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Summary. Berry-Esseen results and expansions are derived for the distribu-
tion function of von Mises functionals of order r under moment conditions
and conditions on the smoothness of the limit distribution.

The results apply to goodness-of-fit statistics — as well as to the central
limit theorem in I??, p>2, the rate of convergence being O(n~') for cen-
tered balls, provided a fourth moment exists.

1. Introduction

Let U;, jeN, denote a sequence of i.id. random variables with uniform distri-
butlon P on the interval [0,1]. Let P’ denote the empirical distribution
pertaining to a sample U=(U,,..., U). Let g(t,x), 0=x =<1, 0=t=1, denote a
Borel measurable real valued function such that

[Elg(t, U)ldt<o, reN.

The statistics used for testing goodness-of-fit are of the following type when
r=2

(1.1) w,=n""? 51" [f g(t,*) d(P¥— P)Y dt.

By an appropriate choice of g, one obtains the following statistics

1) I(t=x) Cramér-von Mises test
(1.2) 1) g, x)=1It=zx)—x Watson’s test
k
1ii) z (A P(A4)~) iy, D1, (x) x>-test,
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600 F. Gotze

where 4;, j=1,....k, denotes a partition of [0, 1], 4,>0 are weights and k is
sufficiently large.

For an even integer =2 we have w,=|S,|’, where S,=n"%/? Z -, U)

—Eg(+,U)) is a sum of independent random functions and |-|, denotes the -
norm. Thus P(w,=2), zz0, is the probability that S, is contained in a centered
ball B(0,z) with radius z in I([0,1]). Therefore results on the asymptotic
distribution of w, can be interpreted as refinements of the central limit theorem
for balls in I-space, r even.

The statistic (1.1) is a special von Mises functional of order r, see von Mises
(1947), which can be described as follows. Let (X,B) denote a measurable
space, ‘B countably generated, and let X,,, meN, denote a sequence of inde-
pendent random elements of ¥ with common distribution P.

Let hy(x,,...,x;), j=1,...,r denote symmetric real valued kernels defined on
X/, j=1,...,r, which are Borel measurable. Let PX denote the empirical mea-
sure of a sample X =(X,,..., X,). Define

¥

(1.3) w,= 3 w2 [hixy,...,x)d(P}f = P)(x,)...d(Bf — P)(x)).
j=1

If h; dominates the influence of h;, j=2, because h; depends on n and is
asymptotically negligible, w, is asymptotically normal. See Hoeffding (1948), for
Berry-Esséen results see Callaert and Janssen (1978), and for expansions Cal-
laert, Janssen and Veraverbeke (1980). Further references for this case can be
found in the book of Serfling (1980, pp. 212). When r=2 and h;, j=2 dominate
w,, the limit distribution is nonnormal. For r=2 its limit distribution is that of
a random variable of y*-type

(1.4) Weo= Y AMni—1)+ Y. pn,+const,
k=1

where #,, keN, denotes an independent sequence of N(0, 1)-variates and ) (47
k

+pu2)<oo. (See Gotze (1979).) In general, w_, can be described either by an -
fold stochastic integral with respect to a Gaussian process (suggested by (1.3),
see Filippova (1962)) or as in (5.24) by an infinite polynomial sum of order * in
1., k€N, see Rubin and Vitale (1980) and Rotar’ (1979) for a special case.

In contrast to the second order case even in simple cases nothing seems to
be known for r>2 about explicit representations of the limit distribution
function by means of analytic expressions.

The following result is the natural extension of the results for r=2, h; =0
obtained in Gotze (1979) to r=2 and statistics of type (1.3). Under the moment
condition (M,) of order s=3 and the variance condition (V), for some
1/4>¢>0 (Sect. 2) on the kernel A, the distribution of w, admits an expansion
such that

(15) suplP(w, <2) - zn—"/l 2| =0(1~7+5) + 0= 212,
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The order of approximation is O(n~®~2/?) if a smoothness condition on
conditional characteristic functions (condition (C,)) is fulfilled. This improves
the order of approximation in (1.5) if s—2>r. For the example (1.1) these
conditions are discussed in detail, yielding expansions of arbitrary order for the
special cases (1.2(i), (i) for r=2. In particular the expansion (1.5) yields the
following rates of convergence, provided the variance condition (V,) holds.

(1.6) sup|P(w, <z)—o(2)|=0(n""), where

(i) k=% if M, holds
(i) x=1—¢ if M, holds, y,(z)=0 and r=2
(i) k=1 if M, holds, x,(z)=0 and r=3.

We have y,(z)=0 by symmetry if 1;=0, 1<j<r, j odd. (The terms X2k 1(2) are
based on odd order derivatives of functions of w,; see F. Gotze (1982) Theorem
2.11)

The improvements upon known convergence rates for functional limit theo-
rems using strong approximation techniques yielding (logn)n='?, Komlds,
Major and Tusnady (1975/76) rest on the special type of ‘polynomial function-
al’ and the symmetrization Lemma 2.14. These methods reduce the problem of
estimating the characteristic function of w, to the well known case r=1. This
approach has been successfully used in Gotze (1979) to prove a rate O(n~'*9
for =2 and centered balls under the somewhat restrictive condition of a finite
eight moment. Combining this method with his results on exponential in-
equalities Yurinskii (1981) (Summary) proved that a third moment is sufficient
to get a rate O(n~'?) for balls in I*?(u) space, for integers p=1. Under the
same conditions Yurinskii (1982) proved the rate O(n~'/?) for balls in Hilbert-
space. Zalesskii (1982) improved the moment conditions for centered balls,
obtaining a rate O(n~**%/2), provided a moment of order 3+6, 0<d<1 exist.

As already mentioned before the result (1.5) applies to the central limit
theorem in ¥=I(T, 3, y), po-finite, 2<r< oo and X strongly separable. Let S,
=n"Y3%(X,+...+X,)eX and let B denote the Borel o-field of X. Let w,(a)
=((S,(O)+a())y du(t), aeX, r integer. The n=/%term of the expansion of this
rth order von Mises functional is given by

23
11(&)=5 5 lim Pr, (a+8X) 2o,

where X denotes an independent copy of X ;. By symmetry y,(z)=0 if a=0.
Assume that

(1.7 E|X,|*<o, sz3 (which entails condition (M)

and that the variance condition (2.8) holds (which implies condition (V})). Then
the rates of convergence for the von Mises functional w,(a), r=2, are given by
1.6(1)-1.6(iii). Hence the convergence rate for centered balls in L*?, for an
integer p=2, is O(n~*) under moment and variance conditions only, which is
the optimal rate if y,(z)=%0.
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Let X denote a separable Banach space, X, jelN, iid. valued random
elements and S,=n""3(X,+...+X,). Then the results (1.5) and (1.6) apply to
multilinear functionals hj(x,,...,x) and the von Mises statistic w,

=Y h{(S,,...,S,), provided that E|X,[*<co, some s=3 and condition (V)
=1

holds for & (+)

The paper is organized as follows. In Sect. 2 we formulate the main results
and give some examples. Section 3 contains technical notations. In Sect. 4 we
prove the results using lemmas which have been deferred to Sect. 5.

2. Results

The most natural moment condition for (1.5} is  probably
Elh(X7,...,X@)" <0, where X¥=(X,..., X)), a-times, a; +...+o,=j and r
=max(a,,...,o,), j=1,...,r and s=3, which allows for a rather singular be-
havior of the kernels /;. Unfortunately the estimation techniques of this paper
make it difficult to use this moment condition.

For this reason we restrict ourselves to the following moment assumption,
which simplifies the proofs.

Moment Condition. Let s=3. Assume there is a non negative, measurable func-
tion T(x) and a constant M such that for j=1,...,r

() ET(X,r <o

(M) (i) (X s XJSMTX)... T(X)  ae.

Example. For r=2, let |A,|2|1,/=... denote the absolute values of the eigenval-
ues of h, corresponding to an orthonormal system of eigenvectors ¢, k€N, in
IX(%,9®, P), such that e,e}(X, B, P), keN. If h(-)el}(X,B, P), and YAl <o
take K
T(X)=h, (X + (Il e (X)) 2.
k

When X; are Banach space valued and ; is a continuous j-linear form take
T(X)=1|X|, where |-|| denotes the norm of the Banach space.

In order to formulate the ‘variance’ condition we need some more no-
tations.

Let PX” denote the empirical probability measures of independent samples
XP=(X,,...,X,;) with the same distribution as (X}, ..., X,). Define

V=m0, x ) ABE = P (x,) ... d(BF” = P) (x,).

Variance Condition. Let 0 <g<% and

A, =[6rs*(4+7)2'/€].

Assume that
(V) lim P(V,<x)

n— oo

exists and has A, bounded derivatives.
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Remarks. 1) By the arguments of (5.24-5.27), condition M, and conditional
normality (V) can be reformulated in a more technical way which is useful for
applications.

Let {e,,keN,} denote an orthonormal basis of I*(X, B, P) with e,(X,)=1,
and let #”, jeN, p=1,...,r, denote iid. N(0, 1)-variates. Define #'” =(n{", jeN),
h;, ,=Eh(X,,.., X)) e; (Xy)...e; (X,) and
@1 Foo= sy M3y o)

J
where the sum extends over all r tuples of integers. Assume
V) P(EGVL| 0P, p+1)£6%)=0(3%), 6-0.
This variance condition is similar to that used in Gotze (1983).

ii) It can be shown (see proof of Lemma 5.48) that the random variable W,
obtained by partial summation of W, up to k in every index j,,...,j, is
stochastically smaller than #w_ such that condition (V) for W, will imply
condition (V) for w,, (Lemma 5.48(i)).

Since . P
EW@En@,...,n"= E , where W,= 6‘1) s

condition (V) holds if

P(IW,| <6, ..., |W|<8)=0(5%), as 0.

Furthermore, the following smoothness condition will be used in the case
s>r+2 Define Z;=(X, X ), JeN, where X denotes an independent copy of

X;, jeN. Let 4, denote the difference operator apphed to the jth argument of
h (Xl, ,X,), defmed by Ak =h(... w)—h(..,X;,...), and define
h(Zl,..., Zy=A4,...4,h,.

For any partition I=(I,...,1,) of {1,2,...,n} such that 1el , |I,|=cn, and
|I,|>logn, j=2,...,r for some ¢>1/2 defme

(2.2) wir= 2 2 hZ,Z,,...,Z,).
j2€l2  jrely
Smoothness Condition. Assume that sZr-+2 and that there exists a sequence of

partitions 1, (as above) and constants a>0, ¢>0, such that ¢>8a*2"(s—2) and

(C)  P( sup |E(exp[itw, ; 11Z;,j+1]Z1—cn~"+*logn)

az|t| =Ty
=0(n=26-2210g='y),
—s—r—2)/2
where T,=n—"=2/2

Let w, denote the von Mises statistic of order r defined in (1.3) and let 1p(2),
p=0,. s—3 denote the functions defined in (3.7) and (3.8). Then

(2.3) Theorem. Under conditions (M) and (V)), for some s=3, 0<e<1/4, we
have
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s—-3
(2.4 A,=sup|P(w,<z)— Y n "%y (2)
z p=0
— O(n~r/2+a) + 0(n—(s— 2)/2).
If s—2>r this bound may be improved assuming condition (C,) which yields
(2.5) A4,=0(n=6-22,

Since condition (C,) is not easy to verify, the following sufficient condition may
be helpful.

(2.6) Remark. Assume that X, jelN, are uniformly distributed in [0, 1] and
condition (V) holds for ¢ sufficiently small. Assume that for every choice of
X3,...,%, the function x; =h(x,x,,....,x,), x,€[0,1] is absolutely continuous
and twice piecewise differentiable on at most c¢(r}) pieces with uniformly
bounded 2nd derivative. Then condition (C,) holds. (For a proof see Sect. 4.)

In the following the conditions (M), (V) and (C,) are discussed in special
cases.

As for statistics (1.1) let X, jelN, denote an iid. sequence of random
elements in X=L(T, T ), r=2, u o-finite, such that X is separable in the I-

1 1
norm |+||,. Choose B, the o-field of X, to be the Borel ¢-field of X. Let —+—-=1
and assume a r

(2.7) E|X,|*<o, sz3 and EX,=0.

Assume that there exist k=[A]+1 (see condition (V)) functions
21s-..,8,€ (T, T, ) such that

(2.8) fi=E(X,[g; X dw), j=1,...k

are nonzero functions in (T, %, u) having disjoint support, such that | figdu
=0, and {f/du=+0. Then

(2.9) Corollary. Assume (2.7) and (2.8) hold. Then the error in the expansion
(2.4) is of order O(n=C~-22) 4+ O(n="2+9),

Let Y denote the Gaussian process having the same covariance structure as
X,. (Y exists since If, ¥=2, is of type 2; see Hoffmann-Jergensen and Pisier
(1976).)

Here, relations (3.7)-(3.8) yield with w(a)=[(Y+a)du

Xo(2)=P(W,(a)=2).

Furthermore,
3

1(E)= s POV lato, XS,

A RN A PR
24 \Get "0t 0e2]  728e3 0e3

Pwo(ate X +e,X)=2), ;-0

where X |, X, are independent of Y.
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Condition (2.7) and (2.8) hold for X;=g(-,U)—Eg(-, U)eL([0,11, 1), 4
Lebesgue measure on [0, 1], where g is one of the functions (1.2(i)~(iii)).

As for condition (2.8) in case 1.2(i) and 1.2(ii) let f; denote a C*-function
with support B;=((j—1)/k, j/k), j=1,...,k such that f;=0, gfjdu:() and define

62

In the case 1.2(iii) assume that the y>-type statistic is based on k=2[A4,]
sets 4;. Let

_ 92 2(1—r"Y)
Kj—ﬂ.j P(Aj) s
gj:IAzlfi_IAzjKZJl—lKZ_jl’ j=1,...,k/2.
Then
sz’czj_1(IAzj_1—IA1j)> sk,

evidently fulfill the requirements of condition (2.8).
Moreover, the conditions of Remark 2.6 apply to the kernels induced by
(1.2(3), (i1)) which are given by

@) KXy, ..., X,) = [(1—max(x,, ...,x,) d(6x, —7)...d(Sx,— A)

(i) KX, ..., X)= ), Z(le—%)...(ij—%)hf)_p(X- X)),

- Jp+1?
p=0 ()

where 6 denotes the point measure in X and the summation ) extends over
all subsets {j,,...,j,} of size p of {1,2,...,r}. Hence we have o

(2.11) Corollary. The expansion (2.4) holds with an error A,=0(n=“~2'2), for
every s=3 for the generalized Cramer-von Mises and Watson type statistics with
r=2, r integer defined by (1.1) and (1.2(i), (i1)). Furthermore, the expansion (2.4)
holds with an error A, =0(n~"*"%) for the generalized y*-statistic (1.1), (1.2(iii)).

In the y>-type example (1.2(iii)) the limit distribution function is given by
k

Yo(2)=P (Z Ajnggz) where (n,, j=1,...,k) has distribation N(0,%) and X,
j=1

=P(A,)6;—P(4,) P(A). Since the order of approximation is O(n~">*¢) for r 23
and k>2A, compared with O(n~'"?) for r=2, it would be interesting to have
analytic expressions for y,(z) and y,(z). For r=2 we have

(2.12) Corollary. Suppose that condition M, holds with s=3. Furthermore, as-
sume that there exists an orthonormal system (as in condition (V)) such that for
1>e>0

(Ehy (X, X5) e (X ) e (X)), ji,ir=1,.... k)

has rank at least A,. Then the remainder in Theorem (2.3) satisfies

A,=0n"C =2 0mn=1+9.
Here

(2.13) Lo(@)=P (EHZ<X1,X1>+ DICHESI Iy u,-njgz),
j=1 i=o
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where 4;, jeN, denote the eigenvalues of the kernel
Ez(x, V)=hy(x,y)—Eh,(x, X ,) —Ehy(X,, 9)+Ehy(X,, X,),

and yu;, j=0,1,2,... denote the coordinates of h, —Eh,(X ) with respect to an
orthonormal system of eigenfunctions ef, j=0,1,2,... of h,, where ¢}, denotes an
eigenfunction for the eigenvalue 0.

Furthermore let formally D,=2 ) 1, e, (X 1)ai. Then
k=0 My

6 0 3

6, (Du—ﬁl gg) %] 1ol2)/6

where h (X ,)=h,(X,)—Eh(X,) and h,(X,)=h,(X{, X,).
The term y,(z) can be computed similarly in terms of derivatives of y,(z) with
respect to u;. Compare the expression for the c.f. of x,(z) in Gotze (1982).

The proof of Theorem (2.3) is based on the following symmetrization
inequality.

Let g(S,,...,S,) denote a complex valued bounded function of independent
random elements S,,...,S,, and let S;, j=1,...,r, denote as before an inde-
pendent copy of §;.

Let g°(+) denote the complex conjugate of g().

(2.14) Proposition
(2.15) |Eg(Sy, ..., SH=E'?g(S,,....5,) 85y, ... S,)
<E*7"[]g. (8¢, ..., 57,

where [ | extends over the 2" r-tuples (a4, ...,a,), ;=0,1, j=1,...,7,

g(*) i Zo;is even S; o;=1
)= d S =17
&) {gc(-) otherwise an S; ;=0

In particular, when

(S, ..., )—exp[ltz zh(sh,...,sjy)],

ji=1 Jr—l

(h symmetric) we have (with the notations of condition (V)
(2.16) |Eg(S,,...,S,)|SE* "exp[itr! A,...4,h(S,,5,,...,5,,5,)].

For r=2 (2.16) generalizes Lemma 3.37 in Gotze (1979). For r>2 compare
Lemma 1 in Yurinskii (1981).

Proof. Inequality (2.15) follows by conditioning on S=(S,,...,S,) and by apply-
ing Holder’s inequality which yields the upper bound E'?|E(g(S;,...,S)IS
which equals the right hand side of (2.15). Induction and rewriting immediately
yields the other assertions.
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3. Notations

The expansion of the characteristic function of w, is based on the expansion
scheme introduced in Gotze (1982). For the sake of completeness we briefly
give the necessary notations to formulate the expansion result of that paper.

For given ‘weights’ e=(gy, ...,¢,)ER™, m=1 and a sample X =(X,,..., X,),
define the generalized empirical process by

m

(3.1) BX(A)=} &(dy,(4)—P(4)),

j=1

where 6,(4) is 1 if XeA4 and zero otherwise. Let
(3.2) w(8)= Y [hixy,...,x;)dBX(x,) dP(x,)...dP  (x})
=1

denote the ‘weighted von Mises statistic of order r’.

It is convenient to include truncation into this scheme, using an auxilary
C>-function, say ¢ such that p(x)=1if |x| =1, ¢(x)=0 if |x| >2 and such that
¢ is monotone between 1 and 2. Let ¢,(¢) denote the random variable
[T (T(X,) &) Nie), where N(e)=[Eq(T(X ) 5]~

1

=
Define the truncated expectation of a random variable W by

(3.3) E,W=Eg (g) W.

For notational convenience we shall suppress the subscript ¢ if no confusion
can arise.
The expansions are based on the system of functions

(3.4) Aom(t3 815 -, &) = E explit w,(&)].

Let a=(a4,...,a,) denote a vector of nonnegative integral numbers, let |«
=0, +... +a,. Furthermore, denote by D* the partial derivative with respect to
g=(gy,...,8,). Since we consider symmetric functions of & only, write D? for the
pth derivative with respect to a variable ¢; at ¢;=0. Let k,, p=1, denote the
cumulant differential operators defined by means of the formal power series in u

(3.5) Y x,p!" 'uP=log (1+ Y D"p!*lu")
p=2

p=2

using the following convention: DP*...DP* denotes a partial derivative with
respect to k different variables at zero. We have k,=x,=0, k,=D? x;=D%, x,
=D*—3D?D? etc. Finally define differential operators P, by

(3.6) zp,(;c.)urzexp(z Kpp!_lup_z).
r=0 p=3

In Particular, Py(x.)=1, P,(x.)=k,/6 and P,(x.)=x,/24+x3/72.
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Let  w,(e;,...,e,) denote the random  variable to  which
Wy (=12, ...,m‘l/z, €1.---,8,), M—>00 converges in probability (compare
(5. 25) (5.27)). Furthermore, let

3.7 1j0)=PF(x.) Eexp[itw (e, ....e)ll,_ 0, 2pZ3r

and

(3.8) 1{2)=PBic.) Pw, (1, ..., 8, ) S2)|,_ ¢

Define §, ;)= Zx(t) n~? and g, . _;(z2)= ZX n~2 Throughout this
j=0

paper, ¢ denotes a generic positive constant dependlng on s, r and M only.
Furthermore we write E? W for (EW)P.

4. Proof of the Results

Proof of Theorem (2.3). Let P'(A)=E'I . Using the truncation method of (3.3)
we have uniformly in z (with g, =...=¢,=n"1?)

(4.1) P(w,s2)=E"o(T(X)n"*?) P(w,<2)+O0(nP(T(X,)2n"?)
=P(w,<z)+0(n=¢-2/2)

using the relation 1—E@(T(X)n=*?)=0(mn-** which follows from
Cebysev’s inequality and condition (M).

By Esséen’s Lemma, see e.g. Petrov (1975, Theorem 1, p. 104) we have (here
X s— 3(2) denotes the expansion of (3.6)-(3.8))

(4.2) A,=sup|Pw,<2)—x, ;_3(2)l
=sup|[P'(w,=2)—x, ,_3(2)|+0(n~C~27?)

SL+1L,+1,+16+1,,  say,

where
Tn,l
Ii=c | |Eexplitw,]—3,, s@l/tlde,
—in1
I;=c { |E"exp[itw,]|/ltldt, j=2,3
Ty, j-1<t|£Tn.;
16: j |)€n,s—3(t)l/|t|dt
[t]>Tn. 1
and

0
I _CT3SUP‘8 an 3( )‘
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Here, T, , =n", x=r/4—¢/2, T, ,=n">"%and T, y=n"2/2,
By Lemma (5.50) (i)
I4=0(n="4) =o(n=¢=27%),
similarly, Lemma (5.50 (ii) entails
[,=0(n"%-2/%),

By Lemma (5.50) (i) and (iii) and Lemma (5.1), and the choice of 4, we have

Th,1
I,=0m 22 [ (| + |t~ ) [ +|e)~C+n="]d 1 de
0

=0(n~-2/2,

where
C=3r2s(4+r)/e and D=2rs(4+7).

The terms I, and I; are of course the most critical ones. By Lemma (5.50)
(iv) we have

Ty, 2
I,<c | 7@~ tdr=o(n~ =22,
Ty, 1

Let Uy(t)=|E(exp[itrtw, [1|1Z;,j*1). By Proposition (2.14) applied for S;
=(X,,lel}), where I}, j=1,...,r, denote the parts of the decomposition I of
{1,2,...,n}, we have

|E exp[itw, ]| <|E exp[itr!w,]|*™,

where
wi= Y . Y h(Z,, ..., Z)n?

Jiely  jrelr
and ~
Z;=(X;,X;) asin(22).

Lemmy (5.30) (i) applied successively to

Sm: ZE(WI‘ZjDZp:p¢IZ)

jel
with m=m,=|I}|, [=1,...,7, yields
|E exp[itS, ]|=(1+o(1)|Eexp[itS, ]| +om=F)
<cEU, (i~ +o(n~?)
provided that m,=logn, [=1,...,r. Hence

Tp,3n""/?

I,Zc [ E*U @™ Yde+c | E* U0t 'dt+0(n~")

=I,+1;+0(n"").
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By condition (C) and (1—cn='*?¢logny"t=0(n~>"""¢=2) it follows that I,
=0(n~~2%) (Note that m, >cn.)

Using a uniform version of Theorem 1, p. 10 in Petrov (1975) we have for
O<a<T/2

(4.3) Un=1—-[1— sup U(0)*1£2/8a%, wp.l

a<l|t|<T
for every t, such that |f|<a. Hence, (4.3) and m, >cn entails
U,(ty" < cexp(—ct*n?*logn/a?)

with probability 1—o(n=2"~2/%(logn)~?") by condition (C,), where ¢>0 is an
absolute constant. Hence, I, =0(n~*~2'?) which completes the proof of Theo-
rem (2.3).

Proof of Remark (2.6). Note that w, ; depends on X, and X ;. Define

e ()

Recall Z;=(X;, X ). Let 6=(1—2¢)/(20r). We shall use the following fact which
is proved later.

(44) Y, >n"? entails the existence of an interval A, A(4,)Zcn-3¥r+20p-2
such that z— P(w, ;<z|Z,, j*1, X €A;, X €A;) has a density bounded by C,
_4B2 36(r— 1/2)

Using relation (4.2), p. 587 of Statulyavichus (1965) to estimate the characteris-
tic function of a symmetrized variable having density bounded by C, we have
for every t

|E(exp[it wy. ] |Zj=j *1, Z1€A;2)I
<exp(—t*(2alt|+7%)~*C,2/96)=r,,
where
o*=Var(w, ([|Z;,j*£1,Z eA>)<c(1,l...||1B).
Hence, ¥, >n"° together with |I | ~n’, j=2 implies
Un(t)=|E(CXP[itW1,1]|Zjaj=’: 1§}
S1—A(A)*+ ANy,

él_cn—65r+45B—2 Cn—Zn—Z(r—l)&B—Z

for every |t} >a. This yields by the choice of § >0, n large,

(4.5) P( sup Ut)>1—cn='**?logn) < Py, <n9).

PETES SR
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Furthermore, by Cauchy’s inequality

P 2
Wiglx e x— Wiy, - = xj (W W1,1) da.
1

Hence
wn:E(W%,I|Zjaj:,: 1)/2§l/j;;
and by Cebysev’s inequality
P(y,sn ’)seEexp[ —n’Y,]

=eE explicn”?w, (1", Z) nt=H97],

where w,(n"), Z) is defined as in (5.41)-(5.43). We apply Lemma (5.31) with
decomposition m, =|I,|~n, m;=|I|=[n"], j=2,...,r, and R=T=n’. Then
(5.32) holds and as in the proof of Lemma (5.31) we have

(4.6) P(Y, <n=%)=0(n~ 3D 4e),

By the choice of 4, and ¢ relations (4.5) and (4.6) together imply condition (C,).
It remains to prove (4.4): By the assumptions on #h,, the interval [0, 1] may
be divided into at most |I,|-|I5|...|I,|~n®*~ ") intervals, say C,, where x—h,(x, *)
is C? and both derivatives are uniformly bounded by B.
Let w'(x)=0/0x, w, ;. Then |w'(x)| £cn®*~VB as. for xe[0, 1]. Hence,

4.7) T SEW (X)) Ip (IZ,jE ) +an"0
pr
where D,=C,n{x:|w'(x)|>n~%%/2}. This implies that therc exists an interval

C, such that
%n“sgn"("”(n‘j("l)B)zl(Cp)

and that there exists an xe C, with |w'(x)|>n~%%/2. Since

<Bw~D  for every xeC,

\%w’(x)
we conclude that there exists an interval 4, < C, such that for every xe4,
W(x)|>n"%*/4 and A(A4;)Zmin(A(C,), cn=??/(Br®"=1))
as well as A(A4;) < A(C,). Hence A(4})Zcn=3°C-D=9B=2 Let
wy (X )=Ew, [|Z,,j+1,X,), D,=0¢(Z,,j*1,X,)

and let w, (X,)=E(w, |D,). Then w, ;=w, (X,)—w, (X,) and the density
of the distribution function (4.4) is bounded by

3 _
E (’é}P(Wl,l(Xl)§Z+W1,I(X1)|X16A;:’ D)\ ZJ* 1, ZleA;Z)

< supw'(x)| =1 P(4;) !

xeAn

uniformly in z, which proves (4.4) and completes the proof of Remark (2.6).
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Proof of Corollary (2.9). Condition (M) holds, since
(X, X)=c;fa () X, (). X,(t)du(t), j=0,...,r.

(Use Holder’s inequality with T(X)=|X|, and M =1+|al|’.) Note that
h(Xy, ..., X,)=] X,(t)... X,(t)dp(t). By assumption the integrals

fi=Efg; X duX,
are L'-functions with disjoint support.

Condition (V) can be checked using ej(Xl)zjngldy, j=1,...,k, which are
orthonormal in I*(X, B, P). We have

h, p=Ee; (X))...e; (X )h(Xy,..., X))

J1

= fee-fidp
0 otherwise.

This shows that the quantities W, defined in the remarks following condition

(V) can be written
Wi=(fidwn?...n.
Since
P(W|<d)=0(3/no~2), r>1
(use truncation |Ind|>[7{|>6'", p=3, and repeated integration over this in-
terval), condition (V) holds.

Proof of Corollary (2.12). Let (M, ;,,j1,j,=1,2,...,k) denote the covariance
matrix of Corollary (2.12). Since

k

Z Mj1j2nj2:0, j1=1,2,...,k

j2=1
defines a subspace of codimension at least 4,, the probability of
{|ZM1112n12| éé: jl = 1, ceey k}
J2

satisfies condition (V).
The formula (2.13) is well known.

5. Lemmas

The following Lemma (5.1) describes the expansion of the characteristic func-
tion of w,,.

(5.1) Lemma. Suppose that condition (M) holds. Then

(5.2) (s n™ 2, n= ) =G @l se(@n P2, (1) +g(1),

where
g () =sup{ID*} (L5 &1, ... 8 ) | S5, (64, ..., 8,)EE, ,,,m=n}
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and
g(t)=sup{|D*E"exp[itw ,(8)]l,— o> x=(0ty, ..., ),
0<2p<3(s—3), 0,22, (1;,—2)<s—3}.
j

J:
Here E, ,, denotes the set of all weight vectors (¢4, ...,8,) such that all but at
most s weights &; are equal to m~'/%, while the others are bounded in absolute
value by n~ '/, the latter being those variables where o;>0, a=(ay, ..., a,).

cay Uy

Proof. The sequence of symmetric functions )E(m)(t; &1,--» &y, M1, satisfies
conditions (1.2)-(1.4) of Theorem (2.11) in Gd&tze (1982). Note that

6_812(711)(“ €15 -"aSm)|81=O:0

0 .
because of the definition of w,(¢) and é—(pm(a)lsliozo, the other conditions
&4

being obvious. The result of Lemma 5.1 follows from Theorem 2.11 of that
paper.

The next step is to prove that a bound for g, (f) in (5.2) exists in the range
|t| £n®, where 0<5<1/2 is to be determined later.

We already introduced the truncation T(X ) =¢; 1 j=1,...,min (3.4). In the
following we shall frequently use the fact that arbitrary moments of the
truncated statistic w,(g) exist.

Let N denote a subset of N and let a=(i,,...,i) denote a j-tuple such that
aeN’. Let X, denote the corresponding j-tuple of random elements. Suppose
that ¢;, jeN, satisfy

(5.3) Ye;=1 and suple|<3(ET(X,)%)~".
jeN JjeN

Let & denote a g-field independent of o(X;,jeN). Let H(X,,...,X ) denote a
symmetric kernel and w(x) weights which may depend on ¢;, je N and §.

Suppose that there exist a §-measurable function ¢(H)=0 and constants
dy,....d;eN (independent of ¢; and §) such that

(5.4) (o) HOC )| < c(H) [ le, TCXP.

When d;=1 and [ occurs only once in « we assume that

(5.5) E(H(X )X ,, peN,p+1,&)=0

Define

(5.6) W=i z;.eNW(il""’ij)H(Xi"""Xi")‘

(5.7) Lemma. Suppose that conditions (5.3)-(5.5) hold. Then

(5.8) E'(W|F) S c(H*P(ET(X,)*+E* T(X,)") as., peN,

where ¢ denotes a constant depending on p and j only.
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Proof. Let & denote the 2pj-tuple a=o...a??, where o®=({, ...,i{") and
2p

ieN. Define W(&)=lﬂl w(®) and define accordingly H(X,,...,X,,) as

the product of 2p kernels H. By (5.4) we have

2pj

IW(&)I?(Xa)I§C(H)2”ll:[ le;, T(X, )|,

where d,=d,., I*=1modj, 1<I*<j. An equality similar to (5.5) holds true for
H.
Let W=X*W(@)H(X,), where Z* denotes summation extending over all
2jp-tuples geN2#J,
Hence, W is a generalized von Mises functional of order 2pj and W= W22,
This observation will be frequently used in the following lemmas. It is
sufficient to prove that £*|E(#%(%) H(X;)|%)| is bounded by the r.h.s. of (5.8).
Given a 2pj-tuple & let J; denote the set of indices occurring in & If every
index in J; occurs at least twice in & we have

(5.9) |E'(w(@ H(X )| <c(H)*” [] 6] E'T(X)?,
jedz
since |e; T(X))| =2 E'-as.

Suppose that there is a subset of J;, say I, of r=1 indices which occur
only once in & Let H&~:=E’(w(&)H(XE)|$', X;, j¢ly) and T;=¢(e;T(X}). By
equality (5.6) applied to H we have

E(H|®)=E(]] (- )(ET)™*H,| ).

jelg
We have |T;,— 1| <[¢; T(X))l. By Cebysev’s inequality and (5.4) it follows that
(5.10) |ET,—1|<e]ET(X)? and (ET)~'s2
Thus, similar as in (5.9) we have

|E"(Ho | &N <IE(] le; T(X ) H, B
jelg
SQRec(H)’? [] ET(X )%
jeJs
Here, we used |¢;T(X))|<2 E'-as. and E’T(Xj)2§2ET(Xj)2. This inequality
together with (5.9) and (5.4) immediately proves

E'W<c(p) Zﬁj c(HY*2(Y e)SET(X)»Ma
|Jzl= 1 jeN

which completes the proof of Lemma (5.7).
The following lemma provides a bound for the derivatives g,(¢) in (5.2).
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For any partition I of {p+1,...,m}, p=c(s,r) such that the size of each
part is larger than logn, define (using the notations of (2.2))

(.11 wi= Y .. Y h(Z;,....Z;,)m "

J1ely Jrely
where Z;=(X, X)), (X, independent copy of X).

(5.12) Lemma. Assume that |v,|+...+[v|+|B|=s, q=<s, where v; denote p-
tuples of nonnegative integral numbers and D” D denote derivatives wzth respect
10 &y, ..., ¢,. Assume that condition (M) of Sect.2 holds. Let 6=1if |B|=s, 6=0
otherwise. Then

|ED"*w,,(¢) ... D*w,,(e) exp [itw,, ()] D’ ¢, (&)|
éc(|t|5+ |t|(r— 1)5)E’(exp [itr!wl:l)z—(r+1)’

for every m-tuple e=(ey, ..., 5, m™ "2, ... m~Y?), such that |e)| <n~ ', j=1,...,p

and B=(p,. ... B,) o

q
Proof. Notice that [] D*w,(¢) given X,,..., X » 1s again a sum of weighted von
j=1
Mises statistics of order smaller or equal to Z(r—|vj|) (compare the first part of

J
the proof of Lemma (5.7)). Using the notations of (3.4) we have

(5.14) D%mhzc{§¢W@ﬂmw%w@wmw]

y=B

n @le; T(Xj))N(gj)7

j=p+1

where the summation extends over all p-tuples to nonnegative integral num-
bers y, such that 0<y1</31,]—1

Here, NY(e)=0(e"), for s= ]>1 by condition (M,) and Cebysev’s in-
equality. Compare (5.10). By the choice of ¢, we have |pW(x)|<ce(x/2). For
notational convenience write again ¢; for ¢;/2, j=1,...,p. Hence, the Lhs. of
(5.13) can be estimated by a finite sum of terms of the following type

(5.15) cE|E'(M(X,, ..., X,) exp [itw,@]IX,, ... X, ﬁ(T(X i+ e P9,

where M(X,,..., X,) denotes a von Mises functional of order L, for some
0<L<} (r—|v)) in the observations X,, m>j>p+1. We have
j

MXy, ... X,):= ) H(e, X506, XX, ..., X, )e;, ... e

JiedjL>p

jL’
where the kernel H is a product of g kenerls 4, , .+» by, satisfying
(5.16) [H(ey, X150585 X, Yy, o, V) S, (H)T(Yy) ... T(Yy),

¢, (H)S M, [(e; T - (6, TV T(X .. T(X)P,

P
for some 0=M;<rq, ) (L;+f)=s,j=1,....p
1
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Let T,=(g; X)) N(¢). When t -0 and v;=0, j=1,...,p, the Lhs. of (5.13)
yields by expansion in ¢

ED![]| T,+0(EE (
1

p
D[] Tow,,(e)
1

X, ...,Xp>=0+0(t)

uniformly in m by Lemma (5.7) and the arguments following (5.16), thus
proving (5.13) for {#| =<1 and |§|=s.

Replacing expectations in Proposition (2.14) by conditional expectation,
given X,,...,X,, choose S;=(X;, lel), j=1,...,r, g=M(X,,....X))
exp [itw,,(¢)]. Furthermore, let

where

hi(S;,, - Si"):p z‘; pz;. §o S hylxy, e, xj)splal(éxp1 —P)... spjd(éxpj —P).
1847, €Ly
Recalling that 4, =y(S,, ...,S;, ..., S)—¥(Sy, ..., S}, ..., S,), where §; denotes
an independent copy of §;, j=1,...,r, we have 4, ... 4,w,(g)=w; as defined in
(5.11). Notice that &;=m~'/?, j>p and that 4, ... 4,w,(¢) does not depend on
b, I<rand on X, ..., X, since those terms of w,,(g) depending on X, 1<I<p
are of degree at most r—1 in the remaining variables X, j>p.

Let W(X,,...,X,) denote the product of 2" factors M(:) according to
Proposition (2.14). Again W(X,,..., X)) is a von Mises functional of order M
=2"L. Hence, Proposition (2.14) yields the following upper bound for the
conditional expectation, given X, ..., X, in (5.15):

(5.17) CE(W(X,, ... X,) explitriw]| Xy, ..., X,)P .
The kernel of W, say H(y,, ..., y,,) satisfies

(5.18) Ay, oyl Se cE) T(yy) ... TOy)-

Conditioned on §=0a(Z,, j¢I,, X;, j=1,2,...,p), (Where Zj=(Xj,Xj)), wpis a

sum of m, iid. random variables, say g(Z;), w,= Y g(Z)m~"* Notice that
jel

E'(g(Z))|®)=0. Furthermore, W(X,, ..., X)) is, condlitiz)ned on &, a sum of von

Mises statistics, say W,=W,(Z;, j¢l;, X;, j=1, ...,p) of order vSM in the

variables with indices in I,, such that W(X,,...,X )=W,+...+ W,,. Notice

that by assumption ¢;=m~"/?, for every j>p. Hence we may write

W,=Y*H,m Y% §Z,,....Z, )m™"?,
(6]

where the summation extends over all ordered v-tuples of indices in I,. Let ),

J
denote the summation over all indices in J={j,,...,j,} I, and let " denote
the summation over the remaining indices of I,. By conditional independence
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it follows

(5.19y E'(W,exp[itriw1I&)
=Y*mPEHm AFZ,, ..., Z;)exp[itm™ 12 Y g(Z)IF)
- E'(exp[itm™ 2 Y g(Z)1|®) ’
—y+ m—v/ZEqu TH,(|Z,, ..., Z,)|F) E(T,| ™K

where
K=, Ti=c,pm "*T(X)pm '">T(X))explitm="?g(Z)],

and
¢p=E 2pm '?T(X,)).

By Hoélder’s inequality we have
(5.20) E'(E'(W, exp[itrlw,1|)€)
<[ *m2EVEN(] T,H,&)O1E*(E(T,|§)*™~9|6)
7

where €=0(X, ..., X)).
Notice that

E(E*™ (T ®)IO) S E E™(T,|B)
=FEexp[itrlw,;] as,

since 0=<E(T,|&) <1 a.s. by symmetrization.

Hence, it suffices to estimate the first term in square brackets on the r.hs.
of (5.20).

Condition (5.5) holds for H, by construction. Hence,

E(] TH,()I®)=E(] T*A,()I§),

where T*=T, j¢J', T*=T,~c,, jeJ’, and where J' consists of those indices of
J which occur only once in (j,, ..., j,), ie. as arguments of H,. Rewriting and
interchanging expectations yields

(521) EE ([ THI$)6)=EE (] T+H,,2) T8, Z)Z;, Z,,6)|6),
J J
where Z,={Z,,jel}, Z, denotes independent copies of Z; and T;* is defined
with Z; being replaced by Z7= (X7, X7¥).
Since jeJ’ implies
| TH <m™ 2 [T(X)+ T(X)+1tg(Z)]c,

and |T*| ¢, jeJ, we can bound the r.hs. of (5.21) by a finite sum of terms of
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the type
(5.22) em ME(I*VtP E(LT**g(w)H (-, Z)H (-, Z)|Z,, Z,, €)|€)

where V;=T(X )+ T(X)) or V,=(T(X})+ T(X*)) where W,=Z;, or W;= Z and
Ir** denotes a product over [f elements of J’ and m* denotes the produet over
the remaining indices of J. The random variable in square brackets in this
expression is a von Mises functional of order at most S(r—1)+2(2" —v), which
fulfills conditions (5.5) and (5.4) with a constant c(H) smaller or equal to
c,(Hy"" ' IT* V,IT**(c(g) V)II;,;, V% for some &,20. Hence, Lemma (5.7)
1eads to the following estimate of (5.22):

m= YW ET(X)»*W e e, (H™  as,

which together with (5.21) yields the following estimate for the r.h.s. of (5.20) by
counting multiplicities (there are O(m®) terms such that |[J|=B and v=>2|J\J'|
+1J7)

c(L+[tP)A+EAT(X )Y e,(H)? E 2 (exp [itr!w,])  as.

for some 4>0.

This upper bound together with (5.15), (5.16), (5.17), (5.19), and (5.20) yields
an estimate for a typical term of the expansion made and proves that the Lhs.
of (5.13) can be bounded by

cltl(L+1eM)> " (L + EY T(X ) E |e, ()]

p
JTA+TE)PE> " (exp [itr!w,]),
1
for some A’ >0, which completes the proof of 5.13.
Let I(m) denote the decomposition of {p,p+1,..., m} into r parts such that
[I,|/m—r~", as m —co. Then wy,, converges in distribution to

(5.24) B, et = Y T By
Jji=1 Jre=1
where 1, p=1,...,r, jeN denote independent N(0,1)-variates. Define 7@
=1, jeN),
(5.25) hy, ,=c()ER(X,, ..., X, e, (X,) ... ¢; (X))

J

and e;(+), jeN, denotes an orthonormal system in I2(%X,B, P), which induces an
orthonormal system ¢;, ... e; in I2(X", B, P") and an I’-expansion of h,. Com-

pare Rubin and Vitale (1980) for the proof that W is of the form (5.24).
Notice that w_ (7Y, ..., #™) is an r-linear form “in 7Y, ...,y and

(5.26) Eh(X(, ..., X2 =Y B} ;.
(W]

Similarly one can prove using condition (M), s=3 (compare Serfling (1980),
pp. 226-238)
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D
(5.27) Wy m(Eys s 6y Y2, ...,m“”z)rw» L RT3
=) i isSi e Eay
I=0()
where §j=115-1)+816j(X1)+...+8pej(Xp), 7\ independent of X,,...,X,, and
where h,,; ; denote appropriate constants. Again the infinite sum ) over
JieN, I=1,...,r, converges in probability. i

(5.28) Lemma.
(i) g@)=c(lel+[eP¢= P )E> " Vexplitr!w,,]
(5.29)
(i) Pk )E explitw (eg,-.r 8 ) o o=, 7=s—3

r
where E'=E [ (¢, X)N(e).
1
Proof. Inequality (i) follows by inspection of Lemma (5.12): By (5.24) wy,

converges to W, in distribution as m —co. Similarly it follows by (5.24)-(5.27)
that the random variable

L,(e=D"...D"w,(s)D? 9, (¢

converges in distribution to some random variable L_(¢) as m — 0. Further-
more, the arguments of the proof of Lemma (5.12) show that it is uniformly
integrable with respect to E. Hence,

lim EL, (e) exp [itw, ()] =EL_(g) exp [itw (2],
£=(e, ..., &,).

By the theorem of dominated convergence we may interchange differentiation
at e=0 and expectation on the r.hs. of this relation. Hence (i) follows from
Lemma (5.12) as m — co.

As for (ii) note that by condition (M) all derivatives

D*Eexplitw,(8)]l,._, such that ) (¢;—2)<s—3,
J

;=2 exist. Furthermore,

Do, (8)._o=0 for every B+0 with |f]<s,
which proves (5.29) (ii).

(5.30) Lemma. Let Z be independent of X,,...,X, and let w(x,z) denote a
measurable  function. Define S,,=m~'?w(X,Z)+...+w(X,,T) and F

=E [[ o(T(X)m~"*)N(m="?). Then we have for every t

ji=1

(i) |E(exp[itS,11Z)=(1+o(1)|E (exp[itS,]|Z)|
+O0(m=6-2m2Zy e
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and for every t such that |t| Lcm'*(R*T)~ ! where R, T>1 are independent of m.
(i) |E(exp[itS,]|Z) <exp[—ct? E(W(X,, Z)*|Z)]
+IHEW(X,, 2))*|2)>T*7P)
+exp(1-R?*E(w(X,,Z)%|Z)), ae.

where W(X,, Z)=w(X,,Z)—EW(X,, 2)|2).
Proof. The Lh.s. of (5.30(i), (ii)) equals
|E(exp [itm™'?w(X,, Z)]|Z)"
(1) Since for any bounded random variable H

EH=EHo(T(X,)m~"?)c+EH(l—o)(T(X)m~"?)
—E'H+ET(X,)0(m="?
(14+0m Y“WEH when EH>m ¢-2/2
- {m‘ (s=2)2 otherwise.

Hence,
|EH|"Zc|E' H[™+0(m~¢=2/%)

for appropriate constants ¢ thus proving (i).

(ii) By the well known estimations for sums of iid.r.v. see e.g. Bhattacharya
and Rao (1976) Theorem 8.9, p.67, we have for every [t|ZcVar(S,|Z)/
E(W(X,Z2)]?|Z)ym"'? that the first term on the right hand side of (5.30(ii)) is
larger than the Lh.s. of (5.30(ii)). The additional terms in (5.30(ii)) are due to
the cases where the centered fourth conditional moment is larger than T4/3
or the conditional variance of w(X,, Z) is smaller than R~2.

(5.31) Lemma. Let m;=|I}|, j=1,...,r, denote a partition of {1,...,m}. Let 51?

=m;m~" and 5=1;[ d;. For every teR, &;, R, T >0 such that

s Vo

(5.32) || <min 8,6~ 1mM2(R2T)~ 1 =T,
j
m;zclogm+cR>T, j=1,...,r,
we have
(5.33) |E' exp [itw ]| £c|E exp [itdew (1", ..., n")]|

+|Eexp[iRcw,(n®,...,n")]
+0(m B +0(T~5)
:l//m,T(t)

where B>0 is arbitrarily large and w;, W are defined in (5.11) and (5.24). When
t does not fulfill (5.32), but still

(5.34) : t|<5,6~ tm 2 (R2T)~!
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holds, then

(534) |El exp [itwl:” é lpm, T(Tmax)'

Proof. Let W, =w;6~" denote the normalization of w,. The first step is to
trancate X, X,, pel; at m}’*> by means of successive applications of Lemma
(5.30(i)). Let

E'=c,E ﬁ [T o(T(X ym; ?)o(T(X ym; 13),

j=1 pelj

where ¢, is a normalizing constant. Then

(5.35) |E" exp [itw, ]| <c|E"exp [itdW,]| +O(m~5),

for arbitrarily large B>0, provided that

(5.36) m;zc(r,s)logm, j=1,...,r.

Applying Lemma (5.30(ii)) with Z=(Z ;»J€1) we have for every ¢ fulfilling

(5.37) lt|Sem'?25, 6~ Y(R2T) 1,

(5.38) |E" exp[itow, ]| <E" exp [—ct252E”(\ﬁ)—\f|Z)
+cE"exp[—R*6*E"(W?|Z)]
+cE'IE(W(Z,,2)*|Z)>cT*?)

where W,(Z,, Z)=E(W;|Z, Z) and the operation ~ means centering given Z.
By Lemma (5.7) applied to W=E(w,(Z,,Z)*|Z) with appropriate weights
Wi, .. s ig_4) and a kernel

H=E"(h(Z,,Z,,....Z,) ... hr(Zl’Z3(r—1)+27 --->Z4(r_1))|Zj=j:5:1)

of degree 4(r —1), by Cebysev’s inequality the third term on the r.h.s. of (5.38) is
of order O(T~*) for arbitrarily large B>0.
We have by Ceby3ev’s inequality
E'(W(Z,, 2| Z)=E(W,(Z,, 2)*|Z)+ O(m; HYE*(W/(Z,, Z) T(X,)| Z)
+0(mi VE(W,(Z, 2 T(X,)*|Z).

Hence, conditionally on R*E(W,(Z,,Z)*|Z)>1 and E(W,(Z,, Z?T(X,)*|Z)<T

we have for every m;, R and T fulfilling

(5.39) m;2cR*T the inequality

E"(%(Z,,2)*|12)>cE(W,(Z,, 2)*| Z).

Application of Lemma (5.7) and Cebysev’s inequality to the von Mises statistic

W:=E(W,(Z,, Z)* T(X,)*|2) proves

(4.50) |E" exp [itdW ]| SE" exp[—ct**E(W(Z,, Z)*|Z)]
+cE"exp[~ROPE(W(Z,,2)?|Z)
+0(T—5).
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The most important observation is that the r.h.s. of (5.40) is monotone decreas-
ing in t.
Using the orthonormal system e;, jeN, as in (5.24)-(5.27) we have the
(¥, B", P") expansion

(5.41) B(X o X)=Y by e (X) o ey (X,)
7]

Then

(542) Zhh - 1(11) I/j(rr)

in the I?-sense, where

ViP= 3 (eX)—e (X ))ym, 112,
jelp

Let

549 B D=V V)
8]

in I?. Then

E(; (", 2)*| 2)=E(W,(Z,, 2)*|Z)
and therefore
(5.44) exp[—t*EW(Z,, Z)*|Z)/2] =E(exp [itw, ("), Z)1| 2).
The expectation of (5.44) as a function of Z yields for the r.h.s. of (5.44)
(5.45)  E"exp[itw,(n'", Z)]1=E"E" (exp [itWw,(n®, Z)] |19, Z;, j+1,).

We now apply exactly the same estimations as before to (5.45) using Lemma
(5.30(ii)) in the region |f|<cmi/*(R*T)~ /% Note that Lemma (5.7) applies to
W, (", Z) as well. (Let m, —o0.) Sucessive applications of (5.40), (5.44) and
(5.45) finally yield the estimate

(5.46) |E" exp [itéW,]| <c|E exp[itdcw, (7Y, ..., 71|
+c|lEexp[iRew (n'", ..., n)]]
o(T-5)

for every ¢ fulfilling
(5.47) t|Lcmind; 6~ m"*(R*T)~",

thus proving Lemma (5.31) because of (5.35) and the fact that the r.h.s. of (5.40)
is decreasing in |t}

(5.48) Lemma. Let #®=7® 4+ 7P, p=1,...,r denote a decomposition into two
independent sequences of i.i.d. normal variates N(0,0)), j=1,2.
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Then

(i) Eexplitw (", ...,y 1L E exp[itw (7", ..., 7]
(5.49)
(ii) condition (V) implies Zc(1+1t])~* for every t.

Proof. (i) Since
EW, (Y, o2 g, p+ DZ EW, (7, 12, .., n) [n®, p£1),

successive conditioning and (5.44) together immediately prove (i).
(i1) Since

Eexplit, (1, .., 1] SE exp [~ 2B, (1", .. 1117, p+ 1))
=Eexp[=126%(1®, ..., 1")/2]

§§exp[—t252/2]t25P (62(n®, ..., 4" < 6%)do
0

exp(—6%/2186P(*(n®, ..., n") £6%/¢%)dé

O'——a8

Zc(l+]eh)4
condition (V) implies (5.49 (ii)).
Similarly, part (i) with 7@ =P, ..., 1%,0,0, ...) and #? =»® —5® implies
© k
Eexplith (%, ..., 1] = | exp[—1262/2]16P (Z W,Zg(SZ) ds
0 1
=+~

thus proving the remarks following condition (V).
The results obtained so far on the cf. of w, can be summarized as follows.
(5.50) Lemma. Assume that conditions (M) and (V) or (5.49) hold. Then

D) gO)+17,s s cls, M) (el -+ D) (U |d) =427 holds for every t.

0
EXn,s—3(Z) é().

(i) sup
(iii) onr every t fulfilling |t|<T, , we have (c.f. Lemma (5.1))
g0 c(ltl+ e [+ [t~ B=+n= "],
where B,=A,(r2""")~" and D=2rs(4+7).
(iv) For every t such that T, , S|t|<T, ,
|E exp[itw,]|=0(n=4=27"16"),

Proof. Assertion (i) follows by Lemma (5.28), (3.7) and Lemma (5.48). Note that
(5.29(ii)) implies that the expansions up to order (s—3) based on the truncated
cf. Zom(t; &1, -.-,&,) are the same as for the untruncated c.f. defined in (3.6).
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(ii) By inequality (5.50(i)) and the choice of A“é— Xn.s_3(2) exists by Fourier
inversion. Moreover, z

Sup{lPr(K’)E, exp[itwoo(gh '--agp)]_éroi It|_1: Isjlén‘1/25j=17 "'3r}

is integrable in ¢ (because of the truncation E’). Hence the theorem of domi-
nated convergence allows to interchange Fourier inversion and differentiation
P(x.).

(1ii) In Lemma (5.31) we choose a partition of m depending on t. Let m;
=[&im], j .7, with 6,=A(r—1)"Y2, j22, §,=(1—21%)"? and /1-—|t|‘1/r
1<|t|<m’/2, m>n Furthermore choose R=m"®" and T=m"®". Hence, the
inequality (5.33) in Lemma (5.31) together with Lemma (5.48 (ii)) yields

(5.51) LE"exp [itw,]| < c(1+]¢]) 4= 4 O (m—24/31)
+0(m~58), for every m=n

1 r—1
and every B>0 and every |t|<c|t| r|tff * m'>m~*". Hence |f< T, , and
|6~ [e]*.
By Lemma (5.12) and the definition of g(f) in Lemma (5.1) and Proposition
(2.14) the inequality in (5.50(iii)) holds.
(iv) By Proposition (2.14) and (5.34) of Lemma (5.31) we have similar as in
(ili) with m=n, A=pn—Y2+4" R=T =p6"

|E" exp [itw, ]| S, 1(Tnad® "
=(1406T,,) 42 " +(1+R) 27"
+0(m~B)+0(T~*)

where B'>0 is arbitrarily large and T, =nt~V/4-2¢-1D/Cn This inequality
holds for every
|t| écl—(r—l)nl/Zn—a/rch;hz
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