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Summary. We study partial sums of a stationary sequence of dependent
random variables of the form W, =) ¢(S,). Here S, =X, +... + X, where the
1

X, are i.1.d. integer valued, and ¢(n), neZ are also iid. and independent of
the X’s. It is assumed that the X’s and &’s belong to the domains of
attraction of different stable laws of indices 1<a=<2 and 0<f<2. It is
shown that for some 8>3, n~° W, converges weakly as n—oo to a self
similar process with stationary increments, which depends on o and f. The

constant ¢ is related to « and f via §=1—a" ' +(f)~ .

1. Introduction

As a starting point for our theory consider the following simple problem of
“random walk in random scenery”!. Let S,=X,+ X, +... +X,, n20 be simple
random walk on Z, starting at S, =0, and define the random scenery ¢(x), x<Z,
as a sequence of i.1.d. random variables (independent also of the random walk),
taking the values +1 with probability 1/2. Our problem then concerns the
asymptotic behavior, as n — oo, of the “cumulative random scenery” defined by

ank;) ES) =Y E(X)N,(x). (1.1)

xel

Here N,(x) is the number of visits of the random walk to the point x in the time
interval [0,n]. The first sum in (1.1) exhibits W, as the n-th partial sum of a
stationary sequence of random variables with mean 0. Next we calculate its
variance.

*  Supported by the NSF at Cornell University

! For this name we thank Paul Shields,. It suggests less interaction between the random walk and its
surroundings, than is present in the model known under the name “random walk in random
environment” [11]
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o} (W)= E( Y E(x) N,(x))*

xeZ

n 2
—EY N()=EY (kZOI[Skzx])

xeZ xeZ k=

E Z i iI[Sk:Slzx:l:E i Zn:l[skzsl]

xelk=01=0 k=01=0

n

= Z Z P[S[k—l|=()]- (1.2}
K=01=0

Since P[S,,=0]~(zn)"* as n—o0, one obtains the asymptotic behavior

o?(W,)~constant-n?. That suggests looking for the limiting distribution of

W, /n*, and finally for a weak limit of the sequence of stochastic processes
Dr=n"%W

nt*

t=0, n=123,.. (1.3)
where W, is defined as the linear interpolation
W=W, +(@s—n(W,,,—W,) when n<s<n+1. (1.4)

We shall show that {D/} indeed converges weakly, in C[0, <o), to a process 4,,
t=0, defined by (1.5) below. Intuitively this process may be described as the
process obtained from the random walk in a random scenery when Z is changed
into IR, the simple random walk {S,} into a Brownian motion {b,}, and the
random scenery {&(x)} into a white noise process w(x), independent of {b,}. Then
intuitively

t
4,=fwb)ds, t20,
o]

which does not make sense. But imitating the last term in (1.1), and replacing
N,(x) by L,(x), the local time at x of the Brownian motion b,, we get

[
A= | L(x)dZ(x), t=0. (1.5)
— o0
This does make sense as a stochastic integral if Z(x) is a Brownian motion with
time —oo<x<oo (or we can use a pair of independent Brownian motions
Z .(x), Z _(x), x=0, to write the integral (1.5) as in (1.21) below).

The asymptotic behavior o2(W,)~const-n? suggests strong dependence be-
tween remote terms of the stationary sequence £(S,), k=0. Therefore it is no
surprise that the limit process 4, is not Gaussian. (As we shall see the distribu-
tion of 4, for each t is a convex combination of Gaussian distributions with
mean 0 and variance o2 - the probability measure governing o2 being that of the

integral [Z(x)dx.) On the other hand 4, evidently has the following two
g ¢ t

properties:
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(i) A, has stationary increments;

(i) 4, is self-similar, i.e. there is an index 6 >0 such that 4., is equivalent to the
process ¢’ 4,,t20

Under the influence of questions in theoretical physics there is presently
great interest in finding all processes with the two properties (i) and (ii). If one
replaces the simple random walk S, by another random walk, and the random
scenery £(x) by another sequence of i.i.d. random variables, and if in this new set
up the analogue of D} again converges, then the limit will automatically have
properties (i) and (ii) (cf. Lamperti [12]). By carrying out this program we shall
obtain a large class of self similar processes 4, with all indices of similarity ¢ in
the range 5 <6< oo. These do not seem to be contained in the lists of Lamperti
[12], Dobrushin {4], Dobrushin and Major [5], or Taqqu [16].

For the random walk we shall take the X, satisfying

EX,;=0, (1.6)

P 8,51 > Ex) ()
where F, is a stable distribution with index !<a<2. F, is not necessarily

symmetric, but in view of (1.6) it has zero mean. When a<2 its characteristic
function must be of the form

@(0)=exp[—101(C, +iC,sgnb)] (1.8)

T o
for some 0< C, < oo, |CT1C,| gtanzoc. From the known characterization of the

domain of attraction of F, (Gnedenko-Kolmogorov, Th.35.2 [9] or Feller, II,
Chap. 17 [6]) it follows that, for <2, (1.7) and (1.8) are equivalent to (1.6) and

lim p* PLX, 2 p] =D,

P00

lim p*P[X, < —p]=D,, (1.9)

p—00
where

*sint
C,=(D,+D,) | o dt
[¢]

rd

®1—cost
C,=(D,—D,) f—ﬂ—dt. (1.10)
0
In turn (1.6), (1.9), and (1.10) are equivalent to
L=y ~0H(C,+iC,ysgn ), 00, (1.11)

where i is the characteristic function of X ;. When a=2 of course D, =D, =0 in
(1.9) while C,=01n (1.11).
Concerning the random scenery {£(x)}, x€Z, we shall assume that
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Jim P[n‘f 5 é(k)§x]=GB(x), (1.12)

n— o0 1

where Gj is stable of index 0< <2, and with characteristic function
{()=exp[—|01}(A, +id,sgn6)] (1.13)

for some 0< A4, <o, |A7'4,|<tan ZB. Note that (1.12) and (1.13) imply
E[¢(x)]=0 if p>1. {1.14)

For B=1 we impose an additional symmetry condition (stronger than (1.12) and
(1.13)), namely that for some K

[E[¢(x); € =pll=K <00 forall p>0. (1.15)

Note that just as in (1.9), if f£1,2, then (1.12) and (1.13) are equivalent to
lim p? PL£(0)2 p]=B,

p—00

lim p? P[E(0) < — p] = B, (1.16)
p—co

for suitable B,, B,. If f=1, then (1.12) and (1.15) imply
. . 1
lim pP[E(O)zp]=lim pPLEO)5 —p]=—A4,. (1.17)
p—-0 P

Finally, if A(@)=E exp[if&(x)], then (1.12) and (1.13) are equivalent to
1—MO)~|01f(4, +id,sgnd), 0 —0. (1.18)

It would be possible to weaken the above hypotheses concerning the random
walk and the random scenery by allowing slowly varying functions in (1.7) and
(1.12). However the computation then becomes much more elaborate while no
new limiting processes would be obtained.

To describe the results consider two right continuous stable processes
{Z . (t); 120} and {Z_(t); t =0} both with characteristic functions

E[e®%+O)=exp[ —£|0)/(4, +i4,sgn6)]. (1.19)

Let {Y(1); t2 0} be a right continuous stable process of index o with characteris-
tic function

E[e?T®O)=exp[ —]01(C, +iC, sgn )]. (1.20)

We assume these processes to be defined on one probability space, and to be
independent of each other. Then Z () is also independent of L,(x), the local time
at x of Y(*). Since x —L,(x) is continuous with probability one ([2,7]) and
Z ,(x) is a semimartingale ([13] Sect. IV 15) the stochastic integrals

AF?Lt(X) dZ+(X)+O§oL,(—X) dZ _(x) (1.21)
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can be defined as in [13], Chap.IV. (see also proof of Lemma 5). These integrals
will turn out to be the proper generalizations of (1.5).

Now let W, be the cumulative sums in (1.1) and W, for real £ 20 the process
defined in (1.4). Select a random walk and random scenery subject to the
assumptions in (1.6) through (1.18), and define Z,(-), Y(*) and hence {4,} with
the parameters o, §, A,, 4,, C,, C, in (1.6)~(1.18). Then with

11
Dr=n—W,, Od=1——t-—
"W, ey (1.22)

we shall prove the

Theorem 1.1. {D};t=0} converges weakly in C[0, ) to the process {4,;t=0}
defined in (1.21). Thus this process has a continuous version which is of course self
similar with index 0, and has stationary increments.

Remarks. 1. In view of (1.22) we obtain a limiting process 4, for any  in the
semi-infinite interval (3, o0). But each & can in general be obtained from many
different pairs (o, f), and in general the limiting processes are different for
different choices of parameters. E.g. it follows from (3.1) that

1 — E[e™] ~|0P (4, +iA, sgn@)E[ [ i) dy], 60,
so that two processes 4, can be the same only if they correspond to the same f,
A,/A,, and of course also the same J. For =1 this means that they must
correspond to the same o For f=1, however, §=1 for all ae(1,2]. In this case
A, has exactly the same marginal distributions as a Cauchy process n, with

E[e ) =exp{—1|0|(A,+iA4,sgn0)}.

Indeed, assume for simplicity that the &(x) have a Cauchy distribution. Then
W /(n+1) has exactly the same Cauchy distribution for each n, quite regardless
of the distribution of the random walk §,. Nevertheless 4, cannot be a Cauchy
process, because 4, has a continuous version. We believe that 4, processes with f§
=1 but different o are different processes, even though their one-dimensional
marginals coincide.

2. Until now we avoided discussing the situation when the random walk is
asymptotically stable of index « in the range 0 <« < 1. The case «=1 is the most
difficult. Let f=2 and a=1, in fact let {X,} be i.i.d. symmetric Cauchy random
variables. Then we believe that

1
D= —— W, =4, (1.23)

' Vnlogn
where 4, is ordinary Brownian motion. A similar result should hold when W,

=y &(S,), where S, is simple random walk in the planar lattice Z,.
0

3. The case 0 <a< 1, however, is easy and has been treated before (see [14],
p.53, problems 14, 15, for the case £(x)= 41 with probability$, and S, any
transient random walk on Z. Indeed we get, when a< 1, § arbitrary,
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1 [nt]

mH=n Y &S, = a stable process with index . (1.24)

Here is a sketch of the proof that the limiting characteristic function of y,(t) in
(1.24) is exp[ —#|0{f c(4, +iA,sgn 6)] where c is a positive constant depending
on B and on the random walk S,. To simplify calculations we assume that the
random scenery &£(x) has exactly the characteristic function exp[—[0¥]. (A
similar argument will show that the increments of y,(t) are independent in the
limit, so that (1.24) holds.)

We may write

1
Xn(t) = n7172 N[nt](x) é(X),

Eexpliz ()] = Eexp[—*z )|

Therefore it will suffice to show that
1
. Y NE(x)—ct  as.

This follows from the identity

1 [nt]
ZN[m] )= Z NEG (S, (1.25)

and the fact that we can apply Birkhoff's ergodic theorem to a slight modifi-
cation of the right hand side in (1.25). Replace N, (x) by N,(x) defined as the
total number of visits to x of a random walk S,, with time —co<n<w, S,=0,
and {S,,k= —1} the reversed random walk of {S,,k=1}. Then, in view of a<1,
which implies that the random walk is transient, it can be shown that the error
due to the replacement of N,,,(S;) by N,(S,) contributes nothing in the limit.
(See [14], pp.38-40 for similar calculations.) The sequence N_(S,) is stationary
and ergodic. Hence the limit of (1.25) is
[nt]
lim =Y NZ-Y(S)=tEN’ '(0)=ct.
n-00 i 20
In the next section we derive some useful information concerning the
asymptotic behavior of the sequence of occupation times N,(x), as n —co. Then,
in the last section, this information will be used to complete the proof of
Theorem 1.1.

2. Properties of Occupation Times

Let Y{(t) be a right continuous stable process of index a with characteristic
function
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E[e" ] =exp[~t|fl"(C, +1C;sgn0)]. @1)

Then the process

1

n Sy, t=0 (2.2)
converges weakly in D([0, c0)) to the process Y(r), t=0, in (1.20) (see [8],
Theorem 2, p. 480). We shall use this fact to derive the convergence in distribu-
tion of certain functionals of the process (2.2).

Consider the occupation times N,(x) of the random walk, as defined in (1.1)
and their linear interpolation

N(x)=N,x)+ (s —n)(N,, ((x) = Ny(x)), n=s=n+l. (2.3)
For — o <a<b< oo we set

Tab=r Y Ny (24

asn ex<b

This is the fraction of time, during the time interval [0, n¢], that the process in
(2.2) spends in the interval [a,b). The analogue of this quantity for the process
Y(-) is the occupation time of [a, b) during [0,7], i.e.,

A(a,b)=

O, ™

lia,y(Y(0)) do. (2.5)

It is known [2,7], that the process Y(-) possesses a local time L,(x)} which is
jointly continuous in t and x, such that A, as defined in (2.5) is a.s. equal to

Aa,b) =:bf L.(x)dx. (2.6)

The weak convergence of (2.2) to the process Y(-) implies that the distribution
of (2.4) converges to that of (2.5). To see this we merely have to show that the
map Y(+)—4,(a,b) is continuous in the J,-topology on D([0, T]) for any Tt at
almost all sample points of the Y-process. But if Y,(-)— Y(+) in D([0, T']) then
([11, Sect. 14) there exist continuous increasing one to one maps 4, from [0, T']
onto itself such that

sup {Y,(4,(s)) = Y(s)| =0

0Ls<T

and such that each /A, is a Lipschitz function, absolutely continuous and
satisfying

sup|4,(s)— 1] =0,

where the last sup is only over those se[0, T] at which 4, is differentiable (but
this only excludes a Lebesgue null set). Consequently, if A corresponds to Y,
then
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t
A(a,b)= jll[a b)(Y(S)
0
and

A50.5) = 1 (50,00 d5=] 1, o(T,0) 1 | a0l 01 0

o1
AA 1)

Furthermore,

!) 1[a,b)(y;l(}*n(s)) ds "’g I[a,b)(Y(S)) ds

whenever Y(s)=a, b outside a Lebesgue null set. The latter is true for almost all
sample points of the Y-process by virtue of (2.6). This proves the required
continuity of the map Y(-) — A(a,b) and hence the convergence in distribution
of (2.4) to (2.5). More generally, the joint distribution of

THa,by), 1ZiZk, 2.7
converges to the joint distribution of

A, (a,by), 150k (2.8)

For each xeZ we define

1(x)=inf{n=0:S,=x}. (2.9
Lemma 1. For all xeZ, r=0, s=0,

PIN(x)2r] SP[Ny, ()27 P[r(x)=s+1], (2.10)
1

P[N,(x)>0 for some x with |x|>As*| <e(A) for s= 1, where e(A) -0 (2.11)

as A — oo, and £(A) is independent of s.

There exists a constant C5>0 such that

1CY WY
E[qu(O)]N_i’_Ci_s @« s—oo, v=1,2,3,.... (2.12)

F(1+v—x>

o

Finally, for some C,>0 and all s=1,
1
Y EN2(x)~C,s . (2.13)
xeZ

Proof. One has

[s+ 11 [s+11
N(x)< Z I[T(x)=j] Z.I[Sm=x].
J= m=j
Hence
[s+1] [s+1]
PNzl ¥ P{r(x)=j; y Itsm=x]gr}.
i=0 m=j
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Now it is clear that {t(x)=/} is measurable with respect to
§=0{X, X5, ... X}, (2.14)

while on {7(x)=/}

[s+1] [s+1]—j Jt+m
Y Is,=x1= ¥ 1] 3 x-0]. (2.15)
m=j m=0 i=j+1
The right hand side is independent of §; and has the same distribution as
[s-+11—j
Z 118,,=0] =Ny 1)- (0 =N, 5(0). (2.16)
m=10

It follows from (2.15) and (2.16) that

[s+1]

PIN(X)zr]= ), PLa(x)=j1P[Ny (0)=7],

J

which is (2.10).
As for (2.11) note that N(x)=0 unless S, =x, and a fortiori [S,| = [x|, for some
<s+1. Thus the left hand side of (2.11) is bounded by &(A4), defined as

1
e(A)=sup P[|S,|> As* for some n<s+1]

s=1

=sup P[ max |S,] >As§]. (2.17)

s21 n<s+1

By the weak convergence of (2.2) to {Y(1);t=0},

1

lim P[ max |S,[>As*]=P[sup Y(t)>A],
=1

§—00 n<s+1 t=

which tends to 0 as 4 — 0. From this one easily deduces that ¢(4) -0 as 4 — o0,
and hence (2.11) holds.
Next (2.12) can be proved from the local limit theorem (see Stone [157)
1

P[S,=0]~Csn %, n—oo (2.18)

either directly or as in Darling and Kac [3]. (Actually P[S,=0] has to be
replaced by P[S,;=0] unless the random walk is strongly aperiodic ([14],
Chap. I)).

Finally (2.13) follows from (2.18) applied to (1.2). [

Now we need some additional notation. Let

0=, (x)S1,(x)<...

be the successive times at which S, visits x. Thus 7,(x)=1(x), and S,=x if and
only if n=1,(x) for some k. For y=+x, let
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M(x,y)= > I(S,=Y) (2.19)

i) <nETi41(x)

be the number of visits to y between the j® and (j+ 1)* visit to x. Also let

p(x,y)=P[M/(x, y)=+0]
=P[S,=y for some n such that t(x)<n=1; ;(x)]. (2.20)

One easily sees from the strong Markov property that p(x, y) is independent of j
and a function of y—x ouly. In fact ([14], Chap. 1l and VII)

p(x,y)=lalx—y)+aly—x]"", (221)
where a(+) is the potential kernel of the random walk S,

a(r)= f}o (P[S,=0]—P[S,=2]), zeZ. o)

1t follows that
p(x, y)=p(y,x)=p(0,x— ). (2.23)
Finally, define the o-fields
6,(x) =58,

where &, was defined in (2.14).

Lemma 2.
E[M(x,y)|6,(x)] =1, (2.24)
E[M}(x, IO x)]=K,[1 +alx—y)+aly—x)]""" (2.25)

for some constant K, independent of x,y,j.

a(z)+a(—z)~ Cglzl* 1, 2| > 0. (2.26)

Proof. Again the strong Markov property and the fact that S, ,,=x show that
M (x,y) is independent of ® (x) and that

1—p(x, ) if k=0
p(, ) [1=py,x)J ' p(y,x) if k=1

Equations (2.24) and (2.25) are now immediate from (2.21) and (2.23).
To prove (2.26) observe that (see [14], proof of P28.4)

P[M;(x,y)=k|® (x)] ={

17 1—cosfz
—z)=— | ————db Z. .
a(z)+a(—z) TC_jn oo ze (2.27)
The result (2.26) now follows from (2.27) and (1.11) by standard asymptotic
analysis. [
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Lemma 3. For some C,>0, independent of x, yeZ and s 1,
1
1=
E[IN()=NOIP1= C; [ +alx—y)+aly—x)]s .
Proof. It suffices to take for s an integer. Also we only estimate

E{IN,(x) = N,WI* ITe(x) <z ()]}

the other half, with x and y interchanged, being analogous. On the set
{tx) <t}

Nn(x)
N,(x) = N,(y)= Z{l— Y. 108, =y1}
Ti(x)<k=tj+1(x)An
f\n(x)
Z {I-Mx,y}+ Y IS=y]
j=1 n<kETN L x) )

(Recall that 7;(x)=n exactly for j < N,(x).) Moreover

Z I[Sk:ngMNn(x)(xa V).

n<k§rN"+1(x)(x)

Thus
E{IN,(x) = N, I[t(x)<z(y)]}

Nu(x)
§2E{ }+2E{Mz\2r,,(x)(X, y)}

ol ]

n+1
+ 2E{nf M2(x, p) I (x) < n]}. (2.29)

0

[IA

Z [1=M;(x, )] I[7(x) =n]

By (2.24) the random variables
[1=Mx, ][t x)=n]

have mean zero and are orthogonal. Therefore we can resume the estimation in
(2.29) to get the upper bound

2E "f [1—M,(x,y)]* I[t,(x) <n] +2E f M2z (x) <n]. (2.30)

j=1
But conditioned on 6 (x)
E[(1 = M,(x, 9)*16 ()] < ELM,(x, y))*|6 ,(x)] = E[M7(x, y) .

Therefore the estimate in (2.30) is bounded above by

AEMI)E S [, =]

i=1
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~4EM3(xy) S PIN.()2/]

=1
=4EM?3(x, ) EN,(x).
By use of (2.25) and (2.12) we complete the proof of (2.28). [T

We need one final occupation time estimate before combining the random
walk with the random scenery.

Lemma 4. Let 5=1—1+-1—. Then
o af

lim s=°sup N(x)=0 in probability. (2.31)

500 xeZ

Proof. By Lemma 1

v

E[NY()]SENZ, ,(0)=0(s" 2.

Thus, also by Lemma 1,
Plsups™°N/(x)>¢]

1
<P[N,(x)>0 for some |x|=As*]+ ), e ST EIN(%)]
x| € dse

) (2.32)

1
v5+v(1—;)

<e(A)+ O(sé_

1 1y 1
But if we choose v such that &—v S+v (1 —&) =&—-L<O, then the last term in

af
(2.32) tends to zero as s —co for each fixed ¢ and A. (2.31) now follows from the
fact that e(4) -0 as 4 »0. [

3. The Random Scenery

Let 4, be the process defined in (1.21) by means of stochastic integrals. It follows
from the definition of these integrals that one can write down the characteristic
function of 4,, and in fact all joint characteristic functions. We now do so as a
preliminary to the proof that they are the limits of the joint characteristic
functions of the processes D defined in (1.22).

Lemma 5. The joint (k-fold) distributions of A, are given for distinct
{ystgy-sty=0and 0,,0,,...,0,€R, by

k B
> 0,L, (x)] dx

j=1

k c0
Eexp[i Y (JJ.A,]]=Eexp[—A1 §
j=1

— 0

—iA, _Oj? ﬁsgn (zil 0; L,J,(x)) dx]

k
Y 0;L,(x)
j=1
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B
dxedu;

k
Z: 0,L, (x)

- | JP[_T

velRueR*

E

sgn(z 0L, (x)) dxedv] exp(—A, u—id,v). (3.1)

Proof. By means of the Ito-Lévy representation for processes with independent
increments (see [10], Chap.1) we can write Z (t)=M(t)+A(t)+ Tt for some
constant I and independent processes M(-) and A(+) of independent incre-
ments. M(-} is a martingale which has characteristic function

E[MO]=exp[t | [ —1—-i0y]v,(dy)] (3.2)
yl=1
where v, is the restriction of the Lévy measure of Z to [ —1, +1]. The jumps of
M(-) are precisely the jumps of Z_(-) of size 1. Similarly, A(t} is the sum of all
jumps of Z _ during [0, ] of size >1. If v, is the restriction of the Lévy measure
of Z_ to R\[—1, +1], then A(f) has characteristic function

E[eieA(z)] =expt j [eiGy_ 1] v,(dy).

IrI>1

One easily sees from (3.2) that M has all moments, and since it has independent
increments

(M, My, =t | y*vi(dy)
=1
(see [13], Chap. II. 20). Consequently, (sec [13] Chap.11.23) for any fixed sample
path of the Y process on which (x,7) » L,(x) is continuous and has compact
support, we have

JL,(x)dM(x)=lim Z L(xP) [M(xy, ) —M(xD)], (3.3)
n—>00]=0
where the lim in (3.3) is an I? limit with respect to the probability measure
governing Z _, and where 0=x} <x/| < are any sequences which satisfy

limxf=0c0, lim max (x}. 1 —x))=0.

I =00
It is easy to see that we can then also choose xj such that (3.3) holds as an
almost everywhere limit with respect to the (product) probability measure
governing Y(+) and Z_(+) jointly. Since A(-) changes over each finite interval
merely by a finite number of jumps it is even easier to see that

| L(x)dA(x)=lim i L(xH AT, )—AKX)]  wpl
B0 =0

Thus, for suitable x}

[L()dZ ()=lim 3 LGN IZ, ()~ Z, ()] wpl.

=00 ]=0
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On the other hand (see (1.19)),

Z (x{.)—Z. (x), 1=01,..
are independent with characteristic function

exp[—(xi, . —XP)I01" (4, +id,5gn 0)]

so that
k
E[expi S 0,§L, () dZ+(x)]
j=1
) k B
= lim Eexp[—Z(x',‘H—x}'){Al Y 0L (x)
n—c0 7 it
£ k
o) sen (3 ethj(xm)}]
j=1
k

Z Hthj(X)

k
+id, L,
j=1

8
dx

=Eexp[—A1 f

k

> 0L, (%)

ji=1

—id, j

0

sgn(z 0;L, x)) dx]

By treating Z_ in the same manner as Z _ on arrives at (3.1). [J
The next step is to show how the joint distributions in (3.1) arise as limits of
certain joint distributions of random walk occupation times.

Lemma 6. For any distinct t,,t,,...4,20 and 0,,0,,... 0,€R, the joint distribu-
tion of

ny

X

Z 0 N, (x)

j=1

and

,5132

X

sgn(Z 0, N, (34)

converges, as n— oo to the joint distribution of

.

B
ZGJ (%)

Jj=1

dx

k
2 0L (x)
j=1
and

ﬂsgn ( Z ;L ) dx. (3.5)

TZGJ Ly, (x)

—oolj=1

Proof. For simplicity we only prove that

rslf ol - T

X

13

k B
Z 6] ntj 'Zl gthj(x) dx
J=

j=1

(3.6)
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in distribution, as # — oo, The method of proof is to approximate the left side of
(3.6) by a finite combination of T, of which we know that it converges in
distribution to the corresponding combination of the 4, (see (2.4) through (2.8)).
Then, in turn, this combination of the A, will be shown to approximate the right
hand side in (3.6).

To follow this plan we define, for some small >0 and large M,

1

all,my=1ln2, I€Z,

f 6, Tz (I+1)7)

k
> 0 > N, ).

1
”1=1 a(l,n)§y<a(l+ 1,n)

ﬂ
U=UMm=n"" Y > 6N
X< - Mrm/ 1
orx;Mrn“
V=V(,M,m)=1""% % |T(,n)’
=M
Then
ﬁ
n=%y Z 0;N,.,(x)| —Ule, M,n)—=V(z, M,n)
x[j=1
5 /3'
i 13
NEMal,nm=x<al+1, n)
—n’la(l+1,n)—a(l, )17 n)?
+ X {nfPLa(l+1,m)—a(l,m)]F =t YT ). (3.7

=M

Since
n? = a(l+1,n)—a(l,ln)]' ~#—1'=# >0,

and T(l,n) converges in distribution to

k
Y 0,4, (0t (0+1)7),

j=1

the second sum over [ in the right hand side of (3.7) tends to zero in probability
as n —co. We now show that the first sum over [ in the right hand side of (3.7) is
small in probability when 7 is small. We use the following inequality, valid for
any az20, b=0

o fla=bl? if p<i1
la? blé{ﬁ]a—bl(aﬁ‘lﬂ—bﬂ‘l) if B>1,

to estimate the sum over x. We only carry out the remaining details when f<1.
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}

—nla(l+1,n)—a(l,n)]~ YT n)

For such p

gl»

B
Z 0;N,,,(x) —nfla(+1,n) —a(l, )1~ T n)

[ {(Z 0; N, (x)—nla(l+ L.n)—a(l,n)]~ LT, n)

0,LN,,(x) =N, ()]

H/\

Z 6] nt; (X)

,,} |
}]ﬂ/ : (3.8)

IIA

In turn,

g

201 0 —nla(l+1,n)—a(l,n)]~* T(,n)

=[a(l+1,n)—a(,n)]"? E{ Ek: 2}
. j=la(l,m=y<a(l+1,n)

k k

<la+Lm—a@n] ' Y 7Y Y E(N, ()N, 0%

i=1 j=lal,mZy<al+1,n)

SCe(04,0,,...,0 t1,t0, ., 1))

e max [1+a(y—x)+a(x—y)]. (3.9)

a{l,Msy<al+1,n)

(The last majorization was obtained from Lemma 3.) By virtue of (2.26), the last
member of (3.9) is dominated, for a(l,n)=x<a(l+1,n) and large n, by

11 2
Con *la(l+1Ln)—aln)* " '<Ciot* 'n =
Combining these estimates we obtain
E{ ¥
|l|<Ma(l nix<a(l+1,n)
ﬁ
{150,
2.2
<2M+1)tne n‘”{Clor“‘ pn™ a}f2

1 +£(oc- 1)

<C,,@M+1)r 27 (3.10)

n-%

—nPla(l+1,m)—a(l, n)] ~#|T(, n)(ﬂ]

This completes the estimate of (3.7).
Finally using (2.11), we observe that for large n

1
P[U(,M,n)*0]<e(} Mt(maxt) ¢).
j
Thus for each >0 we can first take Mt so large that

1
ek Mr(maxt) =n,
j
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and then 7 so small that

1 +£(a~ 1)

C,CM+1)r 2 <92
Then, by (3.7) and (3.10), for such 7, M, and large n

Pl S 08

x[j=1
Next we observe that the convergence in distribution of (2.7) to (2.8) (as
n —c0) implies the convergence in distribution as n — oo of V(r, M, n) to

ﬁ

— Ve, M, n) >n]<3n 3.11)

k I
DYDY 0;4, (I, (I+1)7)
pi=mli=1
K O+
= T IY 0 L (x)dx.
l=M|j=1

Finally, the continuity of x — Z 0; L, (x), and the fact that L, (-) has a.s. compact
support imply that J=

(+1)r k B
| Z 0,L,(x)d
|l|<M v o

dx,

- J Z ejLIj(x)
—oolj=1

as 1 —0, Mt —co. Together with (3.11) this finally proves the convergence in
distribution as claimed in (3.6), and hence Lemma6. [

Recall now the definitions of W, W,, and D! in (1.1}, (1.4), and (1.22). We are
ready to prove

Proposition 1. The finite dimensional distributions of D converge to those of 4,, as
n— o,

Proof. By the definition of N, and W, for t 20 we have

W="3 N(x)Ex), 20, (3.12)
xeZ
Thus
k k
2 BjD{’jzn“SZ Z Bijj(x)é(x) (3.13)
j=1 x j=1
and

k k
E{exp [i 5 GjD{'j]}_—zE I (n—é 5 Hijj(x))]. (3.14)
j=1 eZ j=1
By virtue of (1.18) and (2.31) the limit as n — oo of (3.14) equals

lim E{exp[ Y noF Z 0; N, (x)
n—-00 xeZ

[A +id,sgn Z 0, N, )]}, (3.15)
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provided the last limit exists. Moreover, by Lemma 6 this limit equals

k 4 k
Y 0L, (x) [A1+iAzsgn y Gthj(x)]}
‘ P

Jj=1

k
:Eexp{i Y QjAtJ}. O
j=1

Eexp{~ { dx

— 00

In order to prove weak convergence of {Dy;t=0} to {4,;t=0} in C[0, c0) we
still have to prove tightness of the family {D7},,,, n=1,2,3,... The necessary
estimate is supplied by

Lemma 7. For each T< o0, >0,

limsuplim sup P[|D; —Dj|zn]=0. (3.16)
n-—oo dl00=et,1,=T
[t2~t11 =0

Proof. Let ¢>0. We first approximate D" by a process D! (obtained by certain

truncations), plus a linear function E,t such that E, is a bounded sequence and

_ &

lim sup P[sup|D?—D!—E, t|>%7] §§. (3.17)
n— oo t=T

After that we show that D" satisfies Kolmogorov's criterion: For some K,

=Ky(T)<

2_1

E{ID},— D"} SKo(t,—t;) = (3.18)

Equation (3.16) then follows from (3.17) and (3.18) by Theorem 12.3 in Billingsley

1
1] (note that 2—&>1).
1
To obtain D" first choose A such that (3 AT #)<g/4 (see (2.11)). Then (see
(3.13)

P[D!+n=° Y N, (x)&(x) for some th}
|x| £ Ana
- 1

<P[N,(x)>0 for some [x|> An* and t<T]
1

<o AT 9=, (3.19)

Next we choose p; and p, such that for all n

1 1

1 =
34n={1—P[—p nt éé(O)épzn“ﬂ]}ég. (3.20)

Such (finite) p, and p, can be chosen, as functions of 4 and ¢ only, by virtue of (1.16).
Indeed, for p, =p,=p the left hand side of (3.20) is for large p at most
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4A4(B,+By)p~*. (3.21)

For <1 we indeed choose p, =p,=p. In this case

L
aﬂﬁ

[EL£(0); [£0 )I<pn“ﬂ]l< f PO zx] dx

~(B,+B)(1~p)'[p nﬁy% (3.22)

For 1 < <2 the left hand side of (3.22) is also of the order O(n"* ~#*#), now by virtue
of (1.14) and (1.16) with a trivial modification if § =2 (in which case we may take B,
=B,=01n (1.16)). If f =1 we shall choose p, and p, such that the left hand side of
(3.22) is at most equal to 3K. To do this we first choose p such that (3.21) is no more
than ¢/4. Assume that

1

F=E[&(0); [E0)Spn=]<0 (3.23)

(the case F =0 is handled similarly). Then take p, =p and p, = p such that

1 1

0SE[E0); +pns SE0)Sp,n+]<3K.
Since F= — K (by (1.15)) it suffices for this to take p,=p such that (see (1.17))

L 1 A pznmd A
B[0); pr* <&@ span]~—E [ xx ﬁlog%:m
- 1
We now set P

E(x)= £0) I — py 18 S ()< 197,
and
E,=n""E[) N,(x) &(x)]=n""E[Y, N,(x) E[E(x)]],
and

Z () {E(x) — E[E(x)]}.
To verify the boundedness of E, and (3.17) and (3.18) observe first that
Z (%) E[&(x)] = E[f(o)]z () =E[E(0)] (n+1).

This, together with
IELE(0)]| =O0[n" ~#=]

in all cases, proves that E,_ is bounded. Also it shows that
1
D'—Dr'—E t=n ‘E’Z () [E()—E(x)] +0( ) (3.24)
By (3.19) and (3.20)

P{Z () [E(x)—E(x)] %0 for some t<T)
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1

S+ P[E(x)£E(x) for some [x|SAn+]

Foa ]

1

< +3An?P[<(0)*E(0>]§§.

F

This proves (3.17). B
Finally we turn to the proof of (3.18). By definition of D} and the independence
of all the occupation times N,,(x) from the random scenery {&(x)} we obtain

E[(D} —D; ) 1=n"? Z E[(N,,(x)=N,,,(x)*10*[£(x)]
<12 E[B(0)] E{Y. [Ny, (09— Ny, (917} (3.25)
By virtue of (1.16) x
E[Z*(0)] S C,,n?=Pet, (3.26)

Moreover one easily sees from the strong Markov property that for k <j
g [N(x) = N(x)]?

has the same distribution as
; NZ )

Therefore, if ¢, <t,, we obtain from (2.13)
E{; [N, (%) — N,y ()1} éE{g Nita—tyn+ 210}

<2C, (-t 20" (327)

If (t,—t,)n=1, then (3.18) follows, by combining (3.25), (3.26) and (3.27). If
0=(t,—t;)n<1wemustreplace(3.27) by thefollowing observation: N, ,_,(x)— N,(x)
=0 for all but one x, namely x =S5, _ ;. For this x, N, ,(x)— N,(x) = L. Therefore,
for k=5, <s,<k+1,

Y INL ()= N, ()12 = (s, —51)%,
and if 0=(t,—t,)n=1, then

E{} [N,,()— N, ()]}

<2ty —t,) 2 K2[(t,—t)n]” * (3.28)
With this replacement for (3.27) we find from (3.25) and (3.26) that

1

— 2.

E{[Drz-D?Jz}§2C13(t2't1) %
which again gives (3.18) for n(t,—t,)<1l. O

Proposition 1 and Lemma 7 together imply Theorem 1.1.



A Limit Theorem Related to a New Class of Self Similar Processes 25

Bibliography

. Billingsley, P.: Convergence of probability measures. New York: Wiley 1968

2. Boylan, E.: Local times for a class of Markoff processes. Illinois J. Math. 8, 19-39 (1964)

10.
11.

12.
13.

14,
15.

16.

. Darling,D.A.,Kac, M.: On occupation times for Markoff processes. Trans. Amer. Math. Soc. 84,444~

458 (1957)

. Dobrushin, R.L.: Gaussian and their subordinated self-similar random generalized fields. Ann.

Probability 7, 1-28 (1979)

. Dobrushin, R.L., Major, P.: Non central limit theorems for non linear functionals of Gaussian fields.

[Z. Wahrscheinlichkeitstheorie verw. Gebiete, to appear]

. Feller, W.: An introduction to probability theory and its applications. Vol. II, 2** ed. N.Y.: Wiley

1971

. Getoor, R.K., Kesten, H.: Continuity of local times for Markov processes. Compositio Math. 24,

277-303 (1972)

. Gikhman, LI, Skorokhod, A.V.: Introduction to the theory of random processes. Philadelphia:

Saunders 1969

. Gnedenko, B.V., Kolmogorov, A.N.: Limit distributions for sums of independent random variables.

Reading: Addison-Wesley 1954

Ito, K..: Stochastic processes. Aarhus University Lecture Notes Series, No. 16, 1969

Kesten, H., Kozlov, M.V, Spitzer, F.: A limit law for random walk in a random environment,
Compositio Math. 30, 145-168 (1975)

Lamperti, J.: Semi-stable stochastic processes. Trans. Amer. Math. Soc. 104, 62-78 (1962)
Meyer, P.A.: Un cours sur les integrales stochastiques, Séminaire de Probabilités X. Univ. de
Strasbourg. Lecture Notes in Math. 511, Berlin-Heidelberg-New York: Springer 1976

Spitzer, F.L.: Principles of random walk. 2*® ed. N.Y.: Springer 1976

Stone, C.J.: On local and ratio limit theorems. Proc. 5-th Berkeley Sympos. Math. Statist. Probab.
Univ. Calif. 217-224, 1966

Taqgqu, M.: Convergence of integrated processes of arbitrary Hermite rank. [To appear in Z.
Wabhrscheinlichkeitstheorie verw. Gebiete]

Received May 7, 1979



