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1. Introduction

Let d be a fixed natural number, and X,.X,.... be a sequence of independent

d-dimensional random vectors with common distribution function F(x).

x=(x,....x)€R%. and characteristic function C(r)= { exp(i{t.x))dF(x),
d R4

t=(ty,....t,)€R? where {t,x>= ) t,x, is the usual inner product. Throughout.

k=1
ur will denote the measure on the d-dimensional Borel sets induced by F, and |t
={t,t)* and [t| =max(|t,], ..., |t,}) will denote the length and maximum-norm

on R% Let, for each n, F,(x), xe R% be the empirical distribution function of
X4, ..., X,, and introduce the n® d-variate empirical characteristic function

n

c,,(r):% Y exp (i<, X,0)= | exp(i<t,x))dF,(x), teR". (1.1)

k=1 R4

The asymptotic behaviour of the univariate empirical characteristic function and
of some modifications of it was recently investigated by Kent [24], Feuerverger
and Mureika [17], Cs6rgb [5-8], Marcus [26], Breuer [2] and Keller [22]. It was
Feuerverger and Mureika’s paper first proposing a systematic study of C, and
thus prompting [5], where it was realized that the questions are deeper than
they seemed at first sight. [2, 6-8, 26] and partly [22] were inspired by [5]. The
aim of the present paper is to extend most of the results of the above nine papers
to the multivariate case. Many of these multivariate results stand in their final
form, and some of them are new or better than the existing ones even in the
univariate case. Sufficient motivation for why to deal with C, is found in [17,
22], [15, 16], and in many other papers. One such motivating factor is, for
instance, to provide theoretical background for statistical inference in uni-, and
multivariate stable laws, where the closed form of the characteristic function is
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known, but not of the distribution function. An annotated bibliography of the
whole field was compiled in [10].

Sect. 2 here deals with the uniform convergence of |C,(t)— C(¢)] to zero. In
Sect. 3a necessary and sufficient condition is given for the weak convergence of
the d-variate empirical characteristic process

Y, (0)=n*(C,()— C®)= | exp(i{t,x))dB,(x), (1.2)

R4

on any compact set § of RY, where

B (x)=n*(F,(x)— F (x)) (1.3)

is the d-variate empirical process, and then this condition is analysed in terms of
the tail behaviour of F. In Sect. 4 Y, is strongly approximated by a sequence of
suitable copies of the limit process, and the completely specified rates of these
approximations are analysed. The condition under which this approximation
takes place is very near to the condition of weak convergence. The weak limit of
Y, is a nonstationary process. In possible applications a stationary limit would
be more useful, since we know much more about the distribution of certain
functionals of stationary processes than about that of nonstationary ones.
Therefore it is of some interest to look for modifications of Y,, the limit
processes of which are stationary. Sect. 5, 6, and 7 consider four such modifi-
cations, where the limit is either second order stationary or strictly stationary.
All of these four modifications are achieved by introducing extra randomization.
Sect. 8 deals with the weak convergence and strong approximation of the d-
variate complex quantogram, which is a non-randomized modification of Y,
having a strictly stationary limit. In Sect. 9 functional laws of the iterated
logarithm are derived from the results of the preceding sections. Sect. 10
investigates the weak convergence of the d-variate empirical characteristic
process when unknown parameters are also estimated from the sample. The
estimators themselves are also based on the empirical characteristic function.
All the stochastic processes appearing in this paper are assumed separable.

Acknowledgements. 1 thank Péter Breuer, Richard Dudley, Andrey Feuerverger, Heinz-Dieter Keller,
Michael Marcus and Walter Philipp for sending me preprints of their papers, and especially Xavier
Fernique for explaining to me several possible extensions of his Proposition 2.3 in [14], one of which
is used in the present paper.

2. Glivenko-Cantelli Convergence

The Glivenko-Cantelli theorem says that F, almost surely uniformly converges
to F on R% Hence by the continuity theorem of P.Lévy we evidently have

Theorem 2.1. On each bounded set S<R?
sup|C,(t)— C(t) -0  as. @.1)
teS
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We note here that when C satisfies a certain condition (cf. Theorem 9.1), then

n *
i e —C@t)=K as. .
limsup (2 loglogn) sup|C,(t)— C(®)] a.s (2.2)

n— 00 teS

with K=sup {sup |k(t)|: ke Ay}, where Ay is of Theorem 9.1.
teS

By the argument of [17] the supremum in (2.1) cannot generally be taken on an
unbounded set. On the other hand, this can be done for certain special kinds of
distributions. For example, the easy proof in [17] also gives the following
multivariate extension of their result.

Theorem 2.2. (i) If F is purely discrete, then
sup|C,t)—C(®)|—0 as,
teR4

(i) and if, moreover, uy(4A)=1 with some bounded Borel set A=R" then
d,sup|C,()—C{)—-0 as.,
te R4
where d,=o((n/loglog n)?).
Part (i1) of this statement was noticed by Keller [22] in the case d=1.

Something more than (2.1) can also be said in the general case. Let a<b be
two numbers, and consider the cube

T={{t,,....t): a<t,<b,...,a<t,<b}, (2.3)
and let
|T)=(b—a), (2.4)
and
I T = (max (lal, |b]))". (2.5)

For d-variate functions f and g, satisfying the appropriate conditions, the
following rough upper bound follows via integration by parts:

d

6
Iff(X)dg )= §g(X) f(X) dx

(2.6)

k

Jj Ji
Oxt ... Oxl¢

+Spsuplg()] Z Y, sup
xeT k=0 ji, ..., jaz0 xeT
Jit..tja=k

f (X)],

where S;=2d(b—a)’~! is the surface of T. This inequality will also be used later

in the case when g is some random field. Now let a=aq,, b=b, in (2.3). Using

(2.6), the fact that sup |,(x)| has a limit distribution, and the d-variate Chung-
xeR4

Smirnov loglog law, the proof of Theorem 1 in [5] extends to give

Theorem 2.3. (i) If | T, || = o(n?), then

sup |C(t)— C(t)] >0 in probability.

teT,
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(i) If | T,| =o((n/loglog n)*), then
sup[C,([t)—C{#)|—-0 as.

teTy,
The proof of Theorem 2.7 of [17] again trivially extends to give
Theorem 2.4. If |T|=0n??), 0<p<2, then

{1C,()—C@)Pdt—0 in probability.
Ty

3. Weak Convergence

Let S be a compact set in R? and denote by %(S) the Banach space of continuous
complex valued functions on S with the usual sup-norm ||| =sup|:|. Y, of
teS

(1.2) restricted to S is a random element of %(S) for each n. Write C(t)=R(t)
+il(t), and consider a complex valued d-variate Gaussian random field Yi(t)
=U@)+iV(Q), t=(,,...,t,), with EY(t)=0, and having the same cross-co-
variance matrix as Y, has (for each n), i.c.,

v (U(t) Uis) U@ V(s))
VO UG) Vi) V(s)

_ (%[R(t—S)+R(t+S)]—R(t)R(S) [—1(t=s)+1{t+5)]—-R@©I(s)
sU@E=9)+1+9)]1-RE) () 3[RE—35)—RE+s]-1()1(s) )
and specifically EY(t) Yp(s) = C(t —s)— C(t) C(—5s).

Just like in the univariate case ([17], [5], [26]), the finite-dimensional
distributions of Y, converge by the multidimensional central limit theorem to
those of Y. But Y, does not always converge weakly in 4(S) to Y, since the
latter process can be almost surely discontinuous for certain F’s. When looking
at these kind of properties of the Y, process, the following stochastic integral
representation is useful.

Ye(t)= J exp (i<, x)) dBg(x), (.1)

where By(x) is a d-variate Brownian bridge process associated with the distribu-
tion function F, ie., B is a d-variate Gaussian process with the following
properties:

EBp(x)=0, EBg(x)Bp(y)=F(x A y)—F(x)F(y),

lim Bp(x,...,x)=0, j=1,....d, (3.2)
lim Bp(xq,...,x)=0,
(%1, «.ry X3)— (00, ...y 00)

where for x, yeR? we write x A y=(min(x,, y,), ..., min(x,, y,)). Clearly the right
hand side of (3.1) is a Gaussian process, and using elementary properties of the
stochastic integral one can easily check that it has the required coveriance
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structure, ie., it is indeed a representation for Y. Now we give a representation
for B,, which will make the representation in (3.1) more tractable. Let F(x))
denote the j® marginal distribution of F. According to a result of Wichura [33]
(p. 293, cf. also Lemma 1 in [29], and Lemma 3.2 in [27]), there is a d-variate
distribution function G, all the univariate marginals of which being uniformly
distributed on [0, 1] such that

F(x)=G(L(x)), (3.3)
where
L(x)=(F, (xy), ..., Fy(x,)).

Now consider a d-variate Wiener process W;(y) on the unit cube of R?
(ye[0,1]% associated with the distribution fuction G of (3.3), ie, W is a d-
variate Gaussian process on [0,1]¢ with EWg(y)=0, EWg(x) W5(y)=G(x A y),
and Wy(yy,...,y,) =0 whenever y;=0, j=1,...,d. The process

BG(y):WG(yla-"7yd)—G(y1='-'yyd) WG(la--wl)s
y:(yla"‘:yd)e[(), 1]d,

is a Brownian bridge process on [0, 1] associated with G, and By of (3.2) can be
represented via (3.3) and (3.4) as

(3.4

By(x) = Bo(L(x)) = W (L(x)) — F () We (1, ..., 1). (3.5)
By (3.5) we then have instead of (3.1) that
Yr ()= [ exp(it,x>)dWs(L{x))— C(t) W5(1,...,1). (3.6)
Rd

Y, can converge weakly to Y, in €(S) only if the latter process is sample-
continuous. On the other hand the continuity properties of Y are evidently
equivalent to those of the process

Zp(t)= | exp(it,x>) dWg(L(x))
K ) (3.7
=U*(0)+iV*(t),

for which we have EZ,(t)=0, and
E (U*(t) U*(s) U*() V*(S))
VEQ U*(x)  V*(@)V*(s)

1 (RE—9)+R(t+5) —I(t—s)-l—I(t—i—s))
—Z(I(t—s)—i-l(t-l—s) R(t—s)—R(t+s) /’

and specifically EZp(t) Zz(s)= C(t—s). So Z is already second order stationary
but not yet strictly stationary. Let Z{ and Z¥ be two independent copies of
Z,, and consider the process X p(t)=Z(1)+iZ¥ (¢), teS. The continuity pro-
perties of X, are equivalent to those of Y, moreover X is a strictly stationary
complex Gaussian process with EX (t) X z(s) =2 C(¢t —s), and for the stationary
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real and imaginary parts of it we have

¢*(t—s)=E(Re X (t) — Re X ;(s))°

=E(Im X (1) —ImX z(s))*=1—R(t —s). (3:8)

Let 4, denote the d-dimensional Lebesgue measure, and for this function ¢(t)
=(1—R(t))* define

m(y)=A4,{t: lltf <3 ¢)<y}, 0=y=Ll. (3.9)
The non-decreasing rearrangement ¢ of ¢ is the inverse function to m:

¢(h)=sup {y: m(y)<h}.

The univariate special case of the necessity part of the following theorem was
proved independently by Csorgd [5] and Marcus [26], while the sufficiency part
in [26] alone (if d=1).

Theorem 3.1. Y, converges weakly to Yy in €(S) if and only if

jﬂLdM . (3.10)

0 1)%
h |log—
(Ogh

Proof. By Theorem 2.3 of [20] (cf. Theorem 7.6 and Corollary 6.3 in Chapter IV
of [21]) condition (3.10) is equivalent to the Dudley-Fernique necessary and
sufficient condition (Théoréme 8.1.1 in [13]) for the sample-continuity of X,
and thus for that of Y. Therefore (3.10) is indeed a necessary condition for weak
convergence.

In the univariate special case Marcus [26] gave two different proofs for the
sufficiency. Now we extend his shorter second proof to the present d-variate
case. Introduce the following random infinite rectangles in RY:

A, ={xeR%X, <x}, k=1,2,..., (3.11)

and write for simplicity I, =1, ,, where I, , is the indicator function of the set A.
Introduce also

YY(0)= | exp(i<t,x>)dp,(x)

1 n
=3 kzl Uf exp (i<{t,x))d I, (x)— F(x)],

where N >0 is such a fixed number that the surface of the d-dimensional cube
Uy={(x1,...,x): = N=x,=N,...,-N=x,2=N}
has zero up-measure. With some 6 >0, the inequality
ElY ()~ KN(S)|2§2U§ (1—cos<t—s,x>)dF(x)

<2 | Ke—=s,x)I' "2 dF(x) S2d N' 4 ||t —s| 1 +°
Un
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ensures the weak convergence of Y, as n— oo, by the easy d-variate variant of
Theorem 12.3 of [1]. Let Vy=R™\ Uy be the complement of Uy. On applying
the Pisier-Fernique theorem (Théoréme 1.3 of [14], quoted also in [26]), it is
enough now to show that for

WY (0)= | expli<t,x))df,()
_ LS T expli< ) A0~ F (o1

L 7

we have
E WY (), <0y (3.12)
for each n, where 6,0 as N — 0. Define

% Y & j exp (i{t, x))dI,(x)

k=1 VN

= | exp(i<t,x)) dm) (o, x),

Uy ()=

where {¢,} is a Rademacher sequence (i.e., a sequence of independent random
variables taking on the values —1,1 with probabilities 1/2) independent of the
original sequence {X,}, w is the element of the basic space (2,4, P), and
mY (w,x) is a random measure on R? defined by

n
% Z &,y (X).

Here B,={xeR% X <x}, where {X,} is a sequence of independent identically
distributed d-dimensional random vectors defined by

X = 0, if X, eUy
XL, if X eV

It can be checked that mf(x)=E|m}(w,x)|* is a measure on R? with mY(R%)=1
— 1 (Uy)=pp(Vy). Following still [26], first by inequality (10) of its Lemma 2
(attributed to “certain circles”), and then by Proposition 2.3 of [14] (which is a
multivariate result, and can be applied here since the random measure m" (w, x)
has symmetric values on disjoint sets) we get

E{WY () o Z2EIUN (),
. B 2(ur(V )z 1 S
S8(up(Vy)* +(2d)* Ky I []Og (1 +m(u/2))] du,

0

where the constant K depends only on S, and m(+) is defined under (3.9). By
Lemma 2.2 of [20] {(cf. Lemma 6.2 in Chapter IV of [21]) the finiteness of the
latter integral is a consequence of condition (3.10). Thus the right hand side of
the last inequality goes to zero as N — co, proving (3.12), and hence the theorem.
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In order to see what condition (3.10) is all about if measured in the tail
behaviour of F, for m=2,3... and ¢>0 consider the following functions in-
troduced in [5].

m 2
gn()=(logu) (n 1ogku) . uZexp,(1)

and

m—1 2
(log ) ( I logku) (log, u)®*", uZexpy(l)
k=2

8m.()= (3.13)

, 0<u<exp,(l),

where log; and exp; denote the j times iterated logarithmic and exponential
1

functions (H = 1). For u>0 let

V)
A, ={x=(xq,...,x5) max(x,...,|x,)>u} (3.14)

be the outside of the corresponding cube. It follows from the discussion in [5]
that
1

uF(Au):Af dF(x)=0 (m), U— 00, (3.15)

is not enought to ensure condition (3.10), ie., having only (3.15), the weak
convergence generally fails to hold. On the other hand, suppose that

§ g (X)) dF (x)< oo (3.16)
R4
with some m=2,3,..., and ¢>0, and for n>0 let
y(h)= supS P(s—1) 3.17)
S.te
[s—tll =h

where ¢(t)=(1—Re C(t))* is of (3.8). Then, extending the corresponding uni-
variate result in [5], Keller [22] (p. 78) has shown that

Y(h)=0 e ) h—0. (3.18)
- 3)
But for such a v one clearly has
| YO oo, (3.19)
0 1\*
h (10g E)

or, what is equivalent to this,

o0

f e ) du< oo, (3.20)
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and (3.10) follows from (3.19). Indeed, on introducing

4
LO={—"773

0<dki,
logh

1 7

we always have [ ,(0)<1,(d) (cf. p. 176 of [21]). Hence condition (3.16) implies
weak convergence. It is a pleasure to point out that Keller has proved this
special case of Theorem 3.1 in his dissertation [22] (Satz 3, Kapitel III). His
method is different from, but in spirit related to the one presented here. Note
that (3.19) or (3.20) is Fernique’s sufficient condition (Théoréme 4.1.1 of [13]) for
the sample-continuity of the process X, and hence for that of ¥;.

4. Strong Approximation

The main result of [5] was Theorem 3 on strong approximation, Following the
line of the proof of that univariate result, Keller [22] could refine the approxi-
mation at one point, and thus he was able to establish in his Satz 20 (Kapitel
IIT) the content of Remark 2 in [5]. Fortunately to the present aims, Keller has
worked out that point separately for the multivariate case. Using this multi-
variate result, a d-variate analogue of Keller’s Satz 20 will be given in this
section. For convenience, the approximation will be given on the cube T={[a,b]?
of (2.3) instead of S of the preceding section, and |+ |, belongs to T.
Let p be a natural number with loglogp=>2, and let

m=([d/2]+1)([b—al+1)p?, 4.1)

where [ ] denotes integer part in this section. Further, let

o k2
= p—2
k=zl
and
= i 2 4.2
ap_k=1k210g2+loglogp' (42)
With m of (4.1), introduce J,:={j=(,,...,J): 0=j,<m, 1<k <d}, and let
2j,+1 2 +1
7=+ L2000 B 6-a), e, @3)

Remember the notation of an indicator function from the preceding section, and
let e=exp(1). Then Keller's mentioned bound is formulated as

Theorem A ([22], Satz 16, Kapitel III).
1

4
£

2 n
|IReY, |, <max|Re Y,(s Y Y (MP+EMD)

jedm ” I=1k=1
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and
1 2 n
IIm Y, |, Smax [Im Y,(s7)l +— Y Y (MP+EMY),
jedm R* 1 -1k=1
where
Mgcl)=bp'XkI{[O,e]}(|XkDI
and

M@ =a,loglog|X; I .1 X))

The role (in the proof of the mentioned univariate strong approximation
results) of the Komlos, Major, Tusnady [25] strong approximation theorem for
the univariate empirical process will be played here by the presently available
best multivariate approximation theorem of Philipp and Pinzur [29]. To
formulate their result we need the notion of a Kiefer random field. A (d+1)-
variate Kiefer process Kp(-,*) on R?x [0, ) associated with the distribution
function F(x), x€RY is a real valued (d+ 1)-parameter (xe R?, 0<z< o0) Gaus-
sian process with

Kip(x,00=0
lim Kg(xq,...,x;,2)=0, 1£j=<d,
lim Ke(x,,...,x4,2)=0,
(X1, +--p Xg)— (00, ..., 00)
EK 5(x,2)=0,

and
EKp(x,2) Kp(y, u)=min (z,u) [F(x A y)— F(x) F(y)],

for all x,yeR? and z,u=0. Let G and L be of (3.3), and consider a (d + 1)-variate
Gaussian process W(y,z) on [0,1]%x [0, c0) such that W;(y4, ..., 4, z)=0 when-
ever any of y,,...,y, or z is zero, EW,(y,z)=0, and EWy(y,z) Wy(x,u)
=min (z,u) G(x A y). Then K can be represented as

KF(XJ Z): WG(L(X)n Z)—F(X) WG(la ) l,Z). (44)
Clearly, for all fixed z=0
(z7*K,(x,2): xeR}Z {B,(x): xeR%), 4.5)

where = stands for equality in distribution, and By is of (3.2) or (3.5). The
following approximation for 8, of (1.3) holds on a suitable probability space.

Theorem B. ([297]). There exists a Kiefer process {K(x,z): x€R% 220} such that
- _2 _(1 +i_)
P{sup |B,(x)—n"*Kp(x,n)|>Qn "} =Qpn * 3¢ (4.6)
xeR4

Jor 2=1/(5000d%), where Q, and Q, are positive constants depending only on F and
d. Consequently,

sup |B,(x)—n " *Kp(x,n)|=0(n"* as. (4.7)
xe R4
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It should be noted here that Philipp and Pinzur [29] state only (4.7) in their
Theorem 1. But going through their proof one can see that they have in fact
proved the somewhat stronger (4.6). This form is more advantageous in that the
convergence rates for the distributions of some functionals of f, (to those of By)
can immediately be deduced from it, while not from (4.7).

Consider now the Fourier transform of the normalized Kiefer process of
Theorem B:

KE(@0)= [ exp(i{t,x))d{n"*Kp(x,n)}. (4.8)

R4

Because of (4.5), for each fixed n we have
{KE(1): teRd}z{YF(t): teRY,

with Y, of (3.1), and this relation holds on arbitrary subsets of R%. K} is thus, for
cach n, a copy of the limit process Y, and Y, will be approximated with K%
under the assumption

he(4)= | dF(9=0 (E%I)) 4= o0, (4.9)

where A4, is of (3.14), and h(u) is a continuous function on (0, co) such that there

exists an m=2,3, ..., and >0 that

h() S0, u— o, (4.10)

gm,é(u) H 10gku
k=2

where g, 5 is of (3.13). Since, by an appropriate variant of Lemma 1 of [9],
§ &m (X)) AF (x)=— | g,, ,(u)dg()
R4 0

with g(u)= [ dF(x), it follows via integration by parts that condition (4.9, 10)
|x| >u
implies (3.16) for all 0 <e< 8. (Of course, the tail condition (4.9) on the outside of
a cube and the corresponding one on the outside of a ball are equivalent.) In
particular, (4.9, 10) implies
| loglx|dF(x)< 0. 4.11)

|xlze

Also, through (3.16) and (3.18), (4.9, 10) implies (3.19) or (3.20), and hence for

()

q(u)=2(logu)* i( Y(Mu~")dv= j T (4.12)
we have
qu)—>0, u—oco. (4.13)

Here  is of (3.17), and M =(b —a)/2. Now the result of this section is
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Theorem 4.1. If F satisfies condition (4.9, 10), then on the basic space of Theorem
B

1
P {sup |Y,(5)— KF ()| > Ly r* ()} S Lyn U 736), (4.14)
teT

where L, and L, are positive constants depending only on F, d and T, and

r*(n)=max (r(n), g(n)) (4.15)
with q(n) of (4.12) and
rz)=u'(z)z~" (4.16)

with A=1/(5000d2) of Theorem B, and where the inverse u~' (z) of u(z), for
large enough z, is defined by
(u=(z))**logu—'(z)=h(z) z**. (4.17)

One notes that from the latter definition (4.17) of u~! it follows that

N{lo—gigw’ g(@)=(h(2)"*z",  z— 0. (4.18)

A simple computation then yields that even in the worst case

u='(z)

h(z)=gpn,s(2) ]] log,z
k=2

d\d/24 m 3d/22 1512
ey~ (5) / (ITtozn) " Gog,nr,

so (cf. (4.13)) we always have r*(n)—0 as n—co. Hence the Borel-Cantelli
consequence (of (4.14))

we have

A,=sup|Y,(t)— KT ()| =0(*(n) as. (4.19)

implies, of course, weak convergence. In addition to this, r*(n)-rates of con-
vergence also follow from (4.14) for the distributions of many functionals of Y,
(cf. Corollary 1 of [5]).

In order to see what is our rate »*(n) in many situations (for example, in the
case of all d-variate stable distributions), we state

Proposition 4.2. If for the function h of condition (4.9), there exists an o« >0 such
that h(z)/z*/ o0 as z— o, then r*(n)=r(n) in Theorem 4.1.

Now if, for instance, h(z)=z% o>0, then it follows from this proposition and

(4.18) that ;

P(n)~n @24 (logn)et 24, (4.20)

Remark. 4.3. In the case d=1 (cf. Theorem 3 and Remark 2 of [5] or Satz 20 of
Kapitel III in [22]) #(z) of (4.15) and (4.16) is defined as

r(z)=u(z) z~ % (log 2)*
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where the inverse u~?! to u, for large enough z, satisfies

u”l(z)
(logu~"(2)*

Hence (cf. Corollary 2 of [5]) if h(z)=z% o>0, then

=h(z)z%

= 2041
r*(n)~n 2o+ 4 (logn)a+2

in the univariate case. Given our method of proof, Theorem 4.1 cannot at
present be a straight generalisation of the univariate result, as far as rates are
concerned, since the univariate Komlés-Major-Tusnady approximation (with
their best and nearly best rates) does not have such a generalisation. The better
rate one proves in Theorem B, the rate of Theorem 4.1 improves as well.

Remark 4.4. Regarding this last remark it should be noted that M. Csdrg6 and
P. Révész [4] proved (4.6) for a class of d-variate distribution functions
satisfying a rather complicated regularity condition with the better rate

1
t(ny=n 2d4+4 (logn)?

instead of n=* A=1/(50004d2). For their class of F's (plus (4.9, 10)) the proof of
Theorem 4.1 also gives (4.14) with

r(z)=u’(z)t(z)
in (4.15) and (4.16), where the inverse u~* to this u satisfies for large enough z

W @)

(logu=*(2))*

instead of (4.17). In this case, if h(z)=2z% a>0, then

=h(z)z*

1 a 2a+d
r¥(n)~n 2d+4 «+2d (logn)x+24

instead of the weaker (4.20).

Proof of Theorem 4.1. Case 1. If there is 2 u>0 such that uz(4,)=0, then we

know from the representation (4.4) that K (x,n)=0 for xe 4,. Hence for 4, of
(4.19) we have

A,= | exp(i<t,x>)d{B,(x)—n"*Kp(x,n)} |,
D
with D,=R%\4,. Thus, applying inequality (2.6) on the finite cube D, we get
(4.14) directly from Theorem B with the better r*(n)=n"*

Case 2. ug(A,)>0 for all u>0. It is clearly enough to establish the theorem for
large enough n. Therefore n is taken as large as needed, for certain inequalities
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to hold, without further mention in the sequel. Let 4> 1/2 be fixed. Using (4.18)
we can see the same way as in the univariate proof ([5]) that without loss of
generality we can assume

1
h(u) pp(4,) §m- (4.21)
Since h(u(n)) =n?*logn/(u(n))*? = (log n)/r*(n), this means that
r*(n)
Now
St F+ sl o (4.23)
where
nk(t)— j qk(<t x>)dﬁ ( ) k=1925
0= | a(tx))d{n " K(x,n)}, k=34,
Aun)
with g,(z)=q;(z)=cos z, q,(z) =q,(z)=sin z, and where for
Ins(t)=Dj exp (i {t, X)) d {B,(x) —n~F Kp(x,n)}
we get from Theorem B via (2.6) that
P{IL ol > M, r(i) 50, (136), (424)

Here M, =0, H, |T| (remember (2.5)), where H, depends only on 4.

Following [22] time and again when estimating the first two terms of (4.23),
let p,=[n?*] and define m=m, of (4.1) through this p,. Since u(n)— oo as n— oo
from (4.18), by Theorem A

1
[yl oo = maXII,.l(S’”)I+ Z(Mnk+EM) (4.25)

j€dm
where
M, =a, loglog leI{[u(n), 00)}(|Xkl)|’

and where s7 and a,=a,_are defined in (4.3) and (4.2) respectively, through p,. It
was also taken into account here that the ball with radius u(n) and centered at
the origin is inside the cube D, ,. For any fixed s,

u(n)*

Iy(s)=n"% Z R,.(s)
with B
R, (8) =1 4,,,,(X ) cos s, X;> — | cosds,xydF(x),

Aun)

whence |R,;(5)| <2, ER,(s)=0, ER2(s)< uF(Au(n)) Therefore, proceeding exactly
the same way as in the univariate proof in [5], the Bernstein inequality and
(4.22) yields
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P {max|L,, (sP)|>2r(m}< Yy 2p~ @+

jedm jedm (4 26)
- 1 -(1 :
—2mip- (DD Z g =),

where Q5 =2(([d/2]+ 1)([b—a]+ 1))*. For the second term of (4.25) we obtain by
the Markov inequality that

P{n—i 5 (Mnk+EMnk)>r(n)}é(E exp (M, +EM,,))" exp (—n*r(n))
k=1 =(exp(EM,,) Eexp(M,,))"n="®

<p-+n
for
r(myn®  ntul(n
In)= () =nzu ) 0, n— w0,
logn n*logn
and

EM, =a, | logloglx|dF(x)—»0, n— oo

|x| 2 u(n)

(since a,— 0 and the second factor —0 by (4.11)), and

Eexp(M,)= | (log|x)*dF(x)—0, n—co,
|x| 2 #(n)

again by (4.11). Putting together (4.25), (4.26) and the last inequality and taking
into account that |I,|, is estimated similarly, we obtain

Pl + 0] > 6r ()} Q5| TIn= 447, (4.27)

where Q, depends only on d.

Now we turn to the estimation of the supremum of the d-variate Gaussian
processes I, k=3,4. Since Fernique’s inequality (Lemma 4.1.3 of [13]) is
proved for multivariate processes, we can still follow the line of the univariate
proof in [5].

First, if I, (s,t)=EI,,(s) L, (t), then we find that

el oo = sup ILi(s, 0l =2up(A,m),  k=3,4. (4.28)
s, te

Second, for

Yulh)= sup (E(Ly(s) =L (0)®)%  h>0,
lsot] <

we find that
V() 2249 (h) (4.29).

with ¢ of (3.17). Let p=1+#n+2d and v,=(2plogn). Then using (4.15), (4.12),
(4.22), (4.28), (4.29), and the fact that 2p<8(1+(d+1)n) (because n>1/2), we
obtain
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P{Lsll o+ Il o >2(1 +(2+2%) p¥) r*(n)}

4
ék; P {ILll o >7(n)+ p*(2 +2%) g (m)}

[

=
k

ngkS

] P{I Ll o> vu(I Iil% +2+2%) Of V(M=) du)}

<23n* [ exp(—u?/2)du

Un

<5n*exp(vZ/2)=5n"1*",

by the Fernique inequality. This last inequality together with (4.23), (4.24) and
(4.27) proves (4.14), the theorem.

Remark 4.5. 1t is clear from the proof that if Theorem B held true with arbitrary
n>0 instead of 1/36, then Theorem 4.1 would also be true with arbitrary # in
place of 1/36. The constant L, would then depend, of course, also on #.

Proof of Proposition 4.2. Here we need half of Theorem 1 of [9], being a d-
variate extension of the corresponding univariate result of Boas, Binmore and
Stratton, and stating that if 0<a <1, then the conditions

He(A)=0@™), u—-c0 (4.30)
and
$*()=1—-Re C)=o([t]?), t—=(0,...,0) (4.31)

are equivalent. We may and do choose « of the proposition the following way. If
there is no o in [24, o) for which

h(u

ua

/o0, u— 00, (4.32)

would hold, then we choose our ae(0,24) so that h(u) <u®* is also satisfied (for
large enough u) together with (4.32). If e 224 can be chosen in (4.32), the we pick
it out so that 24AZa< 1, but otherwise leave it arbitrarily. By conditions (4.9) and
(4.32) we have (4.30) and hence (4.31), from which

Y(h) =K h*? (4.33)

where ¥ is of (3.17), K is some positive constant, and 0<h<1 say. Let C,
=KM“%/(1 +(2/2)). By (4.12) and (4.33) we get

q(n)£ C,n"42, (4.34)

Therefore, to prove the proposition, it is enough to show that n~%2 <r(n), which
is equivalent to
1 o
nd (*-32) <u(n).

Since u(n)— co, this is trivial if «=2A. Let then a<2A. Because of (4.18),
u~1(z)<g(z) for large enough z, whence g~ !(z)<u(z) for large enough z, where
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g~* is the inverse to g of (4.18). Hence, it is enough to show that

ni D <o 1) (4.35)

Indeed, since d=1 and 24<1,

a-E £

g(n%(’l’%)) — (h(n%(’l‘%)))z% W27

1 a1 a I3
<ni 25 (25 -+
é n(l —a)(1+a) é H,
what is equivalent to (4.35).

Under the condition of Proposition 4.2, the constant L, of Theorem 4.1
depends on o only through C, in (4.34). But if we break up T into small cubes T,
={a,, b,]* such that b, —a, <2 (for similar details cf. the proof of Corollary 2 in
[51), then the effect of o disappears, and the following d-variante analogue of the
last statement of Corollary 2 in [5] follows from (4.20) and Proposition 4.2.

Corollary 4.6. If up(4,)=0u"%), u—co, for arbitrary large o, then (4.14) holds
with r*(n)=n"* the rate-sequence of Theorem B.

Theorem 4.1 can obviously be generalised for more complicated figures in R?
than a cube. Also, the size of these figures can vary with n. But then, of course,
we must separate out from L,=Q,+0;+5 and L, =3 max(M,,6, 2(1+(2
+2%) p*)|T) the dependence on the figure T=T,. Here the last |T| arose from
the just mentioned break-up trick, and now ¢(n) is replaced in (4.15) by

1
am=] ' ()

! m—u(log ” u (4.36)

not depending on T. One of the simplest possible such extensions of Theorem 1
(to be used in Sect. 8) is the following.

Let, for each n, T, be the union of a finite number of finite rectangles in R%,
parallel with the axes. Besides the volume |T,| of T,, we still keep the notation
I T, =sup {|t,}...1t,): {1, ..., t)eT,}. An inspection of the above constants L,
and L, leads to

Theorem 4.7. Under condition (4.9, 10) of Theorem 4.1
1
P {sup | Y,(t)— KF () > L, | T *(m)} < L, | T, n~ ' *5%),

te Ty

where r*(n)=max (r(n), §(n)) with r(n) of (4.16) and §(n) of (4.36), and where L,
and L., depend only on F and d.
5. Stationary Limits: Kac Processes

Let A4,4,,... be a sequence of Poisson random variables with EA =n, n
=1,2,.... Assume that the sequence {1,} is independent of our basic sequence
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{X,} of d-dimensional vectors. The d-variate version of Kac’s modified empirical
distribution function is

1k
Fn*(x)=-’; Z I{Ak}(x)= XERda
k=1

where A, is of (3.11) and I is its indicator function. The d-variate empirical Kac
process (cf. [7] for historical background) is

Br)=n*(Ef(x)—F(x), xeR"
The following relation links ¥ with £, of (1.3).

Ik -
ﬁ,’f(x)=(;”) B0 +FO)", xeRe 5.1)

Now a d-variate Wiener process Wx(x), xeR% associated with the distribution
function F, is a Gaussian process with EW(x)=0, EWy(x) Wp(y)=F(x A y), and
Hm Wu(xy,...,x)=0, k=1, ...,d. It can be represented as Wp{x)= W(L(x)),

Xy~ — 00

where G and L are of (3.3) and W is defined after (3.3). Using Theorem B of
Sect. 4 and (5.1), the univariante proof in [7] trivially extends to give

Theorem 5.1. On a rich enough probability space there is a sequence WY, W3, ...
of Wiener processes associated with F such that

P {sup ()= WP (0| > K n= <K, n~ 0738,

xeR4

where A=1/(5000d?) is of Theorem A, and K, K, depend only on F and d.

Introduce now the Kac type empirical characteristic function and process

CHO= 3 exp(i<t, X)) [ expli<t, ) dEF (o),
k=1 4
0 =nH(CHO~ CO)= | expli<t, ») ().

R4
Analogously to (5.1) we have

N
A,—n
Y
3

Y1) = (’%) Y, (0+CH2E,  teRe, (5.2)

n

Let again %(S) be the space of Section 3. The Fourier transform Z; of Wy has
already been defined in (3.7). This is thus a second order stationary Gaussian
process, being sample-continuous if and only if Y is such. By Theorem 3.1, (5.2),
and the independence of {4,} and {Y,} we have

Theorem 5.2. {Y*} converges weakly in 4(S) to Z if and only if condition (3.10)
holds.

Now let again T be the cube of Theorem 4.1. To get a strong approximation
result for ¥* we do not need Theorem 5.1 (stated only for the sake of complete-
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ness). The same way as noted in the univariate case [7], from (5.2) and
Theorem 4.1 one can easily deduce the following

Theorem 5.3. Suppose that F satisfies condition (4.9, 10) of Theorem 4.1. Then, on
a rich enough probability space, there exists a sequence WU, W, ... of Wiener
processes associated with F such that for the Fourier transforms

ZF@)= | expli<t, ) AW (),  teR?,
Rd
we have
1
P {sup | ¥ (1)~ ZE ()] > M, r(n)} <M,n~(138),
teT

where r*(n) is of Theorem 4.1, and the constants M, and M, depend only on F, d
and T

6. Stationary and Strictly Stationary Limits: Rademacher Combinations

Let &, ¢,,... be a Rademacher sequence which is independent of {X,}, and
consider
1

4
Z

n* g

R, (t)= &, exp(i<t, X;»).

HM:

1

R, is itself a second order stationary process with ER,(t)=0 and having, for each
n, the cross-covariance matrix of Z, of (3.7). Specifically, ER,(t) R, (s) = C(t—5).

Let 64, 85, ... be another Rademacher sequence which is independnet of both
{X,} and {¢,}, and consider

1
~@n

R ()

n

K

Zn: (g, +i0,) exp(it, X;»).

R¥ is itself a strictly stationary process with ER*(f)=0 and having, for each n,
the cross-covariance matrix (in the notation of Sect. 3):

1 (f(t s) I{t—s) ) 6.1)
(t—s) R(t—ys)

In particular, ER*(t) R*(s)= C(r—s). Introduce also the complex Gaussian pro-
cess Vip(1), teRY, with EVy(t)=0 and cross-covariance matrix of (6.1). ¥ is thus
Ve(t)=2"% X (1), where X is the process considered in Sect.3 before Theo-
rem 3.1. That is, if Z{" and Z» are two independent copies of Z; of (3.7) and of
the proceeding section (supplied by W and W{?, independent copies of W of
Sect. 5), then V5 can be represented as

Vel)=2"HZP ) +iZP (1) (62)

The finite-dimensional distributions of R, and R} converge to those of Z,
and V; respectively, and if 4(S) is again the space of Sect. 3, then a simplified
form of the proof of Theorem 3.1 also gives
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Theorem 6.1. {R,} and {R}} converge weakly in €(S) to Zy and Vg, respectively, if
and only if condition (3.10) holds.

7. Strictly Stationary Limits: Random Phase Translations

Let @,, @,, ... be a sequence of independent random variables, each of which is
uniformly distributed on the interval [ — =, 7). Assume that {¢,} is independent
of {X,}, and consider .

n

S.()= kil exp(idt, X, )+ &)

S, is itself a strictly stationary process with ES, (t)=0 and having, for each n, the
cross-covariance matrix of (6.1). The finite-dimensional distributions of S, con-
verge to those of ¥V, of the preceding section as it was noted (if d=1) by
Feuerverger and McDunnough [16] who first proposed S, when d=1. They
proved weak convergence if E|X,|' *®< oo (d=1) with some 6>0. Adapting the
proof of Theorem 3.1 to the present situation we obtain

Theorem 7.1. {S,} converges weakly in €(S) to Vi if and only if condition (3.10)
holds.

8. Strictly Stationary Limits: Quantograms

8.1 Weak Convergence. In this whole section we deal with such distributions
for which lim C(9=0. 8.1)
el - o

Under this condition C, can be so modified directly (i.e, without further
randomization) that the limit process be strictly stationary. Motivated by
Kendall’s “hunting quanta” in the measurements of certain neolithic stone
monuments in [23], this modification was introduced by Kent [24] in the case d
=1. His univariante “Snake” theorem (being the first weak convergence result
for the empirical characteristic function) was further investigated in [6], [26]
and [2].

Let %(S) be the space of Sect. 3. By condition (8.1) there exist a sequence
t,eR? such that |t,||/ co and

s(m=sup {n*|C(O)I: |t|z]t,]} >0, n—oo. (8.2)
The d-variate quantogram is then defined as

Q,.(0)=n*C,(t+t,)=n* | exp(i{t+t,, x))dF,(x), t€S,

R4
and the centralised quantogram is
G, ()=, (t)—n* Clt+t,)=Y,(t+1,)
= | exp(i{t+t,, x))dp,(x), teS.
Rd
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Kent’s univariate proof in [24] clearly extends to show that the finite-dimen-
sional distributions of G, (and hence of Q,) converge to those of V; of Sect. 7.
(3.10) is a necessary condition for weak convergence. The sufficiency part of the
proof of Theorem 3.1 does not apply to G, since the centralised quantogram (as
well as the quantogram) cannot be represented as a normalised partial sum of
identically distributed 4(S) valued random eclements (the terms themselves
depend on n). But the more laborious first proof of Marcus [26] (for the
sufficiency of (3.10) to the weak convergence of the univariate Y.} extends not
only for the d-variate Y,, but also for the d-variate G,. In the computations he
presents one needs such kind of changes that were done in the proof of
Theorem 3.1, and all the results of himself, Jain and Fernique he uses are
multivariate. Hence we have

Theorem 8.1. {G,} converges weakly in €(S) to Vi if and only if condition (3.10)
holds.

Because of (8.2), {Q,} converges weakly in €(S) to V; if and only if {G,} does.
8.2 Strong Approximation. For simplicity suppose that the cube of Sect. 4 is

T={x=(xy,....x): —1=x,=1,..., —1=x, 21} (8.3)
and that ¢, in (8.2) is chosen such that for its coordinates we have

ty,=...=t, =t(n)>0 (8.4)

n

(i.e, now we will translate S=T of Theorem 8.1 out towards infinity along the
line x, =...=x, of the “positive (1/2%™ space” of RY), and define

T={x=(x{,...,x)): t(n)<x,Zt(n)+1, k=1, ..., d}.

Then, under the condition of Theorem 4.7, we have
P{sup|G,(t)~ K} (t+1,)| > L r*(n) t*(n)}
teT

=P {sup |Y,(s)— K (s)| > L, r*(n) t'(m)}

seT,

1
<2’L, td‘l(n)n’(Hﬁ).

This approximation is meaningful only if z, can be chosen so that (8.6) below is
fulfilled. In this case, since r*(n) can at best be O(n~*), A=1/(5000d?), there is a
0<y=y(d)<1/36 such that the right side of the latter inequality is not greater
than 2L, n="~7). Introducing

Hy(t)= | exp(i<t+t,, x))d{n™* Wp(x, n)}, (8.5)

R4

where the (d 4 1)-variate process Wi(x, n)= Wg(L(x), n) was defined before (4.4),
and coming then back to the (non-centralised) quantogram, we get

Proposition 8.2. If t, of (8.2) and (8.4) can be chosen so that
bm)=r*(n)t‘(n) -0, n— oo, (8.6)
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then, under the condition of Theorem 4.7,

P{sup |Q,(1)—H;(0|>Lsa(m} <Lyn="*,
teT

where L, and L, depend only on F and d, and a(n)=max(b(n), s(n)) with s(n) of
(8.2).

HF is a Gaussian process for each n, but it is not yet a copy of the limit
process V5 of (6.2). In order to obtain then a usual kind of approximation result,
HY should be strongly approximated by

Vi@©)= [ exp(i<t, x)) dW,(x), (8.7)

Rd
which is a copy of V; for each n, where
W) =W, (x)=2n) 2 (WD (x, ) +iW2(x, n),  xeR’, (8.8)

where W and W{* are appropriate independent copies of Wy of (8.5). The
univariate special case of this problem was posed in [6] and solved, under some
conditions, in [2]. It turned out that the required construction of the corre-
sponding two-variate W% and W® is quite involved. Nevertheless, it is possible
to follow the main line in Breuer’s construction when generalising it to the
present case. The details are lengthy, only the idea will be sketched here.

The first simple but basic step is to notice that

HE(n)= | exp(it,x>)dU,(x) (8.9)
Rd
where

U,(x)=Uf(x)=n"% [ exp(i{t,, y))dWs(y,n), xeR, (8.10)

with the infinite rectangle T,={yeR?: y<x}. In the second step we construct W,
of (8.8) that it be near to (the already given) U, of (8.10). Here the univariate
construction of [2] can be extended if we add some techniques from [9] and
note that the Remark after Lemma 1.3 of [28] holds true for the real and
imaginary parts of both W, and U, since these four processes have independent
increments in the sense of p. 139 of [28]. In this way we obtain the following
extension of Theorem 1 of [2].

Proposition 8.3. Suppose that for some >0
—~-— 00 n— o, (8.11)

the density function f of F exists, and that the function

gwy= | flu—u,—...—ugu,, ..., u)du,...du, (8.12)
Rd-1
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is of bounded variation on the whole line. Then the probability space of Proposi-
tion 8.2 can be extended (if necessary) to carry WV and W of (8.8) so that

P {sup | U,(x) = W, (x)| > Ls(t(n)) "} < Lgn~ "9,
xeR4

where p is arbitrary in (0, 1/3), 6>0 is arbitrary, and L and L depend only on p,
0 and F.

Note that g of (8.12) is the density function of the univariate distribution

function
Gu)= [..[ f(xy, .o, x)dxy...dx,,
Zd: X <u

which reduces to F in the univariate case.

Now in the third step we will use the nearness of U, and W, to show that V"
of (8.7) and HE of (8.9) are near. Since in Theorem 8.5 below we have to assume
both (8.6) and (8.11) to obtain a meaningful approximation, r*(n) should be a
negative power of n. The simplest way to achieve this is to assume the condition
of Proposition 4.2. Making Proposition 8.3 play the role of Theorem B in the
proof of Theorem 4.1 (there are no empirical tail integrals only Gaussian, and
some minor modifications are, of course, needed) with

u(")“—‘(t("))“i“

and
2d

v(n)=(u(n)*(t(n) =" =(t(n)3*+ 64

in place of r(n), and noting that the proof of Proposition 4.2 also goes through
for v(n) (because of (8.11)) instead of r(n), we obtain

p

Proposition 84. If F satisfies condition (4.9) with a function h for which there is an
>0 that
h(u)

—=/'00, U—>0
ua

(8.13)

and if the conditions of Proposition 8.3 are satisfied, then on the probability space
of Proposition 8.3 we have for any >0 that
P{sup [H, (t)— V[ (®) > L, v(m)} SLgn=""7,
teT

where L., and Lq depend only on B, 6, d and F.

Combining now Propositions 4.2, 8.2 and 8.4. we get the following approxima-
tion for the quantogram.

Theorem 8.5. If the conditions of Proposition 8.4 are satisfied, then on the
probability space of Proposition 8.3 we have

P {sup|Q,(t) =V, ()| > Lom(n)} SL,qn~ 1+,
teT
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where 0<y<1/36, T is of (8.3), t,=(t(n), ..., t(n)) is of (8.4), Ly and L., depend
only on d, F and B of (8.11), and

m(n)=max (r(n) (), (£(n) ¢ 5062, s(n), (8.14)

where s(n) os of (8.2), p is arbitrarily close to 1/3, o is of (8.13), and r(n) is of
Theorem 4.1, i.e. r(n) is less than the right side of (4.20).

Of course, this approximation makes sense only if m(n) -0, n— o0, ie, if the
first term of the maximum of (8.14) goes to zero. This is so if £(n) can be chosen
for example so that t(n)=n® with B<t<laf(ed+2d*). In this case m(n)
=max (n %, s(n)) with some x>0.

9. Loglog Laws

Utilizing Théoréme 4.3 of Pisier [30] (for the final result into this direction cf.
[19]) we derive now functional loglog laws for Y,, R,, R} and S, from the weak
convergence Theorems 3.1, 6.1 and 7.1. The only problem is to determine the
corresponding four sets of limit points, which are the unit balls in the reproduc-
ing kernel Hilbert spaces of the (identical) distributions (in €(S) of Sect. 3) of the
summands in these four partial sum sequences. It is, of course, easier to do this if
we guess in advance the form of these sets. For example, when handling Y,
assume first the stronger (than (3.10)) condition (4.9, 10) of strong approxima-
tion. Then a repetition of the proof of Theorem 5 of [5] shows that %} below is
the set of limit points of Y,(+)/(2 loglogn)* on T of Theorem 4.1. From this we
can conjecture that this is always the case whenever the result holds. From this
guess the other three (¥ and .# below, the latter for both R¥ and S,) easily
follow. The rigorous identification of these sets with the appropriate unit balls
then can be done by standard functional analytic methods.

For functions h: R?—R consider the following classes of d-variate functions
on the whole R*:

={g: g(x)= f h(y)dF (y), Ihz(y) dF(y)<1, fh(y) dF (y)=0},
={g: glx)= I h(y) dF (y), §h2 YdF(y)£1},

_{f—g1+lg2. 81,82 ng1+ﬁg2€¢%z‘ if a2+ﬁ2:1}’

where T,={yeR*: y<x}, « and § are real numbers. Here % is the generalised
Finkelstein set (cf. [31] or more generally [117]), while % is a generalised
Strassen set. Consider also the Fourier-Stieltjes transforms of these sets re-
stricted to S, a compact subset of R%

={k: k(t)= | exp(i{t, x)) dg(x), ge &%, t€S},
R4

={k: k(t)= | exp(i<t, x>) dg(x), geF, 1S},
R4

Mp=1{k: k(®)= | exp(i<t, x)) df (x), fe %, teS}.
Rd
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Theorem 9.1. If condition (3.10) holds, then the sequences

Y R,(*) R:(%) S,(*)
(2 loglogn)*’ (2 loglogn)?’ (loglogn)*’ (loglogn)*

are all relatively compact in €(S), and the sets of their limit points are Ay, Ly,
Myy My, respectively.

Pisier’s result cannot be applied to deduce a loglog law from Theorem 8.1 for
the quantogram, for the summands of Q, are not identically distributed. Such a
law follows from the strong approximation Theorem 8.5. First we prove it for
V¥ by an obvious modification of the proof of Theorem 5 of [5], and then the
result is automatically inherited by Q, if m(n)—0 in (8.14).

Theorem 9.2. If the conditions of Theorem 8.5 are satisfied with m(n) -0, then the
sequence {Q,(+)/(loglogn)?} is relatively compact in €(T), and the set of its limit
points is M.

10. Multivariate Empirical Characteristic Processes
when Parameters Are Estimated

Assume that we are given a parametric family of d-variate characteristic
functions {C(t;6), 6=(b;, ...,0,)6@<=R?}, p21, teR’, and consider the esti-
mated empirical characteristic process

Y,(0)=n*(C,(t)— C(t;0,)),

where 0,=(0,,, ..., 0,,) is some estimator (based on our sample X, ..., X,) of
the unknown vector 60,=(0,,, ..., 0,,)€@ of the true values of the parameters.
In order to obtain a limit process for Y,, generally we have to assume

concerning the estimator that there is some function I: R? x R? — R? such that

1
-3
nZ

n%(gn_60)= kzl Z(XIU 00)+’7na (101)
where 5,—0 in probability. Assume condition (3.10) for C(z; 6,). Then Y,(2)
=n*(C,(t)— C(t; 0,)) converges weakly in %(S) to Yy, where Y is of (3.1)
corresponding to F(x)=F(x; 8,), the distribution function belonging to C(t; 6,).
According to a well-known theorem of Skorohod [32], on a suitable probability
space we can re-define our basic sequence {X,} and Bg in Y, of (3.1) without
changing their distribution such that

sup | Y,(6)— Y ()] >0 as.
teS

Using this, but otherwise proceeding similarly as in the proof of Theorem 6.1 of
[3] (which is a multi-variate generalisation of a result of Durbin [12]), under the
evidently formed characteristic function variants of the mild regularity con-
ditions of Theorem 6.1 of [3] we obtain that
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sup | Y,(t)— G(t; 6,)] =0 in probability, (10.2)

1eS

where the complex Gaussian process G can be represented as
G(t; 8o)= | exp(i{t, x)) dBp,(x)— < | I(x; Bo) dBy (x), ¥, C(¢; 8o)),
R4 R4
where

0 0
7y C: 00)= (55~ €01 - €5 0))
1

P 8=10p

Of particular interest are, of course, those estimators which are themselves
based on the empirical characteristic function C,(¢). One such estimator is the
integrated squared error estimator considered in [18] if d=1. For general d>1
this is the random p-vector 0" which minimizes

IdICn(t)— C(t; 0)1” dH (),

where H is some d-variate probability distribution function. Another such
estimator is the integrated error estimator first proposed in [15] if d=1, p=1,
and treated in [8] for p>1. For general d=1 this is the random p-vector §?
which solves the equation

[ (C.()—C(t; 0) dA(®)=(0, ..., 0)eR?,

where A(t) is a p-vector of d-variate complex-valued functions 4,(t), each of
which is of bounded variation on the whole space R? with 4,(t) =A,(—1), k
=1,..,p )

Direct conditions on C(t; 0) are derived in [8] in the case d=1 to ensure
(10.1) and (10.2) for 8V and 6@ with appropriate IV’ and I®. Let us replace
assumption (IV) of [8] with the weaker condition (3.10) for C(t; 6,) (which is
also necessary), and interpret the other five assumptions there for teR? in the
obvious way, by writing |7,]...|¢,] in place of |¢] in assumptions (V) and (VI), and
R? as a domain of integration. Then Theorems 1 and 2 (10.1 for 8 and 2,
respectively) and Theorems 3 and 4 (10.2 for 6 and 0®), respectively) of [8],
with the corresponding I and I'®, remain true for arbitrary d > 1.
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