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ABSTRACT. It is shown that the complete exceptionality condition for discontinuity waves associated with a second-
order non-linear hyperbolic equation of the form

Uy + o bwu,uy, u,) =0, i=1.2,3 j<k

leads to a Monge—Ampére-type equation in 3+ 1 dimensions. Application of a novel reciprocal transformation shows
that an important subclass may be reduced to linear canonical form. Specialization to 1+ 1 dimensions yields
linearization of a Boillat-type equation satisfying the complete exceptionality criterion. In this last case the
transformation allowing the linearization coincide with the one introduced by Hoskins and Bretherton in the theory of
atmospheric frontogenesis and so-called geostrophic transformation. Finally, always in 1 + 1 dimensions, we show that
the Monge—Ampére equation is also strictly exceptional, i.e. the only possible shocks are characteristic.

SOMMARIO. Si dimostra che la condizione di completa eccezionalita® per le onde di discontinuita’ associate con una
equazione non-lineare 1perbolica della forma:

Uy + fXa b, ,) =0, i=1,2,3 j<k

¢’ soddisfatta se I'equazione e’ di tipo Monge-Ampére in 3+ 1 dimensioni. Inoltra, esiste una transformazione
reciproca che riduce una sottoclasse di tali equazion: a forma canonica lineare. La particolarizzazione di tale
transformazione al caso di 1+ 1 dimensioni linearizza I'equazione non-lineare del secondo ordine, che gode della
proprieta’ di essere completamente eccezionale, ottenuta da Boillat. Tale trasformazione coincide con quella detta
geostrofica e introdotta da Hoskins e Bretherton nella teoria della frontogenesi atmosferica. Infine, sempre nel caso a
1+ 1 dimensioni, s1 dimostra che I'equazione di Monge—Ampére presenta anche il carattere di stretta eccezionalita®

cioe’ 1 soli urt1 possibili si propagano con velocita’ caratteristiche.
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1. THE COMPLETE EXCEPTIONALITY
CONDITIONS: A MONGE-AMPERE EQUATION
IN 3+1 DIMENSIONS

Herein, we consider discontinuity waves X given by
o(x;, t) = 0 associated with second-order non-linear hyper-
bolic equations of the form

Ug + fO0 b uy us Uy up) =0, i=1,2,3 j<k (L)

As is well known, the Cauchy problem associated with
(1.1) is defined in terms of the third-order quasi-linear
equation obtained by taking the derivative with respect to
one independent variable, say t.

Application of the standard transposition

(1.2)
where
A= —=¢/IVl,  ni=¢;/|IVY]| (1.3)

produce the characteristic root A =0, which we discard
because it is artificially introduced by the time derivative,
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and the characteristic polynomial condition:

PA):=—2f,m+ fo,mn =0 onx (1.4)
(u0i1= 62u/5t ax,)

in analogy with the (24 1)-dimensional case [1]. The
relation (1.4) determines the possible speeds of propa-
gation 4 of the discontinuities in the third-order de-
rivatives of u, through Z, in terms of n; and the derivatives
of f with respect to the second-order derivatives of wu.

The complete exceptionality condition in the case under
consideration is

= Ao i + A, i, =0 on Z (L.5)

UL

to be taken together with (1.4). The derivative of P(1) with
respect to u,; multiplied by n; and the derivatives of P(/)
with respect to u,, multiplied by n,n, now give, in turn,

P'huo, 1 — Aug ity + fusaso, B0 = 0, (1.6)
P, nng = fuou B0+ fo 0 ninnng = 0. (1.7)
(P':=d,P)

Subtraction of 4 x (1.6) and (1.7) yields, on use of (1.4) and
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the exceptionality condition,

FuoSuorio, = 2fuouu, it = 0, (1.8)
Fstrs = SuueSuoruo i1, 1 = 0. (1.9)
If we now set

Ug; = 8;; Uy = Ty Ups = Py, Uy = Py Ugg = P3 (1.10)

taking into account the constraint j < k in (1.1), then ‘in
extenso’, (1.8), (1.9) (requiring to be satisfied Vn,, n,, n,)
provide a system of simultaneous non-linear equations
which determine f(x;, t,u, u;, s;, ;, p;), namely:

JsiJsisi = 2sir =0,
Joirs = JiJsrs; = 0,
JosJszss = 2z = 0,
Josrs = JraJozss =0,
JsJass ¥ oSoiss = foirs = Jiap) =0, S123
Ssiswsa + 2hsiSoiss = Joars — Joipd) =0,
2 pars = JriSsisd = fouJoisi = 0,
2WSpsrs = SraSsssd = fpsJoass = 0,
Josps + 2frs = Jouoisd) = fiJoos, — ferfous = 0,
together with
2 Spaps + Jrins = JosJsiss = JpaSosss = Jrifoss]
= JoiJsusi =0 €123

augmented by their cyclic interchanges S;5;, S312, &34,
&5, and the single constraint

2 Lhifooss = fiip 1 =0, (1.11)

It is observed that x;, t, u, u; are so-called inessential
variables in the above since they do not occur explicitly.

In the (2 + 1)-dimensional case, it has been shown in [1]
that solution of the system S,,; yields

S =04/0 (1.12)

where

Ay = ay(ryry—p3) +agry Hogry +opy+ s,

01 = —{ep +ayra)st — (s +ay7,)s3 + (20, p3 — 24)s,5,
+(a6rs +a7p3 +atg)sy +(—oyry —agps +ato)s, (-1
Foyo(r iy —P3) + iy 0T+ 0y aPs g

with the «,, i=1,...,14, dependent on the variables
X t,u,u; (i = 1,2). Insertion of (1.12) into (1.1) delivers the
general (2 4+ 1)-dimensional Monge—Ampére equation [1]:

81 (Uoo(tty 1422 “u%z)—ugluzz —u(2)2u1 1+ 22U, U5 5]
+ 2[5 (1o (U0 — Ugoty 2) + &3 (U 2195 — Ug 1 U22)
+ 0yt 201 — gty y)]

+ &stgotty y — ud1) + BglUoolizy — Uga) + 8ty 11y ; — U3 )

+ dgligo + AoUlgy + Ayolhor + 0y 1ty +%qoUp
+&13u12+&14 =0 (114)

where the a;, i=1,..., 14, have arbitrary dependence on
X, by, u, i=1,2,
If we set

ACHD:=detuy, i,j=0,1,2 withu;=u; (L13)

ij>
then it is observed that the Monge—Ampére equation
(1.14) admits the more compact representation

= 2+1 ~ 2+1) ~ 2+1) = 2+1)
GACTD 4+, ACHD 45, ACHD 43, AQ

= AR+ 5 ACHD) L5 AR+L
aSA(uzz )+Ot6Af,“ )+O(7AL00 )
+ dgligo + &ollpy + &gl + 0y Uy g +&yaUsz
+&13u13+&14=0. (1.16)

In the (3 + 1)-dimensional case under consideration, the
system S, again delivers the relation (1.12) with A, [,
given by (1.13) but where the a; now depend on ¢, x;, u, u;,
i=1,2,3 together with uy; =83, #33="rs, Uy3=p1, 4;3=D>.
On cyclic interchange, it is seen that the systems S,;; and
531, admit solutions

S =0,/ (1.17)
and

S =0:/44 (1.18)
where

Ay:= Bylrors—p)+Bary+Bars+ Bapy + B,

2= —(Ba+B1r3)s3 —(Bs+B1r2)s3 +(2B1p, — Ba)sass
+(Bers+Bpy + Be)sy +(—Bry— Bepy + Bols;
+B1o(rars—p)+Brir2+ Brars + Brspi + Bras (1.19)

and

Ayi=yi(rsry —p3)+7273 + 7371 +VaP2 75

Osi= —(2+71r)s3 =3 +7173)57 +(2y1p2 — V4)S351 (1.20)

+(y6r1 +77P2 +78)83 +(— 7773 —V6P2 1+ 79)51

+910(rart =P+ V1ar3 + V12 1 +713P2 +V1a

in turn. In the above, the §; depend on ¢, x;, u,u;, i =1,2,3
together with uy, =s,, 4;, =7, u;3=p,, U, =p, while
the y;depend on t, x;, u, u;, i = 1, 2, 3 together with uy, =s,,
Uy, =T, Uy, =P3, Uz =p,. Thus, we have the com-
patibility conditions

D1/A1 = Dz/Az = Ds/As- (1~21)

In particular, if it is required that

O, =0,=0; (1.22)
and
A =A,=A, (1.23)
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then the relations (1.21) hold and an extensive calculation
shows that

f=0/4 (1.24)

where

A;=06,[rirars—r1p} —rap3 —13p3 +2p1p2ps]
+8,0r ra—p31+930rars—pi1+d4lrsr —p3)
+05[rsps —p1p2]+86Lr1p1 —p2p3]+ 6501202 —papi]
+0gr +0gry+0,0r3+ 011Dy +01,0, +013P3+ 014,

(1.25)
Oi= =51 A, — 534, — 53 Ay,
— 5183 Aip, — 5253 Ay, — 5381 Ay,
8 s, H st o, (1.26)

with
¥y = &,(rars — pi) +&2(rops—PaP1) +e3(r3ps—P1p2)
+e4ry+esr3tegp; +E7P2 +EgP3 +Eg,
Yo = —&5(rsri —p3)+ey(rip1 —Ppaps)—&1(rsps _P1P2)(1'27)
—&gry+&19r3+ 8111 HE52P2 —EsP3 T 813,
Y3 = —&y(rsry—p3)—&:("2P2—Pap1) +&3(r1P1 — P2P3)
— 897 —E&1173—&10P1 — &sP2— (86 +€12)P3 + 814,
and
@ = {i[ryrars—r1pi — 7203 —13P3 +2p1P2p3]
+0olrra— P31+ Galrars — pil 4+ Lalrsri —p3)
+{s[rsps —p1p2]+C6lripy — Pap3]+{olrap2 — papil
+{ar +lary +{iors + 8P+ 2P + 3P+ e
(1.28)

In the above, J;, ¢;, {;, j=1,...,14, have arbitrary de-
pendence on x;, t,u,u;, i=1,2,3.
If, in analogy with (1.15), we set

AB*D:=detu;, i,j=0,1,2,3 withu;=u; (129

J?
where the variables ¢, x;, [=1,2,3, are represented by
0,1,2,3 then insertion of (1.24) into (1.1) produces a
generalized Monge—Ampére-type equation in 3 + 1 dimen-
sions, namely

lA(3+l)+Z#ijA(3+1)+zvkl mnA(3+1)

) Uict tiran
+y L+ =0 (1.30)

where

Lj=0,1,...,3, i<j

klLlmn=01,...,3 k<l k<m<n

It is noted that, in view of the relationship

A(3+1) +A(3+!) +A(3+l) =9 (131)

1O1,U23 02,413 uo3.M13

there are a total of 42 independent coefficients 4, p;;, Vi1, mn>
&, n each with arbitrary dependence on the variables
t, X;, U, U;.

2. REDUCTION VIA A RECIPROCAL
TRANSFORMATION

The application of reciprocal-type transformations to the
linearization of certain non-linear boundary value prob-
lems in 1+ 1 dimensions, notably in heat conduction and
soil mechanics, is well established [3-9].

An involutory, so-called geostrophic transformation has
been employed to linearize a two-dimensional Monge—
Ampére equation which arises in the theory of atmos-
pheric frontogenesis [10]. An important boundary value
problem was solved by this method. In the present context
of discontinuity waves, a cognate transformation may be
used to linearize a (1+ 1)-dimensional Monge—Ampere
equation of the Boillat type [11].

Thus, in 1+ 1 dimensions, the complete exceptionality
condition leads to the Monge—Ampeére equation obtained
by Boillat, namely

Uy + D/A:() 2.1)
where, in the notation of (1.13),
A= a,r, +2rx5, 22)
D = _azsl +a851 +O(“r1 +a14_

with the a«;, in general, dependent on the variables
x, t,u, u,. In the sequel, attention is restricted to the case
when the «; are constant.

The transformation

x¥=x—kju,,

u* = —u+3kou? +kud) R (2.3)

t* =t_kout

0<|Jx* t*; x, t) < 0

is now introduced.
Under R,

Op = [(1 —koth)0 + kouxtat]/‘]
Op = [kqthOs +(1—kyu, )0, 1/J

(2.4)

where
J=Jx*, 1% x, 1) = (1= kyu N1 —kowd) —kokyuz. (2.5
Use of (2.3) and (2.4) produces the relations

uh = —u,, (2.6)
uf = —u, 2.7)
whence

x** =x* —klu:*=x—k1(ux+u;)=x
=% —kout=t—ko(u,+uf)=t (2.8)

w** = —u* +3kout? +kut)=u
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so that R?=1, that is, R is reciprocal.
Application of the reciprocal relations

x=x*—kuX, t=t*—kouk} (2.9)
shows that

U =(* =IF) kT, Uy = (> = TP kot*

(2.10)
w = S [ 2kok, T*
where
J*—J*(x, t; x*t*)=pop; — kok u*i. (2.11)
with
p¥=1—kou},, p=1—kufi o (2.12)

Now, ‘in extenso’ the Monge—Ampere equation (2.1) with
Ay, [, given by (2.2) becomes

0o (Ul — uf,) + a5ty gy, + 0y Uy, + 0y =0 (2.13)

On application of R to (2.13) one obtains
(kootyy +kyas + 00y + kok oy J) Uk il — ukl)
—(ots+ kooty g )ufe — ot —(0ty 1 + k0t Jufee + 0,4 =0.
(2.14)
It is noted that the conditions
Mooy, —0oy as)+ad >0 hyperbolicity
<0 ellipticity

are preserved under R. Moreover, if k,, k, are chosen such
that

kootyy +kyots + o, +kokyot 4 =0, (2.15)

then the Monge—Ampeére equation (2.13) is reduced by R
to the linear canonical form

(005 + ooty )il + otgtifep + (o | + K0ty )k — 14 =0.
(2.16)

If u(x, t) is the solution of (2.16} then the solution of the
non-linear equation (2.13) is given parametrically via the
relations (2.3).

In the case of the (3 + 1)-dimensional Monge—Ampére
equations (1.30) introduced in the previous section, lineari-
zation is sought by an extension of (2.3), namely by

transformations of the type
X*:x_klux! y*=y~k2uy;

Z*=Z_k3uz, l*=l—k0ut,

(2.17)
u*= —u+3kou? +kyu + kyul + ksul),
0 < |[J(x*, y*, 2% 1% x, y, 2, )] < 0.
It is readily shown that

u:’“: Uy u;‘,: —U,, u:**= —Uzs u?:‘= — Uy (2'18)

whence

x*¥*=x, y**=y, *¥* =7 l**=t}

u**:u

(2.19)

and, accordingly, RZ=1.

The reciprocal nature of the transformation (2.17) is now
exploited in an inverse approach. Thus, the reciprocal
associate under R is sought of the linear (3 + 1)-dimen-
sional equation

ij=oz1 . yul+6=0, y;eR. (2.20)
i<j’

Here, the u%; denote second partial derivatives with respect
to the appropriate starred variables with, in this context,
0,1,2,3 corresponding, in turn, to ¥, x* p*, z*

Under R, in the notation of Section 1,

Wb =(J =, kTt = (T —J, )/(k>J),

u;k*z* = (J - Jp;)/(k.%'])a ut"’:x* = Js1 /(2k0k1‘])’
Uty =Jg, (2kokyJ), ufin=Jy, [(2kok3J),

ko= (2esksd), W=, J(2kskyJ),

uk o=, /(2kik;J) 2.21)

where, on expansion

J=Jx* ¥ 25 R %0y, 2, 0)

= kokkoks[sipf +s3p3 + 5303

—2(5253P2P3 + 5351 P3Py +5152D1P2)]
—2[kyk3kos253p1p1+ kskokiS351p2p2
+kokiky818,p3p3+kik;kspipapspal
—[kikostpaps+kokos3psps +kskosipip,
+kaokspioipa+kskipipapa+kikopipspsl
+P1P2P4Pas (2.22)

and we have adopted the notation

pr=1—kyue., py=1—kou,, p3=1~ksu ., ps=1—kou,.

On insertion of the expressions (2.21) into (2.20) we
obtain the reciprocal associate of (2.20) under R, namely

U, + Cr/Ag = 0, (2.23)
where Ag, (g are given by
Ag=kokikokyelryrors —ript—rap; —r3p3+2p,psps]
+kokika(yaskok ks —e)[ryra —p3]
+kokaks(y11kok ks —e)[rars —pil
+koksky(y2:koksky —e)lrsry —p3]
—V12kokykak3[r3ps —pip2]—y23kokakskilr py — paps)
—7V13kokskik3[rop,—p3pi]
+ky(e—yarkok ks —y33kokik,)ry
—ky(e—ysskokoky —yi1kokaks)r,
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—ka(e—711kokasky —722kok3ki)rs
+kokykyks[723P1 +713P2 + 712051
+7,11koksko +y22kak ko +vazkikako—e, (2.24)
(e:= 7y kokzks+7v22koksky +733kok ks
+ 700k 1kaks + kok koK 30),
Ok = —s7 Ag.r, —s3 Agr,— s3 A,
— 5182 AR p, — 5253 Mg p, — 5351 B p,
+ Sy H DS, + D33+ (2.25)
b1 =kokikaks[ —yor1kaks(rars—pi)
+703k1ka(rap2 —pap1) +vo2kiks(rsps —pip2)
+901(kars +kar3) —Vo3k1P2—Vo2k1P3 — 701l
¢2=kokikaks[ —yo2kiks(rsr, —p3)
+ 03K 1Kko(r1p1 — P2P3) +701k2k3(r3p3 —P1p2)
+702(k17y +k3r3) = 703k2P1 —Yo1kaP3 — Vo2l
¢3=kokkzks[ —yoakika(r,r, —p3)
+Yo1k2Ka(raps —P3p1) +vo2kiks(ripy —paps)
+703k171 +Yo3Kar 2 —F02K3P1 —Yo1k3P2 = o3,
1 =k3k3k3v00lr rars —rpT —72P3 —73P3+2,1P2P3]
+ k kok ool —kika(ryrs — p2) —koka(rors — p?)
—kyky(rsry —ph ko +hory Hkary— 11—k ' Ag.
(2.26)

It is noted that the linearizable class of non-linear
equations given by (2.24) and (2.25) lie within the class of
(3 +1)-dimensional Monge-Ampere equations as intro-
duced in Section 1. The reciprocal relations provide a
parametric representation of their solution in terms of the
solution of the canonical linear equation (2.20).

3. STRICTLY EXCEPTIONAL SYSTEMS

It has been seen that, in 1+1 dimensions, the complete
exceptionality condition leads to the Monge—Ampére
equation (2.13). The more stringent requirement of strict
exceptionality wherein the only possible shocks are char-
acteristic was introduced in [12} and subsequently
examined in [13]. Here it is noted that the Monge-
Ampére equation (2.13) with constant a;, which has shown
to be linearizable via a reciprocal transformation, is also
strictly exceptional. Thus, in this case, if «, # 0 then (2.13)
can be rewritten as

(U tty —uZ) +au, +2bu, +cu,. +d=0, a, b, c, deR.
(3.1
The spatial derivative of (3.1) yields

(a + uxx)uttx + 2(b - uxt)uxxt + (C + utt)uxxx =0 (32)

with associated characteristic polynomial
P(A)=(a+u)A* +2u,, —b)A+c+u,=0. (3.3)

The roots p, v of (3.3) are real and distinct in the hyperbolic
case, A=b%—ac+d >0, and are given by:

= w, (3.4)
a+uxx

,_bmu—A (3.5)
a+uxx

The complete exceptionality of (3.1) is readily confirmed,
since
o2 o4

ol = 5';— (3uxx + ﬁ 5ux, =0. (36)

XX xt

Now, (3.2) may be written in one of the two equivalent
forms

Su+vopu=0, 3.7
ov+udy=0. (3.8)

These, in turn, mean that g =constant along the character-
istics dx/dt=v and v=constant along the characteristics
dx/dt = u. Moreover, (3.2) can be written in conservation
form as

O(u+v)+0,(uv) =0. (3.9)

Consider the situation now wherein the second-order
partial derivatives of u are discontinuous across a shock
surface Y(x,t) moving with shock velocity o= —,/,.
If we denote the jump across y(x,t)=0 by
[1=()y=0*—()y=o- then (3.9) provides the Rankine-
Hugoniot relation

—olu+v]+[uv] =0, (3.10)
that is, in the original variables,
2Ab—
—a[( “"')]+[C+“"]=o. G.11)
atu,, a+u,,

Since [6] =0, we have

[(a + U)ol —20(b—u,)+c+ u,,] “o (3.12)

a+u,,
and taking into account the relations
0[] + [ua] =0, (3.13)
olu,] + [u,]=0, (3.14)
it is readily shown that
[(a+u.)o?—20(b—u,)+ cu,]=[P(c)] =0. (3.15)
Hence, (3.11) yields

1

P(o) |:a+uxx:' =0 (3.16)

and it {follows from (3.13), (3.14) and (3.16) that if 6 #£ 0 and
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[u..]=0 then we must have that [u,]=0 together with
{u,,} =0 and shocks are precluded. If ¢ =0 then [u,,]=0
and [u,,] =0 but, because of (3.12), it follows that [u,,]=0
and shocks are again precluded. Thus, for jumps in the
second derivatives to occur, it is required that [u,]#0
whence (3.16) implies that

P(c) =0. (3.17)

Thus, the only possible shocks are characteristic and,
consequently, the linearizable Monge-Ampére equation
(3.1) is strictly exceptional.
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