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Summary. A multiplicative stochastic measure diffusion process is the con-
tinuous analogue of an infinite particle branching diffusion process. In this
paper the limiting behavior of the critical measure diffusion process is
investigated. Conditions are found under which a non-trivial steady state
random measure exists and in this case a spatial central limit theorem is
established.

1. Introduction

Multiplicative stochastic measure diffusion processes in R? arise as the small
particle limits of branching diffusion processes. This fact together with the basic
construction of a stochastic measure diffusion process are obtained in [3]. The
main objective of this paper is the description of the limiting behavior of
measure diffusions. Although the methods introduced can be extended to the
multitype case, we restrict our attention to the single type case.

One of the fundamental properties of the Galton-Watson branching process
is that the critical process goes to extinction with probability one (c.f. Athreya-
Ney [1; Chapter 1, Theorem 5.2]). On the other hand the effect of mixing a
number of such populations is to counteract this tendency to extinction. In fact
one of the principal results of this paper is that it is possible to have a mixing
mechanism for an infinite collection of critical Galton-Watson processes so that
a non-zero steady state exists. In the language of nonequilibrium thermody-
namics, the mixing is a dissipative process whereas the multiplicative process is
one which amplifies fluctuations.

Let .#(R?) denote the family of Borel measures on R When .#(R% is
furnished with the topology of vague convergence, it becomes a Polish space.
Let Z(.#(R%) denote the o-field of Borel subsets of .#(R?). A random measure
on R? is an #(R%-valued random variable, that is, one whose distribution is
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given by a probability measure on (.#(R?), #(#(R%)). Let Cx(R?) denote the,
class of continuous functions on R® with compact support. For ve.#(R%),
peCx(RY, let (v,@d>=[@(x)v(dx). A probability measure, P, on (.#(R,
B(A(R%)) is uniquely determined by the characteristic functional L{.), where

L(f)zmj}zd)exp(ijf(x)v(dx))P(dv) for fe Cx(RY). (L.1)

The reader is referred to Jagers [8] for a review of random measures and
characteristic functionals.

Throughout the paper we denote by u the Lebesgue measure on R%.

A stochastic measure process {X,: t=0} is an #(R%-valued stochastic
process. A Markov stochastic measure process with time homogeneous tran-
sition probabilities is uniquely determined (in the sense of finite dimensional
distributions) by the characteristic functional of the initial distribution and the
characteristic functional of the transition function;

L, (f)=E(exp(i | f(x) X (dx))| X =) (1.2)

for ve.# (R and fe Cx(RY).

In the case of multiplicative stochastic measure processes which are dealt
with in this paper the characteristic functional plays the central role and can be
explicitly computed.

2. The Multiplicative Stochastic Measure Diffusion Process

In this section we review the construction of the multiplicative stochastic
measure diffusion process and refer the reader to Dawson [3; Section 6] for
details. However for the purposes of this paper we restrict our attention to the
critical case.

The critical continuous branching process is given by the solution of the It
stochastic differential equation

dz(t)=2y (1) db(t);  z(0)=2z, 21

where y>0 and {b(t): t =0} is a Wiener process.
Let M(0,1), R, teR™, denote the characteristic function

M, ) =E, (exp(ifz(1)) (2.2)

where E, (.) denotes the expectation with respect to the probability measure
induced by the solution of Equation (2.1). By a standard computation it can be
verified that M(.,.) satisfies the first order partial differential equation

OM(0, )0t =176 OM(B, 1)/00
M(0,0)=exp(i 6z,). (2.3)

Because of the multiplicative nature of the process, log(M(0,1)) is of the form
(refer to [1,3] for details),
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log(M(0,1) =iz, ¥(8,1) (2.4)

where Y(0,t) is real-valued for each 8 and t. (,.) satisfies the functional
equation

Y0, t+5) =y (6,1),s),

¥(6,0)=0. 2.5)
It is also easy to verify that ¥(.,.) satisfies the nonlinear evolution equation
dp(t)/or=iyy*(t);  ¥(6,0)=0. (2.6)
Solving explicitly either Equation (2.3) or Equation (2.6), we obtain
M8, 1)=exp(i0z,/(1 —iy 01)). 2.7

Using the moment generating properties of M(8,1) we obtain
E, (z(t) =z, forall t=0, and 2.8)
Var, (z(t))=2yz,t for 20. 2.9

We now describe the corresponding Brownian measure process. A Brownian
measure process {X,:t=0} is a Markov process with state space .#(R%) with time
homogeneous transition probabilities and which satisfies the following
conditions:

(Spatial independence) if AnB=@ and the pair (Xo(4), X,(B)) are inde-
pendent, then the pair (X,(4), X,(B)) are independent for all r1>0. [X,(4)
denotes the random measure of the set 4 at time ¢]

(2.10)
(Spatial homogeneity) if X (4 + x)= X (4), then X (4 +x)=X (A4} in law for
all >0,

(2.11)
{Creation-free) if X,(4)=0, then X {4)=0 for all t>0. (2.12)

The process is said to be multiplicative if for all v,, v,e.#(R%, B, ,,,=F, =B,
where = denotes convolution. In other words the distribution of the process with
initial condition v, +v, is equal to the distribution of the sum of independent
versions of the process with initial conditions v, and v,, respectively.

Consider the family of mappings T, Cx(R?)— Cr(R? defined by

(Lo)x)=y(plx),1) for tz0. (2.13)
Then {T,: t=0} is a semigroup of nonlinear operators on Cg(R?) with generator
(T P)(x)=iyo*(x). (2.14)

It can be verified (c.f. [3]) that the .#(R%-valued Markov process in which the
characteristic functional of the probability transition function is given by
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L, x,(@)=exp(i | T, 0(y) X ,(dy)) (2.15)
for X e #(R% and peCy(R? is a multiplicative Brownian measure process.

Proposition 2.2 Let {X,:t=0} denote the Markov process defined by (2.15). If
X o4 (R% is non-atomic, then for each t>0, X, is a completely random-measure
with Kingman representation (c.f. [8])

log(L, x, (@)= | [(exp(io(y)x)—1)v,(dx,dy) (2.16)
0
where v, is the canonical measure on R®R? and is given by
v(dx,dy)=(y )" * exp(—x/y ) u(dx) X o(dy), x>0, 217)
=0 , x=0.

Proof. Substituting (2.17) into (2.16) and integrating we obtain

log(L, x (@) =[G o)/[1—iy o) t]) X (dy).

The result then follows by the uniqueness property of the Kingman
representation.

We complete the construction of a measure diffusion process by adding
spatial diffusion to the Brownian measure process. Let {S,: =0} denote the
semigroup of contraction operators on C,(R% which are associated with a
conservative Markov process which lives on R% The Markov process associated
with {S,: t=0} will serve as the “spatial diffusion process” or “spatial motion
process”. We denote the infinitesimal generator of {S,: t =0} by G. It was shown
in [3: Section 6] using a nonlinear version of Trotter’s product formula that

U,=lim (T, S,,), (20, (2.18)

defines a semigroup of nonlinear operators on Cy(R?) with infinitesimal genera-
tor (I' + G). It was also shown that (U,: t= 0} satisfies

U, el =llol (2.19)
where ||.|| denotes the supremum norm. A similar argument implies that
U, ol il (2.20)

where ||.||, denotes the ! norm.
Let .#,(R% denote the family of measures

My(RY)= {Le (R?): 0 < lim (A(A,)/u(4,)) < o0}

where A4, denotes the cube centered at the origin in R? of side k.

Let B denote the family of probability measures on .#(RY which are
invariant under the transformations induced by translations in R?. Henceforth
we also assume that the spatial motion process is spatially homogeneous, that is,

GP . p(.)=2,Go()
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where

&, 0()=p(.+x).

In this case the semigroup {U,: t =0} then defines a Markov process which lives
on #(R". The characteristic functional of the probability transition function is
given by

L, x,(¢)=exp(i [ U, (x) X ,(dx)) (2.21)

for X je4,(R%), pe Cy(RY).

Note that (2.21) is for each 1> 0 the characteristic functional of an infinitely
divisible random measure. The Markov process defined by (2.21) is known as the
critical multiplicative measure diffusion process.

Since {U,: t= 0} is strongly continuous, the transition kernel is stochastically
continuous and the process is characterized by a semigroup of contraction
operators {W,: =0} acting on C,(.#(R?), the space of bounded continuous
functions on .#(R%. Let {W*: =0} denote the adjoint semigroup of operators
acting on P,.

PeP, is said to be a steady state random measure for the measure diffusion
process if

WrP=P for all t>0. (2.22)

It is clear that the trivial random measure J, is a steady state random measure
for the Markov process defined by (2.21). In the following sections we investigate
the possibility of the existence and properties of additional steady state random
measures.

In the remainder of this paper we restrict our attention to the case in
which the motion process is either a Brownian motion or a symmetric stable
process in RY In other words we assume that

G=4"2 0<ug2 (2.23)

where A%? is a shorthand for —(— 4)*?, and where 4 is the Laplacian operator
in R In this case the distribution of a particle which starts at the origin and
travels according to this motion process is given at time ¢ by an infinitely
divisible law with characteristic function

M@)=exp(—ty(0) (2.24)
for 6eR? and with

y(®=10", O<a<2,
or it is normally distributed with distribution N(0,2t) for the case a=2.

It is known that the symmetric stable process of index « in R? is transient if

and only if d>a and that the corresponding potential operator is the Riesz
potential of order «, that is, for fe Cr(RY),
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Uf(x)= Ij"pa(t,y—X)f(y) u(dy)de

={g.(y—x)f(y) u(dy) (2.25)

where
g, (y=x)=T(d—2)/2)2* n* [(0/2))~ ' |x —y| =@~

and where I'(.) denotes the Gamma function and p,(¢,.) denotes the symmetric
stable density function corresponding to the characteristic function given by
(2.24). The reader is referred to [2] for details.

Remark 2.1. The referee has brought to my attention the earlier work of
M.Jirina [9] on finite measure-valued branching processes. In particular, he
extended to this general setting the basic fact that the total mass of a critical
finite measure-valued branching process converges to zero as ¢t —oo with probabi-
lity one.

3. The Recurrent Critical Case

The main result of this section is Theorem 3.1 in which we show that the critical
multiplicative measure diffusion process goes to extinction in the recurrent
critical case. Before stating the theorem we state and prove two technical
lemmas.

The class of recurrent symmetric stable processes in R consist of the
following:

d=2, a=2, that is, the two dimensional Brownian motion, (3.1.a)
and
d=1, 1=2¢52. (3.1.b)

We require the following scaling properties of the densities of the symmetric
stable processes in R,

P, x)=t"1p,(1,x/t'1 (3.2)
P x)<Ktx~@*Y  for x=t'*(logt)” (3.3)

for sufficiently large ¢ (for proofs refer to Ibragimov and Linnik [7;
Theorem 2.4.27).

Lemma 3.1. If p,(t, x) denotes the density at time t of a recurrent symmetric stable
process and ve M (R?), then

P& x)v(dx)—»0 as t— . (3.4)

Itxll z s logeyt/>

Proof. Case 1. (Assume (3.1.a).) It suffices to show that
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o0}
f (exp(—r*/t)/t) ¥(dr)—0 as t— o
(tlogtys

where ¥([»,r+a)) denotes the v-measure of the annulus with inner radius r and
outer radius r+a. But for sufficiently large ¢,
[ (exp(=r?/0/)7dn=K | (¢F/r®)v(dr)

(tlogt)* (tlogt)%

since exp(—x?)< K/x? for sufficiently large x.

Then
u I )A(t%/r3) s 3 @222 )

where K,=[log,((tlog?)¥)] and [.] denotes “greatest integer in”. Since
ve My (R?), there exists L such that for k> 1L,

‘—)—([zk’ 2k+ 1))§ czk

where ¢ is a positive constant. Therefore,

| ()TN =K (log )t

(tlogt)z

for sufficiently large ¢ and the proof is complete.
Case 2. (Assume 3.1.b). If ve.#(R*), then by (3.3),

o0

P, X)v(dx) <K }o (t/x** 1Y v(dx)

(tlogt)l/« (tlogr)l/=

ee]

K Z (t/zk(a+ 1)) v([zk’ 2k+ 1))

k=K;

lIA

where K,=[log,(tlogt)'"]. But for sufficiently large k, v([2 2**1))<c2¥, and
therefore,

[ pLx)v(dx)=K'flogt
(tlogt)l/=
for sufficiently large t and the proof is complete.

Lemma 3.2 (a) Given ve.#;(R"), there exists a constant ¢>0 such that for every
monotone decreasing function f(x)=0 on [0, co) such that f is constant on [0,1],

t t

E)U(X)V(dX)écgf(X)u(dX), t=1.

(b) Given ve#,(R*) there exists a constant c¢>0 such that for any spherically
symmetric function, f(x)=0, monotone decreasing as a function of the distance
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from the origin in R* and such that f(.) is constant on the unit circle,

[ fevdxsc [ fep@x), =l

Nl <t x| <t

Proof. (a) Let F(x)= [ v(dx). Since by assumption F(x)/x converges to a finite
0
constant as x— o0,

1iTI§F(x)/x< 0.

xz1

Hence there exists a constant ¢ >0 such that F(x)<cx for x=1. Then for t=1,
i t
[f()v(dx)=F(&) f(£) - [ F(x) df (x)
0 0

<F(O 0 [ xdf
=F(t)f(t>—ctf(t)+cf(1>+c§f<x)u(dx>
<e [0 u(d).

The proof of (b) follows in essentially the same way.

Theorem 3.1, (a) In the recurrent critical case there is no nontrivial steady state
random measure.

(b) For every compact set K< R?, >0, and ve #(R?),
lim P(X,(K) > &) =O0. (3.5)

t—

Proof. Let o =@, +i¢,e Ci{(RY, the class of continuous complexvalued functions
with compact support. Then,

To(x)={p(x)+ile, ()1 +y (X)) + 10T ()} /(1 +y10,(x)). (3.6)

Hence T, maps i C(R?) into itself and if pe Cx(R?), then

u(t, x)=1m(T @(x)) = ()1 +7 1 @(x)). (3.7
Then

u(t,x)=u(0,x)/(1+ytu(0,x));  u(0,x)=p(x)e Cx(RY), (3.8)
and

dide(u(t, x)) = —y u?(t, x). (39

Note that by taking ¢ to be purely imaginary we are effectively replacing the
characteristic functional by the Laplace transform.
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In a similar way we define

v(t, x)=Im(U, (i ¢(x)),

v(0, x)=@(x)e C(RY). (3.10)
Then

8/0t(v(t, x)) = A4%% v(t, x)—y v2(t, x). (3.11)
To prove (3.5) it suffices to show that

tlim fo(t,x) v(dx)=0. (3.12)
Let

S, ={xeR": ||x| (K +1)log(K +1))*"*} (3.13)
with K>0. Let #(t, x} denote the solution of the equation

oJot(d(t, x))=A"?d(t,x); (0, x)=0(x). (3.14)

Note that
b(t, x)=v(t, x).

Without loss of generality we can assume that ¢ is spherically symmetric and
monotone decreasing as a function of the distance from the origin in R%. We also
note that 9(¢, x) can be dominated by a multiple of p,(t +s5, x) for some s> 0 since
p.(t,x)>0 and is monotone decreasing in |x| for each ¢>0. Lemma 3.1 implies
that

[ B, x)v(dx)—>0 as t— oo, (3.15)
S¢

and hence

fv(t,x)v(dx)>0 as t—o0.
5%

Equation (3.11) implies that Supv(z, x) is dominated by the solution of Equation
(3.9) and therefore

Supv(t,x) <K/t (3.16)
for sufficiently large t. Hence for any K’ < oo,
v(t,x)v(dx)—>0 as t—o0. (3.17)
iIx{l =K’

We can apply Lemma 3.2 to conclude that it suffices to show that

fo(t,x) u(dx)—>0  as t—o0.
St

We now construct a comparison function w(t, x).
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Let
w(t,x)=0(t,x) if xeS¢
=W  if xeS,,
where W(t) is the solution of the differential equation
dldt(W(n)=~y W2(t)+(f' )/ f () Wt +g(0) £ (),
w(0)= S§0<P () u(dx)/u(So),

and
FO=(u(S) ' =c(K+1)log(K +1))~

and
g(t)= —d/di({v(z, x) u(dx)).
s¢

Note that
{gtydt<co.
1]

Now let
Z@=wO ™ [ O=WO uS) "
ZO)=Zo=(WO) u(So)~".

From (3.19) and (3.20) we obtain
d/deZ(e)=y f(t)—g(t) Z*(®).

Hence,

Z(t):Zo+y£f(t)dt— (j;g(t)Zz(t)dt.

D.A. Dawson

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

Let us assume that j f)dt=co. If SupZ(t)< oo, then we easily conclude that
0

t>0

the right hand side of (3.22) has infinite supremum thus yielding a contradiction.

Therefore we conclude that Z(¢)— w0 as t— 0.
Hence if d<a,

Ojo(,u(St))‘ Ydi=c c3"0((1( +1)log(K + 1)) ¥ dt=c0
0 0

thus implying by the above argument that W(t) u(S,)— 0.
To complete the proof of (3.5) we must verify that

J (e, ) wldx) S W) (S).

5t

(3.23)
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For t=0,
W(0) u(So)= | v(0, x) u(dx). (3.24)

So

To prove (3.23) it suffices to show that if

sj v(to, X) p(dx) = W(to) u(S,,)

then
d/dt[sf v(t, x) (dx)]l, o <d/dt(W () (S, - (3.25)
Note that

dfde (W) u(S) = —y W)/ (1) +g(0)
whereas

dfdt [gf v(t, x) p(dx)]

=§f A2 o(t,x) pldx) +0/0y( [ v(t,x) p(dx)),_s, —3’!02(@ x) u(dx)

Hxllsy

<g(t)—vsf v*(t, x) u(dx)

for t>0 since the stable semigroup is conservative.
But by Schwarz’s inequality,

vaz(t, X) u(dX)é(sf o(t, X) p(dx))* (u(S) ™"

with equality only if v(¢, x) is constant on S,.
Hence

d/dt[sfv(t, X) (dx)]l,— o <8(6)— W2(t0) 1(S,)

:d/dl’(W(t) ,u(St))|t=to

and the proof of (b) is complete.

Part (a) follows by noting that if X, is a steady state spatially homogeneous
random measure with finite intensity, then the ergodic theorem implies that
X e.#,(R% with probability one.

Remark 3.1. An analogous result has been obtained by completely different
methods by Liemant and Matthes [10] for infinitely divisible point processes
which are generated by an iterated “cluster” or “shower” operation.

4. The Transient Critical Case

The principal result of this section is given by the following theorem.

Theorem 3.1. Let {X,: t=0} denote a transient critical measure diffusion process.
Then there is a parameter family {P,: 0<p<oo} of probability measures on
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M (R%) which are both steady state random measures for the process and also
invariant under spatial translation. The parameter p corresponds to the mean
density of the random measure and P, =P, x P, where = denotes the con-
volution operation.

1+p2

Proof. Recall that

L, x,(@)=exp(i | U, o(x) X o(dx)). (4.1)

In this proof we set X,=p p.
The central step in the proof is to show that

lim [ U, ¢(x) u(dx)=U ¢ 4.2)

exists for all e Cx(R? and that U_ ¢ +0 for at least some @e Cx(R?). Then

Ly, (@)=exp(ip U, ) (4.3)

is the characteristic functional of a steady state random measure, X , for the
measure diffusion process. To verify this note that for >0,

Lyix (@)= ,lim exp(i U, ,@(x) p u(dx))
=exp(ip U, @)=Ly (). (“4)

The translation invariance of the random field X is a direct consequence of the
translation invariance of G and of the Lebesgue measure in RY.

We now proceed to prove (4.2). Since the semigroup {U,: t=0} has in-
finitesimal generator (I'+ G), we note that for e Cg(RY),

U,<0=St<p+iv£St_s((Us @) (U, ) ds. (4.5)

We introduce the family of finite binary rooted trees, 7, with binary composition
operation denoted by o. 7, denotes the tree consisting of just one vertex and
7,07, denotes the rooted tree in which the root is connected to copies of 7, and
7, respectively. We denote the tree 7, o7, by 7,. The order, |7/, of 7€ is defined
as the number of boundary vertices, that is, those vertices having at most one
neighbour.

We note that formally the solution of (4.5) can be written in the form

U=S+ ) @'y (4.6)

€T ~ 1T

where the {U?: teJ} are defined inductively as follows:
Ur=S,

U 9)= I8, (U7 (0) - Uz (@) ds. *7)

Hence the {U;} can be explicitly in terms of {S,: t=0}.
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Let
UL = lim [ U; 9 u(d). “9)
We now explicitly compute U ¢ in the case a=2.
Then
Uz = tim [ 15 2r(e—9)4? exp(~ly — /(1=
(@2 exp(—lu /29 o(u) ) | (275) 4> 9
exp(—[o—y2/29) 9(0) u(do) (dy) (d) ds .
Note that
jumyl2 4oy == o+ 2ly— -+ ) (.10
Hence,

Use :}fg [ﬂﬁ,@n(t-— s)~ 4% exp(—3y—xP/(t—s)
([ @ sy~ exp(—|u—v|*/4s)(ms)~ 92
-exp(— [y —3(u-+v)1*/s) p(u) @ (v) p(dw) u(dv)) p(dx) p(dy) ds]

=lim %3(2;'5 $)~ % exp(—u—1v|%/25) @ (u) ¢ (v) u(du) u(dv) ds
b

=4[ g,(u—v) (u) o (v) pu(du) p(dv). (4.11)

The last integral is convergent since we have assumed that the motion process is
transient.
For a=2, note that (c.f. Blumenthal and Getoor [2; 2.207),

Po(t, X)= | p(u, X) 0}’ (du) (4.12)
¢
where 72 is the distribution at time ¢ of a one-sided stable process with index
/2.

In the case a2, we then have

Uz = lim T ({5 J5(2mr) 2 expl(— a0l 20105 @r/2) 9 () (o)t ) s

=272 g,(u—0) () 9 (v) pldue) p(dv). (4.13)

To verify that the formal solution (4.6) is actually a true solution we must
investigate the convergence properties of the right hand side of (4.6).

First, note that U7, can be extended from Ci(R? in such a way as to

include indicator functions of compact subsets of RY. We now assume that ¢ is



138 D.A. Dawson

the indicator function of a convex compact subset of R? of diameter D. Let T
denote the maximum expected sojourn time of a particle which satisfies the
motion process with infinitesimal generator 24 in a sphere of radius D centered
at the origin where the maximum is taken over the initial position of the
particle.

From (4.9) and the fact that if two particles belong to a convex set so does
their center of gravity, it follows that

U o(x) =f0§(27r(t~S))"”'/2 exp(— 3|y —xI*/(t—3))

(ff@dms)~ 4 exp(—|u—v|*/4s) ()~ ¥* )
(414
-exp(—|y —3(u+)[*/5) @ (u) ¢ (v) p(du) p(dv) u(dy) ds

=TE (¢()

where {Y,: t=0} is the Markov process describing the motion of the center of
gravity of two particles each independently performing a Markov motion
process in R? with infinitesimal generator A. Note that the center of gravity
process moves “more slowly” than the original particle process and has in-
finitesimal generator $A. Proceeding inductively, it then follows that in the case
G=4,

U @(x)| S T2 |7] |UE 9(x))| (4.15)
and hence
UL, p()|S T2 7] [U% 0. (4.16)

The factor || arises as a result of the “slowdown” in the motion of the center of
gravity of |t| particles compared to the original particle motion.
Then

U, (0 9)|=16"1U, ol

4.17
<TH-2 6|1/ | U . 1

We now return to consider the convergence of the right hand side of (4.6). Note
that

U (09)=1m[0fp(x)p@dx)+ 3 0"y~ [U;o(x)u(dx)].

t€d —1¢

Therefore, for ¢ =0, 020,

U, 09)<0fo)udx)+ Y, 6FyH-1TH=2|7) U ¢ (4.18)
Note that e e .
S M- T 2| (U pl< Y |0 K" n Cln) (4.19)
t€d —te n=2

where K is a constant independent of 6, and C(n) denotes the number of binary
rooted trees of order n.
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However C(n) is also the coefficient of 8" in the Taylor series expansion of
f(6) when f(.) satisfies

f@=ab+yf2(0), f(0)=0, (4.20)
that is,

JO=(1-(1-4y0ah)2y.

Therefore the power series in 6 given by the right hand side of (4.18) has a non-
zero radius of convergence. Hence U (0 ) is well defined for sufficiently small 6
and is given by the power series (4.18) in 0. Using property (4.12), the analogue
of (4.14) can be proved in the case a2 and then the remainder of the proof
follows in essentially the same way. The only difference is that the factor |7] in
(4.15), etc. must be replaced by the factor [7|*%. Hence the result is valid for any
transient symmetric stable case.

Consider the induced random measure X, with distribution P, which
corresponds to the characteristic functional (4.3). Since p is invariant under
translation, U_ &, ¢=U_¢ and hence X is a spatially homogeneous random
measure. Using (4.18) and the usual moment generating properties of the
characteristic functional, it can be shown that P, has mean density p. The
condition P, , =P, P, follows immediately from Equation (4.3) and the
proof is complete.

A random measure whose characteristic functional satisfies

o8]

log L(6 i) = Z a,(K) o,

px(x)=0(x/K), K>0,

with positive radius of convergence for # in the complex plane, and such that

lim a, (K)/K%< o0, (4.21)

K— o0
for each k=1 is said to be B-mixing.
Corollary 4.1. (i) X, is not B-mixing.
(il) X, satisfies the strong law of large numbers, that is, for e Cx(R%,

lim (CX,,, ox /K= [ @(x) p u(dx)  almost surely [P,]. (4.22)

K-

(iil) The invariant distribution P, is the unique invariant ergodic measure for
the critical measure diffusion process with mean density p.

Proof. We first note that (c.f. proof of Theorem 5.1) that
Var({X ,, 9x>)~K**"* as K—oo. (4.23)

Hence (i) follows immediately.
But then,

Var({X ,, x>/K9)—0 as K-
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and therefore we obtain the weak law of large numbers, that is,

(X o, 0x)/K—=p | @(x) u(dx)

in probability as K— oo. But since P eP;, the pointwise ergodic theorem implies
that

(X oy 00 /(§ (%) p(dx) - K)

converges almost surely with respect to B as K—oo to a random variable, R.

But this together with the weak law of large numbers implies that R=p almost
surely [B] and the proof of (ii) is complete.

Now let X denote an invariant spatially homogeneous random measure
with distribution P and which satisfies the strong law of large numbers with
mean density p. Then for gpe Cx(RY),

Luy+x(@)=E(exp(i { U, ¢(x) X (dx))).
But u(t,x)=U, ¢(x) and hence from (4.5),

[u(t, %) X (dx) =[S, o(x) X(dx)+iy£S,_su2(s, x)ds X(dx)
= O X))+ 7 7G5 Dt~ X)) ds.
In view of (3.17) and Lemma 3.2 it follows that
jtuz(s, ).t —)xX)(dx)ds—0, as. [P]. (4.24)

Let # denote the o-subfield of Z(.#(R?%) of events which are P-almost surely
invariant under the transformations induced by spatial translations. The results
of Debes et al. [4; Satz 1.6] imply that

[ o(x)(p(8)= X)(dx)—EL[f o(x) X (dx)|.7]
in I}(P) as t— oo and also
juZ(s ) — 9= X dx)ds—»E[%jtuz (5, %) X(d%) ds|f]
0
in I}P) as t—co.
But
E[fo(x) X(dx)|#]1=p [p(x)u(dx) as. [P]
and . .
E [zj u?(s, x) X (dx) dslf] =p2§ u?(s,x) u(dx)ds as. [P].
0 0
Hence
fU,0(x) X(dx)~p U0 (4.25)

in I!(P) as t—o0 and for an appropriate sequence {t,: k=1} the convergence
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is almost sure. Since X is an invariant random measure, this implies that

Ly(p)=Ly_(@)=explipU, ).

Hence X =X, in law and the uniqueness assertion is proved.
Finally, for ¢pe Cg(R?) we have

E(exp(i{X ,, p))|#)=exp(ipU, @) as. [F,].

Hence the conditional distribution of X, given .# is uniquely determined by p.
Since distinct ergodic measures are mutually singular, this implies that there is
no nontrivial ergodic decomposition of P, and hence the proof of ergodicity is
complete.

5. Renormalization Theory and the Spatial Central
Limit Theorem

In this section we consider the renormalization theory for the steady state
random measure X, whose existence was established in 4. The limit theorem is
a special type of functional central limit theorem which has a different form
from the usual central limit theorem for B-mixing random measures.

We first introduce the renormalization transformation. Given K>0 and
e Cy(R? we define

@(x)=@(x/K). 5.1
Consider a new random measure X~ defined by
(X%, 0> =(X 0, 0> =[ @(x/K) X, (dx). (5:2)

The effect of this transformation is to reduce the spatial dimensions by a factor
of K, that is, the random measure assigned to the unit cube by X% equals the
random measure assigned to the cube of side K by the X _-random measure. |

The functional central limit theorem consists in finding constants ay, by such
that

(X% —ag)/bg (3.3)
converges in law to a limiting random field as K— co.

Theorem 5.1. Let X denote the steady state random measure for a critical
transient measure diffusion process in which the motion process is a Brownian
motion or symmetric stable process. Then in the sense (5.3), X, has as limiting
random field a Gaussian random field with covariance kernel given by the
potential kernel of the motion process.

Proof. We first describe the proof in detail in the case =2 and then indicate
how it can be modified in the case a=2.
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We begin by investigating the effect of the renormalization transformation
on the coefficients in the power series expansion (4.18). For computational
convenience we do not work directly with U® but rather consider the sequence
of power series obtained by solving Equation (4.5) by iteration. Let

(e, x)=02m 1)~ fexp(—3|y+xI*/t) o(/K) u(dy)
=0Q2m t/K*)~4* [exp(—31y/K —x/K|*[(t/K*) p(y/K) K~ u(dy).

Hence
U, x)=u, (t/K>, x/K). (5.4)

Let us define recursively

u,Q (¢, x)=uf0(t,x) +1V§§(2ﬂ(t $)~ 2 exp(—3ly — x|/t —s))

U0, )]? w(dy) ds (5.5)
and

n+1(t X) un+1(t X)

Note that
Uy (5, )= 0 u, (5, 9)- (5.6)
k

We now prove that

u®(s, y)= 20" (/K2 y/K) K22, (5.7

To prove (5.7) we use mathematical induction. We have shown in (5.4) that (5.7)
is true for n=1.
But
u® (1, x)=u,(t/K? x/K)
7K ] 2o —)/K?) 42 exp(—bly/K ~x/K (e~ /K.
[ul(s, I K~ p(dy)K~? ds
=u,(t/K?, x/K)+iyK2j;j Qr(y/K2—r)=42
'exp(—%lu—X/Klz/(t/Kz—r))[ij K220, (r,u)]* p(du)dr
=Zk: 0 u,, (/K% x/K) K2

and hence the proof of (5.7) by induction is complete.
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Let
u®(t, x) = lim u®)(t, x)
@ 5.8
=5 Okuw’k(t/Kz,x/K)Kz(k_ b, 8
k=1
Then
000 0= ( 3 s, (/K2 X KOKPE ) ()
j‘ (Z t/KZ )KZ(k— 1)+d Hk) u(du)
and hence
hmju‘K’ (t, %) p(dx) = Z [m [uy, (¢ u) p(du)] K2E- D+ g, (5.9)
t—> 0

Now consider the case o+ 2. Recall that

W5 X)= § P2 (u, x) i (du).
Therefore

uf (1, x)= | 0Q2mu)~"2 [ exp(—3|y/K —x/K|*(u/K?)) o(y/K) 1 (dw) K~ p(dy)

8

[=]

s (w/K2, x/K) 2> (du)

O‘-—aS

= (f) ui (v, x/K) 17jgdv)
=u’(t/K* x/K).
Similarly we obtain,
(s, )=, 0" u, \(s/K* y/K) K=~V
k

and hence

o0

u®»2(t,x) Z Uy 1 (t/K% x/K) K2~ 1), (5.10)

Hence as above,

lim | u%-*(z, x) u(dx)

>0

= z [lim fu? (¢, u) p(du)] K2&— D +4 gk, (5..11)

k=1 t—0©

Thus we have obtained the cumulant generating functional
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Px(0)=log E(exp(i<X ,, — E(X ,,), 09x))

Lo o)
— Z akKac(k— 1)+d ek

k=2
For k=2, a(k—1)+d=0+d.
Hence
P (0/ Kt D2) = Z a, K@-oU-30 gk (5.12)

k=2
Since d>o and k=2,

lim P (6/K*"92)=q, 02, (5.13)
K—
the cumulant generating functional of a Gaussian random field. The covariance
kernel is given by

lim [(J u5(t, x) p(dx) — § @(y) u(dy))/iv]

t— 0

—lim 2- 3% ] [T(Zn P42 exp(— |u—u|2/2r)ng/2(dr)]
0

t—w 0
- () @(v) p(du) pldv) =27 %" [ g (u—v) () @(v) pldw)) p(dv).

Hence the covariance kernel is proportional to the potential kernel for the
spatial motion process. Note that the limiting random field and its covariance
kernel are invariant under the combined effect of the renormalization transfor-
mation and an appropriate scale change. Hence the proof is complete.

Remark 5.1. The type of limit theorem derived in this section is different from
that which would be applicable in other situations such as in the case of the
steady state random measure arising from a subcritical measure diffusion
process with immigration or in the critical case at a finite time with uniform
initial distribution. In these latter situations, the random measures are B-mixing
and consequently the covariance kernel of the limiting Gaussian random field is
given by the Dirac delta function. Limit theorems of the type considered in this
section have recently received attention in the study of the renormalization
theory of the Ising model at the critical temperature (c.f. Gallavotti and Martin-
Lof [6]).

The Gaussian random fields whose covariance function is given by an
inverse power law were first investigated by Whittle [11] in an attempt to
describe empirical agricultural data. They are also characterized as the Gaussian
random fields which are invariant under the combined effect of a renormali-
zation and appropriate scale transformation. Of course it is reasonable to expect
that a limiting random field would be a “fixed point” of the renormalization
transformation. Therefore it is reasonable to expect that Gaussian random fields
whose covariance kernels are given by a Riesz potential will serve as the limiting
random fields for a wide class of homogeneous and isotropic random measures
and fields. For example, in the context of this paper this is likely to be the case if
the spatial motion process with infinitesimal generator G is in the domain of
attraction of a symmetric stable law in an appropriate sense.
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