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Constructions of Strictly Ergodic Systems

L. Given Entropy

Christian Grillenberger * **

Recent results of Jewett [2] and Krieger [3] assert, that every ergodic measure
theoretic dynamical system on a Lebesgue space is isomorphic to a strictly ergodic
dynamical system which is embedded in a shift space with an alphabet, the
minimum length of which is determined by the entropy of the transformation.
However, the corresponding strictly ergodic system is not given in a constructive
way. Therefore there remains the problem of constructing strictly ergodic systems.
It turns out that shift spaces with finite alphabet are particularly well suited for
such constructions because of their simple topological properties. In this way,
Hahn and Katznelson ([1]) have found strictly ergodic systems with arbitrarily
large entropies in shift spaces. In this paper, we obtain the same result by a new
and considerably simpler construction. Moreover, for constructively given
h<logk, we construct a system with entropy h in a shift space with alphabet
of length k. Also, in a shift space with compact infinite alphabet, we construct a
system with infinite entropy. For the constructions we use only permutations of
block systems. A considerable simplification of the proofs is possible by the result
of Parry [5], that in our case topological and measure theoretic entropy are the
same.

In a further paper we shall give a construction for strictly ergodic K-systems.

§ 1. Preliminaries
1. Compact Dynamical Systems

Notation. Let Z denote the set of integers, N={xeZ|x>0}. For a<bheZ,
a,by)={xeZla=x=h}. M=Z is said to be dense in Z, if

JLeN VteZ: <{t,t+L> "M +§.

A sequence (a,),.z With a,eR (the reals) is uniform Cesdro, if there exists ae R
t+j
such that lim T Y a;=a uniformly for all teZ. M<Z is uniform Cesaro if
g i=t+1
1y =(13(")),ez is uniform Cesaro.
For a compact space K, C(K)={f: K— IR| f continuous} with the maximum
norm. F< C(K) is total in C(K) if the linear space it generates is dense.

* Part of the paper was written with support of the Deutsche Forschungsgemeinschalft.
** Parts of the results are contained in the thesis of the author (Erlangen 1970).
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Definition 1.1. (€, T) is a compact dynamical system, if Q, is a compact metric
space and T: Q, — Q, a topological automorphism.

For an invariant subset Q= Q,(TQ=Q), the restriction of T to Q is again
denoted by T. For wef,, O(w)={T"w|neZ} is called the orbit and O(w) the
orbit closure of .

Definition 1.2. a) A closed invariant subset Q= of Q, is minimal invariant, if
G+ <Q, @ closed invariant = Q'=Q;

uniquely ergodic, if there exists a unique T-invariant probability measure
uon 2;

strictly ergodic, if it is minimal invariant and uniquely ergodic.

(2, T) is then called a minimal resp. uniquely ergodic resp. strictly ergodic
dynamical system.

b) wey is almost periodic, if for every neighbourhood U of w {teZ| T*we U}
is dense in Z;

strictly tramsitive, if for each f in a total subset of C(,) the sequence
(fo T™(®))pez is uniform Cesaro;

strictly ergodic, if it is strictly transitive and almost periodic.

Remarks. 1. By Zorn’s lemma, one can show that Q, contains at least one
minimal invariant subset.

2. On every non-empty, closed, invariant Q<Q, there exists at least one
invariant probability measure. If this is unique, it is of course ergodic.

3. If Q is uniquely ergodic and u is the invariant measure, then the support
of u is minimal. On the other hand, there are minimal invariant sets which are
not strictly ergodic (see [4]).

The relation between minimality properties of sets and regularity properties
of points is given by the following results, which can be found in [4].

Theorem 1.3 (Gottschalk). For a non-empty, closed, invariant Q<Q,, the
Jollowing are equivalent:

a) Q is minimal invariant.

b) YoeQ: 0(w)=2Q.

¢) JweQ: O(w)=Q, w is almost periodic.
a) implies: Each weQ is almost periodic.

Theorem 1.4 (Oxtoby). For Q<= Q, non-empty, closed, invariant, the following
are equivalent:

a) Q is uniquely ergodic.

b) For fe C(Q) (or fe C(Qy)) there exists feR such that

.1 . -
lim— Y fo TH{w)=f
U A
uniformly for all weQ.
a) is true, if Q=0(w) for a strictly transitive we 2.
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Corollary 1.5. For Q< Q, the following are equivalent:
a) Q is strictly ergodic.

b) @=0(w) for a strictly ergodic weQ.

c) we = 0(w)=Q and w is strictly ergodic.

Notation. If Q is a strictly ergodic set and we(, the unique invariant measure
is denoted by u, or .-

2. Strictly Ergodic Dynamical Systems
in a Finite Shift Space and Their Entropy

The space Q, in which we construct strictly ergodic points will in general be a
finite shift space.

Let A be a finite set (the alphabet),
Q=A*={w=(w,),z| YnEZ: w,c A}

with the product topology (4 is a discrete topological space), and T the shift
transformation T: (®,),ez — (O, 1 )nez- If A=<0,k—1) for some kelN, we write
€, instead of Qg 5 _1y-

We use the following notation to characterize subsets of Q,: Qf= () 4", the
relN
set of non-empty finite words or blocks over A. For PeA" we call [(P)=r the

length of P.1f P=(p,, -~-,P1(P))s 0=(qy, '-'9ql(Q))7 let
PQ=P -Q=(py, ..., Pupy> 41 --->41(Q))€Q£'

For we,, s<teZ w({s, t))=(w;, ..., w)eR]. For s<teN and QeAd’, we define
a probability vector gy on A° by the relative frequencies

1 ,
HQ(P)=m|{J§I—S+”(Qj> cees Qj+s—1)=P}|-
For reZ, PeQ’, the set
[P1={weQ,|o(r,r+I(P)—1>)=P}

is called a finite cylinder. The system of finite cylinders is a base for the topology
in Q, consisting of closed and open sets, and preserved under T. Hence T is an
automorphism of Q4. The indicator functions of the finite cylinders are by the
Stone-Weierstrall theorem a total set in C(£,). It is therefore easy to characterize
minimality properties of points in Q,. Almost periodic, strictly transitive and
strictly ergodic elements of £, will be called almost periodic sequences etc.

Lemma 1.6. a) we€Q,, is almost periodic iff for each PeQ the set {reZ|we,[P]}
is either empty or dense in Z.

b) w is strictly transitive iff for each PeQ) the set above is uniform Cesaro in Z.

Proof. Immediate consequence of Definition 1.2. _I

Let P, QeQ), weQ,, M= Q,. We write

P<Q if [((P)<I(Q)and P is a subblock of Q;
P<o if reZ: we,[P];
P<M if dneM: P<y.

23 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 25



326 Ch. Grillenberger:

Especially important sub-g-algebras of the Borel g-algebra B on Q, are the
following: B;=0o(;[x]|x€A)(jeZ), the finite algebra generated by the j-th coordi-
nate mapping;

— — —J — t—s+1y.
B(s,t> _sé\J(étBj_sg\J(gtT JBO—‘O-(S[P] IPEA s )s
B(S,oo>: V BJ

s=jek

Measure Theoretic and Topological Entropies in Q,

If 1 is a T-invariant probability measure on Q,, the entropy h(u, T)=h(p)
can be computed equivalently by the formulae

o1 o
h(u)zllrfn;—Hu(B<O’,,_1>)=h£n Hu(BO|B<1,n))’

where for finite s-algebras C, D with atoms (cy, ..., ¢,) resp. {dy, ..., dy)

H,(C)=Y z(u(c)).

HA(CID) =T ud) Y 2 (HETD),

13

and
z(0)=0, z(x)=—xlogx (0<x=1).

It is an elementary fact that 2(u)<log|A|, and equality is possible only if 4 is the
product of equidistributions on A. Hence, for every strictly invariant Q<= 0,:
h(ug)<logk. We shall show that logk can be arbitrarily approximated by the
entropies of such measures. For this purpose we use essentially the topological
entropy, which in 2, can be defined as follows: Let Q = Q, be a non-empty, closed,
invariant subset and

0,=0,(Q)=|{PcA"|P<Q}|.

1
Then 1=96,.,<0,-0,; hence, lim by log 0, exists.

Definition 1.7. h(Q)=1im —1— log 0,(€) is called the topological entropy of L.
If Q=0(w), h(w)=h(Q). "

It is again easy to see that h{Q,) =log kand Q£ Q, = h(2)<log k. The following
theorem relates the two concepts of entropy. -

Theorem 1.8 (Parry). a) Let §+Q2<Q, be closed invariant and y an invariant
probability measure on Q. Then h(p) <h(Q).

b) If Q=Q, is minimal invariant, there is an invariant probability measure p
on Q with h(u)=h(Q). In particular, if Q is strictly ergodic, h()=h(ug).

Proof. a) comes from the elementary relation
Hu(B(O,n—1>) é log 971 (Q)

b) is a special case of Theorem 3 in [5].
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Substitutions of Constant Length in Strictly Ergodic Sequences

Let neQ,, relN and L: A— A" be an injection. For neQ, define yteQ, by
= ((rm, r(n+1)—15)=L(n,) (neZ).

1
Lemma 1.9. If n is strictly ergodic, then so is %, and h(n*)=-— h(n).
r

Proof. a) Strict ergodicity: Almost periodicity is trivial. For strict transitivity,
let Q<#nt, e>0. We choose neN such that r n>[(Q). For Se A™, the set

{ueZ|n"e,[S1}

is uniform Cesaro by the strict transitivity of . We denote its density by t(S).
Let for seZ, t>n

1
Ts,t(S)=T—

n+1 I{M€<0, t_n>"7LE(s+u)r[S:|}|'

We count for each SeA™ the number of times it occurs in #({sr, (s+1)r—1))
at places (s+u) r (0<u<t) and in each S the frequency of Q. Since each occurence
of Q at places sr+k (rn<k<(s+t—n)r) is thus counted between (n—(/(Q)+2r))
and n times,

‘n:unL((Sr,(s+t)r—1))(Q)'tr— Z (t_n+1)fs,t(s)(nr_l(Q)+1)#s(Q)|

SeArn

<2n2r+(I(Q)+2r) ¢r.
. 1 .. 2n
If n is so large that - (1(Q)+2r) <, then for each ¢ with —<e and

|7, (S)—T(S)<e |47 (Sed™),

|H11L(<sr,(s+t)r—1>)(Q)_ Z T(S) I"'S(Q)|<3'g for all seZ.

Sedrn

This implies strict ergodicity.
b) Entropy: The result follows immediately from

Hn(n)égnr(ﬂL)§r0n+l(”)' -

§ 2. Strictly Ergodic Sequences with Given Finite Entropy

Let the two sequences of functions
mi:N—-N, 1:N->R*
be defined inductively by

m =1, M ) _

= o™ik M1 di+t = (oM A |
m =m;emt, e e !

and A=1lim Aj.
23*
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We omit the argument k whenever there can be no confusion. Using the

-0 J —j~1-
notation k!...!=k, k' . '—(k ' ..1)!, we obtain, for j=2, the explicit expressions
—-j—1- J=2 «is —i-1
emti=k 1.1, mj=]—[k!...!, and A;=mj'logk !...!.

The existence of A is granted by

Lemma 2.1. (1)), is a decreasing sequence. A(1)=A4(2)=0, A(k)>0 (k=3) and
liin (log k— A(k))=

Proof. k=1:m;=1, /Ijle for jeN.
k=2:em* =2 m;=2"1, hence 1;=2"7+! log 2.
k=3: First we see that €% >m;+1 and m;_,>m?; for emM=k>2=m, +1,

erivthiti= (g M) > (Ml —2) e M+ 1 Zmpem b+ 1=m;,  +1.
Monotonicity of 4; is seen from n!<n":

M1+l o oy AseMidi _ amyea 4

1
Using Stirling’s formula 1<n! (2nn)"*n""e"<e ", we estimate
0=<m; 1 Aj 1 —3(log2m+m;A)—m; 4 A+ i< e i< L

0<iji1—4; —l—L !

1
=Tm . (18 +log 21 +m; /1) <2mj},-m;A;<2logke~mit
J+

1
0<i(k)—logh+Y —<2logky e~

jew M; jeN

Since m; =1, m, =k, we have:

L

JE]N
and
k
Ak)> A, (k > - >
(k)> 2, (k) — Z J(k) zlogk—-—>0 for k24,
/1(3)=lﬂ(3!)>0,
From
2logky e ™t <2(k—1)"tlogk—0
jeN
k
and 3 — 1 it follows that log k—A(k) ——1.

Suppose M =/ is a finite set of blocks (block system) of constant length r.
M can be given an order, e.g. the lexicographic one: M={0Q,, ..., Qu}-

Definition 2.2. M={Q,u," - Qoqap| 0 € S)pe(}- (S; is the permutation group
of <1,1>.)
Remark. |M|=|M|! and the elements of M have the constant length r |M|.
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Lemma 2.3. For each kelN there is a strictly ergodic sequence nefd, with
h(m)=A(k).
Proof. The case k=1 is trivial. For k>1 put
M1 == <0, k - 1>
Mj+1 = M] (jE ]N) .

By induction one shows that |M;|=¢™ * and the elements of M; have the constant
length m;. So, {
J

In M; we choose two blocks L;, F; such that
L.

J

F,

J

is the tail of L;, 4,

isthehead of F;,; (jelN)
and put

N(C—my,m=15) =Ly F).
This defines a sequence n€%Q,.

n is strictly ergodic: To prove almost periodicity, let QeQ¥ with Q<#. Then
there is a jeN such that L;+F and Q<L;-F, and a PeM;,, with L;- E<P.
Since P<S for each SeM;_,, Q occurs in each block #(<tm;,,,(t+1)m;, ,—1))
(teZ). Strict transitivity of # can be shown as for #* in Lemma 1.9, since for each
PeM,; the set {teZ|n€,, [P]} is uniform Cesaro.

Now we show h(n)=A(k). That h(n)=A(k) is trivial, because (PeM; = P<n)
implies 0,,,()=|M;|. On the other hand, let [(P)=m; ,, P<#. Then there exists

Q=01 QO +1  (Q;eM; for ISiS|M|+1)
with P<Q. Therefore _
0mj+1(’7)§mj |Mj||Mjl+1=mj+1 IMjllel

and
1 1 . M.
him< 10g 0, () S—2 L 4 IM;| log [M||
i1 Mjys 1
— log Wi+

! +—1~10g M| — A(k).
J+1 m;

Remark. For k=2, in case L,=F =0, the sequence defined is the Morse se-
quence p of Gottschalk-Hedlund, Topological Dynamics, 12.28. The sequences of
12.37 ibidem are obtained by varying the choices of L, and F;: i/ for L,=F =1;
vior Li=1, F=0;v for L,=0, F,=1.

Lemma 2.4. For k=3, 0<h<A(k), there exists an neQ, with h(n)=h.

Iy 2
Proof. Let j,=min {]E]NUZZ, Aj(k)gh+? . We construct a sequence of

j ~
block systems (N;);cw, €ach of constant length n;, with N;,; = N;, and such that in

each N; there are three different elements L;, F, S; (S; only for j=2) with the
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properties
L; isthetailof L; ,,
F, isthe head of F_ |, ()
Ly 1 F.1<8;.

This is achieved by putting
Nl = <0’ k_— 1>:
Nj=Nj—1 (1<j<jo)

and by selecting, for each jzj,, J\TJ-_C;J\NTJ-_1 such that () is fulfilled and

The choice is possible, since (x) implies |N;|>e*>4 and

log [N =log(IN;}| ) 2 |Nj| (log [N;| = D Z N, | (n; i+ 1)> 1y h+2.

We define again ne£, by
77(<_nj> n;— 1>)=Lj'Fj-

Strict ergodicity of # follows as in Lemma 2:3. By (xx), for j=j,:

301 2
ht—>—log N,z h+.

J J J
Therefore
1
h(n)=lim —log |N;| =h.
J nj
0,,, (M =n NN+ =n; IN; ™! furnishes again
1 1 : 1
W) <——log 6, () S—=3* 4 ~log IN| >h. I
Mji1 j+1 ;

Theorem 2.5. For k=2 and O<h<logk, there exists a strictly ergodic sequence
we, with h(w)=h.

Proof. Since A(k")>logk"—2=nlogk—2, we can choose n so large that
nh<A(k"). We now find a strictly ergodic sequence ne£. with h(n)=nh and a
bijective mapping L: <0,k"—1> — {0,k—1)". By Lemma 1.9, we have for the
strictly ergodic sequence e Q,: h(n¥)=h. _

§ 3. A Sequence with Infinite Entropy

1. Permutation Sequences with Repetitions
Let k=2 and r=(r;);. be a sequence of natural numbers. Construct a sequence
(N})jen of block systems N;, each of constant length n;, by induction as follows.
Set N; =<0, k—15. If N; is constructed, let
&L= {o: <Ly IND = N}| o4 (P)| =r, (PeN)}
and .
N ={c()---a(;IN;})|oe S, }.
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Then we have the relations
|]V1| = k: ”1 = 1
(r; IN;)!

IN;] 2
F

IN; 1l = i =11 Nl

Let again L;, F;e N; be such that

L. isthetailof L

J Jj+1>

F; is the head of F;

+1»

and define neQ, by
77(<—”j7 n;— 1>):Lj - K.
We call r the repetition frequency of .
Lemma 3.1. #; is a strictly ergodic sequence, and h(n)=4+1ogk if k> 10.

Proof. Strict ergodicity is shown as for all other sequences considered before.
To estimate the entropy, set [N;]=e"™. By Stirling’s formula,

N[> (7 u\]jf)rlef! e~ N _( IN;| )rle;!
J+1 - ’

r;j'le e
and thus S |
gurititt s o= DN _ o mil Tjp > T——.
n;j
Now, since for k>6: e-j/k? <6, and 1 =n, <|N,| =k, we can show by induction:

6 IN;| 1 1N

"j+1=nﬂfff\’,-i<(rj!1\6~f)2<(;)rjmjlé(7> <IN,

and hence, for k> 6: n;, ;> n7. This implies

ko1
y>logh———>=logk  (k210,jeN).

1
Since 6, (1) 2N, we haven— log 0, (n)=7;>3logkand h(n)2%logk for k=10. |

J

2. A Shift Space with Infinite Alphabet

Let (Aj)jE]N be a strictly increasing sequence of finite sets with A= {0} and let
A={] A’ be topologized in such a way that 0 is the Alexandroff point of 4~ {0}.
Define @, @/ and T as for finite alphabets.

Let 7': Q,uQf— Q,;0Q4; be the mapping induced on the sequences and
blocks by

. (x xed
x iO xel 4/
A-— Al

n/: Q,— Q,; is continuous and commutes with T.
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Lemma 3.2. weQ, is almost periodic (strictly transitive) iff each n'weQ,;
is almost periodic (strictly transitive ).

Proof: a) If w is almost periodic, n/ O (w)is invariant and closed by the properties
of 7/, and for e O(w), O(n/(n))is dense in 7/ O (). Therefore 7/ w is almost periodic.
If w is strictly transitive, we have for fe C(0(r’ w)):

(fo Tn (ch w))nel = (fo nj(Tn w))nel
is uniform Cesaro, because fo /e C(O(w)). Therefore 7/  is strictly transitive.

b) Assume now each 7/ w to be almost periodic. A base for the topology in
Q4 is provided by the class of special finite cylinders of the form

() wladn () L47,

nehN; neNy

where N;, N, =Z are finite sets, jeN, a,e 4/~ {0} (neN,), and

LA = {neQ,|n,e(A~ A)U{0}}.
Now, the cylinder above is equal to

(@)= ([ L@ () A[0]).

neN; neN>

The last set is open in Q,; and is visited by =/ w at an empty or dense set of times.
By the Stone-Weierstral} theorem, the indicator functions of the special {inite
cylinders are a total set in C(2,). They can be written in the form g= fon/, where
fis the indicator function of a cylinder in Q;. Therefore, if n/ w is strictly transitive,
the sequence (g0 T"()),ez=(/° T"(n/ ®))ez is uniform Cesaro. _|
Let Q< Q, be strictly ergodic, weQ. We avoid the definition of topological
entropy for general compact metric spaces and consider h(ug)=h(u,,).

Lemma 3.3. h(u,)=sup h(’ o).
jeN

Proof. We only use and show the simpler direction “=". The other inequality
is proved by an approximation argument.

Set f4;=lys,,- Then h(n/ w)=h(u;), o, = u; by the uniqueness of the measure,
and so: h(u,)Zh(u) (jeN).

3. Construction
Let (kpjens (1)jens (1))jen be the sequences of natural numbers defined by
k=1, =11k
i<]

rj=[e3j"j], k +1=kj!rj,

i
(notice that k,!=r1=20!>10) and (4 -)J-E}N a sequence of finite sets with

A1={0}, 4=k, Aind;={0} (+)).
Set A'=|{) A4;, A=) A’ as in the last section. Construct a sequence (N);.y of

ij
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block systems N;<Q};, each of constant length n;, such that |Nj|=k;! and
1 .
1p(0) = for PeN; (i.e. 0 occurs exactly once in each PeN)), as follows.

J
Let N, ={0}. I N;is constructed, let 6: A, ;— N; be a mapping with |6~ (P)|=r
(PeN)). g is onto, because |4;, 1|=7;|N;|. For ae4;_ let P, be the block in Q4 i1,
obtained when 0 in ¢ (a) is replaced by a, and

Nj={PalaeAj+1}; Nj+1=ﬁj~
IN;l=F;_1, IN;,1|=k;,,!, and O occurs once in each element of N;,,, because

there is only one element of JVJ in which it occurs. Pe N, , has the length k; , n;=
n

j+1-
Let 7/ be as before. Choose L;, F;e N; such that
L; isthetailof =/L;4,
F, isthehead of W' Fj_,,
and define neQ, by

n'n({—n;,n;—1>)=L; F,.

J

Theorem 3.4. n is strictly ergodic and h(u,)= co.
Proof. We show that n/# is strictly ergodic and eventually h(n/5)>j.

nin may be constructed in the following way: #/ N;=N,. o/ N, is the set of
blocks of length n;;, composed of Ni-blocks, where each block occurs exactly
r; times. More generally, 7/ N, . ; is the set of blocks of length n; ., ,, composed
kj+n+1 nj+r5+1

= times.
|TC ]Vj+n| nj+nl7er}+nl

of n/N;, -blocks, where each block occurs
Further, for nzj,

n'L, isthetailof n'L,,,

n'F, isthehead of ' F, ;.

This means, one could construct a permutation sequence with alphabet N; and

. . k; .

repetition frequencies (Qj”—”—) , and then substitute the block Pe N, for
7 N] +n—1l neN

the element P of the alphabet. By the Lemmas 1.9 and 3.1, the resulting sequence

n/ 1y is strictly ergodic and

. 1 logk;! k;(logk,—1)
J > | = I > J J
h(n'm)z— —log|Njj="5 == 2k,

J J

=(2n;_) '(logk; !—1+logr,_)>j (j=3).

I wish to thank my adviser, Prof. K. Jacobs, for suggesting the problem.
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