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Asymptotic Behaviour of Positive Solutions of Elliptic
Equations with Critical and Supercritical Growth
I. The Radial Case

F. MERLE & L.. A. PELETIER

Communicated by H. BREzZIS

1. Introduction and main results

In this paper we consider the singular limit in a family of non-linear elliptic
equations with strong growth. The general problem is the following. Consider
for a bounded domain 2 in RY, where N > 2, with smooth boundary ¢£,
the problem

—lu=fu) in Q
P) u>0 in Q

u=~0 on 48,
and suppose f(s) is a function whose growth as s— oo is such that (P) has no
solution. We then consider, what we call the “approach problem”,
—Au=f{u) in Q
P.) u>0 in £
u=20 on 40

in which the family of functions f; is so chosen that for ¢ > 0 and small, (P,)
has a solution #u, and

fs)—~f(s) as e—0,

uniformly on compact sets. The natural question to ask now is what happens to
u,as ¢—>0.
As a first example we consider the function

fiy=s", p>1 (1.1)
and we set
_N+2
PN*N_2-

v

As we know, if p < py (p subcritical) then (P) has a solution [R] but if p
(p critical or supercritical) and £2 is star shaped, then it has none [P].

PN
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For p = p, this problem was studied in [AP2], [BP] and [H] by means of
the family of functions

fs) = sPN"F, >0,

first when £ is the unit ball B; in R" and subsequently in non-radial star-shaped
domains, where in addition it was assumed that

Wl . L
Ty v 2270 (1.2

Here Sy is the best Sobolev constant for the norm in H!, given by

Sy = aN(N — 2) (F(N/z))w
v=mNV = Tmw )
It was shown that the solution ‘#.(x) concentrates at a single point x, as ¢ — 0
and that

N(N — 2)\?
& [u | o — 2cko% (_(_—)) | (o, xo)| as ¢ 0. (1.3)
I Sy
Here cy is a normalizing constant and oy is the area of the unit sphere in R":
272
NETWR)

The function g(x, y) is the regular part of the Green’s function G(x, y) which
solves

ey = {N(N — 2)}¥=2/%  and

—AG =0, in Q (1.9
G=0 ondR (1.5)
and is given by the relation
1
G(x, y) = N —Danls— 3 + g(x, ), (1.6)

and x, is a critical point of the function ¢(y) = g(y, y).
About the shape of the solution u, it was shown that, away from the point
of concentration x,

— Ni4 —_
(0] 2)> N2 G(x,xo) ase—0 (1.7)

e~ ux) > cy (
Sw V2 lg(x(): xo)[

and near the point of concentration:
ux)~y V(P V3 x — x5)) as e—0, (1.8)
where v, = |lu,]» and V() satisfies
—AV = VPN in RN
VO =1, 0<V=1 inR",
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that is

(1.9

2 —(N=2)/2
V(y):<1+ v ) .

NN — 2)
As another example we mention the function
f(s) = As + PN,

1t was shown in [BN] that for this function Problem (P) has a variational solution
which satisfies (1.2) when A€ (A*, u,), where u, is the principal eigenvalue of
the Laplacian and 0 < A* <y, (A*>0 if N=3 and A*=0 if N=4).
If we choose, as functions f, the family

J45) = O 4 &) 5 57

the asymptotic behaviour of u, was investigated in [R] for N =5 and in [BP]
for N=3.
Finally we mention the example in N =3

fus) = Axs + 5°°

which was studied in [Bu] and [BP] when Q = B; and so 1* = z?/4 [BN]l
In all the examples investigated so far, the function g had no more than critica.
growth. It is the object of this paper to study in particular the approach to problems
involving supercritical growth, and compare the resulting asymptotics to the ap-
proach to problems with critical growth. ,
We consider again the function f given by (1.1) and we choose as approximating
functions
f)=s"—es?, >0, (1.10)
in which
q > 4 2 Dns e>0.

In this paper we shall consider this problem taking for £ the unit ball B,.
By [GNN] this implies that the solution #, has radial symmetry, which allows us
to use the techniques for ordinary differential equations. In a forthcoming paper
we shall discuss the sameé problem for general star-shaped domains under the
assumption (1.2) if p = py and a comparable assumption if p > py.

Thus in this paper we shall study the problem

—Au=u? —eu?! in By, (1.11)
@ u>0 in B, (1.12)
u=20 on 9By. (1.13)

By [GNN], u, is decreasing with respect to r = |x| and so |[u,{lpo = u(0). For
convenience we shall sometimes write

Ve = ue(o)‘: |lue”L°°-
As in [AP2] and [BP] we find that for any solution u. of (I)

ye—>00 as 0.
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The existence of a solution u, of Problem (I) is ensured for small values of &
by the following theorem.

Theorem A. For ¢ > 0 and sufficiently small, Problem (1) has at least two solu-
tions. For one solution we have

lit%sy‘g"’ =1 (L.14)
and for another we have

lir%sy‘g‘l’ = c*, (1.15)

where c¢* is a number which is uniquely determined by p, q and N, and

«p,N) _
c(q’N)éc <1 (1.16)
in which
N—2Ds—(N+2
o5, V) = & 2)(;+1() +2 (1.17)

Observe that ¢(p, N)> 0 if p> py and that c(py, N) = 0.

In what follows we shall refer to those solutions of Problem (I) for which (1.14)
holds as large solutions and to those for which (1.15) holds as small solutions.

To formulate our results and explain the origin of the number c*, we need
to introduce the notion of a ground state solution (or a fast decay solution) of the
equation

~ANV=V?—~cy? V>0 inRY (1.18)
which has the properties
V0)=1 and V(@) =0(y| "V ?) as|y|—>oco. (1.19)

There is precisely one value of ¢ for which (1.18)—-(1.19) has a radial solution 7,
which is necessarily unique [KMPT]. This is the value ¢* = ¢(p, g, N) referred
to in Theorem A.

The following proposition provides a relation between ¢* and V.

Proposition B. Suppose that q > p = py. Then

c*e(g, N) [V i=c(p, N) [WP+l. (1.20)
RN RN

Suppose u, is a small solution of Problem (I) so that (1.15) is satisfied. If
P> pn, then c¢(p, N)> 0 and therefore we can conclude from (1.16) that
¢* >0 and from (1.15) that

u oo =< c*e ™47 ag ¢— 0. (1.21)

On the other hand, if p = py, then c(p, N) = 0 and we conclude from Propo-
sition B that ¢* = 0. In this case we find that

lusllzes < Ag, N) e~ 107272 as ¢ >0, (1.22)
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where
N?c(g, N) N N—2 —1ig=p+2)
o (3 )

and B(a, b) denotes the beta function [AS], defined by

B(a,by= [ t*7'(1 4 1)"° " dr.

0

A(g, N) = : (1.23)

Here we write f(x) =< g(x) as x— 0, when g(x) is positive near x =0
and f(x)/g(x)—1 as x—0.

As in previous studies of the limiting behaviour of solutions of elliptic equa-
tions near criticality [AP2, BP, H, Re] we find that the function wu/(x), when
suitably scaled, converges to the Green’s function Go(x) = G(x, 0) defined by
(1.4)-(1.5). Here we prove the following limit theorem.

Theorem C. Let u, be a small solution of Problem (1) so that (1.15) is satisfied.
Then
e u(x) = MGy(x) as e—0, (1.24)

where 0 and M are positive constants. If p > py then

N—-2p—N )~ » * q
~ - 0 M) (JV_CR{,V)'
If p=pn then
B 1 ANV =)} oy
q—p+2° ~ NA(@g,N)

where A(q, N) is given by (1.23).

Remark. We shall see in [MP] that Problem (I) has a variational structure and
that what we call a small solution is in fact a variational solution of Problem (I).

Remark. It is easy to see that the asymptotic behaviour for a large solution u,
is given by
v lu,~>1 as e—>0 when x€ B,.

Remark. A similar analysis can be given for radial solutions of Problem (I) with
a prescribed number of zeros.

The organisation of the paper is the following. In Section 2 we establish the
existence of large and small solutions and prove Theorem A. In Section 3 we prove
a basic global upper bound for solutions of Problem (I), and finally in Section 4
we prove Proposition B and the asymptotic estimates. The main ingredients here
are the upper bound of Section 3 and the Pohozaev Identity which says [P] that
if u is a solution of Problem (P), then

N—-2 du\?
N [rw—=5= [ww =2 [@=rn (5;) (125)
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where F(u) = f S(t)dt, y any point in Q and n the outward pointing normal
0

vector on 8£2.

2. Existence and basic properties

There are many ways to prove the existence of a solution u, of Problem (I)
for ¢ sufficiently small. Here we shall use a shooting technique. However, we first
derive a general property for (I).

For convenience we rescale the variables and write

y=2"""x 0() =y u). @.n
This yields the following problem for v:
—M=v"—c?, ¢=0 (2.2)
v(0) = 1. 2.3)
where g > p = py and
c=¢gy!™?, 24
Note that (2.2) and (2.3) imply that
—Av0) =1 — ¢,

Since v takes on its maximum value at the origin, this means that ¢ < 1.

Lemma 2.1. Suppose v is a radial solution of (2.2)—(2.3), and

. <C(p, N)
g, N)’

where c(s, N) is given by (1.17). Then
v>0 in RV,

(2.5)

Proof. We argue by contradiction. Suppose there exists a radius R > 0 such
that » > 0 in Bz and v = 0 on §Bg. Then writing the Pohozaev Identity (1.25)
for (2.2) on By we obtain

Hp \2
—ep. N) [t eelq Ny [t =1 [n) (—)
BR BR 3BR 8”
and so, by the Boundary Point Lemma,

o(p, N) o' <celg, Ny [o*'!
Br Br

< ce(g, N) fvl’“
Br

because v = 1 in Bg. This would imply that ¢ = ¢(p, N)/c(g, N), contradicting
(2.5), whence we may conclude that »> 0 in R”.
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Set r = |y| and write v(r) = v(y). Then, omitting the tilde again we obtain
the initial value problem

v+ vV + P —ca? =0 (2.6)

w0) =1, v'(0)=0. Q.7

Plainly, for each c€ [0, 1] there exists a unique local solution of (2.6)-(2.7)
which we denote by v(r, ¢) and which can be continued as long as it is bounded.
Define
R(c)=sup{r>0:0(,¢0)>0 on (0, r)}.

Note that by Lemma 2.1, R(c) =oo if ¢ < c(p, N)/c(g, N).

Lemma 2.2. Suppose that 0 < ¢ << 1. Then

(a) v'(r,0)<<0 for 0<<r<< R(c);
(b) R(c)y=0c0 = r1-1—>ngo o(r, c) = 0.

Proof. (a) Because ¢ << 1 it follows that »"(0, ¢) << 0 and so that v'(c,r) << 0
for small values of r. Suppose to the contrary that for some r, € (0, R(c)), v(r, ¢)
ceases to be decreasing, i.e. v'(ry, ¢) =0 and o(r,c) > 0 on (0, ry). Then we
would have v"'(ro, ¢) = 0, which is incompatible with the differential equation
(2.6).

(b) Because v'(r,c)<<0 and o(r,c)>0 for all r> 0, it follows that
rlinolo v(r, ¢) exists. It is readily seen that this limit can only be zero.

In the following lemma we establish some further properties of R(c).

Lemma 2.3. There is a number ¢ € [0, 1] such that

(a) R(c) <<oo  when ¢ <c< 1,
b lir? R() =cc and lim R(c) = oo,
¢t cié

and R(c) is continuous on (0, ¢).

Proof. (a) Suppose to the contrary that there is a sequence {c¢,} <€ (0, 1) such
that ¢,—~ 1 as n— o0 and R(c,) = oo forevery n = 1. Then, since v(0, ¢,) = 1
an by Lemma 2.2 o(r,c,)—>0 as r-+o0, for every n=1 there is a radius
0, > 0 such that (g, ¢,) = %. Thus if we set

s=r—p, and wy(s)=0v(,c,),
we obtain for w, the problem

S+ 0,
w,(0) =1, O0<w()=% for0=xs<<oo. (2.9)

w, -+ w, -+ wh —cwl =0, 2.8)
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-Plainly, the sequence {w,} is uniformly bounded, but also the sequence of
derivatives {w,}is uniformly bounded. To see this we multiply (2.8) by w, and inte-
grate over (0, s). This yields

(n)2
t+ o,

3w = f £ty dr — (N—l)/

wp(8)

< f fyr,

where f(t) = ¢t — ct.

We now let n — oo. Then, by a standard compactness argument there exists
a subsequence, which we denote by w, again, which converges to a function W
which, taking the limit in (2.8)—(2.9), satisfies

W'+ WP — W?=0,
WO)=4%4 0=WE=1 for0=s<<oo.
Because this problem has no solution, we have arrived at a contradiction and we
must conclude that R(c) << co in a left-neighbourhood of ¢ = 1.
(b) Since v(r, 1) = 1 is a solution of equation (2.6) the first limit follows from

the continuous dependence of solutions of (2.6)—(2.7) on ¢. As to the second limit,
we conclude from Lemma 2.1 that

c(p, N)
clg, N)’

Invoking the continuous dependence of v(r, ¢) on ¢ again, we conclude that R¢
C(¢, 1) and that R(c)—>oco as c¢— C.

c=inf{c<1:R@)<oo for e<t<<1}=

We now return to Problem (I). The function v(r, ¢) will correspond to a solu-
tion of this problem if

R(e)=y®" D2 and c=e1?,
or, when we eliminate y, if
¢ = g(R(c)p@Pe=D, (2.10)

In view of the properties of the function R(c) established in Lemma 2.3, there
exist for ¢ sufficiently small, two solutions c¢*(¢) and ¢—(¢) of equation (2.10) such
that

ct(e)—>1, c¢(g)—>c ase—>0.

They correspond to two solutions #;” and u; of Problem (I) with
elufid =1, ellulid—c ase—0. (2.11)

This completes the proof of Theorem A with the exception of the assertion that
¢ = ¢*(p, ¢, N) which will be proved in Section 4.
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3. An upper bound for u,

In this section we exhibit a surprising property of solutions of Problem 0,
in that they can be globally bounded means of a solution of the Yamabe equation

—Au= Ku’N in RY

for some appropriately chosen constant K.
In [AP1] this property had been observed for solutions of Problem (P) in
spherical domains, when the nonlinearity f is subcritical or critical, i.e., when

sf'(s) = paf(s)-

Here we shall show that for the functons f, defined in (1.10), which are neither
critical nor subcritical for all s> 0, this property is still true.

Theorem 3.1. Let u be a solution of Problem (I) in which q> p = py and let
u(0) = y. Then
U(X) g Wy(x) in Bl’

where
yHO=2 (N=-2)j2
=|— 3.
w0~ (=) D
and
1
= (1 —&y?™"). 3.2
Remark. The function W, is the solution of the problem
~AW = (1 —ey? 7))y’ PN WN in RY (3.3)
WO0) =y, 0< W=y inR" 3.4

In what follows we shall often work with the function o(y) = y~' u(x) intro-
duced in Section 2. If u is a solution of Problem (I), then v is a solution of the
problem

—Nv =10 — ey " in B, 3.5
(In) v>0 in B, (3.6)
0)=1, v=0 on 0B, 3.7

where ¢ = »? "2 For v, Theorem 3.1 states that

o(y) = W),

where «, is still defined by (3.2).

The proof of Theorem 3.1 proceeds along the lines of that of the corresponding
result for critical or subcritical nonlinearities [AP1]. Thus, we first introduce the
new variables

- (N-—"—%)Nmz, W) = o). 3.9)
\J’| /
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Then Problem (II) becomes

Y+ t7R () =0, T<t<oo (3.9)
) y>0 T<t<oo (3.10)
W) =0, lmy@)=1, (.11)

where k= (N — 2)/(N —2), T={N —2)y~"""3""* and
J) =y — eyt y1. G-12)

Note that in this context the critical power is given by py = 2k — 3.
In the proof the functional

' () (.13)

o N2 ’
HO) =10y — ' + 77

plays a central réle.
Lemma 3.2. Let y(¢t) be the solution of Problem (III), in which q > p = pn. Then
HtH) >0 for T<<t<<oo,

Proof. As a first observation we note that
H(T) = 0. (3.14)
and we deduce from (3.10) that y'(t) = O(¢t'™*) as t— oo and so, because k > 2,
that
H(t)—0 as t— oo, (3.15)

Differentiating H and using the equation, we obtain

H'@) =

T — 2%+ 3 — e g — 2%+ 3 (16)
Because y’' > 0, it is clear that if p=py=2k — 3, then H'(t) <0 and it
follows from (3.15) alone that H(¢) > 0 on [T, c0).

To deal with the case p > py, we inspect H'(¢) more closely, writing it as

, —2%+3
H'(t) qu—__l“— RO,
where
— 2k 43
o(t) =‘Z—j_—2m — eyt TyIT). (3.17)

Plainly, the sign of H'(¢) is determined by the sign of Q(¢). At t =T we have

p—2k-3

q——2k—{—3>0

oT) =
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and as f— oo,

) —2k+3
fim 00 =55~
WN—=2p—-N+2) op,N)
N=2q—N+2 g N)
49— pPWN—-2Yp—(NH+2)
P+ IW=2g—(N+2
<0,

where we have used Theorem 2.4. Thus, in view of (3.14), H(t) starts positive near
t =T, and, in view of (3.15), decreases to zero as f— oo, Since y(¢) is strictly
increasing it follows from (3.17) that H’(¢) can only once change sign on (T, c0),
and so H(t)> 0 on (7, c0). This completes the proof.

Lemma 3.3. Let y(t) be the solution of Problem (111). Then
() < z(t),

1 —ey?? —1/(k—2)
() = (1 + —k—iy—l—-tZ—k) .

where

(3.18)

Remark. The function z(z) is the solution of the problem
2+ (1 —ep? Pt kPN =0 for 0 <<t << oo,
tll'ngo z(t) = 1.
Proof. As in [AP1] we observe that
Y'Y =~k = DT HEO <0 on (T,00).
Integrating this inequality from 7> T to t = oo, we obtain
I
YIRE) y' () > le(l — eyt )tk for T<<t<< oo,
Carrying out another integration from #> T to ¢ =co finally yields
2k 1 —py 42—k
y (t)>1+kj(l—ayq )t for T= ft<oo, (3.19)
which proves the lemma.

Returning to the original variables y and u we find that z(*) = W,(y), and
thus that Lemmas 3.2 and 3.3 together prove Theorem 3.1.

The upper bound for u, supplied by Theorem 3.1 is not uniform in & because
of the factor «, in the denominator of W,. In particular we have
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(2) If u, is a large solution of Problem (I), then x,— 0 as £¢—0 by (1.14) and
S0

lim = W (x) =1
uniformly in sets {x€ RY:9?~!|x|*> bounded}.
(b) If u, is a small solution of Problem (I), then

lim sup y=* Wy(x) = (

b

1 (N—2)/2
1+ oop?™! {xlz)
where

1

“vw—p

&Ko

uniformly on sets {x€ RY:y”~'|x|> bounded}.
Thus for small solutions we have the following uniform upper bound.

Theorem 3.4. Suppose {u.} is a family of small solutions. Then there are numbers

g0>0 and v> 0 such that for 0 < e << &,
pHO=2) (N—2)/2
ufx) = (—————~1 v |x|2> in B,.

4, Asymptotic behaviour of #,

In this Section we finally turn to a description of the small solution u, defined
in Theorem 2.4 as &— 0. Thus, we assume that along a subsequence

ey? ?7—>c¢ as e—0, 4.1

where ¢ is some constant which satisfies 0= ¢ <C 1.
As in [AP2] and [BP] the Pohozaev Identity (1.25) plays a central réle here. For
solutions of Problem (I) it becomes

. p . 2
—ep. M) [ 5 eg, ) [urr =1 [en(m), @
B; B; éB,;
where
c(k, N) = W—2k—(NV+2) (4.3)

2k + 1)

Some basic elliptic estimates will also be needed. They are supplied by the
following lemma which we take from [BP].

Lemma 4.1. Suppose u is the solution of the problem
—Au=f in
u=0 on o8,
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where Q is a bounded domain in RY with smooth boundary 8. Then there is a
constant C > 0, which depends only on 2, such that

HUHWLE(Q) + ﬂvu\lcos“(ag) = C([]fHLl(.Q) + ”f“L°°(w)) (4-4)
for any s< N/(N—1), any x€(0,1) and any neighbourhood o of 8£2.

As a consequence of the compact embedding of W§*(2) in L"(2) when s <N
and m < sN/(N — s), Lemma 4.1 has the following corollary.

Corollary 4.2. In the notation of Lemma 4.1 we have

(a) Nullzacey + Vullpaee = Clf ey + 1flLow) -

(b) If {f,} is a bounded sequence in L*(2) and in L(w), then the corresponding
sequence of solutions {u,} has compact closure in LX), whilst the sequence {Vu,},
restricted to 69, has compact closure in L*(0£2).

As before, we introduce the rescaled variables y and v, defined by (2.1) to deter-
mine the behaviour of small solutions u, near the origin.

Lemma 4.3. We have

ey P> c*(p,q, N) ase—>0
and
v(y)—=> V() ase—>0

uniformly on RY, where the pair (c*, V) is the unique radially symmetric solution
of the problem

— AV = VP — ¢*p? in RY,
av) Vo =1, 0<V=1 inR",
V(y) = O(|ly|" @) as |y|—oo.

Proof. Because the family {v.} is uniformly bounded in RY, it follows from
elliptic regularity theory that there exists a sequence, also denoted by {v.}, which
converges uniformly on compact sets to some radial function V. Since the func-
tions v, are solutions of Problem (II) and &y’ ”— ¢ as £¢—0 according to
(4.1) it follows that V satisfies

—AV=V"—cV? in RY 4.5)
VO) =1, 0=V=1 in RY. 4.6)

By Theorem 3.4 there is a constant K > 0 which does not depend on & such
that

b =Ky ¥? inRY @7

for & small enough. This implies that the convergence of v, to V' is actually uniform
in the whole for RY and that

V)= K|y, @2 in RY. (4.8)
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Thus ¥ is a solution of (4.5), (4.6) and (4.8), which means that ¢ = ¢*(p, g, N)
[KMPT] and hence that (c*, V) is the solution of Problem (IV).

Finally, we note that by the uniqueness of the solution of Problem (IV) the
entire family {v.} converges to ¥ as ¢->0 and that sy?~? converges to c*.

For future reference we note the following limit.

Lemma 4.4. Suppose m > N/(N — 2). Then

>0

lim y=m#Me=D2 fyi(xy dx = [ V™(y) dy.
B N

R

Proof. Transforming to the variables y and v,, we obtain

[l (x) dx = ym~NODR [yn(y) dy,
By BQ

where o =@~ D2 For & sufficiently small, it follows from (4.7) that
0(y) < 8(y) = min {1, K |y| -V}

Since ve L"(RY) if m > N/(N — 2) it follows from Lemma 4.3 and the do-
minated convergence theorem that

[oi dy— [V™(y) dy,
BQ RN
from which the assertion follows.

In what follows we shall write

Tn= [V"()dy. 4.9)
ryY

The limiting behaviour of the left-hand side of the Pohozaev Identity (4.2) now
readily follows from Lemma 4.4:

hn& yﬁ (_C(Ps N) fu€+l + Ec(qa N) fug+1) = _-'c(Pa N) Jp+1 + C*C(q, N) Jt.1+1a
> B, B,

(4.10)
where
=3{N—-2)p— (VN +2)}. 4.11)

To determine the behaviour of u, away from the origin and to estimate the
right-hand side of (4.2) we define, following [BP], the function

wox) = 7 ufx). (4.12)
By (1.9) w, is as solution of the problem
—Aw, = h(x) in B,

w,=0 on 0By,
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where
hy(x) = y* M ul(x) — eud(x)}. (4.13)
According to Theorem 3.1 and (4.7) we have for x == 0,
hs(x) < yﬂ+1 Wﬁ(x) < pr—(ﬁ+1)(p~1) |xl_p(N_2)

and so, if x ==0, then
h(x)—>0 as e—0. 4.14)
On the other hand,

[ hox) dx =y [ ul(x) dx — ey’ [ ul(x) dx
By By B,
and 8 has been chosen so that
N
g+ 1= *P+7(P—1)~
Hence, by Lemma 4.4 and (4.1)
li_l)];l) [ hdx) dx = J, — c*J,. 4.15)
By

We note that
J, — ¥, = f(V" — c*Y9
RN

>0 =¥ [V
RN
> 0.
From (4.14) and (4.15) we conclude that
h,—>ud, ase—>0,
where §, is the Dirac mass centered at the origin and
u=J,— c*J,. (4.16)
This implies, according to Corollary 4.2, that
w,—uG, ase—>0 : 4.17)

in L*(B,), as well as in L*(w), where w is any compact subset of B; which does not
contain the origin. Here G, == G(, 0), where G is the Green’s function of —A
with zero Dirichlet boundary conditions in B;, defined in the Introduction. It
is given by

1 1
Go(x) = N —2)on (|x|N2 — 1). (4.18)
In addition we conclude from Corollary 4.2 that on the boundary &8,
Vw,—u VG, as e—0 in L*@B,). (4.19)

This yields for the right-hand side of (4.2)

ou,\? 6%
2(8+1) s > u? -0 —
Y f(x, n) <8n> u a‘B[(x, n)( o ) as e~ 0. (4.20)

0B,
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To simplify the right-hand side of (4.2), we recall a result about the Green’s
function from [BP, Theorem 4.3].

Lemma 4.5. Let G(x, y) be the Green’s function defined by (1.4)—~(1.5). Then for
every ye€ £,

oG 2
[ =rm(T ) dc =~V = g0,
o0
where n = n(x) denotes the outward normal to 62 at x.

Thus, setting go = g(*, 0), we can write (4.20) as

2

A 7
2B+1) _° —u? — = —
o f e () > —wW-de@=L, @

where we have used the explicit expression for G, given in (4.18).

We now equate the estimates (4.10) and (4.21) for respectively the left-hand
and the right-hand side of the Pohozaev Identity (4.2). To begin with this yields
the relation

c*c(g, N) Jyo1 = c(p, N) Jp iy, 4.22)
and thus proves Proposition B.
We distinguish two cases
I: p>pn, 1I: p=pn.

Casel. If p> py, then c(p, N) > 0 and we deduce from (4.22) that ¢* > 0.
Thus we conclude from (4.1), (4.12), (4.17) and (4.22) the following limiting be-
haviour of small solutions of Problem (I).

Theorem 4.6. Let u, be a small solution of Problem (1) in which p > py such that
(4.1) is satisfied. Then

(@ te oo S c¥e™ 9™ g5 £—0;
(b) e ufx) = (c*)7 ' (J, — ¢*J) Go(x) as e— 0,
where

g N=Dp—N ApN) Ty
29—p ° cg, N) Jyi1

and G, is the Green’s function given by (4.18).

CaseIl, If p = py, then c(p, N) = 0. Therefore, according to (4.22), ¢* =0
and so, by (4.1),

Nl o = 0(e =@~y as ¢ 0.
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To establish the precise behaviour of Ju,l,« as ¢-—0 we return to the
Pohozaev Identity (4.2). Note that § =0 in this case, and so we multiply (4.2)
by 2 and let ¢ tend to zero. Using Lemma 4.4 in the left-hand side and (4.21) in
the right-hand side, we obtain

1 u’
gy2teti-—Ne-v2 .2 4.23
v @ M Jgms 20n (4-23)

Because p = py we have
249+ 1—-4N@P—D=g—p+2

and, since ¢* = 0 in this case, u = J,, whence (4.23) can be written as

2
eyt ! L . (4.24)
2o5c(q, N) J4uq

However, when c¢* = 0, Vis given by (1.9) and J, and J, . can be computed
explicitly. We have

B ly |2 ) —m(N—2){2
Jm"R£(1+N—(N—2) dy,

which we can write with |y[* = N(N — 2) ¢ as
. %{N(N'— 2)}N/20_ f t(N 2)/2(1 i t)—m(N 2)/2 dr

N N—2 N
1 — NJ2 ——
—Z{N(N 2)} aB(2 3 2),

where

B(a, b) = [ 7 '(1 + 1)~ dt
0

is the beta function [AS]. Recall that

I'(a) I'(b)

Bed)=taxp

In particular, for J, and J,., we obtain
1 N{2
J,= W{N(N — ¥ oy

N N—2
Jys1 = 3NN — DY onB (2 4 1)-

Using these expressions in (4.24) and (4.17) we can formulate the asymptotic
behaviour of small solutions of Problem (I) in the critical case.
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Theorem 4.7. Let u, be a small solution of Problem () in which p = py such that
(4.1) holds. Then

(a) Ul o0 =< A(g, N) e 1@72F2 g5 £ 0,

(NN — 2 oy
NA(q, N)

(b) gDy (x) — Go(x) as ¢—0,

where

A(g, N) = {{TJ(VN?E’_;;[;W (i;’_,qN_;_Z_ B 1)}_1/(q_p+2)

and G, is the Green’s function given by (4.18).

Remark. Comparing the critical and the supercritical case we find that

e [u]l977 =X A77P(q, N) e¥@~7%2 a5 ¢ 0.
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