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ABSTRACT. Let ¢ =KL andg = k + [ be Lie group and Lie algebra decompositions. This identifies
k? with /*. Any G-invariant function, f, on g* induces by restiiction a function f|e = /*. We prove
a formula which says that the integral curve through o €& is obtained as b{(f)w, where a(f) =

exp £ with £ = Le(a),

*) #1)y = b(2)e(z)

where (*) is the KL decomposition and where L,: g* - g is the Legendre transform. This generalizes
a formula of Symes for the generalized Toda lattice.

Let g be u Lie algebra and k and 1 subalgebras of g with

g=k+1L (1)
This gives a corresponding decomposition of the dual spaces.

o =19 +k¢ (2)

and, in particular, an identification of k® with 1*. Let O be a coadjoint orbit of £ (a Lie group
whose Lie algebra is I) regarded as a submanifold of k°. A function f on g* restricts to O and henec
defines a Hamiltonian system relative to the natural symplectic structure on (2. The purpose of this
note is to explain the method of Symes for integrating this sytem when fis an invariant function
on g* and we have a global group theoretical decomposition

G=LK (3)

corresponding to (1).
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Inn the case
g=glm)  k=0(n) 1= {Jower triangular matrices} (4)

we can identify k° with symm (1) = {symmetric matrices}.

It was first observed by Kostant [5] that one can identify the set of Jacobi matrices as a co-
adjoint orbit O of 7, and that the (finite nonperiodic) Toda lattice equations as formulated by
Flaschka [2] and studied by Moser [7] are just the restrictions to O of the function f{4) = tr A*
on gl(x). This led him to 4 general principal for proving the complete integrability ol such equations
and to a systematic generalization of the Toda cquations involving arbitrary semisimple Lie groups
and to the detailed solutions of these equations, ¢f. [5]. Some of these results were also obtained
by Symes [9] and others [1, 8].

More recently, Symes [10] has given a rather explicit method for solving the Hamiltonian system
corresponding to an arbitrary invariant /' and arbitrary orbit Q. His proof'in [10] makes use of an
explicit global coordinale chart and, hence, might seem to be restricted to the special choice (4).
We shall show that the method works whenever there is a global decomposition (3). We shall use
the notion of collective motion as introduced in [3] . We briefly recall some of the basic facts in the
theory of collective motion referring the reader to [3] for details and definition:

Suppose we are given a Hamiltonian action of a Lie group & on 4 symplectic manifold M with
moment map $: M — g*. A function F on M is called collective if it is of the form F=fo &, where
/7 g% > IRis a smooth function.

The integration of the Hamiltonian system given by such 4 collective F proceeds in three steps:

(1) For point m € M calculate the & orbit points O through the point ®(m).

(2) Solve the Hamiltonian system on O given by the function f'|g. Let 8(¢) be the solution
curve with 5(0) = &(m).

(3) The function / determines a map L (the Legendre transformation) of g* — g. The image
Le(B(n) = +(7) defines & curve in g. The curve ¥ can be regarded as a time-dependent vector
field on & and, hence, determines a curve a(f) in G with a(0) = e. Then a(Y)m is the trajectory
through a1 of the Hamiltonian system given by F.

In case fis a G-invariant function, steps (2) and (3) simplify: In step (2} f|g is a constant so (7} is
the constant so 8(7) = @(m). In step (3) y(¢) is a constant so @(f) is a one-parameter group. Thus,
for invariant f the solution curve through rm is

(exp fE)ym  where £ = £(m) = L(P(m)). (5)

The cotangent bundle 7*#G may be identified with G » g* using the left invariant identification.
Left multiplication by G on itself induces a Hamiltonian action on T*G given by ay (&, o) = {aa, «)
and the moment map for this action, ®,: 7#G = g* is given by ®,(z, ) =a - o, where - denotes the
coadjoint action. Right inverse multiplication of G on itself defines a Hamiltonian action on T#G
given by ¢ (2, &) = (2a3 !, @, - o) and its moment map is given by ®; (4, &) = —e. In particular, a
function F on T*( is left invariant if and only if F(z, a) does not depend on g, so that we can
write it as (g, a) = f(—«) and so is collective for the right action. The function F is both right and
left invariant if and only if Fis invariant under the coadjoint representation. In that case, the

114



trajectory through the point (4, o) is
(o exp —1%,a) where & = Le(—a). 6)

Now let X be a subgroup of G. The right (inverse) action of K on & induces a Hamiltonian
action of K on 7*G whose moment map is given by fI)fC(a, @)= —m+ o, where mp+: g% = k¥ is the
projection dual to the injection k — g. In particular,

PN = (g, 0) iack). (7

This is a coisotropic submanifoid, cf. [4] or [6] and its corresponding symplectic quatient is
(®5)~'(0)/K and can be identified with T*(G/K). Any bi-invariant function on 7%G gives rise to
a function on 7*G/K) via restriction and passage to the quotient.

Now suppose that {3) holds. This means that every ¢ € ¢ can be wrillen asa=ch, c €1, b €K,
and we can identify /K with L. Thus, in the identification of (®%)~1(0)/K with T*L we represent
the equivalence class of the element (@, a) by (¢, bar), where a = cb. Here a, and hence b, lies in
k? and we identify k® with 1* using (2). A right invariant function /7 on T%G induces a function
Fy on T*L by “restriction’ Fr{e, §) = e, §), c €L, 3 EK®  If Fis lefl G invariant then £y will be
left L invariant; we can then write #7 (¢, §) = f(—3) but notice that the (unction f; on 1* delined
by f; = flge ; kY ~ I* is not necessarily Ad* L-invariant. But we can now turn step (2} in the
method of collective motion around for 7#L. We would like to soive the Hamiltonian system
associated with the function f restricted to an orbit, @ in I*. Such an orbit will be the image
under the moment map ¢: T*L —1* of a solution curve ¢(r) of £, on T*I.. Under the identification
of T*L with ()1 (0)/K the curve g(7) is the image of a solution curve, p(f) of Fon T*G, given
by (6). So we obtain the following procedure of Symes for sclving the Hamiltonian system given
by fiko: for & €k? let £ = L (). Taking (e, —«) as the initial point in (6), write £ = L(c) and
exp —f£ = c(2)b(7). Then b{f)a is the desired solution curve.

REFERENCES

1. Adler, M., Inv. Marh. 50, 219 (1979).
2. Flaschka, H., Phiys. Rev. B9, 1924 (1974).
3. Guillemin, V.W. and Sternberg, S., Am. Phys. 127, 220-253 (1280).
4. Kazhdan, K., Kostant, B., and Sternberg, S., Comm. Pure Appl. Math. 31, 481—507 (1978).
5. Kostant, B., Adv. Math. 34, 195 (1979).
0. Marsden, J. and Weinslein, A., Rep. Math., Phys. 5,121 (1974).
7. Moser, 1., Batelles Rencontres, Springer Lecture Notes in Physics Vol. 38 (1976).
8. Reyman, A.G. and Semenov-Tian-Shansky, M., I, Math. 54, 81 (1979).
9. Symes, W.W., Inv. Matin 59, 13 (1980).
10. Symes, W.W., Physica D 1, 339 (1980).

fReceived September 15, 1952)

115



