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1. Introduction

Komlés [11] proved the following. Suppose {X,} is a sequence of r.v.’s such that
sup E|X;| < co: then there exists a r.v.  and an increasing sequence of integers {n;}
such that

N
N='Y X, —o as.
1

Chatterji [3] has formulated the following heuristic principle. Given a limit
theorem for i.i.d.r.v.’s under certain moment conditions, there exists an analogous
theorem such that an arbitrarily-dependent sequence (under the same moment
conditions) always contains a subsequence satisfying this analogous theorem.

The result of Komlés may be regarded as the precise form of Chatterji’s
principle for the strong law of large numbers. The principle has been verified for
several other classical theorems ([ 1, 3, 4, 8]) by purely ad hoc arguments. Theorem 3
of this paper implies the truth of the principle for any a.s. limit theorem, and
Theorem 6 for any weak limit (convergence in distribution) theorem; subject only
to mild technical conditions on the nature of the theorem.

To describe the technique used, define an exchangeable sequence of r.v.’s to be a
mixture of iid. sequences. Obviously exchangeable sequences satisfy theorems
analogous to those for i.i.d. sequences. Given an arbitrarily-dependent sequence
{X}, assuming only that the distributions are tight, we will (Proposition 11) extract
a certain subsequence { Y} = {X, }, and associate with it an exchangeable sequence
{Z.}. We then show (Proposition 13) that certain types of property of {Z,} are
shared by suitable subsequences of {Y}.

This technique also proves (Theorem9) an assertion of Révész concerning
unconditionally a.s. convergent subsequences. These results will be stated properly
in Section 3.

*  This research was supported by a S.R.C. Studentship
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2. Notation and Definitions

Let S be a separable metrisable space. Topological spaces will always be equipped
with the o-field generated by the open sets, and product spaces will be given product
topology and product o-field.

Let C(S) (resp. 1°(S)) be the set of continuous (resp. measurable) bounded real-
valued functions on S. Let 22(S) be the space of probability measures on S, equipped
with the weak topology

J,= A ifand only if [fdi,—~[fd) for each feC(S).

Recall ([137], Theorem 6.2) that #(S) is itself a separable metrisable space. For
measurable 4 < IR, the map 2 — A(4) from Z(R) to R is measurable. Conversely [9],
if R, is a dense subset of IR then the collection of maps

Ao A{—o0,x]);  xeRy 2.0

generate the o-field on 2(R).

Let (2, &, P) be a probability space. A measurable function T:Q—S will be
called a random measure when S =2(R); a random vector when S=R*; a random
variable (r.v) when S=IR; and in general a random map. Let £(T} denote the
distribution of T. Write T,—, T for #(T,) = £(T). Write #(T) for the o-field
generated by T. Write I(A) for the indicator function of A. For seS, write §, for the
measure o,(A)=1I (seA).

Suppose 4, is a sub-g-field of . A random map n: Q—2(S) is called a regular
conditional distribution (r.c.d) for T given 4, if, for each measurable AcS,

(o, A)=E(I(TeA)| B,)(w) as. (2.2)

‘Here we have written n{w, 4) for (m(w))(4), though the author prefers to regard = as
random map rather than as a kernel function. An earlier draft of this paper was full
of r.c.d.’s, but these have been largely climinated for the reasons of [7, page viit].
However, frequient use is made of the following Lemma, which enables versions of
conditional expectations to be computed.

Lemma 1. Let X, Y be random maps into spaces S,,S,. Let h:S; xS, >R be a
measurable function such that E|h(X, Y)| < co. Let X be % -measurable. Suppose w is
arcd. for Y given B,. Then

gj WX (w), y)n(w, dy)=Eh(X, Y)|B,)(w) as. (2.3)

For e Z(R), let A*eZ(R*) be the product measure A x 1 x -, For a random
measure p, let u* be the random map into 2(IR®) such that u*(w)=p(w) x pw)
X eee,

It is often convenient .to regard a sequence {X,} of random variables as a
random vector X. For example, the assertion #(X)=A4* is a concise way of saying
that {X,} is an independent identically distributed (i.i.d.) sequence of r.v.’s. Because
this paper concerns subsequences, it is worth introducing special notation for these.
Write n={n;} and m={m,;} to denote strictly increasing sequences of positive
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integers {constants, not random variables). Write m<n to mean that {m;} is a
subsequence of {n;}. Write X, for the random vector {X,,X,,...}. For
typographical convenience, we often write X, ; for X .

Definition. A random vector Z={Z,} is exchangeable if there exists a random
measure p such that

u* is a r.ed. for Z given F (). (2.4)
Following Kallenberg [10], call 4 the canonical random measure for Z. For the
purposes of this paper, “exchangeable” is merely a name for sequences which are

mixtures of 1.1.d. sequences in the sense of (2.4). However, the reader may recall the
usual definition:

PZys o Z)=L Ly, Z,) 2.5)

for each jeZ™ and each permutation (i, ..., 1) of (1, ..., ). That (2.4) implies (2.5) is
straightforward. The converse, loosely known as de Finetti’s theorem, is non-trivial
(see [107) but will not be needed, though Proposition 11 uses an extension of some
of the ideas in its proof.

Definition. X;,— X (L', L*) means
E(X;|B)— E(X|B) for each Be#%, P(B)>0. (2.6)

It is well known ([12], T 23) that for {X} to be o(L}, L*) relatively sequentially
compact it is necessary and sufficient that {X,} be uniformly integrable, and in
particular it is sufficient that {X;} be IF-bounded for some p> 1.

Definition. For e Z(R), write
AP =fIxI” A(dx),  0<p<oo. 2.7

Also, write |1}, for the mean and ||, for the variance of A. For definiteness, write [4];
=0 if |A|' = 00, and write [A], = oo if [A|*=co.

3. Statement and Discussion of Results

Let X={X;} be a random vector such that

{£(X)} s tight. (3.1)

In Section 4 we shall construct a random measure g associated with X. The details
of the construction need not concern us now, except for the following technical
result to be proved in Section 5.

Lemma 2. Ejg(w)? <limsup E|X)f, O<p<o.
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Define a(w)={u(w)|,, and B(w)=|u(w)|,. Then

sup E|X;|<oo  implies a(w)<oo as., (3.2)
supE|X,[*<oo  implies f(w)<oo as. (3.3)
Our results are stated in this Section in terms of (X, 4#). When these results are
applied to specific theorems, ¢ and f§ play the role played by the mean and variance
in the i.id. case.
In our main results the only assumption on X is (3.1), which will not be
mentioned again. In order to motivate the form of these results, however, consider

the following special property ¥ which X might possess.
There exists an exchangeable random vector Z such that

(1) u is the canonical random measure for Z;
8]

(ii) > 1X, ;—Z] <o as., for some m.
1

Our results will be formulated so as to be almost obvious if X satisfies . An
example in Section 7 will show that in general P is not satisfied.

It is now necessary to say precisely what we mean by an a.s. limit theorem for
iid. random variables. Define a statute A to be a measurable subset of Z(R) x R*®
such that, for each 1e 2(R),

(4, V(w))eA as. when L(V)=4% (34
Equivalently, (3.4) can be written as

A {xeR”: (4, x)ed} =1, (3.5)
or, writing (3.4) out fully, as

P((4, Vi(w), Vy(w),...)ed)=1 (3.6)

when {V}} is an i.i.d. sequence with distribution A.

Let us give examples of the statutes representing some well-known theorems.

Alz{(ﬂh,x): lim N‘lixi=llll}u{(ﬂv,x): [A], = o0}

N-ow 1

A, ={(A, x): lim sup (% X; —N|/1|1)/(2N10g log N)!/2 = |)t|2}

N-oow

V{4 X): 2], = 0},

N
A3={(/1,x): N"lzéxi = 1 as N—»oo}
1
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Let us also give two examples of statutes representing trivial theorems.

A,=\J {4, x): x;esupport(4) for all i>k}.
k

N
As ={(A, x): Aed,, lim ) a;x; exists}

N-oow 1

N-oow 1

N
u{(i, x): A¢A,, lim ) a;x; does not exist},
where g;—0 is a fixed sequence of reals and

13

Aaz{ieg’(]R): Y a;V; converges a.s. for DSP(V)::/I*}.
1

Call A a limit statute if the following additional condition is satisfied.

If (4Lx)ed and ) |xj—xj<oo then (4,x)ed. (3.7)

It is easily seen that this condition is satisfied by the above examples, except for 4 4
Now suppose u happens to be the canomical random measure for an
exchangeable vector Z. Then for any statute A,

(u(w), Z(w))eA a.s. (3.8)

Because by Lemma 1 and (2.4)

E(I(, Z)e A) W) () = p*(0)({x: (u(w), x)e4}) a.s.
=1 as. by (3.5).

So (3.8) shows that classical a.s. theorems for iid.r.v.’s extend immediately to
exchangeable r.v.’s: of course this idea is well known. However, (3.8) provides the
motivation for our first result, which is immediate if X has property .

Theorem 3. Let A be any limit statute. Then there exists m such that, for each ncm,
(u(w), X (w)eA as. (3.9

Let us write out in detail one special case. Consider the statute 4, defined above,
representing the strong law of large numbers. Suppose {X,} is such that
sup E|X,| < oo: then certainly (3.1) holds. Then (3.9) asserts that, on a set of
probability 1, either |u(w){; =c0 or

N

N=1Y X, ()= ), -

1

But from (3.2), a(w)=|pu(w)]; <o as., and so we have obtained the result of
Komlés [11] mentioned earlier, in the following form.
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Corollary 4. Suppose sup E|X | < oo. Then there exists m such that, for each ncm,
N
N='Y X, ,—a as. (3.10)
1

Similarly, applying Theorem 3 to statute A4, gives the following result of Chatterji
[3] and Gaposhkin [§&].

Corollary 5. Suppose sup EX? < co. Then there exists m such that, for each ncm,

N
lim sup (Z Xn,i—Noc)/(2Nlog log N)12=p as.
1

N—oo

Here Bis asin (3.3). The analogous result for Strassen’s functional law of the iterated
logarithm (Berkes [1]) follows equally easily from Theorem 3. It should be clear
how to apply Theorem 3 to any a.s. limit theorem, subject only to the technical
condition (3.7), concerning which we make the following remark. It might seem
more natural to express the idea of a limit theorem by the weaker condition: the set
{x: (1,x)eA} is in the tail o-field of R* for each 2e2(R). However, this latter
condition is satisfied by statute 4, above, but Theorem 3 fails for A4,. For suppose
X,=2""as.: then by Lemma 1, u(w)=4, a.s. and assertion (3.9) fails. Fortunately,
condition (3.7) seems to be satisfied by the statutes representing most non-trivial
theorems.

The paper of Berkes [ 1] exemplifies the technique previously used to prove the
special cases mentioned. Briefly, the idea was to reduce from general X to the case
where X is a martingale difference sequence (m.d.s.); then to show that the
particular theorem under consideration has a version for m.d.s.’s; and finally to
show that an arbitrary m.d.s. has a subsequence satisfying these conditions. This is a
non-trivial task, and clearly requires more work than the original proof of the
theorem for iid.r.v.’s. On the other hand, to apply Theorem 3 we need know only
the statement of the result for i.i.d.r.v.’s. Clearly Theorem 3 cannot be proved by the
above technique.

The assertions of (3.8) and Theorem 3 may be informally stated as follows. Given
any a.s. limit theorem for iidruv.’s, there is an analogous theorem satisfied by
exchangeable sequences and by all sub-subsequences of some subsequence of an
arbitrarily-dependent sequence of r.v.’s. The same result for weak limit theorems is
given in (3.17) and Theorem 6, but in a somewhat less concise manner.

Let Z,(R), S, {h,}, ® be such that

Z,(R) is a measurable subset of Z(IR); (3.11)
S is a separable metrisable space; (3.12)
h,: Z5(R) x R® — S is continuous, for each k; (3.13)
9. Z,(R) - #(S) is measurable; (3.14)

if 1e,(R) and L(V)=i* then L(hy(4, V)) = ®(A). (3.15a)
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The last condition conveys the essential idea of a weak limit theorem: examples will
be given after the statement of Theorem 6. For fe°(S) and ¢pe2(S), write

fidy={fdg.
Then (3.152a) is equivalent to;
[ (A, x) 2% (dx) = £, (A (3.15b)

for each Ae Z,(R) and each fe C(S). Suppose, as in the discussion before Theorem 3,
that p happens to be the canonical random measure for an exchangeable random
vector Z. Standard arguments show the existence of an element E @(u) of #(S) such
that

CLEPWy=E{f,P(u)> for each fel*(S). (3.16)
We assert that, provided p(w)eZ,(R) as.,

ZL(h(u, Z)) = EP(p). (3.17)
To prove this, consider fe C{S). By (2.4) and Lemmal 1,

E(f(h(, Z))| p)(e) = [ f (I ((w), X)) p*(e0, dX) a.s.
—{f,®(uw)) as. by (3.15b)

and so, using (3.16),
Ef(h(u, Z))~ {,ED(w).

This establishes (3.17). In order to extend this to subsequences we will make use of
the following, somewhat arbitrary, technical condition.

There exist constants {c, ;} and a metric d generating the topology on S such
that

d(h(X), (XN Y. ¢, % —xil5 (3.18)
1

0=¢ ;=1 (3.19)

lim¢, ;=0 for each i. (3.20)

koo

In fact these conditions can be weakened, their purpose only being to ensure that,
for large k, h(x) does not depend much on the first few coordinates of x. The
following result is easy if X happens to satisfy .

Theorem 6. Suppose that (3.11)~3.15) and (3.18)~(3.20) hold. Suppose also thar
ww)eZ,(R) a.s. Then there exists m such that, for each ncm,

L(hu. X,)) = ES(u). (3.21)
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Theorem 6 has been formulated so as to be applicable to Donsker’s theorem
{see [2] for background). Let

Zy(R)={1: [A*< oo and |i],=0};
§=D[0, 1] with the Skorokhod J, topology;

ik]
h,(1,x) be the function taking the value k™% )" x; at ¢;
1

P(1)=F(|A],- W), where W is a random map into D[0, 1] distributed as Wiener
measure.
Applying Theorem 6 gives the following result (recall that flew)=|u(w)|,).

Corollary 7. Suppose sup EX? < o0, and X ;— 0a (L', L°). Then there exists an m such
that, for each ncm,

k]
k‘uszn,i*@—’ﬁ'W
1

where W is taken independent of B.

This perhaps requires a few words of proof. Conditions (3.11)-(3.14) are
straightforward, and (3.15) is Donsker’s theorem. To verify (3.18)-(3.20), note that
the J, metric may be taken smaller then the uniform metric d, which satisfies

k
do(y (2, X), I (2, XNk~ 12 Y Ix; —x.
1

To verify that pu(w)eZ,(R) a.s., it is necessary to show that a{w)=0and f(w) < o a.s.
The latter follows from (3.3): for the former, observe that X;— X _ (L', L*) implies
X _=a as., by (3.11). Finally, it follows from (3.16) that E@(y) is indeed the
distribution of §- W.

Let us remark that the hypothesis X, —0c(L!, [) is no real restriction. The -
boundedness implies that X|=X, ;—X »—>0a(L}, [°) for some g, X, and so the
Corollary may be applied to this sequence. The same remark holds for Theorem 9.

From Corollary 7 we may deduce in the usual manner analogues for sub-
sequences of the classical convergence in distribution theorems, in particular the
central limit theorem due to Chatterii [4], Gaposhkin [&].

Theorem 6 has also a somewhat different application.

Corollary 8. Suppose  is the canonical random measure for an exchangeable vector Z.
Then there exists m such that, for each ncm,

L X, X, 1) = Py as i 0. (3.22)
This follows by considering

Zo(R) =2(R);

S=R";

P2y X 4, X 55 )= (A X 15 Xpe 25 ---)5

S(Ay=A*;

d(x,x")=> 27 min(1, |x; — x}).
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The conditions are easily verified. It is possible to prove Corollary 8 directly.
Indeed, the slightly weaker result in which y is omitted in (3.22) is known, being
implicit in Dacunha-Castelle [6], and Kingman has an unpublished proof. Now
(3.22) expresses a weak sense in which X, has similar properties to Z, but this does

not seem strong enough to be used to prove the more general results.
Theorems 3 and 6 show that most “deep” results for i.i.d.r.v.’s have analogues

for subsequences. Paradoxically, analogues are harder to find for certain rather

superficial results. Let us give one positive result and mention an open problem. Let

t,={acR®: ) a}<o0}.
If |2, =0, |Al, <0 and Z(V)= A%, it is well known that
Y a;V, converges a.s., for each aes,. (3.23)

Now suppose u is the canonical random measure for the exchangeable vector Z,
and that a(w)=0 and f(w)< oo a.s. From (2.4) and Lemma 1,

Y. a,Z; converges as., for each aes,. (3.24)

Let & denote the set of permutations ¢ = {5(i)} of Z*. Then (2.5) extends (3.24) to

Y ay0Z,; ~ converges as., for each acs,, o€ (3.25)

Thus the following result is trivial if X happens to satisfy .

Theorem 9. Suppose sup E X? < oo and X, —0a(L', I°). Then there exists m such that,
for each act, and each ce,

Y iy X opy — COMVEFZES ALS. (3.26)

This is the assertion of Révész [ 14] Theorem 5.1.1, but the proof given there is
fallacious, as observed in [8].
To state the open problem, write

o ={acR”: q,—0},
%(V)={aes/:) a;V; converges as.}.

For exchangeable Z it is clear that ¥(Z,) =%(Z) for all n. So if X happens to satisfy
B, then there exists m such that

¢X,)=%(X,) foreach ncm. (3.27)

But it is not known whether this holds in general. A partial result can be obtained
from Theorem 3. Fix ac.Z, and consider the statute A4, defined earlier. Theorem 3
asserts: there exists m such that, for each ncm,

P(u(w)ed,, Y a; X, ; converges) + P(u(w)¢ A,, Y a; X, , does not converge)=1.
Hence ) a,X, ; converges a.s. if and only if u(w)eA, a.s. In other words,

for a prescribed ac. o, there exists m such that
¢X,)n{a}=%(X,)n{a}  for eachncm.
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Because a countable intersection of statutes is a statute, this extends to a prescribed
countable subset .27 , of /. However, for the general case it is necessary to consider
an uncountable number of conditions, and this would require the type of uniformity
arguments which are to be used in the proof of Theorem9.

To end this Section, let us discuss property 9B. Since the probabilistic properties
of a random sequence V= {V}} depend only on Z(V), it is natural to extend P as
follows.

Definition. Say random vectors V and Y are asymptotically equivalent if there exist,
on some probability space, random vectors V', Y’ such that

FNVY)=2L(V), LX)=2L(Y), Y|V/~-Y/|<w as. (3.28)
The reader may easily verify:

asymptotic equivalence is an equivalence relation. (3.29)

Definition. Say X has property ' if there exist m and an exchangeable Z such that
X,, is asymptotically equivalent to Z.

We have remarked that all our results, as well as (3.27), are easy for X satisfying
B, and that in Section 7 an example of X not satisfying B will be given: replacing ‘B
by P’ involves no essential change in the arguments. This suggests two questions. Is
there a simple property which holds for all X and is strong enough to imply the
results of this paper? Such a property would have to be intermediate between '
and (3.22). And can one give sufficient conditions on X for ¥’ to hold? A partial
answer to the latter is given below.

Definition. X;—— v (mixing) if P(X; < x| B) - v((— oo, x]) for each continuity point
x of v and each measurable B, P(B)>0.

Theorem 10. Suppose X;—— v (mixing). Then there exist m and V such that X, is
asymptotically equivalent to V, and F(V)=v*.

It is well known ([5], page 354) that if #(X,) = v and {X,} has trivial tail o-
field, then X;—— v (mixing). It easily follows from Theorem 10 that if {X,} has
purely atomic tail o-field then { X} satisfies . The author knows no more general
sufficient condition.

Finally, let us say that although the results have been stated and will be proved
for real-valued r.v.’s, Theorems 3 and 6 hold mutatis mutandis for sequences of
separable metric space valued maps. But in general there are no interesting results
to which they may be applied.

4. Construction of u

The first step in the proof of the results is the construction of the random measure p.
This is somewhat similar to a construction in Révész [14] Theorem 6.1.1, but
Proposition 11 below carries some additional information.
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We are given a sequence X = { X;} whose distributions are tight. So no generality
is lost in Proposition 11 by assuming

LX) = v. (4.1)

Let D be a countable dense set of continuity points of v. For each k, choose a finite
set D, ={x, ;}#%" such that

X <X i1 <X +27%  iZq,, keZ™. 4.2)
Plx, <X, <% )21-27%  kneZ". (4.3)
D,=D,,, foreach k. (4.4)
D, = Lk) D,. (4.5)

Let 4, be the set of intervals (—o0,x; 11, (% 1, X 215 -+ (X4 4,>0), and let ¢
={J 4. Define p,: IR - D, by
¥

p(x)=inf {x, ;€D,:x, ;Zx} for x=x,,,
=X g+1  Otherwise. (4.6)
So p, is constant on each Je #,. For future reference, note that (4.2) and (4.3) imply

P(lpp(X )= X,|2279=27%  kneZ” 4.7)

and moreover, for any V such that #(V)=v,

P(p(V)=VIz279=27%  keZ™. (4.8)
Proposition 11. There exists a subsequence Y =X, and a random measure u such that,
Jor each Je ¢,

E(I(Y%e)| i ) (@) - pl@,]) as.
where

F 1 =F(P1(Y1), ., pr_ 1 (Y )

Proof. For each xeD _, the random variables {I(X;<x)} are uniformly bounded
and hence o(L}, [°) sequentially compact. Using the diagonal argument, we may
assume without loss of generality that for each xeD_,

I(X,<x) > G o(L, [¥) (4.9)

for some random variables G,. Suppose, inductively, that 1 =n, <---<n,_, have
been defined. It follows from (4.9) that

E(I(X;=x)|4) > E(G,|4)
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for each xeD, and each Ae%,_,. But D, and %,_, are finite, and so n, may be
chosen sufficiently large that, putting ¥, =X,

[EI(Y, =x)|4)—E@G,|4) =27" (4.10)

for each xeD, and each Ae%,_, with P(A4)>0.
Having thus constructed n and Y, let # =\/ %,. Consider some fixed xeD :
k

then xeD, for large k. Then for such k, (4.10) shows that
IEQ(Y,=x)| F_ )(@) —E(G,| F_ )(@) 27 as.

But
E(G,|Z_ )(0)— E(G,|F)(w) as.

So to finish the proof of the Proposition it is necessary only to construct u such that,
for each xeD ,

e, (— o0, x])=E(G,|F) (@) as. (4.11)

This is quite straightforward. From (4.9) we see that x;,x,eD_ and x; <x,
imply that G, <G,, as. and E(G,,—G,)=v((x,x,]). So, as in Révész [14]
Lemma 6.1.4, we can construct versions A, of E(G,|%) such that, for each fixed w,
the function A, (w) extends to a distribution function. Let u(w) be the corresponding
measure. Then (4.11) is satisfied, and the measurability of 4 (considered as a random
map into 2(IR)) follows from (2.1).

Remarks. Let 0, be ar.c.d. for Y, given &,_,. It follows easily from Proposition 11
that 8,(w) = u(w) a.s. This suggests, informally, that a sample path {¥,(w)} should
look asymptotically like a typical sample path from an iid. sequence with
distribution u(w). The main line of argument continues in the next Section by
constructing an exchangeable sequence Z whose canonical random measure is i,
and comparing properties of Y and Z. But we now digress to prove Theorem 10.

Proof of Theorem 10. Let {T;} be an independent sequence of r.v.’s distributed
uniformly on [0,1] and defined on some space (', %', P'). For 2e2(R), let F; !
denote the inverse distribution function
Fl()=inf{x: A(—o0,x]2t} for O<t<l1
=0, say, otherwise. 4.12)
It is well known that Z(FY(T;))=4 and
A;= A ifand only if F; '(T,)—F; (T} as. (4.13)

The proof of Theorem 10 depends on the following construction, which does not
seem helpful in the general case. We define inductively random measures 0; on £,
and random measures ¢; and r.v.’s W, on Q. Let 8, and ¢, beidentically £(Y;). Let
W, =F;, '(T,). Now suppose i>1. For each atom G={p(Y})=x,,....p;_1(¥,_,)
=x,_;}of F_,,let G ={p,(W))=x,,...,p;_1(W:_;)=x;_,} be the corresponding
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atom of #_, =F (p;(W)), ..., p,_ (W,_)); for weG and w'eG’ let 0,(w) and ¢ (')
be the conditional distribution of ¥; given G (or d,, say, if P(G)=0). Let W,=F, (T).
It should be clear from the construction that

L{piM}7) =L {p(N}7); (4.14)
L(W)=2L(Y) for each i, (4.15)
L0)=L(p;) for each i (4.16)

Now by (4.7) and the Borel-Cantelli Lemma, Y is asymptotically equivalent to
{pi(Y)} in the sense of (3.28); and similarly for W, by (4.15). So it follows from (4.14)
and (3.29) that

W is asymptotically equivalent to Y. 4.17)

Recall that the hypothesis of Theorem 10 is that #(X,) = v (mixing). So in (4.9) we
may take G, to be identically v((— o0, x]). And in (4.11) we may take u(w) to be
identically v. Proposition 11 shows that for each Je ¢,

0,(0)()=EU(Y,e))| F_ (@) J) as.
and so from [2] Theorem 2.2

B,(w) = v as. (4.18)
Consider the metric on 2(IR) given by

d(2, A'y=Emin (1, |F] *(T})— F; }(T)))).

Using (4.13), we see that d generates the weak topology. Now

E(min(L|F;, (T) —E~ 1IN FZ N =d(¢(w), v) as.
because ¢, is #;_ ;-measurable and T, is independent of %, ;. So from the definition
of W, ﬂ
Emin(L, [W,— E{(T))=Ed(¢;, )
=Ed(6,,v) Dby (4.16)
-0 by (4.18).
So W,—F*(T)—0 in probability, and so for some n,
> Wi —E 1(Tnz)| < 0.
Hence W, is asymptotically equivalent to the random vector {F; (T, ,)} whose
distribution is v*. Theorem 10 now follows from (4.17) and (3.29).

Remark. The hypothesis of mixing is used only to show that u is essentially constant.
A modification of the argument shows that if u is essentially countably-valued, then
X satisfies P'.
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5. The Fundamental Result

We may now restrict attention to the sequence Y produced in Proposition 11.
Recall that u is & -measurable, where

F=\ F.cFY). ; (5.1)
k

Let Z be a random vector such that
u* is a r.c.d. for Z given #(Y, ). (5.2)

To bemore precise, let Y, i/, Z’ be the natural maps on the canonical space @' =R *®

x P(R) x R®; by a standard construction (Meyer [12] T.14) there exists a

probability measure P’ on ' under which £ (¢, Y")=%(u, Y) and ¢’ * is a r.c.d. for

Z/ given F(Y', /). But the results to be proved depend only on the distribution

Z(u, Y), and so we may suppose € to be the original space and drop the prime.
Note that (5.2) is equivalent, because of (5.1), to

u* is a r.c.d. for Z given Z(Y) (5.3)

and implies that p* is a r.c.d. for Z given & (u), so that y is the canonical random
measure for the exchangeable vector Z.

Lemma 12. Let V be an F (Y)-measurable random map into some separable metrisable
space S. Let jeZ™. Then
@ (VY,)—>(V,Z) as m— oo.
Moreover, suppose fe L*(S x IR) is such that, for each s,
(i) f(s,*) is constant on each Je g,
Then Ef(V,Y,)—Ef (V,Z)) as m— co.
Proof. Let Je ¢ and let A be a measurable subset of S. We shall prove

P(VeA, Y,eJ)—P(VeA, Z;el]). (5.4)

? m

Then case (i) will follow from [2] Theorem2.2, and case (i) will follow by
approximating f by simple functions.
To prove (5.4), define random variables

K, =E(I(Y,eJ)-EU(VeA)|F, _)|F,_,)

K, =E(I(Y,eJ)- EQ(VeA)|F)|F, _1)
K(w)=plw,])- E(I(VeA)|F)(w).

Because Y, is #-measurable,

P(VeA,Y,eJ)=EK,,. (5.5

m

And
K,,=E((Y,eN)|#, 1) EA(VeA)|F,_1)

- K as.
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by Proposition 11 and the martingale limit theorem. As everything is bounded,
EK,—EK. (5.6)
Using the martingale limit theorem again,

E|K,—K.,|<E|E(I(Ved)|Z,_,)—E(I(VeA)|F)|—0. (5.7)

m—1
Finally, because V is #(Y)-measurable,
E(I(Z;e], VeA)|Y)=E(I(Z;e])|Y) - I(Ve )
=p(w,J)- I(Ved) by (5.3)

where we omit the a.s. in equalities between conditional expectations, Now because
i 18 F-measurable,

E(I(Z;eJ,Ved)|F)=K
and so

P(Z,eJ, Ve A)=EK. (5.8)
The relations (5.5)(5.8) imply (5.4) and thence the Lemma.

Remark. The reader familiar with conditional independence will see that ¥ and Z,
are conditionally independent given #.
In particular, Lemma 12 implies that Y,,—~Z, and so from (4.1)

F(Z)=v for each j. (59
Hence for O<p<w

E|Z,|?<liminfE|Y,/? £limsup E|X .
But from (5.3) and Lemma 1,

E(1Z,FY)(o)=|uw)? as.

in the notation of (2.7): this proves Lemma 2.

We are almost ready for the fundamental result of the paper, from which the
results stated in Section 3 will be deduced in the next Section. Consider a function
2 ZR)xR*->R. We would like to use the “asymptotic conditional inde-
pendence” property given by Lemma 12 to show that E g(u, Y,) is close to E g(u, Z)
whenever n={n,} increases rapidly. The situation is simplest when g is continuous,
but the alternative conditions below will sometimes be needed.

For each xeR®, yeR® and A1e2(R):

g(AX)SHminfglA, X, o X5 Vit 15 Vivzs oo )i (5.10)

if p,(x;)=p(y;) for each i then g(4,x)=g(4,y), (5.11)

where p, is as defined in (4.6).
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One final definition is needed. Let Q denote an assertion applicable to
increasing sequences n of positive integers, and let Q' denote the set of n for which Q
is true. If there exists a function L: {finite sequences in Z*}—>Z* such that

ifmzLin,,...,n,_,) for each i then n={n}eQ’ (5.12)

then we will say that Q holds for all n increasing sufficiently rapidly. For example,
suppose ¥,— 0 in probability. Then we can say that ) V¥, ; converges a.s. for alln

n,i

increasing sufficiently rapidly, because (5.12) is satisfied by the function
L(ny,...,n_y) =min{m>n,_: P(|V,|>2") <27 for all g=m}.

Proposition 13. Let Z(R) be a measurable subset of #(R) such that
Hw)eZ(R) as. (5.13

Let #)(R) be equipped with a separable metrisable topology t such that
Ai—— A implies 4, = 4; (5.14)
T and the weak topology generate the same o-field. (5.15)

Let ¢>0 be given. Let g:Z(R)xR*—R satisfy either (i) g is bounded and
continuous, or (ii) g is bounded, measurable and satisfies {5.10) and (5.11). Then

EgwY, ) SEgu,Z)+¢

Sor all n increasing sufficiently rapidly.

Moreover, suppose {g°} is a uniformly bounded family of measurable functions
ZAR)x R* R, each satisfying (5.10), and such that condition (5.25) below is
satisfied. Then

sup(Eg’(n, Y,)—Eg(n, Z)) e
f
for all n increasing sufficiently rapidly.

Proof. Suppose g satisfies (i) or (ii). Suppose, inductively, that n, <--- <n, have been
specified (the first step of the induction is similar to the general step). Define
random variables

Go=g(nZ)
Gi =g(ua Y;;,l’ Y, Zi+19Zi+2’:--)a 1§l§k- (516)

For m>n, define
B..=glu, Yn,x’ cees Yn,k’ Yoo Zyi 20 Ziwzs o)
We shall prove
Ep,—»EG, as m—oo. (5.17)
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Let us accept (5.17) for the moment. Then there exists a number L(n,, ..., n,) such
that, by choosing n, , ; to be any integer larger than L{n,, ..., n,) and defining G, , ,
as in (5.16), we obtain

EG,, ,SEG, +¢e27 %1,
This shows that

supEG, SEG,+e=Eg(u,Z)+¢
for all n increasing sufficiently rapidly. But from (5.10), which follows from
continuity in case (i),

g(u, Y, ) =liminf G,.

The Proposition follows from Fatou’s Lemma.
It remains to prove (5.17). Define g;: Z,(R) x R' =R by

il yis s ¥ =[ 8 Y1, o Vi Xi 15 X g5 - ) AH (AX). (5.18)
Certainly, g, is bounded and measurable. Define
V:(lus Y;z,la B Y;,k)

By (5.1), V is an #(Y)-measurable random map into Z,(R) x IR*. For a random
variable W, we may regard (¥, W) as a random map into Z,(IR) x R***, Using
Lemma 1, the definitions of the quantities involved, and (5.3),

E(G|Y)=g (V) as, (5.19)
EB,|Y)=g..,(V,1,) as, (5.20)
E(g o (V. Z,  )IY)=[ g, (V) p(w,dt) as.

=ﬁg(#¢ };,l’ sy Yn,ka L Xy 25 Xpa 35 --2) oo, d)p* (o, dx) as.
=glV) as. (5.21)

Identities (5.19)(5.21) show that assertion (5.17) is equivalent to the assertion:

Eg (VYY) Eg (V,Z, ) as m—oo. (5.22)

We can prove (5.22) from Lemma 12, considering the cases separately. In case (ii) it
follows from (5.11) that g, (4, ¥y, ..., ¥, 1), considered as a function of y,, , for
fixed (4,4, ..., ¥y), is constant on each J € %, , ,, and so (5.22) follows from part (ii) of
Lemma 12.

In case (i) it is sufficient to show that g, , is continuous, for then (5.22) follows
from part (i) of Lemma 12. Now the definition (5.18) of g, , , may be rewritten, in the
notation of {4.13), as

1Ay, v View1) =Eg4, ¥4, s Viw 1o Fy 1(7;{+2), F[l('I;(+3), ) (5.23)
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So if ,——4 then 1, = 4 and so
F; (T)—F1(T) as.

Hence the continuity of g, ; follows from that of g.

Wehave now established the Proposition for g satisfying (i) or (ii). Consider now
a uniformly bounded family {g’} of functions, each satisfying (5.10). Define g? as in
(5.18). If we can establish, in place of (5.22),

Ege (V. Y,) > Egy 1 (V,Z,y;)  uniformly in 0, (5.24)

then the desired result follows with only minor changes in the above argument. But
from part (i) of Lemma 12,

(V, Ym)T(VaZH -

Hence ([2] page 17) a sufficient condition for (5.24) is that, for each j, the family {g%}
be uniformly equicontinuous. To be more definite, we take the following condition
to be a hypothesis of the Proposition.

There exists a metric d, generating the topology © on Z,(R) such that

J
1894 Y10 V) — 8L Ve, s VDI SAUA )+ [y — (5.25)
1

for each 8, each jeZ™, each A, e, (R) and each y,y eR*.

Remarks. The separability of 7 is essential. The Proposition is false for d.(4, 1)
=sup |4(A)— A (4)], because Lemma 12 fails for non-separable-valued V.

Condition (5.25) can certainly be weakened, but the form given will be sufficient
for proving Theorem 9. However, it always seems necessary to impose some form of
equicontinuity on {g%} as a function of 4, and this is the difficulty in trying to prove
(3.27).

6. Proofs of the Main Results
In this Section Theorems 3, 6 and 9 will be deduced from Proposition 13 and the
following form of the diagonal argument.

Lemma 14. Let {Q; ,}, 1=k=gq;, jeZ™ be a collection of properties, each of which
holds for all n increasing sufficiently rapidly. Then there exists m satisfying the
following assertion.

For each ncm and each jeZ™, there exists o such that:

o' satisfies properties Q; ;, 1=k=<q;; (6.1a)
m=ni, forall i>]. (6.1b)

Proof. Consider first a single such property Q and the associated function L of
(5.12). It is easy to construct inductively a function L such that, for all finite
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sequences [,<I, in Z*, L(Uy)=L(I,)=L{I,). Now if m is such that
m; = L(m,,...,m,_,) for all i, then each ncm has property Q.

To prove the Lemma, we lose no generality in assuming q;=1 for all j, because
Q. and Q ,... and Q, , denotes a property holding for all n increasing
sufficiently rapidly. By the remark above, we can choose inductively mcm/~!
such that each ncm’ has property Q;,. Then the diagonal sequence m;=mi
satisfies the assertion of the Lemma.

Proof of Theorem 3. Let A be any limit statute, and let A’ be the complement of 4 in
P(R)x IR*. Clearly A’ satisfies (3.7). Accept for the moment the following Lemma.

Lemma 15. Let jeZ™ be given. Then P((u,Y,)eA)<27/ for all n increasing
sufficiently rapidly.

ApplyingLemma 14, there exists m satisfying the following assertion.
For each ncm and each jeZ™, there exists n’ such that:

P((,Y,)ed) =277, (6.22)
n;=ni, forall i>j. (6.2b)
Fix ncm. By (3.7) and (6.2b),
P((u, Y, )ed)=P((u, Y,)eA')  for each j.
So by (6.2a),
P((p, Y,)eA)=0.
This establishes Theorem 3.

Proof of Lemmal5. We cannot apply Proposition 13 directly to the indicator
function I(A") because (5.11) is not satisfied, so a more devious approach is required.
Consider the functions p, defined in (4.6). It follows from (4.7), (4.8) and (5.9) that

YNZi—piZ) <0 as,
YIY, —pdY, J<oo as.  for each n.

Define p:IR*—->IR® by
p(x)=(p1(x1), po(x2), --.)-
Then from (3.7),

P((u, p(Y,))eA)=P((n, Y,)eAd) for each n; (6.3)
P((u, p(Z))e A)=P((1, Z)e A')
=0 by (3.8).

Now a probability measure on a metric space is regular, so there exists an open
set Go A" such that

P((u, p(Z)eG) 27771 (6.4)
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Let H={(A,x):(4, p(x))eG}. Then I(H) satisfies the hypotheses of part (ii) of
Proposition 13, where we take Z(IR)=2(R) and t the weak topology: condition
(5.10) follows from the openness of G. So Proposition 13 and (6.4) show that

P((u, p(Y,)eG) <27

for all n increasing sufficiently rapidly. The Lemma now follows from (6.3), since
A'cG.

Proof of Theorem 6. Let Z,(R), S, {h;}, ®, {c, ;} be as in the hypotheses (3.11)(3.15)
and (3.18)—(3.20) of the Theorem. The latter technical conditions are needed only to
establish (6.5) below. For {x, ;} defined in (4.3), let

t,=Xx, —X

j Jiqj j. 1+

Then
P(|Y, =Y, |>t) 277" iyip,jeZ”.
Using (3.20), choose 7; such that
=) 1ZiS), kzrg
Suppose m;=mn; for all i>j. Then from (3.18) and (3.19),
P, Yo e, Y,) >~ <2770 kzg. (6.5)

Clearly we may assume that {r;} is strictly increasing.
Now § is separable, and so by [13] Theorem 6.6 there exists a countable subset
{f;} of C(S) such that

= ¢ inP2S)if [fdo.—[f,dp  foreach q. (6.6)
We may assume
fzq:_qu_p qz1. (6.7)

Consider the function f, h,: Z,(R) x R* — IR. This is bounded and continuous,
because h, is by hypothesis (3.13) continuous with respect to the weak topology (in
fact any topology satisfying (5.14) and (5.15) will suffice). Apply Proposition 13.
We deduce that the property Q. , , defined by

j.k.q
Ef;I hk(,us Yn) - Ef;] hk(:u“a Z) é]A !

holds for all n increasing sufficiently rapidly. Now apply Lemma 14, and deduce
that there exists m satisfying the following assertion.
For each ncm and each jeZ™ there exists n’ such that:

0 satisfies Q; , ,, 1Sq=2j, =k<r.i; (6.8a)
i>]. (6.8D)

J—
n; =n,,



Limit Theorems for Subsequences 79

Fix ncm. We must prove (3.21), that is
L (w,Y,) = EP(p). (6.9)

Let j(k) denote the integer j such thatr, £k <7, ;. Then j(k) — o0 as k — co. And (6.7)
and (6.8) imply, writing n* for n/®,

|Efohi(ps, Yo) — Efyip, Z) £ 1/j(k); - 159 =2 (k). (6.10a)
nt=n, i>jk). (6.10b)
Recall that (3.17) asserted
&L (b Z)) = E®(p).
So by (6.6) and (6.10a),
Ly (u, Y ) = ED(w).
But by (6.5) and (6.10b),
d(h (i, Y,), (1, Y))— 0 in probability.
Now (6.9) follows, using [2] Theorem4.1.

Proof of Theorem 9. Recall that & denotes the set of permutations ¢ of Z™*. Let £,
={acR*: ) a} <1}. It is clearly sufficient to prove convergence in (3.26) for ae/’
only. For xeR ™, let 6(x) denote the element (x,;) of R® and let a - x denote (a;x;).
Define H,: R®— R by

q

Y )

3

Then for any random vector V,

H,(x)=min (1, sup

q>k

YV, converges as. if and only if EH,(V)—0. (6.11)
Write 6 for a generic element (k, a, 0) of Z* x¢; x . Define g°: R*— R by

g’ (x)=H,(o(a-x)),
and observe that

|g°(x)—g°(x)| = g°(x —X). (6.12)
Using (6.11), the assertion of the Theorem becomes: there exists m such that

lim Eg®*9(Y,)=0 for each (a, o)/} x &. (6.13)

k—

We shall deduce (6.13) from Proposition 13. Let
Po(R)={A: |A]> < o0, |A]; =0}



80 D.J. Aldous

As in Corollary 7, the hypotheses ensure that ue#,(IR) a.s. Define a metric on
2, (R), using the notation of (4.12), by

d(4, ¢)=(E |F; (T — F; {(T)IH)2 (6.14)
It is easy to see that
d(4;, )—0 if and only if [4,|*>]|* and A=/,

and thence that (5.14) and (5.15) are satisfied. Also, considering {g°} as functions on
Z,(R) x R® in the obvious manner, it is easy to check (5.10), but (5.25) requires
some estimation.

Fix ¢pe#,(R), and let ¥ (V)=¢*. Consider the quantity

h=Eg (i, ¥js Viers Viezs - (6.15)
From the definitions,

hZE sup

q>k

Z Ay Yoy LoD Z N+ a0y Vo I(a(i)>))

i—k
)1/2

v+ (sup ,z vy Vi 10>

2 (E (% 000 Voo 16(>)) )

i=k

using a well-known inequality ([5] Theorem 9.5.4); hence

J 1/2
K=Y l+21dl; (z aam) . (6.16)

In particular we deduce from (5.3) and Lemma 1 that
0 < 2 12
EP@)=2K (Yol

where K =E |u(w)|, (E |u(w)|*)*? < o0 by Lemma 2; so

lim Eg®2(Z)=0 for each (a, 6)es} x S. (6.17)

k— o

In fact, (6.11) shows that (6.17) is equivalent to (3.25) and so follows quickly from
(3.23). However, we do need (6.16) in order to verify condition (5.25) of Proposition
13. Let B denote the quantity to be estimated in (5.25). Then by (5.23),

ﬁ:‘Ege(yla LR yja F).41(T}+1): )_Ege(yla vee yj: F}TI(’Z}-}-I)’ )|
§Eg6()71—y,1a ""yj_y}a FA—I(Y}+1)—FATI(7—}+1)5 ) (6.18)
by (6.12). Put
=2 (F (Ty)— Fi {(Ty).

Then (6.18) is of the form (6.15), and so by (6.16)
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B=) lyi—yil+2(9l,

HA

Y\ TN o

lyi—yil+2d(2, ')
by (6.14). Hence (5.25) holds, and Proposition 13 may be applied to {g°}. We deduce
that the property Q; defined by

Eg(Y,)SEg(Z)+1/j for each 6=(k, a, o)

holds for all nincreasing sufficiently rapidly. So from (6.17), the property R defined
by
limsup Eg®*®(Y,)<1/j for each (a,0)ef) x &

k— o

holds for all n increasing sufficiently rapidly. Applying Lemma 14, there exists m
satisfying the following assertion.
For each j, there exists m’ such that:

m’ has property R;; (6.19a)

mi=m; for all i>j. (6.19b)
But now m satisfies (6.13), because for each (a, o) and each j,

lim sup Eg®* (Y, )= lirkn sup Eg®*9(Y,,) by (6.19b)

k—

<1jj by (6.19a).

7. A Counter-Example

Let §,:(0,1)— {0, 1} denote the 7'th term of the nonterminating binary expansion
t=Y 271 Bi(t).
Let T be distributed uniformly on (0, 1). Define
X =2p(MN-1HT (7.1)

Suppose there exist n and an exchangeable Z such that

YIX, i —Z|<oo as. (7.2)
Then
X, ;—Z;~0as. andin L, (7.3)

the latter because | X,;| <1 and {Z,} is identically distributed. Let u be the canonical
random measure for Z. Applying statute 4, of Section 3 to (3.8),

N
N7y 6,,= u(w) as.
1
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and then it follows easily from (7.3) that
N
N=1Y 0y, = p(w) as.
1

From (7.1) and the strong law of large numbers for the i.i.d. sequence {§,(T)} we
deduce

(@) =1/2870)+1/28_ 14 as. (7.4)

Now from (7.1) and (7.4) we see that X is a.s. equal to some measurable function of
4. And pis a r.ed. for Z; given & (u). So by Lemma 1,

E(X, i —Zl () =1/2|1X, ;(0)—T(@) +1/2|X, ;(w)+ T(w)| as.
2 T(w) a.s.,

and so E{X, ;—-Z,|=2ET=1/2, contradicting (7.3). This shows that {X;} does not
satisfy .
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Note Added in Proof
A characterisation of sequences satisfying %’ has been obtained by Berkes and Rosenthal, “ Almost
exchangeable sequences of random variables”, to appear.



