave function of internal field. See [9] and [11] for this and other implications of the GHS
inequality.
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The Curie-Weiss spontaneous magnetization, mC" (), is replaced by m“Y (p; p),
which is defined to be the unique positive root m of the equation

Bm=1,(m). (29)

For B>B.(p), m¥(p; B) is well-defined, m“" (p; B)>0, and m®¥(p; B) is mo-
notonically increasing in f with

m¥ (p; B)1 L=sup{x: x in support of p} as B—oo. (2.10)

Remarks. 1. Assume that J not only satisfies the hypotheses of Theorem 1.1 but
also is translation invariant and positive definite. Then one can prove that for
any even pe.#, (not necessarily in %,) the circle model specific free energy
reduces to Y% (B) in (1.24). However, in general it is only for pe%, that one
has a simple description of &, (cf, Theorem 1.4) and thus obtains explicit limit
theorems.

2. Equation (3.65) below implies that i is the inverse function of y,; ie. i,
=(y,)~". Hence, (2.10) is equivalent to the equation y,(fm)=m.

The next theorem, Theorem 2.3, generalizes Theorems 1.2 and 1.5 to
arbitrary pe%,. The latter theorems investigated the asymptotic behavior of
the antiferromagnetic circle model for p=(d,+6_,)/2, d=2 (with J, =0), and
Jy(s,t) = J(s~1), 5, teT, where for some b=0, v=+0, and pe{1,2,...}

J()= —b+vcos2npt), teT. (2.11)

Theorem 2.3. We assume the hypotheses and notation of Theorems 1.2 and 1.5
(antiferromagnetic circle model) except that p=(3,+6_,)/2 is replaced by an-
other pe%,. Then all of the conclusions of Theorems 1.2 and 1.5 remain valid
after the following changes. The number B,=2/lv| is replaced by B.(p)
=2/(v| [ x* dp(x)). The function f=f, , , is replaced by a function f=f; , . .
The latter is defined by the formula

F@©=y,(Bvu cosRmpi)), (2.12)
where u=(B,v,p, p) is defined as the unique positive root p of the equation
p={7,(Bvucos(2rpt))-cos2mpt) dt. (2.13)

For B> ,(p), u is well-defined.

Remark. We define L=L(p) by (2.10). Then in the limit (1.14), the values —1,
+1 are replaced by —L, +L, respectively. In this case, L=max|X{"| for

je{l,....n}.
I1L. Proof of Theorem 2.1

In order to ease the notation, we set f=1 and write Y and Z, instead of y(1)
and Z,,. We write # for L,(T[) and denote the norm of # by | —|. The
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proof of Theorem 2.1 follows the same steps that were sketched in the third
paragraph after the statement of Theorem 1.3, which is Theorem 2.1 in the case
d=2. There are three main steps.

(1) Define the stochastic process ¢, , taking values in #.

(2) Assuming that the limits exists, prove that

—i = lim 1logZ =lim lim ~log j exp[nF(/)1dQ, .(f), (3.1)

n—oo M1 P00 B 00
where Q, , denotes the distribution of £, ,

(3) Prove that

lim lim ;log [ exp[nF(£)14Q, ()= sup LF(N)—I(f)]<c0. (32

P00 B 00

We first give motivation, then carry out the three steps.

111.1 Motivation

We first motivate our definition of ¢, , since £, , is not the simplest process for
which the limit (3.1) is valid. However, as we shall see, it is in a sense the
simplest process for which both limits (3.1) and (3.2) hold for general {J;}. (See
the comment in the paragraph after (1.33) concerning a simple choice of ¢, ,
for the Curie-Weiss model.)

We first seek to write Z, for each ne{l,2,...} in terms of a stochastic
process taking values in #. In other words, we try to prove an equality like
(3.1) but without limits on the right-hand side. Given fe#, we define

@) =n [ f(s)ds if te(lc—~1 ]—C], ke{l,...,n}. (3.3)
{k—1)/n h ~

The operation f—=™f is the conditional expectation of f with respect to the o-
algebra generated by the intervals {((k—1)/n, k/n], ke{l,...,n}}. We define the
functional F, on s by the formula

i, J; (a‘l,...,%) (™) (%f) el (%) (.4)

n

For each n, we define {¥"; k=1,2,...,n} to be a sequence of iid. random
variables each distributed by p and {, to be the stochastic process

(0 ﬁlzl b Lee— 1y/m, kmy(2)- (3.5)

Since p has bounded support, the {Y,} are uniformly bounded a.s. and so {
takes values in #. We express Z, in terms of {, by the formula

Z,=E{exp[nE ()]} = ,;L exp[nE(f)]dR,(f), (3.6)

n
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where E{—} denotes expectation with respect to {, and R, denotes the distri-
bution of {,. Thus, one may think of each Y, as representing the spin at the
site k/neT. Since each J; is continuous, F, is a good approximation to F, and
so it is plausible that we should have (provided the limits exist)

—y = lim %logZ,F lim %10g [ exp[nF(f)]dR,(f). (3.7
n— oo n- 0o #

In order to complete the proof of Theorem 2.1, we would try to prove that
the limit on the right-hand side of (3.7) exists and equals sup(F—1I) on #.
Theorem A.l1 (Appendix A) gives sufficient conditions which imply this. A
main step (cf, (1.32)-(1.33)) is to find a functional I on # such that for all
weakly closed subsets &~ in o and all weakly open subsets ¥ in #

lim sup %log R (A)< —1(H), (3.8)
lim inf % log R, (%)= —I(%). (3.9)

One can prove (3.8) with I given by (1.18); in fact, we use this in Sect. 5 (see
the proof of Lemma 5.2). However, (3.9) fails in general®. The basic reason is
that the process {, is not random enough.

The process {, is replaced by another process ¢, . For simplicity we now
define {,, only for n of the form n=2Fq, p,qe{l,2,...}, where eventually
g—0, p—~oo. We define 7, to be the conditional expectation operator on #
with respect to the c-algebra generated by the intervals

{4

p,k;

k—1 k
k=1,...,27}, where AP”‘i(—?’_’fI;]'

Thus for fe#
(m,N(®)=2° | fls)ds if ted,,, ke{l,...2%} (3.10)
Ap,k

Clearly, n,=7" in (3.3). We now define

&y =5, L) 0 6il)

2p 1 kq
. (f 5 Y;")) 1, (0
k=1 4 j=(k—1)g+1 ’
The conditional expectation m, acts like a block spin transformation since it
groups together blocks of g spins. Again, ¢, , takes values in 7.

The proof of (3.1) uses (3.6) together with the fact that the functional F is
nearly invariant with respect to the block spin transformation 7,; i.e., as p— oo,

8 If p=(8,+6_,)/2 then |{ | =1. Hence if ¥={fes#: || f| <31}, then liminfn~!logR, (%)= — 0
while inf I=0.
e
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Fon,—F uniformly on weakly compact subsets of # (see Lemma 3.2). The
latter depends upon the fact that as p—oo | f—mn, f||—0 for each fes (see
Lemma 3.4). This limit is a consequence of the martingale convergence theo-
rem.

The main step in the proof of (3.2) is to show the estimates (1.32)-(1.33).
Intuitively, the latter reduce to the facts that for different k the sums

kg
SW= Y YW (3.12)
j=k-1)q+1

are i.1.d. and that for nice subsets &/ in IR
1 st
lim a1og Prob {%ed} = —i (). (3.13)
g 00

where i, is the entropy function of p, defined in (1.19) (see Lemma 3.8). Because
the proofs of (1.32)-(1.33) are rather involved, we motivate these estimates by a
heuristic calculation that shows for continuous f

lim -log Prob{¢, ,~/}="~1(f), (3.14)

H— 00

where the symbol ~ means near. Since f is continuous, we should have for
large p

2p )
oSy ) (a7 S~ S (20), (3.15)
and so by independence and (3.13).

lim lim —log Prob{¢, ,~f}

po o0 g— 00 2

«_rp pm L L ism~r (X
="lim lim — Y ~ log Prob S ~f (Z_P)

lim lim - 3 (3.16)
2p
“=tlim $ 2 = 1),

P00 k=
This gives (3.14) since n=2"q.
I11.2 Definition of &, , for General n

In this paragraph we denote by [—] the greatest integer function. Given
ne{l,2,...}, pe{l,...,[log, n]}, we define numbers O=n,<n, <...<n,, | <n,,
=n by the formulae
(k[n/27]  for kef{0,1,...,27 1},
= for k=2".

Since 0=<p=[log,n], [n/2"]21. We define =, , to be the conditional expec-
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tation operator on # with respect to the g-algebra generated by the intervals

{4

. o Me—1 M
ok k=1,...,2%},  where Ap’n’kz( |

Thus for fe#
n

() O)=—— [ fls)ds if tea
k

TN 1 Aponye

ke{l,...,27}.  (3.17)

p,n.k?

We define the process ¢, , by the formula
Cpn(=(m, , L) (0)

2p 1 Ny
-y (~—_ 5 g.(")) L, (0. (18
k=1 VTP g jon 41 HE

This definition is close to the definition (3.11) since n,/n—k/2? as n—oco. It will
simplify matters somewhat if we define ¢,, for p>[log,n]. We arbitrarily
set

&, n=Y" for p>[log,n]. (3.19)
Since the measure p has bounded support and is not a point mass, we have
—oo<l=inf{x: x in support of p} <L=sup{x: x in support of p} <oo. (3.20)

We define
RB={he#H: I<essinfh<esssuph<L}. (3.21)

Clearly, {, and ¢, , take values in %. A useful property of # is given in the
next lemma.

Lemma 3.1. # is a weakly compact subset of # and

sup || fll o Smax(|ll, |L)). (3.22)
feRB

Proof. % is a subset of {fe#: | fi Smax(|l},|L])} which is weakly compact [6;
Thm V.4.7]. Hence it suffices to prove that % is weakly closed. Given {f,} a
sequence in # such that f, — fe#; we prove that esssup f < L. For if the set
o ={t: f(t)>L} has non-zero Lebesgue measure, then the limit
s 1> =, 1> contradicts the fact that {f,,,1,> S Ll/|<{f,1,). A similar
proof shows that if f,—fes#, {f,} =%, then essinff =l The bound (3.22)
follows from the definition of 4. [

The weak compactness of # greatly simplifies the proofs of (3.1) and (3.2)
and explains why we assume p to have bounded support. It also explains why
we use the weak topology in proving the large deviation estimates (1.32)-(1.33)
for CN.
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111.3 Proof of (3.1)

We prove the following lemma after we show how it yields (3.1).

Lemma 3.2. We define functionals {F,} by (3.4) and operators {=n, ,} by (3.17).
Given ¢>0 there exists p,=py(e) and for all p=p, there exists ny=ny(p) such
that whenever n=n,,

Sup \E,(f)—F(m, , flI<e. (3.23)

To prove (3.1), we use the fact that the measures {R,}, which are the
distribution of the processes {{,} in (3.5), are concentrated on the set 4. We
have by (3.6)

1
~llog Z, —logfexp[nF(f)14Q, |

= [log ] expln (/)] dR, ~log | exp[n F(/)] 40, |

o [ [exp[nF(f)1dR, ] [fexp[nF(ﬂp,nf)]an]
—n [exp[nF(n,, f)]dR, fexp[nF(/)1dQ,, 1|

By (3.18), we have for all n and p<[log,n] R,°x, . =0, ,- Hence the last term
in (3.24) is zero for all sufficiently large n. Since each measure R, is con-
centrated on 4, we see by Lemma 3.2 that given ¢>0 the first term on the
right-hand side of (3.24) is less than ¢ for all p=p,(¢) and all n=n,(p). This
proves (3.1). O

1
+—\lo
n

(3.24)

In order to prove Lemma 3.2, we need three facts.
Lemma 3.3. The functional F is weakly continuous and uniformly bounded on 4.

Proof. For any fe4%, we have

1 .
F(NI= X 7 [max(]1], ILI)]’J'IJ,'I,

=1

which proves the uniform boundedness of F on 4. It suffices to prove that
each operator FY defined in (2.2) is weakly continuous. By the Stone-Weier-
strass Theorem [6; Thm IV.6.16], since each function J;: T >R is con-
tinuous, given £>0 there exist N=N(¢) and functions {b,; a=1,...,N; k
=1,...,j} such that
N
sup  Ji(sy, . 5)— Y ] balsy)<e (3.25)
(815 0e0y s;)eTd a=1 k=1

The weak continuity of F follows from (3.25), the uniform bound (3.22), and
the weak continuity of the operators

f_)ﬁ<bakaf>- D

k=1
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Lemma 3.4. We define 1 by (3.3) and =, by (3.10). For any he#, as p— o we
have
m h—>h ae, |m,h—h|—0, suplKhx, f—f>-0. (3.26)
feB

The last two limits in (3.26) also hold for =™,

Proof. Since each interval 4, , ;is a subset of some A4, ,, the sequence {n,h}
forms a martingale and n,h—h a.e. on T [5; Example 1, p.344]. That Iz, f
—f1—0 follows from the bound sup ||z, k|l < ||A].

p
To prove the third limit in (3.26), we have
sup [Kh, 7, f—fol=sup Km,h—h, < |m,h—hl-sup | f].
feB feR fe®

We now use the second limit in (3.26) and the bound in (3.22). For z®™ the last
two limits in (3.26) follow from [23; Prop. 5.1.2] and (3.22). 3

Lemma 3.5. F,— F uniformly on 4.

Proof. We define the functional F¥ by 1/(n’j!) times the inner summation in
(3.4). 1t suffices to prove that for each j F¥)— FY uniformly on #. For fe4,
since (z™f) ()= (=" f) (a/n) if te((«—1)/n, a/n], we have

JNFO(f)=FP(f)

n ay/n aj/n
s X
Ay s =

. ) Jisis s S LS G5y) -on f(5))

(a—1)/n (o~ 1)/n

—(@™f)(sy) ... (@ f) (s)]| ds ... ds,

n o /n aj/n o, (xj
+ > o Ji(sq, .., 8)—J; (—,...,—)
a,.,aj=1 (m—1)n  (a;—1)/n n n
N F) (s) .. (R F) ()] s, ... ds,. (327)

For any fe, |1 f |, < £l and so by (3.22)
sup 7™ f (|, < c0. (3.28)
}

ne{l,2,...
fes
The uniform continuity of J; on T and (3.28) imply that the second term on
the right-hand side of (3.27) is arbitrarily small, uniformly for fe#, for all
sufficiently large n. Concerning the first term on the right-hand side of (3.27)
we approximate J; as in (3.25). By (3.22) and (3.28), we can prove that for all
sufficiently large » this term is arbitrarily small, uniformly for fe4, by proving
that for any heJ#,

sup [<h, f—n™ > >0 as n—w0. (3.29)
fed

The latter holds by Lemma 3.4. [
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Proof of Lemma 3.2. By Lemma 3.5, it suffices to prove (3.23) with F, replaced
by F. Let #* denote the set of weakly continuous functionals on #. By
Lemma 3.3, we have Fe#"”. We consider the point-separating algebra %7 of
functionals Fe#" of the form

F(f)=h(<g1:f>=r<graf>)’ (330)

where re{l,2,...}, h: R">R is continuous, and g,,...,g,€4(M). Since # is
weakly compact, the Stone-Weierstrass Theorem [6; Thm. IV.6.16] implies that
25 is dense in %" with respect to the topology of uniform convergence. Hence,
since 7, , maps 4 to 4 it suffices to prove (3.23) for functionals F of the form
(3.30). Fmally, since h is uniformly continuous on compact subsets of R’, it
suffices to prove that for each £>0 and ge®() there exists p, and for all
pZp, there exists ng=n,(p) such that whenever n=n,

sup [<g, 7, , f > — <& fHl<e (3.31)
fe®

By (3.26), {g, f) and (g, =, [ are arbitrarily close, uniformly for fe, for all
sufficiently large p. Hence, it is enough to prove (3.31) with (g, /> replaced by
{gm, ). For any fe%,

Kg,m, . f>—<gm, [ol=Kn, ,g—7,8 /)l

é“np,ng_npg” ”f”oo (332)
Below we prove

lim(m, , 8) (1)=(, 8) (1). (3.33)
By the uniform bound (3.22) and the dominated convergence theorem
(7, n 8l =llglx» 7,8l =igllc), we will then be finished.
The following 1nequahtles are valid for n>22%, ke{l, ..., 2%}:

k M k k k- 1 1 k=1 k-1
A P STt :
2Ty TP n> 2 = p T 20 n (3.34)

Hence, if te((k—1)/27, k/2?), then te(n, _,/n, n,/n) for all n sufficiently large, and
so for such n

(7, ) () —(r, ,8) (B)]= 2"A§ g Tt Af g
<2F — o 2P____L_
- IA;{kg Ap,fn,kbl—F M= _y Ap,,.,k,g,
k n k-1 n__ n,—n,_
[21’{21] n"+ 5 "nl}+ 2° (—"—n@—i)—ll] gl
22p
=llgll, O (7) (3.35)

The last equality uses (3.34). The bound (3.35) implies (3.33). [



318 T. Eisele and R.S. Ellis
111.4 Proof of (3.2)

We apply Theorem A.1 in Appendix A. In the latter, we set Q=%, where % is
defined in (3.21), and define ¥ to be the o-algebra of subsets of # generated by
all weakly open and weakly closed subsets. We set {a,} ={n} and B, ,=Q, , for
ne{l,2,...} and m=pe{l,2,...}, where Q,, denotes the dlstr1but10n of the
process ép!,, defined in (3.18)—(3.19). This process takes values in #. We must
check that each Q,, defines a measure on ¥. Given y=(y,,...,y,)€R", we
define Ty by the formula (3.18) with each Y replaced by y; (je{l,...,n}). It is
easily checked that for any basic weakly open subset ¢ in 4, T-'9 is open in
R". Thus, T~ '/ is a Borel subset of IR" for any ../ ¥ and

Qp ()= f Hdp(y,
—log ,l
We define the functionals F and I by (2.3) and (1.18) respectively. By
Lemma 3.2, F is weakly continuous and uniformly bounded on £, and so
satisfies condition (A.3). Hence (3.2) follows from Theorem A.1 once we prove
that for all weakly closed subsets #" in % and all weakly open subsets ¥ in %

lim sup lim sup — log Q, (A —1(X), (3.36)
p— oo n— 00
lim inf lim inf%log 0,.%)z-1(%9). (3.37)
: p— @ n—0o0

Proof of (3.36). We need a lemma, the proof of which we save for the end of
Sect. 3.3.

Lemma 3.6. For fes# and pe.#, we define the functional I'(f) by the formula

I(f)=fy,(f@)dt, (3.38)
where y, is defined in (1.20). Then for any he #
I(my=sup{<f,hy—I'(f)}. (3.39)
feH

The functional 1 is weakly lower semicontinuous on #.

Remark. Formula (3.39) exhibits I as the Legendre transformation of the
convex functional I' (see Appendix C); ie, I=I* This formula is reasonable
since i,=7% (see (1.19)). One can also prove I*=TI.

We now prove (3.36). We denote by E{—} expectation with respect to ¢, ,
For any ge#, we have

Efexp[n{g, &, w1} 2E{ly, cxrexp[ndg &, 01}
=Prob{¢, ,ex} -inf(exp[n{g, h>]). (3.40)
Thus, e
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0, ,(A)=Prob{¢, €X'}
éiu}z(eXp[ —n{g, hy]) E{exp[ng, ¢, »1}

—sup(exp[ ~ncs. h>]>ﬁ [Texp |00 (2) 5] doa] " G

Hence we have

100, (N Sp(— (g )+ 3. ((n,,,ng) (%)
<sup(— <g,h>)+kZlA§ 7,(8(6)d
=sup(—<g, hy)+I(g). (3.42)

The second inequality in (3.42) uses Jensen’s inequality.
Here is the idea of the rest of the proof. Since ges# is arbitrary, we have

LogQ, ()< —sup inf((g, h5>—I(g). (3.43)
n geH heX

A, being a weakly closed subset of the weakly compact set 4, is also weakly
compact. We use this to reverse the infimum and supremum in (3.43). After
this reveral, (3.39) implies (3.36).
The proof to follow would be much simpler if supl were finite. However,
B

this holds if and only if p has atoms at [ and at L (see (3.64)).

We complete the proof of (3.36) under the assumption that I(X#")<co. If
I(4")= o0, then (3.36) follows by a straightforward modification of this proof.
Given ¢>0 and heX such that I(h)< oo, we find by Lemma 3.6 g,€5# and a
weak neighborhood

A() of h (A (W)= {fB: gy, b~ (8> I <2/2)
such that
(g, [>—T(g)>I(h)—¢ for all feA ()= () A . (3.44)
In (3.44), ?J(}T) denotes the closure of .«7(h). Thus,
inf <g,, [>—T'(gy21(A (W) —e. (3.45)
St (h)

On the other hand, if I{h)=occ, then by Lemma 3.6 there exists g,e# and a
weak neighborhood (k) of h such that

(g /> =T(g)>I(H)+1=R for all fed (h)n KA. (3.46)

By the weak lower semicontinuity of I (Lemma 3.6), there exists another weak
neighborhood o/, (h) of h such that I(g)=R for all ge.Z,(h). In particular,
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inf {g,, [>—=T(gy)>I(A)+1,
fext (h)

I(f)=R  for all feA ()= h)nty(h) KA. (3.47)

By the weak compactness of %, we find re{l,2,...} and elements {h,,...,h,}
and sets {A'(h,), ..., #'(h,)} which cover X, where if I(h)<coc then X#'(h)) is as
in (3.44)-(3.45) and if I(h;))= oo then A'(h)) is as in (3.47). For each h; we pick g;
=g, €A satisying (3.45) or (3.47). Clearly

o >I(A)= min (A (h))=min{I(A (h): I(# (h))<R}. (3.48)
Jje{l,...,r}
By (3.42), (3.45), and (3.47), we have

1
limsupilong,n(,%”)g max [limsup;long’n(.%/(hj))]

n-— 0o je{l,...,r} n— oo
£- min inf (g, >-TI(g)
jeil, ..., r} fed (h;)
<~ min 5, (3.49)
where

_ {I(%(hj))—s if I(h)<R, (3.50)

TV +1 if I(h)=R.
By (3.48), min ¢;=I(#")—¢, and so (3.49) yields (3.36) by taking e—0. [J
jell, ..,
Proof of (3.37). We need two lemmas, Lemma 3.7 and 3.8. We save the proof

of Lemma 3.7 for the end of this section. Lemma 3.8 is proved in [4; Thm. 5.3]
(in much greater generality).

Lemma 3.7. We define %#,, to be the image of # under m,,. Let 4 be any
weakly open subset in B and pick he%. Then there exists p,=py(h) and for all
PZDp, there exists 0=0(p) and ny=ny(p) such that whenever n2n,

n k
() -tem )
Lemma 3.8. Let {Y;, j=1,2,...} be a sequence of i.i.d. random variables each

distributed by a probability measure p on R which satisfies [exp(k|x])dp(x)<
+ o for all k>0.

{fe%p,n: <4, all k=1,...,21’}g€4. (3.51)

Set S,= Y Y, re{l,2,...}. For any closed subset K in R and any open subset
GinR i=1

r— 00

. 1 S
lim sup;log Prob {feK}g —i,(K), (3.52)

. S, .
lim 1nf;10g Prob {76 G}g —i,(G). (3.53)

r— 00
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We now prove (3.37). For any he%, we have by Lemma 3.7 for p=p,(h),

n=max(n,, 2%)
o200 (5] <3

= ﬂ Prob{ 1 Yy Y(n)—(np h) <2k—p>}<6}5 ﬁ Prob{s, ,}. (3.54)
k=1

Te jmme—1+1

Q,,,n(%=Prob{ép,neg}gprob{

In (3.54), n,=n,—n,_, and the last equality defines the sets .7, ,. By (3.53), the
fact that lim r,/n=1/27, and the choice of h, we have for all pzp,(h)

n— 00

2p

hmmf logQ (€é)_1 thlnfllogProb{ o

:'1; Z (—inf{i,(u): lu—(m,h) (k/27)| <5})

2P

= - 1p Zl (m, h) (k/27) = — Z § i, (h(t) dt=—I(h). (3.55)

k=1 Ap

The last inequality in (3.55) follows from Jensen’s inequality. Inequality (3.55)
implies that

lim inf lim 1nf1 logQ, (%)= —I(h).

p—oo n— 0o

Taking the supremum over he@ of —I(h), we conclude (3.27).
We will have completed the proof of (3.2) once we prove Lemmas 3.6 and
3.7.

Proof of Lemma 3.6. We write i and y instead of i, and y,. The key step is the
following fact. Given a real number h and Ne{l,2, ...}, we define

[+ o0 for h=L,

g=1(y)"'(h) for I<h<L, (3.56)
— for h<l,
and
gy=max(min(g, N), —N). (3.57)
Then we have
O0=gyh—y(gyTi(h) as N—oo. (3.58)

In (3.56), [, L] is the smallest closed interval containing the support of p.
In (3.56) (y)~" denotes the inverse of the function y. The quantity (7))~ *(h) is
well defined for he(l, L). Indeed, for all real ¢,

P (O)=J (e~ [ x dot,(x))? dot,(x) > 0, (3.59)
where do,(x)=exp(tx)dp(x)/| exp(t y)dp(y). Thus, y'(f)= [ xdo,(x) is a strictly

monotonically increasing function of ¢; y'(f)e(l, L); limy'(f)=L, lim y'(1)=L

=00 t— — 00
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We show how (3.58) yields (3.39) in the lemma and then prove (3.58). Given
hex, we define g(r) and g,(t) by (3.56) and (3.57) with h(t) written for h; since
lgnllo =N, gyes For any fe#, by (1.19) we have

I(h)= [ i(h(t) dt= | sup uh(t) ~y(w} dt
= [(f(O) RO —y(f () de. (3.60)

Thus, by the arbitrariness of fe#, (3.58), and the monotone convergence
theorem

1) 2 sup(< £, b = T(F) Zsup(en, by ~Tey)
= [ lim (gx(0) h(t) = (gn(0) de= [ i(h(e) de=1(h). (3.61)

This is (3.39) in Lemma 3.6.
We now prove (3.58). We first consider h=L. Then gy=N and

NL—9y(N)= —log [ exp(N(x— L)) dp(x). (3.62)
We write 4 for the support of p. Since
exp(N(x—L))1,(x)|14,(x) as NToo, (3.63)

we see that as NToo NL—v(N) is strictly increasing. In other words, for u=L
the supremum in the definition of i(u) is not attained, and

—~logp({L}) if p has an atom at L,

3.64
+ o0 if p has no atom at L. (3.64)

Oéi(L)=1im(NL-y(N))={
N1co

Thus for k=L (3.58) is valid. By similar reasoning, if h>L, then i(h)= + co,
and (3.58) holds. The case h=! is handled similarly. We now consider he(l, L).
By calculus and the fact that the range of y’ is (I, L), we have for any he(l, L)

iWy=ht(h)~y(th)<oo, th)=G)""(h). (3.65)
For he(l, L), we have by the definition of g,
gvz0, gt if ()" (20,
gv=0, gyl ') if ()7 (W) =0. (3.66)

The fact that for he(l, L) gyh—7(gy)Ti(h) follows from (3.65), (3.66), and the
fact that
>0 for t<(y)"(h),

d
E(th_y(t)){w for 1> (y)~1(h). (3.67)

To prove gyh—7y(gy) 20 for he(l, L), we use (3.66), (3.67), and the fact that at ¢
=0 (th—y(t))=0. This completes the proof of (3.58).
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We now prove that I is weakly lower semi-continuous. Let {h;} be a
sequence in # tending weakly to some he# We prove

lim inf I(h;) = I(h). (3.68)

Jjo oo

We first assume I{(h)<oc. Let >0 be given. There exists j,€{1,2,...} and by
(3.39) there exists fe#” such that for all j=j,

Ih)z<{f,hp —T(NZLLh =T (f)—e21(h)—2e. (3.69)

Taking ¢—0, we obtain (3.68). If I(h)=co, then given Re(0, o), there exists
joe{l,2,...} and by (3.39) there exists fes# such that for all j=j,

Ith)z<g hpy—I(N)z{fihy—T(f)—1zR. (3.70)
Taking R — o0, we obtain (3.68). [

Proof of Lemma 3.7. Since ¥ is weakly open in %, we can find J,>0,
re{l,2,...}, and r functions {g;; j=1,...,r} in # such that

(fed: [Kfgp— (gl <bo, j=1,....7} <. (3.71)
By Lemma 3.4, there exists p, such that for all pzp,
(fed: [Kfgp—(myh.gp|<bof2 j=1,...,1}=F. (3.72)

We are done once we have proved that for each p=p, there exists ny=ny{p)
and 4 =A(p) such that whenever n=n,

Jre)-en
S{feB: Kfg;—<{m,h g | <b0/2, j=1, ..., 7} (3.73)

In (3.51), set 6=5,/A.
Fix fe#,, and g=g;, je{l,...,r}. Since f is constant on the intervals
{4, and 7,k is constant on the intervals {4, .}, we have

(%) 1 s y) g

Ap,n,k

> |7 ()~ ()
> ) (55

.3

{feﬂp,,,

<04/4, k=1,. 2}

2p

IKf,8>—<m, b gdS Z

k=1

i el

Ap,nx

[ s [el (3.74)

Ap,n,x Ap,x

By (3.34), for n22%? and ke{l, ..., 2"} there exist two intervals A% , and AD) |
with |49, ,|<kjn (j=1,2) such that
p/2

, 2
I ) g— Jgl=1 | g+ f gl£2—zgl.

Apnk Ap, k Aplz.k .Apnk l/
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From (3.74), we conclude

27 |h)j-2-277 |lg|

) () 7

Clearly we can find ny=n,(p) and A=A(p) sufficiently large such that if the
inequalities on the left-hand side of (3.73) are satisfied for all nzn,, then f
belongs to the set on the right-hand side of (3.73). [

I<f, 8> —<m,h, gl ék sup .(3.75)

e{l,..., 2P}

IV. Laws of Large Numbers

We prove the laws of large numbers in Theorems 1.1, 1.2, 1.4, and 1.5 and their
generalizations in Sect. I, assuming the validity of the statements about 2, in
(1.37) and (1.40) and the generalizations of these statements in Sect. II. The
latter will be proved in Sect. VI by means of ideas to be developed in Sect. V.
We formulate and prove the laws of large numbers for the general d-body
case defined in Sect. II. Given pe.#,, we consider spin random variables {X;
a=1,...,n} with joint distribution given by (2.1). For 4 an interval in T, we

define
Wd)=l4" Y X0, (@)

{a:a/ned}

We define the functional F on # by (2.3) and the functional F, on # by (3.4).
For the two-body case considered in Sect. I, F is given by (1.17) and F, by

E= Y w2 e (B en(2). e

where 7™ f is defined in (3.3). We define the stochastic process {, by (3.5) and
denote by R, the distribution of {,. R, defines a measure on the o-algebra ¥
generated by all weakly open and weakly closed subsets of #. We recall the

formula
Z, = Jexp[nBE(f)]dR,(f), (4.3)

first noted in (3.6). Because of (4.3), a probability measure @, , is defined on
(%, ¥) by the formula
§expn BE,(f)]dR,(f)
?, ;(A) =%

Ae?. 44
- . e (44

This definition coincides with the definition (1.35) since each measure R, is
concentrated on #. Finally we define the set

Dy={feh: (ﬁF—I)(f)=S;p(ﬁF—I)}- (4.5)
This coincides with the definition (1.36) since I(f)= + oo for fe # . A.

Theorem 4.1. (i) For any re{1,2,...}, any r intervals {4;; j=1,...,r} in T, and
any continuous function h: R"—>R
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lim

=00

By (0 B L e, e o )0, (0=, (46)
n

where g, =471, .
J
(ii) The set of measures {®, ,; n=1,2,...} is relatively compact with respect
to weak convergence and the support of any accumulation point of {®, ,} is
contained in 9.

(itiy Let ¢ be any weakly continuous functional on .
(a) If 9,={0}, then

lim | o(f)d®, 4(f)=0(0). “4.7)

n—>oo g

(b) Assume that p is even and that in formulae (2.3) for F and (3.4) for F,,
J;=0 for odd j. If there exists a constant m=+0 such that 9y={ml, —ml}, then

lim [ o(f)d®, 4(f)=3[¢(m)+p(—ml)]. (4.8)

=00 @

(c) Assume that d=2 and that F and F, are defined by (1.17) and (4.2),
respectively. If the interaction function J is translation invariant and there exists
a function fe A, f %0, such that Dy={f(- +s), seT}, then

lim [o(f)d®, ,(f)=[o(f(:+5))ds. (4.9)

n-oo @

Remark. Let us define measures {&, , ,} on (%, ¥) by the formula

f exp[nf F,(f)]dQ, ,(f)
R -
f exp[nfE,(/)]1dQ, ,(f)

AeY,

where Q, , is the distribution of the process £, , in (3.18). Then the limits (4.6)~
(4.9) all hold with {®, ,} replaced by {Z, ﬁ} (w1th lim lim instead of lim).

P00 =0 n— 00

We have chosen to work with {®, ;} because they are less cumbersome than

{Ep,n,ﬂ}'

In order to prove part (ii), we need a lemma.

Lemma 4.2. For any weakly closed subset A" in &,

lim sup — log f exp[nBE(f)dR,(f) ]<sup [BF —1I7. (4.10)

n— 00

Proof. By Lemma 3.5, F,—F uniformly on %. Hence it suffices to prove the
lemma with {F} replaced by F. By Remark 1 following the statement of
Theorem A.l (with P, =R, for all me{l,2,...}) and by (A.5) it suffices to
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prove that for all weakly closed subsets 4" in &

11msup logR (S —I(H). (4.11)

n— 00

This is proved like (3.36). We have for any ges# (cf. (3.40)-(3.42))
-10gR ()= »up( <8, h>)+ log E{exp[n<g, {,>1}

—sup(—Cem)+ 3 17, (@9 7))

=sup(—<g, ) +T(g), (4.12)
hedt

where the last step uses Jensen’s inequality, Now (4.12) is shown to imply (4.11)
in exactly the same way that we proved (3.42) implies (3.36). [

Proof of Theorem 4.1. We set f=1, writing E,, ,, and 2 instead of E, 4, @, ,
and ;.

(i) We consider only r=1 and 4, =(a, b], where g, beT, a<b. The case of
general re{l1,2,...} and general intervals {4;; j=1,...,7} has handled similarly.
The random variables W,(4,)/n and {|4|711,,{ > take values in the compact
subset A=[1, L] in R (see (3.20)). It suffices to prove (4.6) for he%*(A) since
%*(A) is dense in €(A). We pick integers j, =j,(n), kg =ko(n)e{0, ..., n—1} such
that

§ ]0+1 ﬁ<b§k°+1.
n n n
Then

1 > 1 () (k—l k]

194n =Ta Y" A T

<|A1I 144 k; ¢ n’n

jo+1 k,
_ 11 YooYy (J_Oj____a) Y™ 4 (b ) YO, (413)
14, N jo+1<k<ko n s °

Hence

En{h (W(a))} {n (<I i f> d@nm]

w0 () (0 () )

< EsuplH (9] {("’—}1— a) £+ (b o )E |X§:"+11}

=0(1/n). (4.14)
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The last step uses the fact that since p has bounded support sup{E,|X\"|; n
=1,2,...;j=1,...,n} <0,

(i) Let & be any weakly open set in 4 containing &. We prove below that
there exist Ce(0, o), 6€(0, 0) such that for all ne{l,2,...}

D (B~ Ce™. (4.15)

Here & denotes the weak closure of & Since & is also weakly compact, we
see that the set of measures {®,} is tight, and thus by Prohorov’s theorem [2;
Thm. 6.17 {®,} is relatively compact. Let ¢ be any accumulation point of {®,};
say @, = @ for some subsequence {n'}. By (4.15)

(B~ F)<liminf @, (B~ F)=0, (4.16)
and so & is supported on &% By the arbitrariness of % and the fact that & is
weakly closed (see Theorem 5.1(ii) below), we conclude that @ is supported on

N =9 (4.17)
{¥ 29, S weakly open}

We now prove (4.15). We have by Lemma 4.2 and Theorem 2.1

. 1 ot 1
lim sup P log @, (#~ ¥)<lim sup . log @ (B~ F)

Ssup[F—I]—sup[F-—I]. (4.18)
B a
We are done once we prove
sup [F—I]<sup[F—I]. (4.19)
AN 3

If we had equality in (4.19), then by the weak compactness of #~ % (Lemma
3.1), there would exist a sequence {f;} and an element f in #~ & such that

St F=D(f)~suplF-11. (4.20)

The weak upper semicontinuity of F—I on # (Lemmas 3.3 and 3.6) would
then imply (F—I)(f)=sup[F—1I] or feZ. But the latter is impossible since
(B~ PV D =1, 4

(iii) The right-hand sides of (4.7), (4.8), and (4.9) define probability measures
D, D, and P, respectively; ie, P,=0,, Pp=(J,,+0_,,,)/2, and &, denotes
the circular average in (4.9). We first consider case (a). Since @, is the unique
probability measure supported on &= {0}, by part (i) any accumulation point
of {®#,} must be @,.

Thus, @,=>®,, which is (4.7). In case (b), by the evenness of p and the fact
that J,=0 for oddj, each @, is signature invariant (invariant with respect to
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the action f— —f on %). Hence any accumulation point of {®,} must be
signature invariant. Since &, is the unique signature invariant probability
measure supported on & ={ml, —ml}, we conclude as in the proof of case (a)
that &,= @,. This is (4.8). In case (c), by the uniqueness of Haar measure [21;
Theorem C, § 60], @, is the unique translation invariant probability measure
supported on @ ={f(-+s), se€T}. (Translation invariant means invariant with
respect to the action f(-}— f(*+s), seM, on %) We will be able to conclude
that @, =@, which is (4.9), once we prove that any accumulation point & of
{#,} is translation invariant. We denote by %" the set of weakly continuous
functionals on #. Assuming that @, = ¢ for some subsequence {n'}, we prove
that & is translation invariant by showing that for any ¢e#" and s

;cf’(f('JrS)) do(f)= ;q)(f)d@(f)- (4.21)

The idea of the proof is to show that at the expense of a small error we can
replace @ by some ¢, and s by the nearest real number of the form j/n for
some je{l,...,n}, ne{n’}. With these replacements (4.21) is easily shown to
hold. The latter is closely relately to the Z -rotational symmetry of the measures
{F, s} noted in the third paragraph after the statement of Theorem 1.1.

We consider the set %% of weakly continuous functionals ¢ on # of the
form

where re{l,2,...}, h: R"-IR is continuous, and g, ..., g,€4(M). As we noted
in the proof of Lemma 3.2, #Y is dense in #" with respect to the topology of
uniform convergence. Hence it suffices to prove (4.21) with ¢ =@ of the form
(4.22). For any ne{n’} and any je{l, ..., n}, we have

[ o(f(+5)dP— [p(f)d|

QU +5)d@—Fo(f(+5) A, |+ [Io(f (- +)—F(f (- +j/n))] 4D,

G- +i/m) dd,— [ §(f)dD,|+I] §(f)dP,~ [ §(f) D]

=L, () +L,(j, m)+ L3 (j, n)+ L, (n). (4.23)
Since @, =@, given ¢>0 we can pick n,>0 such that L(n)<e, L,(n)=¢
whenever ne{n’}, n=n,. Given 6>0, we may pick ne{n’}, nzn,, je{l,...,n}
such that [s—j/n|<d. We show that there exists 6>0 such that L,(j,n)<e.
Since h in (4.22) is uniformly continuous on compact subsets of R”, it suoffices
to prove that for each >0 and ge®(T) there exists 6 >0 such that whenever |s
—j/nj<é

§u£l<g, FC+8>—=Lg fl+j/mdl<n. (4.24)

The left-hand side of (4.24) equals

supl<g(- —s)—g(-—j/m), [ DI Ssuplg(t —s)—g(t—j/m)i-sup| fl,. (4.25)
fe# teT fe#
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Hence by the uniform continuity of g on T and the uniform bound (3.22),
there exists >0 such that (4.24) holds if |s—j/n|<d. Thus, we have proved
L,(j,n)<¢ for suitable j and n. We claim that for all ne{l,2,...} and all
jel{l, ...,n} Ly(j,n)=0. Once this is proved, we will be done. By (4.4), it suffices
to prove that for all fe#

dR,(f (- —j/m)=dR,(f) (4.26)
E(f(=jm)=E,(]). (4.27)

We have (4.26) since R, is the distribution of the process {, in (3.5) and the
distributions of {,(++j/n) and of {, are equal. Since J is translation invariant,
there exists J: T—R such that J(s,t)=J(s—¢) for all s,zeT. Hence for any
fe#

PEGC—im= Y T (95 @) ()@ -im) (2)

ay,a3=1

- ¥ ()@ (). e (221)

ag,da=1

=n”F,(f).
This proves (4.27). [

and

V. Solving the Variational Problem sup[fF —1I] on &

In order to complete the proofs of Theorems 1.1, 1.2, 1.4, and 1.5 and their
generalizations in Sect. II we must prove the statements about % in (1.37) and
(1.40) and the generalizations of these statements in Sect. II. The key to doing
this is proved by Theorem 5.1 below. We prove that the maximum of §F—1
on Z is always achieved, so that Z,+0; that any maximizing f lies in the set

B ={feB: I< f<L ael}, (5.1)

which is the interior of # with respect to the weak topology (the numbers !
and L are defined in (3.20)); that such an f equals a.e. a solution f, of the
nonlinear integral equation

i, (fo@)=BEF (f) @), teT, (5.2)

and that f is continuous on M. In (5.2), F’ is an operator mapping # —#
which generates the Frechet derivative of F at f,,. F’ is defined in (5.6) below.

The proof of (5.2) is subtle. If it were true (say) that I were Gateaux
differentiable on 4, then (5.2) would follow from general theory [1; Theorem
6.1.1]. But this differentiability is not valid. Given H a Frechet differentiable
function on 4, we define the operator H': # —3# by the formula

H(fYh=<H'(f),h>, [ heHt, (5.3)
where D H(f) denotes the Frechet derivative of H at f.



330 T. Eisele and R.S, Ellis

Given je{2,3,...} and numbers s,,...,s; ,, teT, we define quantities s{,
ke{l,...,j}, as follows: for k=j, s’ =(s,,...,s,_;,t) while for ke{l,...,j—1} s
is obtained from (sy,...,s;_;,t) by interchanging the k’th coordinate, s,, and

the jth coordinate, ¢ (e.g., 5" =(s,, 1,55, 5,))-

Theorem 5.1. We define the functional F by (2.2)-(2.3), where de{2,3,...} and
each function Jj:'ﬂ"f—>]R is continuous, je{l,...,d}. For s,,...,s;_,, teT,
je{2,...,d}, we define

O =T, J sy, .-, 55_1,0) :k; J{s). (5.4)

We define the set 9, by (4.5). We have the following facts.
(i) F is Frechet differentiable on # and

DF(fYh={F'(f),h>, fhes, (5.59)

where

(F() O =J, 0+ .zzjl!mj_ijj(sl,...,sjvl,t)f(sl)...f(sjﬁl)dsl...dsjﬂl.
(5.6)

(i) 2,0, 2, is weakly closed, and B,< B°, where 2° is defined in (5.1).
(i) If f €Dy, then there exists a solution f, of (5.2) which is continuous and
which equals f a.e.

We need a lemma.

Lemma 5.2. We have
lim i'(u) = + o0, lim ¥’ (u) = — . (5.7
utL ull
Proof. For ue(l, L), (3.65) implies that i'(u)=(y")"'(u). The lemma follows by
properties of v’ stated after (3.59). O

Proof of Theorem 5.1. To ease the notation, we set f=1 and write & instead of
Dy.
(i) This is a direct calculation.
(i) The proof that & is non-empty and weakly closed is standard. By
Theorem 2.1, a=sup(F—I)<oc. We pick a sequence {f;} in # such that
B

(F—ID)(f))—o. By the weak compactness of # (Lemma 3.1), there exists a weakly
convergent subsequence {f;} with weak limit fe#. Since F —1I is weakly upper
semicontinuous on &% (Lemmas 3.3 and 3.6),

a=lim(F-D (/) =(F-D(f)=a (5.8)

Thus, fe2. A similar proof shows that & is weakly closed.

We now prove that I<4%°. Given fe®, we prove that |{t: f(t)=L}|=0;
that |{t: f(t)=0}{=0 is proved similarly. We argue by contradiction. If .o/
={t: f(t)=L} were not a null set, then by convexity of i and Lemma 5.2, we
would have as ¢ 0
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SUD =11 = [T~ i~ L)
(5.9)

={ l(i(L)—i(Lﬂs))dtgl,pil i'(L—g)-o0.
o7&

By part (i) e~ (F(f)—F(f—el,)) stays bounded as ¢—0. Hence we can find a
small £,>0 such that f—e,1 €% and

1 ~ - N
;[I(f)—l(f~80 L)1 >si[F(f)—F(f—Eo L)) (5.10)
The latter is the same as

F(f—ey1)~1(f 20 1) > F(/)—1(]), (5.11)

but (5.11) contradicts fe .

(iif) By part (ii), we may find an a.e. strictly positive function he# such
that for all |¢|<1, I<f+eh<L ae Let A be any measurable subset of T.
Given Ne{l,2,...}, we define

Ay=An{t: —N<i(f()~h@®) i (f()+h(t) <N} (5.12)

Since i'(u) < oo for ue(l, L), we have Ay A as N—oo. For any e€(0, 1], we have
by part (i) and Taylor’s theorem with remainder for n=0 [1; Theorem 2.1.33],

02 F(f+ehl,)—F(N)—I(f+ehl, )+I(f)
=e(F(f),hl>+o)—efi(f)hl,, drt (5.13)
—e[(J[i(f+sehl,)—i(f]ds) b1, dt.
Since on Ay

I(f+seh-1,)Si(f+h)<N, se[0,1], (0, 1], (5.14)

we have by dominated convergence that the second integral in (5.13) tends to
zero as &) 0. Hence (5.13) implies

A h1, > ZF(F), I ). (5.15)

Repeating the argument with e[ —1,0), we conclude (5.15) but with the sense
of the inequality reversed. Thus,

()L =<{F(f) hl). (5.16)

Since AyTA, 4 is an arbitrary measurable subset of T, and h>0 a.e., (5.16)
implies that

"(NH=F(f) ae. (5.17)

Let us assume that (5.17) fails on a null set N. We define
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f(t);{f(t) for teT~N,
EVOF N @)  for teN.

Since f,=fa.e. and F' is an integral operator with a smooth kernel, we have
F'(f))=F'(f) on all of T. Thus, i'(fo)=F'(f,) on all of M. The function f, is
continuous since f,=(i")"'(F'(f,)) and each J—J in (5.4) is continuous. We re-
mark that

(5.18)

— oo <essinfi'(f)<esssup i'(f)< (5.19)
and thus that i'(f)es’. O

VL. Proofs of Theorems 1.1, 1.2, 14, 1.5, 2.2-2.3

Under the hypotheses of these theorems, we find all relevant solutions of the
equation (5.2). By our work in Sect. IV and V, we will then be able to
complete the proofs of the theorems.

VI.1 Proof of Theorems 1.1, 1.4, and 2.2

We prove these theorems for a larger class of interactions than the class of
continuous J>0. Given J=20 on T x T, we say that J is irreducible if for all
s,teTl there exists a sequence u,=s5,u,, u,,...,u,=t such that J(u,u;, ,)>0 for
each ie{0,1,...,n—1}. Clearly J is irreducible if J>0 on T x T. :

We prove Theorems 1.1, 1.4, and 2.2 assuming that J: Tx T—IR is con-
tinuous, non-negative, and irreducible and satisfies (1.6).

It suffices to prove Theorem 2.2, which generalizes Theorems 1.1 and 1.4
from p=(5,+0_,)/2 to arbitrary pe%,. The statements about the Curie-Weiss
spontaneous magnetization m“¥(p; ) are checked in Appendix B. Below we
prove for pe%, that

_{{0} for 0<B=p.(p)=1/fx2dp(x)
F UM (o BL ~m (o H1Y for B> B,(p).

Then the p-versions of the limits (1.8), (1.9), and (1.38) follow from parts (i),
(iii) (a), and (iii) (b) of Theorem 4.1.

We prove the first line of (6.1). By Theorem 5.1(ii)-(iii), it suffices to prove
that if 0<B<f.(p), then f,=0 is the unique continuous solution in #° of the
equation

(6.1)

=5 1760 (9 ds. 1T, 62

where J(s,8)=J(s,0)+J(t,5). Let f,e4(I)n%° solve (6.2) and pick t,eT such
that | fy(to)l =max {| f,(2)|: teT}. Since f,eB°, we have |f,(t,)| <L, where L is
defined in (2.10). Since 7, is odd and J satisfies (1.5), we have

ip(foto) =l (foto)l = BIf s, 20) fo(s)ds| = 1 fo(to)l < Blp) [ folto)l: 63)

By (B.14) (in Appendix B), we conclude that |f,(t,)|=0 and so Jo=0.
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We now prove the second line of (6.1). For > f_(p), the function f,=0
continues to solve (6.2) but we claim that 0¢Z,. In fact, if f=ul, some uelR,
then

BF-D(H="2 i (64

Since

(Bu*/2—i,@) ]z 0=0, (Bu*/2~i, ()], o= — 1/ x> dp(x)= f~ B.(0) >0,

pu?/2—i,(w)>(BF —I1)(0) for all u sufficiently small, and thus 0¢2Z, We are
done once we prove that if f£0 belongs to %4 and is continuous, then

|f(t) =m ¥ (p; B)  for all teT. (6.5)

We first prove that | f]e,. Since i, is even and J 20, we have
f}gg(ﬂF—I) (f)=(BF-1) (f)é(ﬁF—I)(Ifl)éigg(ﬁF—I)(f)' (6.6)
This implies that | /€%, and thus by Theorem 5.1(iii)
L(f@D=BfI(s,0)1f(s)ds, teT. (6.7)

Since |f] is continuous and by Theorem 5.1(ii) |f]e%°, we can pick t,,t,€T

such that
L>|f(to)l = max| f(0) 2 min| f0]=1/(t,)| 20 (6.8)

By (6.7) and (1.6),
i;(lf(to)l)=§ff(s, to) S ds= B (), (6.9)

i (el fJ(S )1/ ) dsz B1f (). (6.10)
By (B.16) (in Appendix B), we have
01/l =m ™ (p; B 1S (e)I=0 or m®(p; BZ|fe) <L (6.11)

We consider two possibilities. If | f(t,)|>0, then (6.11) implies | /(t,)|=|f(t,)l
=m" (p; B). By (6.8), this yields (6.5). If | /(¢,)|=0, then we would have equality
in (6.10); hence || F(s)| J(s,t,) ds=0. We prove that this leads to a contradiction.
Given u, veT and an integer k=1, we define

J¥R= (.. fds,...ds J(u,s;) H SisSix 1) J (54, D),

wherei for k=1 the empty prodgct is replaced by 1. Since |f]£0, we have
L>|f(tp)]>0. Since J and thus J are continuous and irreducible, there exists
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an integer nx1 such that [f(zo)-J*"(to,2,)>0. We define «
=|f1(to)/i,(1f1(t0)>0. By the convexity® of i, on [0,L) and (6.7),

0=j lfl (Sn) j(S", tl)dsn;ajl;(|fl (Sn)) j(S", tl)dsn
=ﬁa_“f| (Sn—~1)j*l(sn—lnt1)dsn—1
2. 2By [171(s6) J*"(50, 1) dsy>0.

This contradicts shows that |f|(¢,)=0 cannot hold, and we are done. []

V1.2 Proof of Theorems 1.2, 1.5, and 2.3

It suffices to prove Theorem 2.3, which generalizes Theorems 1.2 and 1.5, from
p=(d,+5_,)/2 to arbitrary pe¥,. We are given pe¥, and J(s, t)=J(s—t), where
J is defined by (2.11). We prove that

g = {{0} for 0<BZp.(0) =2/,
PUUSC+9) ey for B>B00)

where f is given by (2.12) in terms of a quantity u that satisfies p
={f,cos(2npt)) (this is (2.13)). Given (6.12), the p-versions of the limits (1.11),
(1.12), and (1.41) follow from parts (i), (iii)(a), and (iii)(c) of Theorem 4.1.

By Theorem S5.1(iii) one can characterize f €9, up to a null set by studying
solutions of (6.2). We first prove that f satisfies (6.2) if and only if f has the
form

(6.12)

fO=v,(BvucosQrp(t+s)), teT, (6.13)
where s is some number in T and p satisfies
p={v,(Bvucos(2npt)) cos(2npt)dt. (6.14)

We then study solutions of (6.14) for different values of . Given fe# and
ke{0,1,...}, we define the Fourier coefficients

fr(k)={exprikt) f()dt, f*(k)=Re[f " (k)]={cos 2mke,f>.
For J in (2.11), equation (6.2) for f becomes
i,(f(©)=—Bbf " (0)+ v Re[ f " (p) exp(—2mipt)]. (6.15)

We show that f of the form (6.13) with seT and u satisfying (6.14) is a
solution of (6.15). We first consider s=0. Since y,, is odd, we have

fa+1/2p)=—f(@), all teT,

so that f7(0)=0. If u satisfies (6.14), then since f is symmetric about 0, u
=f"(p)=f*(p). Since i;,=(y;,)‘1, (6.13) with s=0 is exactly (6.15). We now
consider (6.13) with general seT. It suffices to prove that if f is any solution of

? i x)/xLi(y)/y for 0<xZy <L
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(6.15), then h=f(- +s) also solves (6.15). But 1" (0)=f"(0) and

h"(p)=1"(p) exp(—2mips).
Hence h satisfies (6.15) if and only if for all teT

i(f(t+5)=—BF*(0)+BvRe[f " (p) exp(—27ip(t+5))]. (6.16)

But (6.16) follows from (6.15) by substituting (¢ +5) for ¢ in the latter equation.
We now prove the converse, namely that any solution of (6.15) has the
form (6.13). We need a lemma.

Lemma 6.1. Let f be any solution of (6.15). Then there exists s€T such that
fs+0)=f(s—1) for all teT. 6.17)

Proof. We consider two cases, f" (p) 0 and f*(p)*0. If f*(p)=0, then all
solutions of (6.15) are of the form f=ul, u constant, where u must satisfy 7 (u)
= — Bu. The only solution of this equation is u=0, so that /=0 and (6. 17) is
valid for any seT. We now consider the case F*(p)#0. Equation (6.17) is
equivalent to

f@s—H=F@) for all teT. (6.18)

We prove that (6.18) holds with

s=—2—1—arg<f o). (6.19)

By (6.15), it suffices to check that for all teT
Re[xexp(—2nip(2s—1))]=Re[xexp(—2nipt)], where x=f"(p)+0. (6.20)
Writing x=exp(log|x|+iargx), we check (6.20). [

We now prove that if f satisfies (6.15), then f has the form (6.13). Again we
consider two cases. If £*(p)=0, then as in the proof of Lemma 6.1, f=0. This
has the form (6.13) with u=0 (u=0 satisfies (6.14)). We now consider the case
F(p)+0. We pick seT so that (6.17) holds and define h(f)=f(t+s), teT. It
suffices to prove that & has the form

ht)y=y,(Bvicos2rpt)), teTl (6.21)

for some p satisfying (6.14). By the calculation leading up to (6.16), / solves
(6.15), and since f satisfies (6.17), h is symmetric about 0. Thus h*(p)=h*(p),
which is non-zero since f " (p)+0, and

h(e)=7,(— BbR* (0)+ Bvh* (p) cos(2mpr)),  teT. (6.22)

We claim that once we have proved that h*(0)=0, we will be done. In fact,
setting pu=h*(p), we see that (6.22) reduces to (6.21) and the equation pu=~h*(p)
is exactly (6.14). We now prove that A*(0)=0. If b=0, then from (6.22)



336 T. Eisele and R.S. Ellis

h(t+1/(2p))= —h(t), so that h*(0)=0. If b>0, then we assume h*(0)+0 and
obtain a contradiction. If h*(0)>0, then since v, is strictly increasing and odd
and h*(p)=+0, we have from (6.22)

1
h(t)<~/;,(ﬁbh#(0)+ﬁvh#(p) cos(2upt))=—h (t+2—p~) (6.23)
for all te™. This leads to the contradiction
h#(O)zlj (h(t)+h (t—l——l—)) dt<0. (6.24)
2 2p

Similarly, assuming /¥ (0) <0 leads to h*(0)>0. Thus, h*(0)=0. This completes
the proof that any solution of (6.15) has the form (6.13).

We now study solutions u=p(f) of (6.14). We assume that v>0; v<0 can
be handled similarly. We need only consider u(f)=0. If u solves (6.14), then
—p solves (6.14), and h_,=—h, where h, is defined by (6.21). Since
h(t+1/2pY)= —h(t), h and —h generate the same orbit {h(: +s),s€T} in A.
Hence, if we knew that for f>f (p), (6.14) has a unique solution u(f)>0 (this
is proved below), then whether we use u(f) or —u(f), the second line of (6.12)
remains unchanged.

We write H(uw)=H, , , ,(w) for the right-hand side of (6.14) and note the
following properties:

(@) H(0)=0, H(y)>0 for p>0;

b) H is strictly increasing on IR ;
(b) y g (629

(c) H is strictly concave on [0, c0);
(d) for each p>0 lim H (0)=2L/n=1lim H(u),
B— oo

w00

B.v.p.p

where L=sup{x: x in support of p}. Since y, is odd and y,()>0 for >0, (a)
follows from the equation

H(u)={y,(Bvu|cos2mpt]) |cos 2npt] dt. (6.26)

Property (b) follows from the strict convexity of y, and (c) from the oddness of
7," (as in (6.26)) and the strict concavity of y, on (0, o0). The latter holds since
peY, (see (2.6) and the discussion that follows (2.6)). Property (d)is a con-
sequence of the limits
lim y,()=L, lim y,()=—L. (6.27)
t—o0 t— —00
Properties(a)-(c) 1mply that (6.14) has the unique solution u= u(f)=0 when-
ever f satisfies

Ay, p, 1) Ak _ . (6.28)
dl‘t u=0—d”

Le., whenever
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12
02 vxdp(x)

For B> B.(p), (6.14) has the solution u=0 as well as a unique positive root p
= (). By (6.25) (b) and (d), we see that

0<p<

= B.(p) (6.29)

u(B) is monotonically increasing and lim p(f)=2L/xn. (6.30)

Boco

See Fig. 1

Fig. 1. Solving (6.14) for §>p,(p)

When substituted into (6.21), u=0 gives rise to h=0 while u(f) gives rise to
h#%0. Hence the second line of (6.12) will follow once we prove that 0¢ 2, for
B> p,(p). We prove this by showing that for all sufficiently small ueR ~ {0}

(BF—-D)(ucos2npt)>(fF—1)(0) (6.31)
Since d{(fF —I)(ucos2npt)}/du=0 at u=0, it suffices to prove that

du*
W{(ﬂF~1)(u cos2npt)}t,_o>0. (6.32)

A short calculation shows that the left-hand side of (6.32) equals
Bv 1 v
L (B . 6.33
R rrrer ) (633)

Since > f,(p) and we have assumed that v>0, (6.32) holds. The properties of
fﬂ!v,p,p listed in Theorems 1.2 and 2.3 follow from (6.21). The limit (1.14) and
its generalization to pe%, (see the Remark after the statement of Theorem 2.3)
follow from (6.25), (6.27), and (6.30). [

Appendix A. Laplace’s Method for Doubly Indexed Function Space Integrals

The proof of the following theorem is based upon unpublished notes of S.R.S.
Varadhan.
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Theorem A.l. Let Q be a topological space and ¥ a c-algebra of subsets of Q
which includes all open and closed subsets of Q. Let {P, ,;m=12,.

=1,2,...} be probability measures on (Q,¥). Let {a,; n=1,2,...} be a sequence
of positive numbers such that a,— oo and for all closed subsets A in Q and open

subsets 4 in Q

1
lim sup limsup E—log B () —I(X), (A.1)
lim inf lim inlel—log B (9 z-1(%). (A2)

In (A1)-(A2), I is some extended real-valued functional on Q, and for o/ =Q,
I(o)=1nf{I(f): feL}. Let F be a continuous functional on Q such that

lim limsup limsup llog [ expla,F(/)]dE, (f)=~o. (A3)

Low m-w o 4, {1 F(NHzL)

Then sup[F —I]< o0 and
Q

lim lim —10g§eXp[a F(f)]dE, (f)=§ug[F(f)—1(f)], (A4)

m—w n—w Uy

and for any closed subset A in Q

lim sup lim sup a-log {expa, F(f)dP, (f)gjlelg[F(f)—I(f)]. (A.5)

m— o n— o n

Remarks. 1. The proof of the bound (A.5) requires only (A.1), not {(A.2).
2. Setting A =%=Q in (Al) and (A.2), we see that ian 0. Thus,

I: Q—[0,c0]. If F is bounded above, then (A.3) is trivially satlsfled and sup [F
—1I] <sup [F] <.

3. [29, §3] considers the case of sequences of probability measures {P,; n
=1,2,...} and of functionals {F,; n=1,2,...}. If the analogues of (A.1)-(A.2)
hold with {P, ,} replaced by {P} and F by F,, if F, tends to F suitably as
n—o, if I is lower semi-continuous on £, and if { f eQ I(f)£M} is a compact
of Q for every finite M, then

lim - fexpla, (/)] dB() =sop LF(N— 1)
For the case where F is continuous and F,=F for all n, Theorem A.1 (applied
to P, =P for all m,n) is stronger since it does not require that I be lower
semicontinuous or that {feQ: I(f)<M} be compact. The real use of [29; §3]
is its ability to handle sequences of functionals {F,} under a fairly weak hy-
pothesis on their convergence to F.
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Proof of Theorem A.l. For «/e¥ we define
U, ()= | expla, F(f)1dE, ,(f),
“ (A.6)
Upn= U Q)= i expla, F(f)1dE, .(f).

The first step is to prove sup [F —1I] < co. By (A.3) there exists a real number C
such that 2

1
limsup lim sup . logU, ,=C. (A7)

m— h— o0 n

Given any ge and ¢>0, we define the open set

G={feQ: F(f)>F(g)—¢}.
By (A.2) and (A.7)

1 1
Czliminf liminf —log U, ,2liminf liminf —log U, (%)

m— oo n-— oo n m-— B> 0 n (A'g)
2F(g)—e—I(9)2F(g)—1(g)—=
Since g and ¢>0 are arbitrary, we conclude from (A.8)

sup[F—-I]=C<+w
2

and

lim inf lim inf ilog U, .Zsup[F~I]. (A9)
2

m— o n—w Gy

The second step is to prove

1
lim sup lim sup a—log U, .Ssup[F-1I], (A.10)
Q

m-> o n-— o0 n

which with (A.9) gives (A.4). We prove (A.10) first under the assumption that
S=sup F <. (For such an F, condition (A.3) is trivially satisfied.) We define
0

D=max{—sup[F—1I],8}, [={feQ: -—DSF(f)SD}, and L,={feQ: F(f)<
2
'—Dj}. Since Dz S, we have I; UI, =Q. Let us suppose that we can prove that

. . 1
lim sup lim sup a—log Um’n(l’i)gﬁup [E(f)—I(N] (A.11)

m-— 0 n— n

Then

. 1 . 1 . 1
limsup —log U, ,=max (hm sup —log U, ,(I}), limsup s log Um’,,(l"z))

m,n a, m.n n m,n n

=max(sup[F—-I],—D)
I

Ssup [F—1I],
2]
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which is (A.10). Hence it suffices to prove (A.11). This is equivalent to proving
(A.10) under the assumption that M =sup |F| < .
2
We pick Ne{l,2,...} and for je{—N,—~N+1,..., N—1} define the closed
subsets

,%/N’jﬁ{feg:%§F(f)§%%}. (A.12)

N-1
We have ‘ U Ay, ;= Q. By property (A.1), for each je{—N,...,N—1}

j=—N

1
limsup —logF, (Ay )= —I(Ay ) (A.13)

myn—so G

We have

N-1 ;
Un,mé Z CXp [an (J+]\1]) M] En,n(‘%/N,j)

i=—N

and so by (A.1),
(J+OHM

1
limsup —logU, ,<  max [ —I(%”N,,-)]

m, n— o0 n je{—-N,...N-1}

< max sup [F()-I(N]+o

je{—N,...N—1} fedX' N, ; N
M
=sup [F(f)—1(f)]+~-
fe N

Taking N - oo, conclude (A.10).
We now prove (A.10) for a continuous F unbounded above but satisfying
condition (A.3). We pick L sufficiently large so that

1
limsup —log U, ,({F = L}) <sup [F~I]. (A.14)
2]

m,n n

This is possible by condition (A.3). We define F=min(F,L) and U, , as in (A.6)
with F written for F. Since F is continuous and F <L, we have by the earlier
case, by (A.14), and by the inequality FXF

. 1 . 1 - . 1
limsup —log U, ,=max (11m sup —log U, ,, limsup ” log Um,n({FgL}))

m,n a,, m,n an > n
<max(sup[F—TI], sup[F—I])=sup[F—I].
2 Q Q
This is (A.10).
To prove (A.5), we repeat the proof of (A.10) with the sets {#y ;} in (A.12)
replaced by {Ay ;n A’} O
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Appendix B. Verification of Statements about the Curie-Weiss Model

Let p be a Borel probability measure on R which is not a one-point mass and
which satisfies

[exp(kx*)dp(x)<oo  for all k>0.

We denote the set of such p by .#. Later on, we shall impose additional con-

ditions on p. The hypothesis in the main body of this paper that p have bound-
ed support is needed only to treat the general case of the circle model. For
the Curie-Weiss case, unbounded pe.# can be treated without much ad-
ditional work.

For pe.#, we define the Curie-Weiss model by (1.4). Since p satisfies (B.1),
ZSW is finite. Our first result evaluates the specific free energy " (p; f) as-
sociated with (1.4).

Theorem B.1. For pe.#
1
—BYT(p; B=lim —log Z7Y

B 00

(B.2)
=sup [Bu?/2—i ()] = sup [y, () —t*/2)],

where i, is defined in (1.19) and y, is defined in (1.20).

Proof. Let {Y;; j=1,2,...} be a sequence of iid. random variables each distrib-

n

uted by p and set S,= )’ Y;. Let g(x)=x?/2. Then

j=1
253~ oottt v e
R

We apply Theorem A.1 in Appendix A with Q=IR, ¥ the Borel subsets of R,
F=g, P, =Prob{S,/ne-} for each mne{l,2,...}. By Lemma 3.8, the bounds
(A.1) and (A.2) are valid with I =i,. Hence we will have proved the first equal-
ity in (B.7) once we prove (A.3). We have by the convexity of g and Cebysev’s
inequality

{ exp[nfg(x)] Prob {%ed x}

{x: pg{x)z L}

o0

< Zl exp[n(a+1) L] Prob {,b’g (S" ) = ocL}

a= n

fIA

exp[n(e+1) L] Prob {é Zn: g(Y)= ocL}
=1

1

NAERINGE

fiA

exp[n(a+1) L] exp[ —3naL] K(B)
1

exp[ —n(2a—1) L] K(f),

Y
]

Il
I 8
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where K(f)=[exp[3pg]dp <o by (B.1). We conclude that

. . 1 S
lim limsup —log | exp[nBg(x)] Prob {—nledx} = — 0.

Lew noo N ezl

This is (A.3).
In order to prove the second equality in (B.2), we apply Theorem C.1 in
Appendix C to the closed convex functions g and i,. []

As a consistency check, we show that for the Curie-Weiss model, (B.2) in
Theorem B.1 agrees with (2.4) in Theorem 2.1. This verifies a claim made after
the statement of Theorem 1.3, of which Theorem 2.1 is a generalization. Theorem
2.1 calculates the specific free energy y(f) corresponding to the joint distri-
butions {P, ,} in (2.1). For the Curie-Weiss model, F in Theorem 2.1 is given by
F(f)=%([ f(t)d?)*. In this case, Theorem 2.1 states that

~pup=swp [Fqrwar-10], ®3)
fe#

For Theorem 2.1, we need p€.4,.

Theorem B.2. For pe.#, the supremum in (B.3) equals the first supremum in
(B.2).

Proof. Let g(x)=x%/2. If f equals a constant u a.e., then
g(( NH—1(f)=gw)—i,(u),

so that — By (p; H)< —B¥(B). On the other hand, for any fes#, teT, by
(B.2)

Be(f @) i, (f(N=—BY"(o; B (B.4)
jfrﬁg°f—1(f)§—ﬁ¢cw(p; B). (B.5)

and so

By Jensen’s inequality g([f)=<[gof, so from (B.5) we conclude —By(B)=
—ByTpyp. O

Finally, we verify the statements in Theorems 1.1, 1.4, and 2.2 concerning
the Curie-Weiss model. It suffices to consider Theorem 2.2, which generalizes
Theorems 1.1 and 1.4 from the measure p=(5, +J_,)/2 to p satisfying the one-
site GHS inequality. Again, we do not restrict ourselves to p with bounded

support. In other words, we now assume that pe¥, where the latter class is
defined by (2.5) and (2.6). (B.2) states that
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—Py¥ (p; B)=sup {ﬁ—;—— i,,(u)} (B.6)
uelR
We define
wai{memjﬁ; —gmﬂ=gﬁ[%}—gwﬂ}. (B.7)

We prove that

QCW:{{O} for 0<B<p.(p)=1/] x> dp(x),
P U Em (o ) for p>Bup),

where for B> B.(p), m“"(p; p) is the unique positive root of the equation

(B.8)

Bm=1i(m). (B.9)

Defining L=sup{x: x in the support of p}e(0,0], we also check that
m(p; B)TL as f—co.

Since pe¥, by (2.6) and the discussion that follows (2.6), the function y, is
strictly concave on [0, ). By the strict convexity of i, on [0,L), 7, is strictly
increasing on [0, L), and since it is the inverse of y}, i, is strictly convex on
[0, L).

We prove that the supremum in (B.6) is achieved for ue(—L,L). If L<oo,
then this follows from Theorems 5.1(ii) and B.2. If L=co, then it suffices to
prove

pu’

5 —i,(u}>—o  as ful->o0. (B.10)

By (B.1), for any >0
2

7,(t)=1og | exp(tx) dp(x)éé—s-f-Kl(s), (B.11)

where K (e)=log | exp(ex?/2) d p(x) < co. Thus for any real u,

2 8u2

(1) = _ _E _t
l,,(u)=stl:ng[ut yp(t)]%flelng [ut 7 Kl(a‘)]—

5 —Kie  (B.12)

Taking &> f5, we obtain (B.10).
The supremum in (B.6) is achieved at points u which satisfy

Bu=i(u). (B.13)

For all f>0, u=0 satisfies this equation. We first consider 0<<f=<p.(p). Since
i, is strictly convex on (0, L), for ue(0, L)

i, (> (0)=1/[ x* dp(x)=B.(p),

i(w)>p(p)u for ue(0,L). (B.14)

and so
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Thus, if 0<f=f.(p), u=0 is the only solution of (B.14). This gives the first line
of (B.8). If f>p.(p), then by Lemma 5.2 (also valid if L=o0) and the strict

convexity of i, on [0,L), there exists a unique strictly positive solution
m¥(p; B) of (B.13) with m“¥(p; B)e(0,L). See Fig. 2.

iplu)

Bu

|
|
|
|
|

1
mY(p.B)
Fig. 2. Solving (B.13) for > f.(p)

By symmetry, —m" (p; f) is also a solution. Since for > B,(p)

- (ﬁ” ip(u)> O:o,d 2 (_5_2_1 (u ))

the supremum in (B.6) cannot be achieved at u=0. Thus, we obtain the second

line of (B.8). From Fig.2 and the fact that i (u)too as ulL, it is clear that

m®¥(p; P) is strictly increasing in B for f>f, (p) and that mCW(p B1TL as B oo.
Figure 2 also shows that for > f,(p)

=p=Bp)>0,  (B.1Y)

U=

for 0Zugm¥(p; p),

ﬁ”_lﬂ(“){;o for m“"(p; p)Su<L and u=0. (B.16)

This is used in Sect. VL1 in the proof of Theorem 2.2,
We end this section by explaining why m"(p; ) is called the Curie-Weiss
spontancous magnetization. Let h=0 be a given real number (the external

magnetic field). We define measures PCY, by formulae (1.4) with an additional

summand + fh Z x, inserted in the exponents of (1.4). We denote by ESY,

expectation with respect to P&, In [8; Thm. 7.2.2(c)(i)], it is proved that for
peEY
12 for 0=B=B.(o),

0
lim lim — Y EC%, (X® ={ B.17
i lim o ) Bt = v s >0 for popip). L)

This is the definition of spontaneous magnetization [28; p. 95].

Appendix C. A Theorem Concerning Legendre Transformations

Theorem C.1 gives a result about Legendre transformations which generalizes
(1.26). This theorem is then applied to derive (1.27) from (1.24) (two formulae
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for the Curie-Weiss specific free energy) and to compare formula (1.22) for the
circle model free energy with the formula for this quantity derived in [15;
Theorem 1.2].

Let & be a real Banach space and F;: Z—Ru{+ oo} a convex functional
on . We assume that Sp ={x: F;(x)<oco}+@. We say that F, is closed if the
subset (epigraph of F,)

E(F)={(x, e xR: u=F,(x)} (C.1)

is closed in & xR. We denote by 2* the dual space of . The Legendre trans-
formation of F| is the function Fi* with domain

S ={oe@™: sup [a(x)— Fy(x)] < co}. (C2)
xe&

For ac%*, we define
F(o)= sug [o(x)— F(x)]. (C.3)

Since F, = + 00 on &'~ %%, we can replace 2" in (C.3) by & .

Theorem C.1. We suppose that F, and F, are closed convex functionals on Z.
Then % +0 and
sup [Fy(x)—Fy(x)]= sup [F}(e)—F{(o)]. (C4)

xefpz aeyFl*

Proof. We define M =sup [F, —F,] and claim
SF,

Mz Ff(e)—F*() for all aeHs. (C.5)

(C.5) is trivial if M= +oo. But if M<+oo, then ¥, =% , and for all
X€%, S Y5,

Fi(o) + M Z ax)— Fy(x) + M = a(x) — F,(x). (C.6)
For ae 4+ (C.6) implies (C.5). Therefore
sup [F, —F,]1=sup [F}—Ff]. (C.7)
IF, VF;*

By [20; Theorem, p.45] S« +0, S+ =0, Ff and Fj are closed convex function-
als and for xeZ, F**(x)=F(x)(i=1,2), where xeZ is naturally imbedded in

7+ b
Y X(c¥)=x*(x)  for all x*eZ*

In particular %N % =9, . Reapplying (C.7) with F, replaced by Fj and F, by
F¥, we find
sup [F(x) —F,(x)]2 sup [F}(o)— F(e)]

x esz a eYF?

= sup [FF*(c) — FF* ()]

X eSLpir

= sup  [Ff*(x)—F*(x)]

XeSFyFnd

i

sup [F{(x)—F3(x)].
xeypl

This gives (C4). [
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We apply Theorem C.1 to formula (1.24) with F,(u)=pu?/2 and F,(u)=1i ().
These functions are closed convex functions on IR with &% =R and the in-
terior of &, equal to the interval (/, L) (defined in (3.20)). Hence formula (1.27)
follows from Theorem C.1.

We now compare formula (1.22) for the circle model specific free energy
Y(B) with the formula for this quantity derived in [15; Theorem 1.2]. In fact,
the relationship between the former and the latter is exactly that between the
Curie-Weiss formulae (1.24) and (1.27). Formula (1.22) gives —Sy(f) in the
form of the left-hand side of (C.4) with & =4, F,(x)=pF(x)=(8/2){ £x,x>,
F,(x)=1(x). We assume that the kernel J(s,7) of F is translation invariant, sym-
metric (i.e, J(s,t)=J(t,s)) and continuous on T xT. We claim that the hy-
potheses of Theorem C.1 are satisfied if and only if the integral operator
Fh(s)={J(s,t) h(r)dt is non-negative semidefinite*®.

We now (partially) verify the last statement. Formula (3.39) expresses I(x)
as the Legendre transformation of the convex functional I' on . We have
Fr=H# since for he #

I'(h)={[log fexp(h(r) x) dp(x)] dt s
<5 |kl log [ exp(x?/2) d p(x) < 0.

By [1; §6.1.3], I' is weakly lower semicontinuous on # and is therefore a
closed convex functional. By [20; Theorem, p.45], we conclude that I(x) is a
closed convex functional on # and that I*=I**=TI". Thus the hypotheses on
F,=1I in Theorem C.1 are satisfied. We now consider F, =fF. If # is not non-
negative semidefinite, then there exists an hes#, h=+0, 1>0 such that
Fh=—ih.Now0=F, (0)=F, ((h+(—h))/2)>(F,(h)+ F,(—h))/2=—AB | h||?, which
shows that F, is not convex. Conversely, if ,# is non-negative semidefinite, then

CFhyshyd +F Ry hy) =2 F by, hyy =L F(hy—hy), hy —hy) 20,

which implies that 2[F,(h,)+F,(h,)] 2 F,((h, +h,)/2) for all h,,h,e#. Hence F,
is convex. It is not difficult to verify that

2—1[; £ ae, (©9)

where ¢ ~1/? is defined as follows. Define s, to be the subset of # on which

JF is positive-definite. Then )/ ¢, the unique non-negative definite, symmetric
square root of ¢, is invertible on a dense subset J#, of #,. In (C.9), we define

1 N F) e for aedts,
] / o=
+ 00 for ae ~ H,.

Fi(o)=

(C.10)

10 A translation invariant, continuous, non-negative semidefinite kernel is nuclear [24; Thm.
1.5.17. Thus, # is the covariance function of a mean zero Gaussian measure on 3 [17; Theorem
V.6.1].
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We conclude from Theorems 1.3 and C.1 that if ¢ is non-negative semi-
definite, then

1
~BU(H = sup [BF (1)~ 1M =sup [ 1) —— 17~ (cap
feH he st ﬂ

The second supremum in (C.11) is the formula for — py(f) given in [15; Theo-
rem 1.27 under the assumption that J(s, t) be the covariance function of a mean
zero Gaussian measure P on %(M). (The proof in this paper required #(T)
rather than 5.) The latter assumption implies that _# is non-negative semide-
finite (cf., footnote 10)), which is the condition we needed to derive (C.11). The
functional Fj* in (C.9) is the entropy, or action, functional of the Gaussian
measure P [16, 30].

Note. Connection with the Lebowitz-Penrose Theorem. Consider a ferromagnetic
system on a subset A of the lattice Z’, some re{l,2,...}. Let the interaction
strength between sites i and j be J;;=J(|li—j||), where J is a function of com-

pact support, fJ(HxH)dx=1, and | —| 1s the Euclidean distance. Scale the
IRr

interaction by Ji(j)se* J(g|i—jl]), where ¢>0 is small, and denote the corre-
sponding specific free energy (i.e., after taking A1Z") by ¥®(B). The Lebowitz-
Penrose theorem [28; p. 105] states that lim y®(B) exists and equals the Curie-

e—0

Weiss specific free energy. The difference between this set-up and the circle
model is that in the latter we have ¢=1/n and so the thermodynamic limit
(n—o0) and the ¢é—0 limit are taken simultaneously. Nevertheless, Theorem 1.4
in the present paper implies that for suitable ferromagnetic interactions the
circle model specific free energy and the Curie-Weiss specific free energy are
equal (as are the corresponding laws of large numbers). The dichotomy occurs
in the antiferromagnetic case, for which the circle model specific frec energy
and laws of large numbers are completely different from the Curie-Weiss limits.
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