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1. Introduction

Consider a non-singular diffusion on an interval (ry,7;) and let ro<a<b<r,. Set
7,5 10 be the first time the diffusion hits b, starting at a, with moment generating
function (m.g.f) ¢,,(1)=E {exp(it,)}. Since we shall be concerned with the
behaviour of ¢(4) for positive 4, it is more convenient to work with m.g.f.s than
with Laplace transforms. We shall show that all such diffusion hitting times are
generalized convolutions of mixtures of exponential distributions (g.c.m.e.d.s).

If r, is not a natural boundary, more can be said; then t,, can be written as
an infinite convolution of elementary mixtures of exponential distributions. The
parameters are given by the eigenvalues of associated Sturm-Liouville expan-
sions.

Furthermore, normalizing 7, to have mass 1 and letting alr, leads to an
infinite convolution of exponential densities.

Sections 2 and 3 summarize the necessary information needed about
gcm.e.d.s and diffusion theory, respectively. The expansion for t,, when r, is
not natural is derived in Sects. 4 and 5. A related series expansion for the density
of 7,, is discussed in Sect. 6, and Sect. 7 gives the general result which holds for
all diffusion hitting times. An example based on the Bessel diffusion process is
analyzed in Sect. 8. Some simple formulae for the first two moments are given in
Sect. 9.

2. Some Classes of Infinitely Divisible Distributions

By a theorem of Goldie (1967) and Steutel (1967) all mixtures of exponential
distributions (m.e.d.s) are infinitely divisible. The simplest such mixture assigns
probability p; >0 to a point mass at the origin and probability p,>0 to an
exponential density of parameter 1,€(0, o0), where p, +p,=1. It has m.gf.
P(A)=p;+p, (1 —2/45)"
= (1= 4/A /(1 =2 2) 2.1)
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where 1,<A,=24,/p;. We shall call (2.1) the m.gf of an elementary m.ed.

Allowing defective distributions, we can also include as limiting cases the m.g.fs

¢(A)=e~* where 0 =0.
The function

b(=e= T =1R)1 =1/}

is a non-degenerate m.g.f. of an infinite convolution of elementary m.ed.s.
provided 0<A, <4, and Y A7 '<oo. These m.gfs appear as diffusion hitting
times; see Sect. 5.

It is also of interest to consider

d(A)=]101 =2/, (2.2)

which represents the m.g.f. of a convolution of exponential densities. We allow
the product to be finite or infinite, but an infinite product represents a non-
degenerate distribution if and only if ) 4, ' <co. These functions represent the
m.g.fs of all Polya frequency densities with support (0, c0) (Karlin, 1968, p. 345).
Further, such densities are strongly unimodal (Kielson, 1971).

The class of infinitely divisible distributions consisting of all weak limits of
distributions represented in (2.1) has been termed by Bondesson (1978) the class
of generalized convolutions of mixtures of exponential distributions (g.c.m.e.d.s).
An important subclass of the g.cm.e.d.s is the class of generalized gamma
convolutions (g.g.c.s), which includes as a special case the distributions with
m.g.fs (2.2). Further, the m.g.f. (2.1) represents a g.g.c. if and only if {4,} < {4,}. in
which case (2.1) can be reduced to the form (2.2).

3. Diffusion Theory

A non-singular diffusion on an interval [ry, 7], —o0=r,<r, £co can be de-
scribed by three Borel measures, which can be most conveniently represented by
non-decreasing functions on (rqy,7,) (Ito and McKean, 1965, and Mandl, 1968):
the speed measure m(x), natural scale s(x), and killing measure k(x). The underly-
ing diffusion is unaltered if the three measures are rescaled,

mdx)—cm(dx), s(dx)—c tsdx), k{dx)—ck(dx), (3.1)

where ¢>0. Further, associated with each non-decreasing function is an arbi-
trary additive constant which can be chosen at our convenience.

We shall use Mandl’s terminology for the boundaries: regular, entrance, exit,
and natural. For regular boundaries there is a further subclassification. The
boundary r, is called absorbing regular if the diffusing particle dies when it
reaches r,. Otherwise the boundary is called reflecting regular and the de-
scription of the diffusion must be augmented by assigning speed measure and
killing measure to r, 0=m{r}, k{r}<oo. A reflecting boundary is called
instantaneously reflecting if m{r,} =k{r;} =0.

Associated with the diffusion is a generalized second order linear differential
operator A, and boundary conditions at each endpoint. The relevant boundary
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Table 1. Initial and boundary conditions for the initial problem

Boundary behaviour at r, Boundary condition Initial condition
Absorbing regular u(rg)=0 ut(ro)=1
Reflecting regular ut(ro)=[k{ro} —im{ry}]ulro) u(rg)=1
Entrance u*(ro)=0 u(roy=1

Exit u(re)=0 ut(rg)=1
Natural u(ry)=0 -

condition at r, for each type of boundary is given in Table 1. In this table u(x) is
a continuous function on (r,, r;) for which the right-hand derivative with respect
to natural scale,

ut(x)=hm {u(x+ &) —u(x)}/{s(x + &) —s(x)}, (3.2)
el 0

exists, and we set u(r,)=lim u(x), u* (r;)=lim u™* (x), when these limits exist.
X X—p,

Let ro<a<b<r, and consider 7, the first time the diffusion hits b, starting
at a. with m.gf. ¢,,(1). For fixed 4, let v(x) denote the solution of

Av+2v=0 (3.3)

together with the relevant boundary condition at r,, given in Table 1. This
solution is unique up to a multiplicative constant and can be used to find the
m.gf. of 7,,; namely

G ap(4) =v(a)/v(D) (3.4)
(Ito and McKean, 1965, pp. 128-130).

4. An Initial Value Problem

Unfortunately, the above approach does not give us sufficient information about
the dependence of ¢, (1) on A for our purposes. Therefore, we consider the
solution of (3.3) which also satisfies the initial condition of Table 1.

Theorem 4.1. Suppose r, is not a natural boundary and let u(x, 1) denote the
(unique) solution of (3.3) which satisfies the relevant boundary condition and
initial condition of Table 1.

Then

(a) u is jointly continuous in x and . for xelry,r,) and AeC, and u is an entire
Sfunction of 1;

(b) u(x,0) is a strictly positive non-decreasing function for xe(ry,r);

(¢) for fixed xe(ry.r,), the zeros of u(x,+) are simple and positive and form a
sequence

0<dy <4y <o
(d) for x<y, A >4

k.Y’.
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e) for xe(ry,r,), Y A< oo and u(x, A) can be written as the canonical product
0:T1h 2, 4 x p

u(x, A)=u(x, 0) [T (1 = 4fhs);

k=1
(f) for all fixed xe(ry,r) and >0, [ulx, )| +|u™(x, D=0(e*'*y as | 1| - .

Remark on the Proof. For fixed a consider the boundary value problem

Av(x)+Av(x)=0, r,<x=Za,
such that
B(v)=0
and
v(a)=0,

where B(+} is the boundary condition at r, given in Table 1. This problem has a
solution if and only if A=/, , for some k. Thus the numbers {4, ,}° , can be
considered as eigenvalues in a Sturm-Liouville expansion. Such expansions are
discussed in McKean (1956) and McKean and Ray (1962).

For a classical differential operator with regular boundary, u(x, 1) can be
constructed using the method of Titchmarsh (1962), pp. 6-7. In this case u(x, 4) is
an entire function of 1 of order 3, so the product formula holds by Hadamard’s
factorization theorem (Titchmarsh, 1939, p. 250).

For a general diffusion with regular boundary, a similar construction can be
used, and with some care, the argument can be extended to cover the entrance
and exit cases also. Full details are given in Kent (1979b). [

Note that for an absorbing regular or exit boundary, u(x, 4) is unique only
up to the scaling of the natural scale described in (3.1).

If a mild regularity condition is satisfied, then it can be shown that the
eigenvalues increase at rate ck? as k— oo (McKean and Ray, 1962). More
specifically, suppose there exists a positive function, @(x) monotone in a
neighborhood of ry, such that for xe(r,, r,),

[ owymdw)<oo and | P(w)~'s(dw)<co. 4.1)

(ro, X) (ro. x)

Let D?(x)=m(dx)/s(dx) denote the Radon-Nikodym derivative of the absolutely
continuous part of the speed measure with respect to the natural scale. If (4.1)
holds, then

lim 2, Jk*= {n‘ + 1 D(w) s(dw)}H g 4.2)
k— o

ro

=c, say.

Note that (4.1) implies ¢>0, and if D(x)%() then c<co. Also, if ry is regular,
then (4.1) always holds with &(x)=1.

5. Expansions for Diffusion Hitting Times

Using Theorem 4.1 in (3.4) gives the following expression, which is the main
result of this paper.
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Theorem 5.1. Suppose 1, is not a natural boundary and let ry<a<b<r,. Then 1,
has m.gf. ¢,,(1) given by

u(@0) 2 (1=AA)
PaD=15.0) IJ T k)

Remarks. (1) Note that P(z,, < c0)=u(a, 0)/u(b,0)<1 by part (b) of Theorem 4.1.
If the killing measure vanishes and if », is reflecting regular or extrance, then
u(a, 0)=u(b, 0)=

(2) ¢.(4) 1s the m.gf. of an infinite convolution of elementary m.e.d.s; see
Sect. 2.

(3) Note that for a%r,, ¢,,(4) is not in general a g.g.c. because {4, ,};° ; is
not in general a subset of {4, ,} ;.

(4) An analogue of Theorem 5.1 for birth-death processes is given in
Rosenlund (1977). With state space the non-negative integers and with 0 a
reflecting boundary, ¢,,(1), 0=n<m, can be written as the m.gf of a con-
volution of n elementary m.e.d.s together with m—n exponential distributions.
The case n=0 was first given in Kielson (1971).

(5) Letting a —r, leads to the m.g.f. of an infinite convolution of exponential
densities. If r, is exit or absorbing regular, then t,, must first be normalized to
be finite with probability 1, so we express the result in this form.

Corollary 5.1. If r, is not a natural boundary, then

u(b, 0)lim {¢,,(2)/u(a.0)} = H(l M)

a—ro

Proof. Using the initial and boundary conditions of Table 1, we see that
u(a, /u(a,0)—1 as a—0, provided r, is not natural.

6. Series Expansions for Diffusion Hitting Time Densities
For fixed xe(ry.r,), write 4, , =4, and let

h(Z)=u(x,0)" 'u(x, )= H(l-—/l//lk). (6.1)
Formally, we can write k()" in a partial fraction expansion

h()~' = Z{h Y= (6.2)

Note that {h'(4,)} !, the residue of h(A)~ ! at A=4,, alternates in sign as k varies.
Inverting this m.g.f. term-by-term we get

h(A)~ = je’“f(t)dt A<0 (6.3)

where

flty=— Z (W) tem ™, >0 (6.4)
k=1

is the probability density with m.g.f. h(1)~ .
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Unfortunately, (6.2) does not converge in general. However, subject to the
following mild regularity condition, we can show that (6.4) does converge and
that (6.3) is valid.

Condition A. Suppose that for all xe(r,,r,) and ¢>0,
{u/(x7 j'k,x)}—-1 IO(eXp{S/’ik,x}) as k_) o0,

where the prime denotes differentiation with respect to A.

The following lemmas give sufficient conditions for Condition A to hold
at ry. ’

Lemma 6.1. If r, is entrance, choose the additive constant of m(x) so that m(ry)
=0 and set p,(x)= [ m(w)s(dw). Note that s(ry)=—o0. Then each of the

(ro, x]

Jollowing conditions is sufficient for Condition A to hold.

(a) lim p(x)log{—s(x)} =0;

(b) f;rosome ¢>0, p(x)=0({—s(x)} ) as x> ry;

(c) for some ¢>0, m(x)=0({—s(x)} "1 as x>7ry;

(d) m(dx) is absolutely continuous with respect to natural scale and for some
¢>0, .
m(dx)/s(dx)=0({—s(x)} 7% as x-r,.

Lemma 6.2. If r, is exit, choose the additive constant of s(x) so that s(ry)=0 and
set py(x)= | s(w)m(dw). Then each of the following conditions is sufficient for

(ro.x]

Condition A to hold.
(a) lim p,(x)log{1/s(x)} =0;

(b) forosome >0, p,(xX)=0(s(x)) as x > ry;
(c) for some ¢>0, and x,&(ry, ;). {m(x)—m(x)} =0(s(x)°" 1) as x >rg;
(d) m(dx) is absolutely continuous with respect to natural scale and for some

¢>0, m(dx)/s(dx)=0(s(x)*"?) as x—r,.

Lemma 6.3. If r, is regular then Condition A is always satisfied.

Proofs. First, note that in Lemma 6.1 and Lemma 6.2 we may without loss of
generality take O <c<1. Then clearly (d)=>(c)=(b)=-(a) in cach lemma. Also,
in Lemma 6.1, s(x) is defined only up to an additive constant. In Lemma 6.2(c)
we have explicitly taken account of the additive constant in m(x) because m(dx)
might be integrable at r, (in which case the lemma always holds).

The proofs are based on a result which follows from the fundamental
formula in Sturm’s comparison theorem (Titchmarsh, 1962, pp. 107-8). If
u(x,,4,)=0,ry<x,; <r, then

Qulxy, A)/0A={ | w?(w,d)mdw)}/u*(x,,A).

[ro.x11
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Thus, in view of Theorem 4.1(f) applied to u*(x,, 4,), we see that the verification
of Condition A can be reformulated in terms of the ‘size’ of u(x, A). In the
presence of the above regularity conditions, it is relatively straightforward to
show that u(x, 4) is ‘not too small’ near x=r, for A large and positive, and from
this bound Condition A can be established. Full details can be found in Kent
(1979b). O

We can now use Condition A to derive series expansions for diffusion hitting
time densities. The analogous theory for birth-death processes is discussed in
Rosenlund (1977).

Theorem 6.1. Fix r,<a<b<r, where r, is not a natural boundary, and suppose
Condition A is satisfied. Then ¢, (1) is the m.g.f. of the density

fty=—=Y dyexp(—2 1), >0 (6.5)
where
d=u(a, 4 )uw'(b, A ), (6.6)

and the prime denotes differentiation with respect to A. For all t,>0, (6.5)
converges uniformly for t>t,.

Proof. Write ¢, (1) = () and set
u(a,0) M (1—24/4 )

A)= -
(%) u(b, 0) knl(l_//’lk b)
< d At
= e fy(t)dt
K=1A— )kb f N
where
u(@, 0) M (1—4 4/2, )
dk.N:—Ak,b(l‘/lk,b//lk,a) u(b, 0) 1( kZ//l b) 1<k<N,
n k n,
=0, k>N
and

N
fO)y=—="> d, yexp(—I; ,1).
k=1
The partial fraction expansion is valid here because N is finite. For N >k,

(1= A/ An.)

d, v/d ="
k.N/ k,N—1 (1_Ak,b//’{N’b)>

since 0<A, , <y, <Ay, Thus, |4, yITld,| as NToo.
Given t,>0 choose ¢<3t,. Then from Theorem 4.1(f) and Condition A,
there exists a constant C such that for t>1¢,,

2. i €Xp(— 2y I S ld] exp(— Ay 4t0)
=2 {lu(@, 2 ' (b, Ay I} exP(= 2y 4 to)
SCY exp{— A (to—28)} <0
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since ) A} < co. Thus for all ty>0,
S = f(t)  uniformly for t>t¢,, (6.7)

by dominated convergence. Let Fy(t) denote the distribution function of Ta(®).
Since ¢y (1) — (1) we see that Fy — F, for some distribution function F. Further,
by (6.7), F has the density f(t) for ¢>0. Finally, note that F has no mass at 0
because for any diffusion hitting time P(z,,=0)=0. (However, F may have some
mass at o0.)

Remarks. (1) The density f(t) in (6.5) can be integrated term-by-term to give
Plt<t,,<oo)=— Y (d/A ) exp(—2 1), t>0.
k=1

(2) In the limiting case a—r,, (6.5) still holds; the proof is in fact slightly

[ee)

simpler here. For the m.gf h(l)~'= [T =4/2,)~" of Corollary 5.1 and of
k=1
(6.1), the coefficients {d,} take the form given in (6.4); namely

dy={N(4 )} = — Ay [T — A b/ P )
n=1

n+k
7. General Diffusion Hitting Times

If ro is a natural boundary then the above eigenvalue expansion does not hold.
However, any diffusion hitting time may be approximated by a hitting time for a
diffusion with a regular boundary. Since the class of g.cm.e.d.s is closed under
weak limits, it follows that all diffusion hitting times are g.cim.e.d.s.

It was noted by Bondesson (1979) that for diffusion processes of sufficient
regularity, this result may be deduced by weak convergence from the cor-
responding result for birth-death processes. (See also Kielson, 1971, p. 396.)

For a general diffusion hitting time, there is a very close connection between
the canonical measure of the hitting time and the spectral measure of the
differential generator of the diffusion. Details are given in Kent (1979¢).

8. Example: the Bessel Process

Consider the Bessel diffusion on (0, c0) with generator
A=3[d?*/dx*+{2v+1)x~ Y d/dx],

where v is a real-valued parameter.

If g=2v+2 is a positive integer, then this process represents the radial part
of standard Brownian motion in RY The speed measure and natural scale are
given by

m(dx)=2(3x)>"*1dx, s(dx)=(x)" 2"~ ldx.
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Table 2. Initial value solutions for the Bessel process

v Boundary behaviour at 0 Initial value solution u(x, 2)
vz0 entrance u,(x, 4)
~1<v<0 instantaneously reflecting u(x, A)
—1<v<0 absorbing regular uy(x, A)
v<—1 exit Uy(x, A)

The boundary behaviour at r,=0 for differing values of v is given in Table 2.
For simplicity suppose that when 0 is a reflecting regular boundary, it is made
instantaneously reflecting.

Let J,(x) denote the usual Bessel function. Then the initial value solutions
u(x, 2) of Theorem 4.1 for differing boundary conditions are listed in Table 2.
Here

uy(x, )=+ 1[Fx {22517, (x{24}%),

u,(x, /1)=F(—Av)[%x/{ﬂ}%]‘“Lv(x{n}%)-
Some of these results are included in Kent (1978, 1979a), in terms of Laplace

transforms rather than m.g.fs.
Let {j, ,}7, denote the positive zeros of J,(-) for v> —1. Then from Table 2,

i =J74/2%%) 8.1)
for —1 <v<0 (instantaneously reflecting) and v=0 (entrance); and
dx =12 W/(2X7) (8.2)

for —1<v<0 (absorbing regular) and v= —1 (exit).

Setting x=2"*% in the product formula for wu,(x,4), v>—1, yields the
standard product formula for J (4%) (Watson, 1944, p. 498).

Tt is easily checked that for all boundary conditions the regularity condition
(4.1) holds with &(x)=1; hence (4.2) holds, thus verifying the standard formula

limj, Jk=m, v>-—1 (8.3)
k— o

(Watson, 1944, p. 506). In particular, we see that for all boundary conditions,
u(x, A) is an entire function of 1 of order 3.

When constructing the series expansion of Sect. 6, it is easily checked that
Condition A is always satisfied, so that Theorem 6.1 is valid. Formula (6.6) for
the coefficients can be simplified by noting

u/l(x7 2'k,x)= —F(V+ 1)x2Jv+ l(jv,k)/{z(%jv,k)v_l— 1}5
uy(x, j‘k,x)z —2I(—v) x2—2v(2j7v,k)v— IJ*H l(jfv,k)-

It is interesting to look at the convergence properties of the partial fraction
expansion (6.2), with h(A)=u,(x, 1), i=1,2. Using (8.3) and the asymptotic
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Table 3. Convergence behaviour of the partial fraction expansion (6.2) for the Bessel process

v Boundary behaviour at 0 Convergence behaviour
vzt entrance divergence

—i<y<d entrance or instantancously reflecting conditional convergence
—l<v<—3% instantaneously reflecting absolute convergence
—4<v<0 absorbing regular conditional convergence
v -1 absorbing regular or exit divergence
formula

Joi 1 d=(=D 1 2/} {1 +0(k™ ")} as k>

for v> —1 (Watson, 1944, pp. 199, 506), we find that the series (6.2) has the
convergence behaviour listed in Table 3. However, note that the series (6.4)
always converges.

For v= —1, the Bessel process is just 1-dimensional Brownian motion either
reflected or absorbed at the origin and the initial value solutions become

uy(x )=cos(ix),  uplx. =7 Fsin(2Ex).

Formula (6.4) for the absorbing process is given in Feller (1966, p. 330).

Some of the above results for u,(x, 1) are included in Ismail and Kelker
(1979) and Ismail and Ping (1979), but they mistakenly assert the convergence of
the partial fraction expansion (6.2) of u,(x, A)~! for all v> —1.

9. Moments

The moments of a diffusion hitting time can be found by differentiating the
m.g.f. at the origin. For the hitting times of Theorem 5.1, these moments can
also be expressed using the corresponding eigenvalues.
It is easily checked that the elementary m.e.d. with m.gf. (1 —-A/A)/(1—4/2,)
has mean and variance
A=A M3 —233
i, M Tm

respectively. Since the hitting time of Theorem 5.1, conditioned to be finite with

probability 1, is an infinite convolution of elementary m.e.d.’s with m.g.f. []{(1

~ A /(1 =2/ )}, it has mean and variance k=1
C Aa™ et A
K=1 Aeatep

B,
and Z P2,

Further, the mean and variance for the m.g.f. of Corollary 5.1 can be
obtained by letting 4, ,— o0, k=1,2,..., and are given by

Yy and Y A 7.

Similar calculations can be carried out to express the higher moments.
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For example, consider either Brownian motion with an absorbing boundary
at 0 or the radial part of Brownian motion in R, (These are the Bessel processes
of parameters v= F1). In both cases the m.gf. of Corollary 5.1 (taking b=r) is
¢(4)=2*n/sin(A*n) with eigenvalues 4,  =k? k=1,2,.... The two methods given
here for calculating the mean and variance lead to the well-known formulae

7'62 0 7'64 o
TSk and Fo k-4
6k and gg= 2
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