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Limiting Behavior
of Regular Functionals of Empirical Distributions
for Stationary *-Mixing Processes *

Pranab Kumar Sen

1. Introduction

Let {X,, —oo <i<oo} be a stationary =-mixing stochastic process defined on
a probability space (2, &7, P). Thus, if #* _ and .47, be respectively the o-fields
generated by {X;,i<k} and {X,,i=k+n}, and if, Ae.#*  and Be #3 ,, then
for every k(— oo <k<oo)and n

|P(AB)— P(4) P(B)| <y, P(4) P(B), (1.1)

where Y, |0 as n]oo. Further conditions on {y,} will be stated as and when
necessary. We may refer to Blum, Hanson and Koopmans (1963) and Philipp
(19694, b, ¢) for detailed treatment of #-mixing processes in the context of the
limiting behavior of sums of the X;.

We denote the marginal distribution function (d.f) of X; by F(x), xeR?, the
p(= 1)-dimensional Euclidean space. Consider then a functional

OF)=[---[g(x,....,x,) dF(x,)...dF(x,), (1.2)
RP™
defined over # ={F: |6(F)|< o0}, where g(x,, ..., X,,) is symmetric in its m(=1)
arguments. We consider here the following two estimators of 6 (F). For a sample
{X, ..., X,}, the empirical d.f. is defined as

F,,(x)=n"1iu(x—Xi), x€R?, (1.3)
i=1

11

where u(v) is equal to one only when all the p components of v are non-negative;
otherwise, u(v)=0. Then, in the same fashion as in von Mises (1947), a differentiable
statistical functional §(F,) is defined as

B(E,)=jR--r-nIg(x1, oon X, ) dE,(x,)...dE,(x,)

R (1.4)
=n_mZ Z g(Xl'l""’Xim)’ n;l,
=1

im=1
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which is the corresponding functional of the empirical d.f. Also, as in Hoeffding
(1948), we define a U-statistic

-1
Unz:(:q) Z:g(Xil""’Xim)’ ngma (15)

where the summation ) ¥ extends over all possible 1<i, <--- <i, Zn.

Under suitable moment conditions on g and on {i,}, to be stated in Section 2,
the following three problems are studied here: (i) asymptotic normality of
n*[6(F)—0(F)] and n*[U,—0(F)], (ii) the law of iterated logarithm for 6(F)
and U, and (iii) weak convergence of continuous sample path versions of the
processes {n"*k[6(F)—6(F)],k=1} and {n~*k[U,—0(F)],k=1} to processes
of Brownian motion. It may be noted that (i) is a special case of (iii), and is estab-
lished under less stringent conditions.

The main results along with the preliminary notions are presented in Section 2.
Certain useful lemmas are considered in Section 3, and with the aid of these, the
proofs of the main results are outlined in Section 4. The last section deals with
a few applications.

We may note that for m=1, (F)=U,=n""! 2 g(X,), and the corresponding

results have already been studied by Ibragimov (1962) Bllhngsley (1968), Reznik
(1968), and Philipp (1969a,b, c), among others. Hence, in the sequel, we shall
exclusively consider the case of m=2. We may also remark that the above men-
tioned authors have considered the general ¢-mixing processes [where the right
hand side of (1.1) is ¢, P(4) and ¢, | 0 as n —oo] which contain *-mixing processes
as special cases. The simple proof to be considered in the current paper rests on
certain basic lemmas on Bernoullian random variables in a *-mixing process.
These lemmas do not hold for general ¢-mixing processes, and hence, the same
technique of proof is not applicable for the latter processes. Also, the reverse
martingale property of U, [cf. Berk (1966)] or related properties for 8(F,) do not
hold for ¢-mixing (or *-mixing) processes, so that an alternative approach of
Miller and Sen (1972), studied for independent processes, does not seem to be
readily adaptable. An altogether different and presumably more involved proof
seems to be needed for a general ¢-mixing process.

2. Statement of the Result
Forevery c: 0<c<m, we let

g (xy, s xy= - g(xy, ..., x,)dF (X, ,)...dF (x,,), 2.1

Rp(m-c)

so that g,=0(F) and g, =g. Also, let

C1,h=C1,h(F)=E[g1(X1) 81 (X140)] —6? (F), hz0; 22
02=‘72(F)=C1,0+2h§151,h- (2.3)

Then, we assume that (i)
0<o? <0, 2.4)
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and (ii) for some r(=2),
Vo= 1gxy, ey X, )T dF (x,)... dF(x,) < 0. 2.9

RPm™

Finally, we define for every non-negative d,

0 [*o]

A,W)= Y (k+17y7 and AF@E)= ) (k+1)*"Y;. (2.6)

k=0 k=0
Note that A,(Y) <=4, (y)<oo forall 0£d'<d, and

[Aa()<oo]=[A4] ()< o]. 2.7)
Then, we have the following two theorems.
Theorem 1. If A,,_ ()< 0, (2.4) and (2.5) (with r =2) hold, then

lim P {n* [0(F) ~0(F]Sxmo}=Qm)~* | e-¥%d, 2.8)

— o0

Jorall x: —oo<x<oo, and
n* |0(E)—U,|—0, in probability, as n— . (2.9)
Hence, (2.8) also holds for O(F,) being replaced by U,.

Theorem 2. If for m*=max[2,m—1], A,.(Y)<o0, (2.4) and (2.5) (with r=4)
hold, then

P {lim sup n* [0(F,)— 0 (F)]/m[20* loglog n]*=1} =1, (2.10)
P {liminfn* [0 (F)—0(F)]/m[20% loglogn]*= —1}=1, (2.11)
P {lim sup n* |6(F,)— U,|/m[20” log log n]¥*=0} =1, (2.12)

and hence, (2.10) and (2.11) also hold for U,.

Consider now the space C[0, 1] of all continuous real valued functions X(z),
0=t<£1, and associate with it the uniform topology

p(X, Y)=st1611p X®—-Y®, I={t:0=:=1}, (2.13)
where both X and Y belong to C[0, 1]. For every n= 1, we define Y,(0)=0, and let
L@O=Y,(ntl/n)+mi—[nD[Y([ne]+1)/n)-Y,([ncl/m)], 0=:=1, (214)
where [s] denotes the largest integer contained in s(=0), and

Y, (k/n)=k[0(F)—0(F)]/iman*), k=1,...,n. (2.15)

Similarly, replacing 0 (F,) by U, for k> m and by 0(F) for kSm— 1, we define Y* (1)
as in (2.14) and (2.15). Then, Y;*()=0 for 0<t<(m—1)/n. Also, let

Y,={Y,0),tel}, Yr={YF@),tel} and W={W()tel}, (2.16)

where W is a standard Brownian motion. Then, we have the following.
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Theorem 3. If for m*=max(2,m—1), 4,.(y)<o0, (2.4) and (2.5) (with r=4)
hold, then both Y, and Y* converge weakly in the uniform topology on C[0,1]

to W, and
p(Y,, Y¥)—0, in probability,asn—oc. (2.17)

In fact, (2.17) holds even if (2.5) holds for r=2 and A,,_,(y)< co.

The proofs of the theorems are postponed to Section 4.

3. Certain Useful Lemmas

Let {X,, — o0 <i<oo} bea stationary -mixing process, and for eachj(=1,2,...),
let Z;;=h;(X,), — o0 <i<oo, be zero-one valued random variables, where h, (1),
h, (u) . are not identical, and

P{Z;=1}=1-P{Z;;=0}=p,, j=1. (3.1)

Lemma 3.1. If for some k=1, A,_,(y)<co, then

{fi[fen]}

where K, (< co) depends only on {¥,}.

Proof. We sketch the proof only for k=1 and 2; for k=3, the same proof
(but, evidently, requiring more tedious steps) holds. For k=1, we have

s{f[Secn]fss Sreen@mrm. 6

j=1 i=1j=

<n* Ky py - Dot 3.2)

Now, by Lemma 1 of Philipp (1969 ¢), under (1.1) and (3.1),

|E(Zy;—py) (Z2;—p) é%i_ﬂ E\Z,;~p,| E|Z,;—p,| (3.4)
=y);_;4p.(1 ~p) P2 (1=p)S4p Py ¥y j-

Hence, (3.3) is bounded above by

™=
IIM:

tm, ,|4p1p2=8p1p22 Z% <8np, p, AFW), (3.5)

i i=1 j=i

1j

and therefore, the proof follows by using (2.7).
For k=2, we have

e{ 1[5 @

éii Z i Y E(Z;—py) (sz_'l’z)(Zsk_Ps)(Z4z"P4)l (3.6)

= Z*{ Z |E(Z,;—P,) (ij‘“Pﬂ) (Z'yk—py) (Z51—ps)l
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where (x, §, 7, 6) is a permutation of (1,2,3,4), and the summation ) * extends
over all 4! permutations of this type. For simplicity, consider the particular
permutation a=1, f=2, y=3 and § =4. Then, we have,

Z |E(Zy;—py) (ZZj_pZ) (Z33,~—P3) (Z4;—pJ)l

1gisjsksisn (3.7)
=0 +Z§.2) +Z$,3) |E(Zy;—Pi)(Zsj— P2 )23k —P3)(Zg— P4,
where the summations Y, Y* and }'® extend respectively over all 1<i<j<

k<i<n for which j—i=max(j—i, k—j,1—k), k—j=max(j—i k—j,I—k) and
[—k=max(j—i, k—j,|—k). Again, by Lemma 1 of Philipp (1969¢),

Y WNE(Zy;=p) (Z;— o) (Z32—P3) (Zay—py)
SYOV L EIZy— Pl ENZ = p2) (Z3i—P3) (Zai— o)l (3.8)
S2p0 YW ENZ =) (23— p3) (Zay—Da)
as E|Z;;—p)|=2p;(1~p), j=1. Also, by a few straight forward steps,
ENZ2j=P2)(Z31—P3) (Z4,—p.)
SE{(Z2;—p2) (Zsx—P3) EQZy,—pal |4 ]}
SENZ25=p2) (Zax=p3) [A=p) a1+ )+ P (L=p) A+, 01} (39)
S2p,(1+¥,_4) ENZ 25— p)) (Z3,—ps3)l
S8, py p (L+Y, ) (1 +y,_ ).

Hence, by (3.9), (3.8) is bounded above by

16p; p2 3 ps Zg) lpj—i(l + '//k—j) (I+y;_p)

<16p, p; p3 pa(1+y,) Zﬁl) Wi

. (3.10)
=16, py p3 ps(1+4,) nkgo(k+ 1% ¥
=16p; pa p3 pan(L+Yo) AF W),
where by (2.7), A¥ () < oo whenever A4, (/) < co. Similarly,
YNE(Zyi=D)(Zaj— p2)(Z 31— P3)(Z a1~ s G.1)

S16p;p; p3 pan(l+Yo)* AF ().



76 P.K. Sen:

Finally, by Lemma 1 of Philipp (1969¢), and a few steps similar to those in (3.9)
and (3.10), we have

YD IE(Zy—p) (Z2=P2) (Zs~P3) (Zar—Pa)l
<Y OIE(Z,—p)) (Zo;— P [EZ 3= P3) (Zar—p)]
+ YD Y ENZ ) (Z oy~ ) ENZ3— 3) (Zar— P,
SY P W (|EIZy,— | E\Zy;— py| E\Zs,—p3) E|Z 4, — D,
YO Yy 0+, ) L+ ) EIZy—py| ps E|Z5~pal P
S16p; P23 Pa 22V iWi 4D, P2 D3 P (1Y) Y P W
<16p, 73 Dy s 7 (k;iowk)2+4p1 popspall+0of n (617 04)
<4np, p, Dy PalAn (A5 W) +(L+Wo) AF W)].

Thus, by (2.7), (3.10) and (3.11), whenever A, ()< w0, (3.7) is bounded above by

(3.12)

K} n®p p, p3ps, Where K <oo. (3.13)

Since (3.13) does not depend on the order of the subscript 1,2,3,4 of the p,,
repeating the steps for each permutation (x, 8,7, ) of (1,2,3,4) and choosing
K,=24K}, it follows that (3.6) is bounded above by K, n” p, p, p; p,, Which
completes the proof for k=2.

Lemma 3.2. Let 5,(20), j=1,...,r(Z1) be such that ) s;=2k, k21. Then
A1 ()< oo implies that j=1

S}

where K, (< o) depends only on {{,}.

<K,np,...p, (3.14)

The proof is similar to that of Lemma 3.1, and hence, is omitted.
Let us now define for every c: 1 Z¢c<m,

Vad=f-- [ g(xys e x) [T LB (x) = F(x))]. (3.15)
Rep j=1
Then, upon writing dF,=dF +d[F,— F], we have from (1.4) and (3.15) that

m m .
0E)=0()+ Y (c) VO, nzl. (3.16)

Note that, by definition,
Vi =n"1Y [g,(X)—0(F)]. (3.17)
et

1
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Lemma 3.3. If (2.5) holds for r=2, then for every ¢: 1<c<m, A._1(¥)< o
mplies that E[VOP<K,n%v,, K,<o, (3.18)
where K, depends only on {y,}.

Proof. By (3.15) and the Fubini theorem,

2¢
E[Vn(c)]z___jR.z.c.jgc(xl, s X) 8 Xyt ...,sz)E{Hd[ﬂ(xj)—F(xj)]}

=jR-2-c-5gc(x1,...,xc)gc(xcﬂ,...,xh) (3.19)
2c n
. n‘“E{—H1 (';d[u(xj”Xi)_F(xj)])}'

Thus, if we let Z;;=d[u(x;—X})], i=1,...,n, j=1,...,2¢c, where d[u(x—y)]=
u(x+dx—y)—u(x—y), so that

P{Z,;=1}=1-P{Z;=0}=dF(x), j=1,...,2¢c, (3.20)
we obtain from Lemmas 3.1 and 3.2 that

}E {12'[ (fd[u(xj—xi)—F(x,-)])}

j=1\i=1

<K, dF(x,)...dF(x,),  (3.21)

when x;, ..., x, . are all distinct; otherwise n° K, dF(x,)...dF (x,), where x,, ..., X,,
r2 1, are the distinct set of values of x,, ..., x,,. Hence, by (3.19) and (3.21),
2¢
E[VOPsKyn [ f1g.0x;, s X) 8(Xey1s o5 X2 )l [T dF ()
R2ep i=1
=K, n e[ [ 18y oo x| dF(x,)... dF (x,)]? (3.22)
R2cp

v, K,n"% Q.E.D.
Lemma 3.4. If (2.5) holds for r=4 and A, ()< o0, then
ElVPI*sK,vn™*, K,<o, (3:23)
where K, depends only on {i,}.

The proof is similar to that of Lemma 3.3, and hence, is omitted.
We may rewrite (1.5) as

Un___n—[m] Z j...jg(xl, ...,xm)f[ld[u(xj—XU)]

Pa, m RP™

=Y [ [ g, xy) f‘[l dL{u(x,— X, )= FCe)}+F(x)]  (324)

Pn,m Rym
—0(F)+ Y (m) u®,
h=1 h
where B, , ={(i,...,5,): 1<i %=--#Fi <n},n"M={n_ _ (n—m+1)}"} and

U,f")=n‘mzf---jg,,(xl,...,x,,)ﬁd[u(xj—Xij)-—F(xj)], h=1,...,m. (3.25)
h j=1

Pon RP
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Note that V¥ =UW®, so that by (3.16) and (3.24),

o@)-Ua= 3. () o - U
h=2 (3.26)
= () 2t v - () o 3 () -y,

h=3
Now, by the same technique as in Lemma 3.3, for every h=1, 4, ()<

implies that
lmp 1€S a E [Urfh)]z § Kll, n—h v2 , K¢ <00. (327)

Also, writing Q,=n? V2 —nl21U'? and rewriting it as

0,= '2'1 ijpj 85 (xy, x,)du(x, ~ X))~ F(x;)] d[u(x,— X;)— F(x,)], (3.28)

we obtain by the same technique as in Lemma 3.3 that 4, (/)< oo implies that
n'EQI<K,v,, K,<wo. (3.29)

Thus, from (3.18), (3.26), (3.27), (3.28), (3.29) and the ¢,-inequality, we obtain that
ifv,<oo and 4, (¥)<oco, then

E[0(F)-UJP<C,n% C,<w. (3.30)

These results are used in the next section, in the proof of the theorems.

4. Outline of the Proofs of the Theorems

Let us first consider Theorem 1. By virtue of (3.16) and Lemma 3.3, whenever
Ap_1(P)<o0,

nE[9<ﬂ)—0(F)—m%“’JZ="E{ﬁ (’Z) V‘)}

h=2

e @.1)
snm-—1 E[VP)?
snm-D3. () EA]

<n~'K}v,, where K}(<oo)depends only on {i,}.
Thus, by (4.1) and the Chebychev inequality
n|0(E)—-6(F)—mVIY| 250, as n—oo, 4.2)

which implies that n*[6(F)—6(F)] and mn* V) both have the same limiting
distribution, if they have one at all. Now, by (3.17) and the central limit theorem
for ¢-mixing (and hence, *-mixing) processes [cf. Billingsley (1968, p.174) and
Philipp (1969a)], mn* V¥ converges in law (whenever v,<o0) to a normal
distribution with zero mean and variance m? 6%, where 62 is defined by (2.3) and
it is assumed that (2.4) holds. This completes the proof of (2.8). By virtue of (3.30)
and the Chebychev inequality, (2.9) follows directly, and this, in turn, implies
that (2.8) also holds for U,.
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Let us now consider Theorem 2. Here v, < oo and A,,.() < co imply, by virtue
of (3.23), that for every >0,

P {n* |V¥|z¢, for at least one n=n,}

1
< Y PV} (v, K, /6% >Z o

n>no

4.3)

which converges to 0 as n,—oo. Also, by Lemma 3.3, v, <0 and A4,,.(¥)<co
(= Ap_1(f)< o) imply that

=¢, for at least one nz no}

ﬁ (’Z) o >8} (4.4)

S(Kyvy/e8) Y nm2—>0  as ny—o0.

Thus, for every e>0
P{n*[0(F)—0(F)—mV"]/2loglog n)* >¢})/2 for at least one n=n,} -0  (4.5)

as ny—c0. Consequently, it suffices to prove (2.10) and (2.11) for [0(F,)—0(F)]
being replaced by m V). Since V¥ involves an average over a stationary *-mixing
(and hence, ¢-mixing) sequence of random variables, by Theorem 1 of Reznik
(1968) [see also Philipp (1969c)], under conditions even less stringent than the
hypothesized ones, the law of iterated logarithm holds for {VV}, i.e., (2.10) and
(2.11) hold. Again by (3.30) and the Bonferroni inequality, for every >0,

P {n* |U,—6(F,)| >¢ for at least one n=n,}
< Y Pt U,—0(E)|>5)

nnp

<C,e7? Y n72>0 as ny—oo.

(4.6)

nxnop

Thus, n*|U,—0(E)]|—0 a.s. as n— oo, which implies (2.12), and that in turn
implies that (2.10) and (2.11) hold for {U,}.
We now proceed to the proof of Theorem 3. Let us define on C[0, 1] a sequence

of processes {Y°=[Y°(1),tel],n=1}, by Yo(k) kV®/ont, k=1,...,n,
Y?(0)=0, and

720=% (22) ¢ na-no [ v (2250 yo (L) ] ogisi )

Since {g,(X,), — o0 <i< oo} is stationary «-mixing (and hence, ¢-mixing), and by
(2.4) and (2.5), 0 < g% < 0, by Theorem 20.1 of Billingsley (1968, p.174), it follows
that under 4, ()< oo,

Y2—2>W, asn—oo. (4.8)
We complete the proof of the theorem by showing that as n — oo,

p(Y,, Y)—>0 and p(YF ¥,)-2-0. 4.9)

n> n
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Now, by (2.14), (2.15), (3.16) and (4.7),
p (Y, ¥2)= max k10(E)—0(F) —m V"l /fmn* o)

avi(h) K ()
2 s \h
< max ———————+ max ——————.

1gkgn mon® 1sksn mo nt

(4.10)

By Lemma 3.4 and the Bonferonni inequality, under (2.2) for r =4, for every ¢>0,

p{maxi () WPl emont}s $ P> 200m on-1)
k=1
<K, vem—1*/Q2e*n*) Y1 (K, <o0)
k=1
=K, v,(m—1*/2e*n)—0 as n— oo.

Similarly, under (2.2) for r=2, by Lemma 3.3 and the c,-inequality, for every >0,

Y (7:) A >sman2} Zkz | /[& m? ¢*n]

P{ max k
h=3
4.12)

i<ksn

<(Cne?) ¥k
k=1

<(Clogn)/(ng*)—0 as n—oo.
Thus, (4.10) converges in probat;ility to zero as n— c0. Hence, by (4.8),
Y,—Z+W as n—w. 4.13)
Since W is a standard Brownian motion and m/n— 0 as n— oo,

sup Y, ()| —*>0 as n—oo. 4.14)

O<t<m/n

Hence, to show that p(Y*, ¥°)—£- 0, we use the triangular inequality

p(LE Y= p(VE Y)+p(L,, X)), (4.15)
and for the first term on the right hand side of (4.15), by virtue of (4.14), it suffices
to show that

max |k(U,—0(F)|/[moy/n] 20 as n—>oo. (4.16)

m<k<n

By (3.30) and the Bonferroni inequality, for every £>0,

P{ max |k(U, B(Fk))|>8mo'1/ﬁ}§ P{|k(U —0(F))|>emay/n}

m=<ksn

IA

lIM: IIM:

{C (& m* o nk)} @.17)

_ 2.2 2y 1 -t
=(C,/m* ¢* 6?) - kgmk

S(Cy/m*e* o*)(n~tlogn)—0 as n—oo.
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Thus, p(Y*, Y,)—2->0 as n— co, and hence, by (4.15), p(Y*, ¥,?)—2>0 as n— o0,
and thereby (4.8) implies that

Y¥*-2>W as n— oo, (4.18)

which completes the proof. Note that in (4.17), we have made use only of (2.2)
with r=2 and 4,,_;(¥)< oo, which are less restrictive than the hypothesized
conditions.

5. A Few Applications

For illustration, we consider the following functional. Let X;=(X{, X?)
have the d.f. F(x, y), and define

0(F)=12 | | [F(x, )~ [F (o0, )31 dF(x y), 5.1)

— 0 —

which is known as the grade correlation of X and X®. We have then

0(E)=12 [ [ [E.(x, 00)— 1] [Ey(c0, y)—31 dF,(x, )

_ 12: ; (R—5) (s:-3) (52

=(1—n"?)R,+3n72,

where R, is the classical Spearman rank correlation i.e.,

Rg=[12/n(n2—1)]§1(Ri— ”;1) (si— ”;1 ) (53)

Thus, for large n, both 6(F,) and R, have the same properties. Now, as in Hoeffding
(1948), we have »
R,=n"Bl % o(X,,X,,X), (5.4
aFpFy=1
where
g(xy, Xg, %3) =3[ (x{V ~x) s (xf?) — %) + 5 (x{" — x§) 5 (x{? ~ x)
+5(6) = x{V) s () ~xP) + 5 (x§) — %) s (xF ~xP)  (5.5)

5= x0) 5 () — X 5 () — x0) s (e — )],

and s{(u)=1,0 or — 1 according asu is >, = or <0. Since m=3 and g is a bounded
kernel, (2.5) holds for every r= 0. Hence, under (2.4) and the stated conditions on
{¥,}, all the three theorems of Section 2 hold. Other examples are easy to construct.

Let us now consider the case of random sample sizes. For every r, let N, be a
positive integer valued random variable such that there is a sequence {n,} of
positive numbers for which

n,—o but N/m —2>1 as r—co. (5.6)

Then, using Lemmas 3.3 and 3.4, it can be shown that under (5.6), (4.2) readily
extends to n being replaced by N, where r— oo. Also, (4.6) insures that
6 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 25
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NE|Uy, —0(Fy )l —0 a.s. as r— co. Further, (4.11), (4.12) and (4.17) can be easily
adjusted to random sample sizes. Consequently, using Theorem 20.3 of Billingsley
(1968, p.180) for {¥;"}, we conclude that both Theorems1 and 3 remain valid
for random sample sizes satisfying (5.6).

The theory developed here is of interest in the developing area of asymptotic
sequential inference procedures based on {0(F,)} or {U,}.
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