Z. Wahrscheinlichkeitstheorie verw. Geb. 19, 191198 (1971)
© by Springer-Verlag 1971

On Wigner’s Semicircle Law
for the Eigenvalues of Random Matrices

L. ARNOLD

1. Introduction

Wigner asked in [8] for the general conditions of validity for his so-called
semicircle law for the distribution of eigenvalues of random matrices which is
important in the statistical theory of energy levels of heavy atomic nuclei [6, 7].
We discovered [2] that the semicircle law possesses the following completely
deterministic version from which probabilistic applications can be derived
relatively easily.

Let A,=(a;;), 1=i,j<n, be the nth section of an infinite Hermitian matrix,
{A"} <k <n its eigenvalues and {u{"}, ., ., the corresponding (orthonormalized
column-) eigenvectors. Let v¥=(a,;, dys, ..., dy o) PUt

[(n—1)t]
X, O=(nm—-0)"* Y |orul Y>3, 0=Zt<1 (1)

n
k=1

{bookkeeping function for the length of the projections of the new row v of 4,
onto the eigenvectors of the preceding matrix 4,_,), let finally

F,(x)=n""(number of 2" <x}/n, | <k<n) 2

n

{empirical d.f. of the eigenvalues of An/ﬁ).
Theorem 1. (Deterministic version of the semicircle law, see [2].) Suppose
(i) lim (number of k<n with |a|>1/n)n=0,
(i1) li;rln X, ()=Ct{0<C<o0,0Z1Z1).

Then Fe=W(C) (), 3)

where W is absolutely continuous with density (semicircle!)

wix, C)= 2Crn) t4C—x%)F  for |x|£2Y/C,
770 for |x|>2)/C.

Suppose now that the matrix elements a;; are real-valued random variables
defined on a fixed probability space (€2, %, P), being independent for i>; and
satisfying a;;=a;; a.s. Suppose further that the diagonal elements a;;, i>1, are
identically distributed according to the d.f. G, and that the off-diagonal elements
a;;, i>j, are also identically distributed with d.f. H having variance ¢*.
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What we are interested in is the asymptotic behavior of the sequence of
stochastic processes defined by (2). We are aiming at a strong (convergence a.s.)
and a weak (convergence in probability) form of the semicircle law (3) for (2).

In an earlier paper [ 1], we proved by a completely different method that the
weak form of (3) holds under the conditions [x*dG<oo, {x*dH <o and
{xdH=0. If, moreover, [x*dG<o and |[x°dH<oo, then the strong form
holds, choosing in both cases C=g?.

In this paper, we are able to eliminate any condition about G and the condition
{xdH=0 and to reduce the moment restrictions on H by 2. The method used
consists in utilizing Theorem 1 by verifying the assumptions (i) and (ii).

2. Stochastic Convergence of {X, (¢)}

Due to the independence of the g;;s, the vector v} and the eigenvectors of
A,_, are independent, too. This fact will be used without further mentioning,

Lemma 1. We have
lim X, (1)= C <o in probability < | x* dH < 0.
If { xdH =0 and 6* < o0, then C=¢" and

lim X, (t)=0¢”t in probability, 0=t<1.

Proof. Since ot
Xn(l):(n(n_ 1))~% Z al%n’
k=1

the first part of the lemma is essentially the weak law of large numbers (cf. Feller
[3], p.232). For the proof of the second assertion, put

. a, for lag,|S)Yn—1,
N0 for |ay,l>)/n—1,

1<k<n-—1. Let X,(t) be the expression obtained from (1) by replacing a,, by
&y, 1=k=n—1. Clearly

P[X,(0)—EX, (0> S P[IX,(0)— EX, (0] > ]+ P[X, () * X, (1)].

We are going to show that the right-hand side tends to 0. Indeed,
n—1
P[X, 0+ X,01= ) Pllai|>Yn—11=(n—1) Plla,|>}/n—-1]-0,
k=1
sirice Y P[]ay,| >7/n] < o, which is the case iff 2 < 00. By Chebyshev’s inequality,

P[IX,()— EX,(0)|>e] <& *(EX, (¢} — (EX, (1)*).

The proof of the lemma will be completed if we know that EX,(t)—a¢*t and
EX,(t)? - o* 12
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We have 1 nt
EX, ()=(n(n—1)"%*) ZE(ama,n)E(u)
i=1 1
where -
[(n—1)¢]
ll‘}:rl_](t)— Z uin_l)u(nﬁl)
Using k=1
1
Yri=ln=1)1, Ea,a,=Ea,=m, (i=j), =(Ea,)'=m (i+)),
i=1
we obtain et nt
EX,(0)=(n(n ~1))"([(n i), -+ Y Y En ) (4)
i=1 j=1

By assumption, i, — ¢> < oo and i, =0(n~*%), the last statement following from
JIx[FdH<oo, [xdH=o0=n*"Y2 | xdH=0(l) (n—o,k=1) (5
[x|svn

{see Arnold [1], p 265). Putting this into (4) together with the trivial estimate
I>. 3 Erj|£(n—1)2, we obtain EX,(t)— o> t.

For estimating
EX, () =(n(n—1)"" Z ZlE(ann izn Qign Qi) E(ry 1, 15 0,)
=1 iq
we have to con51der seven different cases of index degeneracy. Using again
iy =0(n" %), m, —» 6% and in addition i = o(n*) and 7, = o(n), which follows from
{x[*dH < o0 = n“‘"”zl ] jf ix|"dH=o0(1) (rzk+1) (6)
(see Arnold [1], p. 264), we arrive at A

v 2__ 4.2
qed. EX, (1) =0c*t"+o0(1),
3. Almost Sure Convergence of {X,, (t)}
A much more delicate truncation technique has to be applied in order to obtain

Lemma 2. We have

lim X,(1)=C<o a.5.< | x*dH< 0.

If {xdH=0and | x*dH < o0, then C=0? and

lim X,()=c*tas, O0=<t=1.

Proof. 1. Accordmg to Lemma 1, there is a chance for a.s. convergence of
{X.(1)} only if 6> < co. The prospective limit C must be equal to o> . Obviously,
n—1

X,()»d?as.<S, =n—1)" Y (at,— %) —0 a.s.

k=1
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Since {S,} is a sequence of independent random variables, the Borel-Cantelli

lemma yields
S,~0as <) P[|S,|>e]<co forall e>0.

By a theorem of Heyde and Rohatgi [4] (Theorem 2) this is equivalent to
Y. nP[lai,—c*|>n]<w and [ (x*—¢*)dH—O0.

|xj<n
The second condition is fulfilled since 6* < oo, and the first one is equivalent to
Eaf, = x*dH=m,< o0, according to the relation

E|X|""V" <0« Y n' P[IX|>n""] <0 (7

(see [4], p.74). This proves the first part of the lemma.

2. Suppose now m, < oo, m; = | xdH =0, m, =c>. We are going to prove that
Y PIX,(t)—~c*t|>e]<oo forall >0,

which is sufficient for X, (t)—o¢?¢ a.s. This time, our truncation level for a,,,
1k=n—1,willbe ,
- 7,=(n—1)"%,

where the appropriate choice of ye(0, 1] will result from the proof. By (5) and (6),
my=o0(n"3"2), m, > 6>, My —>my=|x*dH, i, —>m,, and m,=o(n’"?"?) (r=5),
which we have to apply for =35, 6, 7, and 8. Finally, for the 7 s introduced in
Section 2, we have to take into account that

Z‘r,j|p§% (r=z2), Zrij é]ﬂ?ﬂ,
e J=1
JFI JFI
and
n—1n—1
Y. Yri=ln—11].
i=1 j=1

3. Consider the following cvents (in Q):

Alnz[lak,,|>]/§]/ n—1/2 for at least one k=n—1],
Ay, =[la,|>(n—1)"* for at least two k=<n~—1],
Asp =[S, (0] >]/E]/ﬁ/4 for at least one k=n—1],

where for 1£k<n—1

Sia(2) Z Qi T (1),
inh
Ay =[X, ()= 0" 1] >¢/2],
Q,=A4,,04,,VA4;,Y A4,

and
B, =[X, (t)—c*t|>¢].
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We have BcO

n ns
4

and therefore P(B,)<P(2,)< Y P(4;,), whence

i=1

ZP zn

\I'MJL

Y. PB,)=

We complete the proof of the lemma by showing that the four series on the
right-hand side of the last inequality converge.

4. Convergence of > P(A4,,): We have
P(Ay,)=(n—1) P[la,|>Ve)/n—1/2],
Y P(A,) <Y nP[lay,l>1ey/n/2].

By (7), the last series is finite iff m, < co.
5. Convergence of Y P(A4,,): We have

n—1 n—1

U U Dam|>(n— 1)))/2 and |ajn!>(n_ )Nz]

thus

therefore (independence!)
P(4,,)2(n—1)*(P[la;,|> (n—1)"2])2.
Since m, < o0, n?*? P[|a;,|>n"?]—- 0, thus

Y. (nP[lay,| > =3 o(n*~*) <o,
whenever y> 2.

6. Convergence of )’ P(4;,): Putting ¢, =]/§/4, Chebyshev’s inequality yields

n—1
P(4,,)< ZP[ISkn (O)>& 1/n]<er ®n2 Y ESS,.
k=1
In detail,

n—1 n—1

ESgi= 3 Y E@ i) E(riyg .. 1),
f1=1..ig=1
i1 *k..igFk

A systematic search through possible index degeneracies leads to ES,,=o(n"),
thus

Y P(As)SY o(1)nt 3,
The last series is finite, if y< 1. It turns out that the restrictions
T<y<i

put on y up to now will also assure the convergence of the remaining series.
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7. Convergence of ) P(A,,): Clearly,

P(4.,)S(2/e)* E(X, () - o* 1)",
furthermore

E(X, ()~ 0 t)* <8E(X,(t)— EX,(0))* +8(EX, () — o t)*.
According to the proof of Lemma 1,
EX,(t)—ct=0(n"?),

so Y (EX,(1)—o?t)* certainly converges. After cumbersome, but simple calcu-
lations following the lines of the proof of Lemma 1, we obtain

Y E(X,()—EX,(1)* <o,
g.e.d.

4, The Semicircle Law

The essential part of Lemma 1 as well as of Lemma 2 requires | xdH=0.
The following lemma assures that the limit of {F,} is not perturbed by a non-
vanishing expectation of the g;’s. If F is any d.f,,

F(z)= fo(x—z)“ldF(x), Im(z)>0,

X=—00

is known as the Stieltjes transform of F. F is uniquely determined by F, and
uniform convergence of {E} in compact z sets is equivalent to vague convergence
of {F} (see [2], appendix).

Lemma 3. Let A be an nxn Hermitian matrix, E the nx n matrix having all
elements equal to 1, D=diag (d,, ...,d,) a real diagonal matrix. Denote by F, F|
and F, the empirical d.f. of the eigenvalues of A, A+akE (areal) and A+ D, respec-
tively. Then

i) 1F(2) - F ()] £(nIm(2) 7,
(i) |F(2)—F, (Z)Ié(lm(Z))_zlnél?;ldil,

the bounds being independent of A and a.

Proof.(i) We have for Im(z)>0 F(z)=n"'tr R(z,A)and Fj(z)=n""tr R(z, A+ aE),
where R(z, A)=(A—zI)"! denotes the resolvent and tr 4 the trace of A. The

insertion of
(I+aER(z, A))"*=I—(a/(1 +ae R(z, A) e)) ER(z, A),

¢=(1,1,...,1) (n times),
into the second resolvent equation
R(z, A+aE)=R(z, A)(I+aER(z, A))™*
and passing to traces leads to

ae'R(z, A e

Po)— F(g=n-t2CREA e
F@)-hiz=n 1+ae'R(z, A)e
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If f(z)={ (x—z)" ' du(x), where u(x)=e'S(x)e, S being the spectral matrix of 4,
we have ¢ R(z, A)e=f(z) and ¢'R(z, A)* e=f"(z), thus

& &y af'(2)
F(z)~F(z)=n W.
Since
1+af @) Za Im(f(2) =|al Im(z) { [x— 2|2 dp(x)
and
laf’(2)|Zlal § [x—z|7? dulx),
we obtain

F(z)~F ()| £(n Im(2)) "
(ii) Again by the second resolvent equation,

R(z, A+D)—R(z, A)=R(z, A+ D) DR(z, A),

therefore R R
|[F(z)—F,(z)|<n"'|trR(z, A+ D) DR(z, A)|
<|R(z, A+ D) DR{(z, A)|
=(Im(2))~* max |d,],
g.e.d. =t

We are now in a position to prove

Theorem 2. Let F, be the empirical d.f. of the matrix A,,/]/ﬁ as defined by (2),
where A, is a random matrix satisfying the conditions stated in Section 1. Then

(i) (Weak semicircle law): If 6% <0, then
E,=W(-,6%) in probability,

where W is Wigner’s semicircle d.f. defined in Theorem 1.
(ii) (Strong semicircle law): If, moreover, | x* dH < co, then

E=W(,0%) as.

Proof. By virtue of Lemma 3, it is no restriction of generality to assume
{xdH=0. A look at the proof of Theorem 1 shows that it remains true if all
limits are interpreted as limits in probability. Condition (i) of Theorem | means

Z,=n""Y Ijy>ym—0  in probability,
k=1

which is true since
EZ,=P[la,|>}/n]-0.

Actually, by the strong law of large numbers (see [5], p. 238), we even have
Z,—»0 a.s.

Hence, the weak and strong version of the semicircle law follow immediately
from Lemma 1 and Lemma 2, resp., q.e.d.
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In physical applications of the semicircle law it is sometimes required to
determine the eigenvalue distribution of functions of A,. This can be done by
the following

Corollary 1. Let f(x) be a real-valued measurable function on the real line being
continuous W(+, 6*)-a.s. Denote by f(F) the image under f of the measure corre-
sponding to the d.f.F. Define the matrix f(A) as usual by f(A)={ f(x)dS(x), S(x)
being the spectral matrix of A. Then for the sequences of measures p, defined by

t,(M)=n""*(number of eigenvalues off(A,,/]/ﬁ) belonging to M)

we have
t=f(W(-,6%) in probability or a.s.

whenever
E=W(:, ¢?) in probability or a.s.

Proof. Clear by observing that p,=f(F).
As an example, put f(x)=x?2. The asymptotic d.f. of the eigenvalues of AZ/n

has densit
d Q2/nYx)(1-x)F for 0<x<1,
glx)= 0

for x<0 and x>1,

whereas it is sometimes incorrectly assumed that g is a quartercircle (see e.g. [8],

p. 7).
We conjecture that the conditions for the strong semicircle law can still be

reduced to the finiteness of 6. The results essentially carry over to the Hermitian
case.
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