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Abstract. We study highest weight representations of certain Yangian-type 'quantum' algebras connected 
with the series B, C, D of complex classical Lie algebras. In the symplectic case, we obtain a complete 
parametrization of irreducible finite-dimensional representations in terms of their highest weights. We 
apply these results to the well-known missing label problem in the reduction sp(2n)$sp(2n -2 ) .  

Mathematics Subject Classifications (1991). 17B65, 22E65. 

O. Introduction 

An important class of quantized universal enveloping algebras called Yangians was 
introduced by V. G. Drinfeld [1]. Let a be a simple finite-dimensional complex Lie 
algebra. Then the Yangian Y(a) is a deformation of the universal enveloping 
algebra U(a | C[2]) in the class of Hopf algebras. One can also define the Yangian 
Y(gl(N)) of the reductive complexLie algebra gl(N). Now let a be the involution 
of gl(N) corresponding to the orthogonal subalgebra o(N) c gl(N) or symplectic 
subalgebra sp(N) c gl(N), N = 2n, and consider the twisted polynomial current Lie 
algebra 

{f(2) e gl(N) | C[21 If( - ) 3  =F(2)} .  (0.1) 

It was shown by G. I. Olshanskii [2] that the enveloping algebra of (0.1) possesses 
a remarkable deformation. It is called the twisted Yangian and denoted by Y+(N), 
where the upper sign corresponds to the orthogonal case and the lower sign to the 
symplectic case. 

Note that Y• is contained in Y(N). It has no natural structure of a Hopf 
algebra, but Y• is a left coideal in Y(N). Note also that there exists a canonical 
homomorphism of Y+(N) on U(o(N)) or U(sp(N)), the enveloping algebras of 
o(N) or sp(N). Moreover, there is a remarkable connection between the representa- 
tions of Y• and these enveloping algebras, see [2]. 

The goal of this Letter is to develop for the twisted Yangians an analog of 
E. Cartan's theory of highest weights. For the ordinary Yangians, this was done by 
V. G. Drinfeld. To do this, we use some important ideas of his paper [3], and also 
that of V. O. Tarasov [4, 5]. 

For the simplest twisted Yangians Y+(2) we obtain a full description of finite- 
dimensional irreducible representations including their realization. For Y-(N),  
N = 2n, we find a parametrization of finite-dimensional irreducible representations 
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which is very similar to Drinfeld's classification results. For Y+(N), N > 2, our 
results are somewhat less complete. Finally, we identify the Y-(2)-modules arising 
in the spaces of sp(2n - 2)-highest weight vectors of irreducible finite-dimensional 
sp(2n)-modules. 

1. Preliminaries 

In this section, we formulate the main definitions and give the necessary informa- 
tion about the structure of the Yangians and twisted Yangians (see [1, 2]). 

The Yangian Y(N) = Y(gl(N)) is defined as the complex associative algebra with 
the unity 1, countably many generators t,j<t), t~y-~2),.. . , where i, j e { - n , - n +  
1 . . . . .  n}, n = [N/2], and in the case of even N, the zero value is excluded. It is 
convenient to write the defining relations in terms of the generating series 

tit(u) = ~ t~*), - k  
k = O  

t~ ~ = 6,j. 

They have the following form 

(u --' v)[tq(u), tkt(V)] = tkj(u)tu(V) -- tkj(V)ti,(U). 

Let tp(u) = 1 + E~~ 1 ~0~k)U-k be a formal power series. The transformation 

r " tu(u ) --* t,j(u)~o(u) (1.1) 

is extended to the automorphism of the algebra Y(N). We define the Yangian 
Y(sl(N)) as the subalgebra of Y(N) consisting of the elements which are stable 
under all the automorphisms (1.1). 

The twisted Yangian Y-+(N) is defined as the subalgebra of Y(N) generated by all 
the coefficients ~o) .~2) -v  , -o . . . . .  - n  <~ i , j  <~ n, of the series so(u), where 

sij(u) = ~ O~jti~(u)t_j._~(--u), 

0i~ = 1 for Y+(N), O u = s g n i s g n  j for Y-(N) ,  and ~ runs over the set 
{ - n ,  - n  + 1 . . . . .  n }. The quadratic and linear relations which are defining rela- 
tions for the generators of the algebra Y• are the following [2]: 

(u: - v : ) [ s , , ( u ) ,  skt(v)] 

= ( u  + v ) ( s . j ( u ) s , , ( v )  - s . j ( v ) s . ( u ) )  - 

- ( u  - v ) ( O k . _ j s , . _  ~ ( u ) s _ j . ~  ( v )  - 0 , . _  , s ~ . _ i ( v ) s  _ Ja (u)) + 

+ O,,_j (sk._ i(u)s_j.t(v) - sk,- ,  (v)s_jj(u)) ,  (1.2) 

Oijs--J,-- i (  - -  U) -~- So(U ) +___ SO(u)  - -  SO( - -  U) 2u ' (1.3) 

where the upper sign corresponds to Y+(N) and the lower sign to Y-(N).  
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The special twisted Yangian SY• is defined by the equality S Y •  
Y(sl(N)) ~ Y •  In other words, SY• is the subalgebra of  Y•  consisting 
of the elements which are stable under all the automorphisms 

qJ:s,j(u) ~ So(U)~(u ), (1.4) 

where ~O(u) = 1 + Y~:= 1 ~c2k)u -2k. The following decomposition holds 

Y•  = Z • | SY• (1.5) 

where Z • is the center of  Y+(N) (see [2]). Thus the representation theory of  
Y+-(N) and that of  SY• are essentially similar. 

The comultiplication map A : Y ( N ) ~ Y ( N ) |  is defined by A(tij(u))= 
Z,  t,,(u) | t,l(u ). The algebra Y• is a left coideal of Y(N) [2] and 

A(sv(u)) = ~ OBjtia(u)t_l._#( -- u) | s~t~(u ). (1.6) 

Due to this remarkable fact, we can define the tensor product L | V of  a 
Y(N)-module L and a Y• V; the result is a Y• This 
construction appears in (3.2). 

2. Highest Weight Representations 

D E F I N I T I O N  2.1 (cf. [3]). A representation L of the algebra Y(N) (resp. Y-+(N)) 
is said to be highest weight if there is a vector f~ ~ L, such that L is generated by f~, 
t,j(u)~ = 0 (resp. s~j(u)f~ = 0) for i > j  and t,,(u)f~ = a,(u)f~ (resp. s,,(u)f~ = ai(u)f~) 
for a certain family of formal series a(u) = (a_,(u) . . . . .  a,(u)) called the highest 
weight of  L. 

In the case of  Y+(N),  due to (1.3), 

a_,(u) - -a_ , ( - -u )  
a,(u) = a_,( - u )  + 

2u 

Hence, i f N  = 2n (resp. N = 2n + 1), we can take a(u) = (a_,(u) . . . . .  a_l(u) ) (resp. 
a(u) = ( a _ , ( u ) , . . . ,  ao(u)) with a 0 ( - u ) =  ao(u)) as a family of  independent para- 
meters of  the highest weight. 

It is not difficult to prove that every irreducible finite-dimensional representation 
of Y(N) (resp. Y-+(N)) is highest weight and for any family of  series a(u) = (ai(u)) 
there exists the only (up to isomorphism) irreducible representation L(a(u)) (resp. 
V(a(u))) with highest weight a(u) (cf. [3]). We shall use the following statement 
below [3]. 

T H E O R E M  2.2. The representation L(bl(u) . . . . .  bN(u)) o f  Y(N) is finite-dimen- 
sional i f  and only i f  there exist polynomials PL . . . . .  P u -  1 ~ C[u], such that 

b t +  l(U) _ P,(u + 1) 
f o r i = l  . . . . .  N - - 1 .  

b, (u) P, (u) 

We may assume that any P, is monic, i.e. its leading coefficient is equal to 1. 
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The representations V~ and I"2 of Y+(N) are called similar if there exists an 
automorphism (1.4), such that its composition with VI is isomorphic to 1"2. Due to 
(1.5), there is a one-to-one correspondence between finite-dimensional irreducible 
representations of SY-+(N) and similarity classes of finite-dimensional irreducible 
representations of Y+(N). 

3. Finite-Dimensional Irreducible Representations of the Simplest 
Twisted Yangians 

Consider the irreducible highest weight representation L(1 + 0~U -1, 1 + ~u -I) of 
Y(2). This is simply a lifting to Y(2) of the irreducible representation of U(gl(2)) 
with highest weight (~, fl). It follows that L(1 + ~u- l ,  1 + flu -1) is finite-dimen- 
sional if and only iffl  - ~ ~ Z+ (then the dimension is equal to fl - �9 + 1). We shall 
also need a one-dimensional representation V(( 1 - ~ u - i ) (  1 + 1/2u-~)-  ~) of Y+(2). 

THEOREM 3.1. Let V(a(u)) be an irreducible highest weight representation of  
Y-+(2). 

(i) V(a(u)) is finite-dimensional if  and only if  there exists an even formal series 
~k(u) = 1 + Era~ l ~](2r)u--2r, such that 

f 

+ 1/ u 1 :or 
a ( u ) l p ( u ) = J i ~  1 (3.1) 

(1 -- ~,u-~), for Y-(2).  
~ i =  1 

where k >1 0 and ~2,~ - t + ct2,, ~ ~ for all m = 1 . . . . .  k. 
(ii) Suppose a(u) has the form (3.1). Then we have the following decomposition: 

k 

V(a(u)) = (~  L(1 --~2m_ 1 u - I ,  1 "~- 0[2mU--1) (~ 
m = l  

| V((1 - CZ2k + ~U-l)(1 + 1/2U-~) -1) (3.2) 

in the case o f  Y + (2), and 
k 

V(a(u)) = ( ~  L(1 - ~2, , - lu-1,  1 + 0C2mU-l) (3.3) 
m=l  

in the case of  Y-(2).  
In particular, any irreducible finite-dimensional Y-(2)-module is obtained as the 

restriction o f  a Y(  2)-module. 
Outline of  the proof. We use the arguments similar to [4, 5] (see also [6]). First we 

prove that if dim V(a(u)) < o% then there exists an even formal series ~(u), such 
that a(u)~b(u)(1 + 1/2u -1) (in the case of Y+(2)) or a(u)r (in the case of  Y-(2)) 
is a polynomial, which has no divisors of the form 1 - 7 u  -2. It means that (3.1) is 
true for certain numbers ~i- Renumerating the ~;'s, we may assume that for every 
m = 1 . . . . .  k the following condition holds: if the set {~; + ~: I 2m - 1 ~< i < j}  n [~ 
is not empty, then its minimal element is ~2m-1 + ~2,," Further, we verify that in 
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this case, (3.2) and (3.3) hold. It is easy to see that these tensor products are 
finite-dimensional if and only if 0{2m _ 1 "31- 012m ~ N for m = 1 . . . . .  k which completes 
the proof. [] 

Now we introduce the following 

D E F I N I T I O N  3.2. The moriic polynomials P~, P2 e C[u] are called equivalent if 
there exist polynomials q~, q2 E C[u] such that 

PI(U + 1) P2(u + 
Pl(u) ql(u2) - P2(u) 1) q2(u2)" 

The couples (PI, ~)1 ) and (P2, Y2), where Yl, )'2 ~ C, are called equivalent if there exist 
polynomials ql, q2 ~ C[u] such that 

Pl(U + 1)(u - -  ~ 1 )  ql(u 2) = P2( u + 1)(u - -  ~ ) 2 )  q2(u2). 
Pt (u) P2 (u) 

It follows from Definition 3.2 that equivalent polynomials have the same degree 
and every equivalence class ( P )  contains a finite number of  polynomials. 

C O R O L L A R Y  3.3. The finite-dimensional irreducible representations of SY-(2)  
(resp. SY+(2)) are parametrized by the equivalence classes of polynomials ( P ) (resp. 
the equivalence classes of couples ((P, ?) 5). 

Proof. Using the notation of  Theorem 3.1, put 

k k 

b ( u ) =  H ( 1 - a z m _ , u - ' ) ;  c (u)=  H (l+~t2mU-1)" 
m = l  m = l  

The equality 

c(u) P(u + l) 
b(u) -  P(u) 

defines the only monic polynomial P e C[u]. We correlate the equivalence class ( P )  
(resp. (P,  -0t2k+ ~)) with the representation V(a(u)). It is easy to verify that this is 
a well-defined one-to-one correspondence. [] 

4. Representations of Y • N > 2 

T H E O R E M  4.1. I f  the representation V(a(u)) of Y• is finite-dimensional, then 
there exist monic polynomials P2 . . . . .  P. ~ C[u] such that 

a_~+ i(u) _ P~(u + 1) 
for i = 2  . . . . .  n. 

a_,(u) P,(u) 

Proof Let I be the left ideal of Y•  generated by the elements 
s( . l ) .  ~(.2) 1 <<. i,j <. n, and let 

t , - - j ,  ~ l , - - j  ~ �9 �9 �9 

Norm I = {y ~ Y•  [Iy = I} 
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be the normalizer of L The subspace 

V(a(u)) '  = {v ~ V(a(u)) [ Iv = 0} 

has a natural structure of Norm I / I -module .  It contains the highest vector f~ of 
V(a(u)). The relations (1.2) show that the map ~ : t~ ) ~ s~ k~ mod I defines a homo- 
morphism of algebras ~ : Y(n) --* Norm I lL  Here we identify Y(n) with the subalge- 
bra of Y(2n) generated by t~ 1), t~ 2) . . . . .  - n  <. i , j  ~< - 1. By making use of 4, we 
can regard V(a(u))1 as a Y(n)-module. The cyclic span of f~ is a finite-dimensional 
representation of Y(n) with highest weight ( a  , ( u ) , . . . ,  a 1 (u)). Applying Theorem 
2.2, we complete the proof. [] 

THEOREM 4.2 (cf. [3]). The finite-dimensional irreducible representations o f  

SY-(2n) are parametrized by the families {(Pl) ,  P2, . . . , P,  }, where P, ~ C[u] is a 
monic polynomial for  i = 1 . . . . .  n. 

Proof. Take a finite-dimensional representation V(a(u)) of Y-(2n) and consider 
the polynomials P2 . . . . .  P ,  defined in Theorem 4.1. Note that they only depend on 
the restriction of V(a(u)) to SY-(2n). Further, we see from (1.2) and (1.3) that the 
subalgebra of Y-(2n) generated by ~t" ~.(2) with i , j  ~ { - 1 ,  1} is isomorphic ~0 ' ~ q  ' ' ' " '  

to Y-(2).  The cyclic Y-(2)-span of the highest vector f~ is the finite-dimensional 
representation of Y-(2)  with highest weight a_~(u). Using Corollary 3.3, we 
associate to it the equivalence class (P~). 

Conversely, given a family {(P~ ), P2 . . . . .  P,}, we consider the representation 
V(a(u)), where a_l(U) is defined by Corollary 3.3 and a_2(u) . . . . .  a_ , (u )  are 
defined from Theorem 4.1. Applying a suitable automorphism (1.4) and taking a 
similar representation, we may assume that a_~(u) . . . .  , a_ , (u )  are polynomials. 
Write 

2k 

a_r(u) = I-I ( 1 -  0~r)u--l). 
t = l  

By Theorems 3.1 and 4.1, we may assume that 

and 

O) + ,,, (l) OL 2 m -  1 ~2m ~ 77+ for m = l , . . . , k  

for i = 1  . . . . .  2 k ; r = l  . . . . .  n - 1 .  

k 

br(U) = U ( 1  + c t ~ ) u - ~ ) .  
i = 1  

.~ '+"  - . 7  ~ ~ Z+ 

For r =  l , . . . , n  set 

k 

b_~(~) = I-I ( 1 -  ~g~_,~,-~) 
l = l  

and 

Then the Y(2n)-module L(b_ , (u)  . . . . .  b,(u)) is finite-dimensional by Theorem 
3.2. The cyclic Y-(2n)-span of its highest vector is the finite-dimensional represen- 
tation with the highest weight a(u). Hence, dim V(a(u)) < oo and the Theorem is 
proved. 
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5. Application to the Missing Label Problem 

We regard the Lie algebra sp(2n) as the linear span of  matrices 

a 0 = e u -- e, eje/r,  (5.1) 

where e v are matrix units, l~<i , j~<2n ,  e , = l  for  l~<i~<n,  e i = - I  for  n + l ~ <  
i ~< 2n and i' = 2n + 1 - i. Let  L(2) be the finite-dimensional irreducible representa- 
tion o f  sp(2n) with the highest weight 2 = (21 . . . . .  2n), where 2 1 / > - - .  >t 2, are 
nonnegat ive integers, i.e., L0.) is generated by a vector Vo such that  auvo = 2~Vo, 
aovo = 0 for i < j .  The  subalgebra sp(2n - 2) is the span o f  the elements (5.1) with 
i , j  ~ n, n'. Let L(2) + be the subspace of  L(2) consisting o f  s p ( 2 n -  2)-highest 
vectors o f  weight # = (#1 . . . . .  # , -  1). It was shown in [2, Theorem 4.5] that  there 
exists a natural  homomorph i sm from Y - ( 2 )  to the centralizer U(sp(2n)) sp(En-2) 
Thus L(2)~- has a natural  structure o f  a Y - ( 2 ) - m o d u l e .  One can show that  this 
representat ion is irreducible. The generators of  Y - ( 2 )  act by the rule 

s u ( u ) = ( 1  - .4 ) ' 1 f ( u ) ,  
u + n + 5  rd 

where 

A = (ao,),.2~= 1, ~ = ~n,, 
for  i 1, 

( n ,  f o r i = - - l ,  

( I  (u + 2, + p, + �89 - 2, - p, + }) 
f ( u )  , : ,  ( u + P , + 1 ) ( u _ P , + � 8 9  , p , = n + l - i .  

T H E O R E M  5.1. Y - ( 2 ) - m o d u l e  L(2)~  is isomorphic to V(a(u)), where 

(u + o, + p, - �89 - ~, - p, + I) a(u) 
, : 1  ~ ( .  + p, - �89 - p, + I) ' 

where 

a~ = max{#,,  2, + 1 }, r, = min{tt,_ 1,2, } (#n = 2, + ~ = 0, #o = + oo). 

In particular, as a SY (2)-module it is isomorphic to the restriction o f  

+ L ( l + ( a , + p , - ~ , l ~ u  ' , l + ( z ~ + p , - 1 ) u - 1 ) .  
t = l  

Outline o f  the proof. We use the transvector  algebra me thod  (see [7, 8]). Let  p be 
the extremal projector  for  the algebra sp(2n - 2 )  [7]. Set 

X, = pal,,, x _  i = pan.,, Y, = pal,, y_ ,  = pani. 

The elements x+, ,  y+,  (i = 1 . . . . .  n -- 1) and ann', an,, generate an algebra Z with 
quadrat ic  defining relations [8]. One can verify that  

~'~ ~ XA2 z 2  A n z n 2 1  - -  r I __ - -  

- I  " ' ' X - < n - 1 ) Y - 1  '" " Y ~ ( n l l ;  "- ' /)0 
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is the highest vector of Y-(2)-module L(2)~ + . In order to find the weight of t~, we 
use the relations in Z and the commutation relations between x • 1 7 7  and the 
elements ( A k)rj. 

6. Remarks 

Due to Theorem 4.1, the classification problem for finite-dimensional irreducible 
representations of Y§ is reduced to the cases Y§ and Y+..(4). To solve this 
problem, we need more information about the structure of the representation of 
Y(N), N t> 3. In this connection, we would like to formulate the following question: 
is it true that every irreducible representation of Y(N) with polynomial highest 
weight is isomorphic to a tensor product of representations of  the form L(b(u)), 
where b,(u) = 1 + ~ i u  -~ for i = 1 , . . .  ,N?  It was proved in [5] for N = 2 .  
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