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Abstract. Three aspects of the finite radius of spherical particles in disperse two-phase flows are
described. The first one is the relation between the exact volume fraction and the widely used
approximation nv (n is the particle number density and v is the particle volurne). The approximation
affects the behavior of the effective equations at short wavelengths with possible consequences on
stability and hyperbolicity. Secondly, the dilute theory of inviscid suspensions is corrected retaining the
next leading order in the particle size and an application of this result to the linear problem is described.
Thirdly, it is shown how several important properties of suspensions such as effective thermal
conductivity and viscosity depend on the subtle effect of translation of the average fields over distances
of the order of the particle size.

1. Introduction

The mathematical description of a suspension or other disperse two-phase flow by means of averaged
equations presupposes that the particle size is much smaller than macroscopic length-scales. While this
statement is obvious, it may be too superficial in certain circumstances. For example, the study of the
well-posedness of the equations requires their analysis at vanishingly small scales. Even though it would be
unreasonable to require realism of the modeling at these small scales, still a mathematically and physically
consistent behavior should be expected. An analog may be found in ordinary gas dynamics where a shock
wave may be thinner than the mean free path. The Navier—Stokes equations cannot describe the internal
structure of the shock, but from their small-scale behavior it is still possible to infer its position and general
properties correctly.

For many numerical integration schemes of the gas-dynamic equations, the presence of the higher-order
derivatives due to viscosity—even if inaccurate at the smallest scales—is essential. Similarly, for the
multiphase flow equations, a well-known relation exists between well-posedness and stability (see, e.g.,
Prosperetti and Jones, 1984) and a complete model failure at the small scales would adversely affect the
possibility of accurate computation by nondissipative schemes.

As a final example, in dilute suspensions, situations in which the macroscopic scale is shorter than the
mean particle distance can be envisaged. In this case, corrections to the lowest-order dilute limit model due
to the finite particle size may be more important than those due to particle—particle interaction.
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These considerations suggest that a brief look at the issue of finite-size effects may be of some interest.
Our attention was drawn to this problem by recent studies by Singh and Joseph (1993, 1995) presenting
some intriguing finite-size effects. The direction of that work is however different from that of the present
one. Here we do not propose giving an exhaustive treatment of the subject, but only pointing out with the
aid of some examples that, far from being marginal, it lies at the very heart of the difficulties and physical
content of the description of multiphase flows by means of averaged equations.

2. Volume Fraction

Consider an ensemble of realizations of a two-phase disperse flow characterized by a probability density
P(N;t). The notation implies that P is a function of all the variables necessary to specify uniquely the
dynamical state—or configuration €¥—of the systme of N particles constituting each realization of the
suspension. In this paper we consider equal spherical particles with radius a and we think of P as depending
on the position of the particle centers and their center-of-mass velocity. Depending on circumstances other
variables, such as particle angular velocity and continuous-phase degrees of freedom, may be necessary.
Conversely, in situations such as creeping flow, the particle velocities become dependent variables and
should be dropped. Since the particles are indistinguishable, it is convenient to normalize P according to
(see, e.g., Batchelor, 1972; Landau et al., 1981)

f A€ P(N; t)1p(x; N) = N, 1)

where d6" is short-hand for integration over all the degrees of freedom of the system.

Let xp(x; N) be the characteristic function of the disperse phase in the presence of the configuration €™ so
that y, = 1 when x is inside a particle and 0 otherwise. For spherical particles of equal radius @ (Lundgren,
1972),

ap(x; N)= 3 H(a—[x—y®), 2

a=1

where H is the Heaviside distribution and y'V, y@, ..., y®™ are the position vectors of the particle centers.
The disperse-phase volume fraction By, is the probability that, at time ¢, the point x is in the disperse phase
and is therefore defined by

1
Bolx, ) =1 fd%”P(N; )20 N). 3)
By using the representation (2) and the identity of the particles it is easy to show that (Lundgren, 1972)
Po(x, 1) = f d’y fdswP(l; ), S
y—x{<a

where w is the center-of-mass velocity and P(1;t)= P(y,w;t) is the reduced one-particle distribution
function obtained from P(N;t) by integration over all the degrees of freedom of the system except the
position and velocity of one particle,

P(y,w;t)= ZN—i—l—)' J\d%N* LP(N; 1) (5)

By definition the particle number density n is such that nd®y represents the number of particles with
centers in the volume element d°y irrespective of velocity and therefore

n(y,t) = Jd3wP(1; 3} (6)

With this definition we then find from (4)

Bo(x,t) = j d*yn(y, ). M

x—yl<a
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This result may be compared with the relation frequently encountered in the multiphase literature:

ﬁD =~ nv, (8)

where v = $7a® is the particle volume. This expression may be obtained from (4) if the characteristic function
(2) is approximated by

N
v ), d(x—y®), )
a=1
where J indicates the delta distribution. The difference between (7) and (8) may therefore be considered

a finite-size effect.
Upon expanding n in (7) in Taylor series around x we find

B = v[n V4 0(%)] (10)

where L is the macroscopic scale of variation of n. The difference between (7) and (8) therefore is of the order
of (a/L)? so that (8) is in general a good approximation, as expected.

A striking difference between the two definitions is encountered however in a linear stability analysis at
short wavelengths. Suppose that a uniform state is perturbed by a single Fourier mode

P(y,w,t) = Py(w) + P (w)exp(ikx — iwt). 1y
Then, from (6),
n(y, t) = no + n, exp(ikx —iwt), ~ where ny, = sz'wPO,l(w), (12)
and, from (7) (Singh and Joseph, 1993, 1995),
j (k
Bp = v|:n0 +3n, hliaa) exp(ikx — i(ut):|. (13)

Clearly, the perturbation in -0 as k — oo, as expected on physical grounds. On the other hand, the
approximation (8) would only give

B = v[ng + n, explikx — iot)], (14)

with a completely different behavior at short wavelengths. Thus, for k — o0, a term Vg, should tend to zero if
computed exactly according to (13), but would be found to diverge according to (14). This major qualitative
difference between the two expressions can have a significant impact on the mathematical structure of the
theory such as hyperbolicity and well-posedness that depend on the response of the model to infinitesimally
short wavelength perturbations.

3. Continuity Equation

The average velocity (up, ) of the disperse phase material can be defined in terms of the probability density
introduced in the previous section by

(up > (x, 1) = f d%" P(N; t)yp(x; N)up(x, £; N), (15)

N!B,
where the notation uy(X, £; N) stresses the dependence of the exact, microscopic variable u,, upon all the
degrees of freedom of the system. Note that the quantity thus defined is the ensemble phase-average velocity
in the sense that the presence of the characteristic function yy, restricts the integral to only those members of
the ensemble (i.e., those realizations of the flow) in which the point x is occupied by the disperse phase at
time . It is easy to show upon using the standard relation expressing the conservation of probability (Zhang
and Prosperetti, 1994a) that, for constant a, '

0
Do | v-(gycupy) =0, (16)

which is a well-known form of the equation expressing the conservation of the disperse-phase volume.
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Another important average velocity field is the center-of-mass velocity of the particles W defined by

1

x6) = n(x,t)

J dPwP(x, w, 1)w. (17

The difference between the two velocity fields (15) and (17) is that (up > d¥" is the volume flow rate of the
particle phase due to the motion of the particle material contained in the volume element d¢", while Wd¥" is
the volume flow rate due to the motion of the particles with center within d¢". In other words, wd?” includes
in their entirety also the particles near the boundary of d#” that lie in part outside the volume element, while
{ugp > d¥" does not. Clearly, both <{up > and W are well-defined, if different, velocity fields.

As shown in Zhang and Prosperetti (1994a), w is the proper velocity field for the evolution of the particle
number density in the sense that

on

ot

For rigid particles v is a constant and (16) and (18) are one and the same if §;, is set equal to nv and (up ) is
identified with w. Actually, by the same argument leading to (10), we find

+V-(nw) =0. (18)

aZ

10

where Q is the mean angular velocity of the particles. To the same approximation, (19) can also be written
as

_ 1 _ 2
Cup) =W+ I:VZW—ZVxQ+Z(Vn-VW—2anQ)+0<%—4>} (19)

W (up ) —%[V2<uD> —2VxQ +%(Vn-V<uD> —2Vn x Q)]. (20

Upon multiplying (18) by v and using this relation we then have

2
ba—t(nv) + V-(nvug ) :?—GV'[nv(V2 (up Y — 2V x Q) + V(nv)-V {up, > — 2V(nw) x Q. (21

In most models that neglect particle-size effects, the left-hand side of this equation is set to zero. The
additional terms retained here would evidently strongly affect the dispersion properties of disturbances at
the higher frequencies. In view of (21) and (10), it would seem that a description in terms of W and # is more
economical than one in terms of {(uy > and f, or nv.

4. “ZIP”’ Averaging

To proceed further we need to describe in broad outline the new “ZIP” averaging approach that we have
developed to derive effective equations for disperse two-phase flows (Zhang and Prosperetti, 1994a, 1994b,
1995).

Average quantities for the disperse phase are defined by means of “particle averages” analogus to W in
(17). This choice is motivated primarily by the fact that, in so doing, the equation of motion of the particles
mw = F can be averaged directly without consideration of the momentum equation for the particle material
(e.g., the equations of elasticity). This possibility simplifies the treatment of rigid or nearly rigid particles or
massless bubbles and responds better to physical intuition. Indeed, since the force F depends on
continuous-phase quantities, the result of this procedure is an equation of motion expressing the fact that
the disperse phase moves in response to the stresses exerted by the continuous phase rather than the stresses
internal to the disperse phase itself. Furthermore, the use of particle averages enables the smallest number of
degrees of freedom appropriate for the problem to be retained. To see the possible implications of this point
consider the case of an inviscid fluid, for which the rotational degree of freedom of the particles cannot be
dynamically relevant. If the momentum equation is cast in terms of the phase-average velocity {ug, ) rather
than the particle-average velocity w, the effect of particle rotation evident in (19) must be canceled by other
terms that necessarily render the equation more complicated. Here is another indication that the velocity
field w may be more useful than the phase average {(up>.
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It is shown in Zhang and Prosperetti (1995) that, upon averaging the particle momentum equation as
described before, one finds

0
pD[E {(now) + V-(anv)] =noV-{o) + nvA,. (22)
Here p,, is the disperse-phase density, o is the continuous-phase viscous stress tensor, and Ay, is defined by
nAp(x) = jd3wP(x, w,1) j ds,{ec>1(z,t]x,w)'n —noV-{ac). (23)
lz—x|=a

Here the notation < --- »; indicates the ensemble phase average conditional on the presence of a particle with
center at x and velocity w. Collisions and body forces have been neglected in writing (22). To proceed it is
useful to rewrite A, identically as

nAp(X) = Jd3wP(x, w,1) J dS.[{oc)(z,t|x,w) — o >(Z,1)]'n
|

z—~x|=a

— |:an'< o) — Jd3wP(x, w,1) J‘
1

By expanding the integrand in the last term around x and using (6) we find (Zhang and Prosperetti, 1994a)

ds,.{e->(z, t)-n]. (24)

z—x|=a

1 2
A0 =— j PwP(x, . ) f 4S.[Cocn@tlx W — (o) @ NI n+ V(o). (29)
lz—x|=a

In the ZIP approach continuous-phase quantities are averaged according to the phase-averaging rule
analogous to (15). For example,

1
{uey = NTE. Jd%”N P(N; t)xc(x; N)uc(x, £; N), (26)

where yc = 1 — yp is the continuous-phase characteristic function and . = 1 — f, is the continuous-phase
volume fraction. It is then possible to show (Zhang and Prosperetti, 1994a, 1995) that, upon averaging, the
continuous-phase momentum equation takes the form

i
pc[a—t(ﬁc<uc>)+v-<ﬁc<ucuc>>]= BV < 0c) + BeAc. (27)

Here p. is the continuous-phase density and

:BCAC == f dSy fdsWP(Ya w, t)[< o'C >1(X, tlya W) - <O-C>(Xa t)]‘ll. (28)
ly—x|=a

Although similar, the two equations (22) and (27) differ in an essential respect as the integral defining A, is
over the surface of a particle centered at x, while that defining A is over all the particles touching x. As
shown later, this difference is a subtle manifestation of finite-size effects.

The conditionally averaged fields appearing in the definitions (23) or (25) and (28) depend slowly on the
position of the center of the particle. Hence a Taylor series expansion in this variable can be carried out
similarly to Zhang and Prosperetti (1994a, 1995) to find

2 4
BcAc = —nvAp + V- [mT + V-(mS¢) + VV: (nvR)] + ?—0 nVA(V-{oc>) + 0(%) . (29)
The definitions of T, S¢, and R are
T = afd3wP(Xa W, t)f dS.n[{oc) (2 t|x,w) — {oc)(z,0)]n, (30)
lz—x|=a

Sy = —3a? Jd3wP(x, W, t) J dS,m[{ac)(z,t|x,w) — (o> (2, )], (31)
|

z—x|=a
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nR¢ =%a® fa“wP(x, w,1) ds,nnn[ {6 (z,t|x,w) — {6.)(z,t)]n. (32)

lz—x|=a

We now illustrate the implications of these relations in a specific case.

5. Dilute Suspensions of Large Particles

As a further example of finite-size effects consider the case in which the correction to the lowest-order
equations arising from the finite size of the particles is biggerl particles in potential flow, so that
6c= —pcl, (33)

with I the identity tensor. The quantities that need to be evaluated are then

2 1 .
Ap(x) +%VV2<pc> = Jd"’wP(x, w, 1) J dS_[{pchi(z 1%, W) — {pc(z,1)]n, (34)
lz—x|=a
mle= —a JdawP(X, w,1) dS.[{pc(2,t1x,W) — {pc>(z ) ]nn, (35)
lz—x|=a
oS¢ =3a* Jda’wP(X, w, 1) f dS,[{pco(z,t1x,W) — {pc)(z,1) Jnnn, (36)
lz—x|=a

mRe = —%a® fd3wP(x, w,1) j dS,[{pcoi(z t|x, W) — {pc>(z,t) Innnn.  (37)

lz—x|=a

In order to calculate these integrals, following Zhang and Prosperetti (1994a), we adopt a frame of reference
translating without rotation with the particle velocity w. In this frame introduce velocity potentials ¢’ and
¢ for the unconditionally and conditionally averaged flows, respectively. We thus have

{peor —<pey =_(_3_

e AGETARE (CORUSER ARSI (38)
where the prime refers to quantities evaluated in the moving frame. Then it is easy to show that
] 2¢+1
%=3 %[1 bl <§> ](x — VP (), (39)
where
(x—Y)VO(y) = (x — y)(x —y); - (X = ¥ 0:8;°+ 8.0 (¥). (40)

In the remainder of this section we write u, u’ in place of {u. ), {u.) for convenience.
From (39) we find, for the unsteady contribution to Ay (the first term in the right-hand side of (38)),

0 , on
20— )= —1p— 41
jz_x|=adszn 6t(q) qol) ZU ﬁt’ ( )
as given in Zhang and Prosperetti (1994a). Similarly, the unsteady contribution to T is
S, ., JE
—a j (e = e dS, = — Fat o, “2)
where
E.=1i[Vu+(Vu)'] (43)
is the strain rate of the mean continuous-phase velocity field. The unsteady part of S is
0 a?[ ou, ou, ou,
_ 1,2 nan— (o — o' = mp— | ks, 4 Ty 4 TS 44
5a Jz_x|=adSznannk p (9" — ¢})dS, UZO[ o 0;;+ o Oy + o 5]k:|, (44)

while the unsteady contribution to R vanishes.
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The steady contribution to Ap, obtained from the term in the right-hand side of (38), is

a2

j dS n3(u'w — (ue ) ueH) = —zu'-Vu' + o5 VECE). (45)
lz—x|=a

To simplify the evaluation of the similar contribution to T, we note that

Jp=— J dS, nn 3w — (ug ;- updy), (46)
lz—x|=a

to O(a®), must depend bilinearly on
w, aVu, a’VVu. 47
The only possibility is therefore a structure of the form
Jap = a* {8 [c, (W) + a®co(VU):(VU) ] + cquldi] + c, a0 )(04,) + csa*u; 0,0,u;}, (48)

where the ¢;s are numerical coefficients, ¢; = ¢/0x;, and summation over repeated indices is implied.
This remark simplifes considerably the calculation. For example, to calculate 5, we consider the special
case in which velocity gradients vanish and the indices a and b are different. After having determined c,
in this way, we repeat the calculation with a = b to find ¢,, and so on for the other coefficients. The final
result is

C_2v C_76n o 9 c_gn c—6 s
1_5(19 2_945’ 3= 20aa 4_1897 5—357'6. )
Proceeding similarly the steady contribution to S is found to be
—a? J dSnnn ' -u' — Qug ;- <ugdy)
l—x=a
2 a2
=-3 W EyS;; + wE 0, + wEd,) + o V(U E, + wiEy + uE,). (50)

Reverting to the original frame and carrying out the averaging over w as in Zhang and Prosperetti
(1994a) we then have, writing w in place of W,

a? a?
AD=V+pCBV(EciEC)+1—OV(V2<Pc>), (51
where
Ju ow 1
1 hihay . A =
V= ch[at +uVu praal Vw + — V(nUMD)J, (52)
with
M, = ww — Ww, (53)

the disperse-phase kinematic Reynolds stress. Similarly,

Te=4pc[20u— w21 = 3 — w)(u — w)] — 3 [2Tr My)l — M)
2

a 0
- 7Pc|:33T85(Ec3EC)I +5EcEc + %<5 + “'V)Ec + 1o5(W —~ “)'VEC} (54)

2

a a?
SCijk = 10 [Vkéij + Vjéik + Vi(sjk] + gpc(wl —uy) [Ecnc(sij + ECljéik + ECliéjk]

a2

14 pclw; — ”i)ECjk + (Wj - uj)ECik +(w, — uk)ECij]' (55)
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The only contribution to R is from the steady term which gives

13 2
Reapim = 168 o PAOatO1m + 00Oy + OumOp) [ (1, — W) (1, — W) — Mpy]

3a?
+ T&OpC{ [ (s — w)(uy, — Wy) — Mpup 164, + [(u, — w,)(u; — w)) — My 16y

+ [y — W)Wy, — Wy) — Mip, 103, + [0ty — W) (1, — W) — My, 10,4,
+ [(ub - Wb)(um - Wm) - MDbm]aal + [(ul - Wl)(um - Wm) - MDlm]éab}‘ (56)

All the previous results are objective except for V that can be made objective by replacing the expression
(52) by (Zhang and Prosperetti, 1994a)

0 0 1

V=lpol 2t uvu—20 - wVw +— V(mMyp) | +1po(V x u) X (W —u). (57)
ot ot no

Thelast term represents a lift force (see, e.g., Auton et al., 1988) that is seen to affect S. in addition to Ap,. This

result has not been noted before.

6. The Linear Problem

It may be of some interest to consider explicitly the simplest application of the results of the previous
section, namely the linear case. As before, we omit the average symbols and write u for u.. For the sake of
greater generality, we also consider particles with variable radius (Zhang and Prosperetti, 1994b). It is
readily shown that, to the linear approximation, this additional feature leaves A, and S unchanged, while
T, gets modified by the addition of

— pcPpadl, (58)

where the dots denote partial derivatives with respect to time. Similarly, the unsteady part of R, is no longer
zero but is given by

2

a .
RCablm = - % pC(éabélm + 5a15bm + 5am5bl)aa' (59)
The disperse-phase momentum equation (22), upon substitution of (51) and linearization, is
ow a_, L ow du
nopp - = —an<1+—1—6V >pc—7nvpc ) (60)

The continuous-phase equation (27), after substitution of the expression (29) for A and linearization,
becomes

ou

= BV v(1+%9 Yomway +| 145 VV+ VZ Ly O 61)
ﬁcpc‘é?—— cYPc+ Pc 10 nvaa 10 VP o o) |

1t should be kept in mind that both these equations are affected by an error of order o(nv).
Equation (61) can be solved for Vp. and substituted into (60) to eliminate the pressure gradient. In so
doing however due attention must be paid to the fact that all terms of order o(1v)? should be dropped for

consistency. The result is then
ow 3pc . \0u
—_—=— — 62

ot 2pp+ pc< V F 62)

The second term in parenthesis constitutes a correction to the standard result obtained in the limit a/L— 0
(Landau and Lifshitz, 1959). In particular, for bubbles ( pp =0) we have

ow ,\du
—57-3< —V >6t (63)
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which generalizes a well-known relation. These relations show that the usual added mass should be
corrected by the addition of a differential operator to account for effects of order a®/L”.

To illustrate this point further we derive an equation for the mixture momentum, with p, =0 and
a = constant for simplicity. By adding (60) and (61) and using (10) we have

a? ou a* du ou)
Pcﬁc(l +1_0V2ﬁn>a _l—O[ﬂsz_@—t + (VV' + %V2><ﬁDE)j| = —Vpc. (64)

Ifthe left-hand side is considered in some sense as the inertia of the mixture, this relation may be interpreted
by saying that, when finite-size effects are significant, the equivalent mixture density is not an intrinsic
property of the mixture, but depends on the flow itself. In other words, the density becomes an operator.
A similar conclusion has been reached for interacting point-like particles by Felderhof and Ooms
(1989).

7. Effective Properties

Mathematically, transport processes in continua are described in terms of the divergence of suitable fluxes.
At a particle interface these fluxes are discontinuous, which introduces a local singularity. After averaging
upon the particle positions, the singularities get “smeared” into an effective source field distributed
throughout the continuous phase. This fact has the consequence that spatial differentiation and averaging
for a field f. do not commute as the divergence of the average field cannot be directly sensitive to the
particles, while the divergence of the microscopic field is. If the particles are considered as points, it would
then be expected that the difference [V{ f.> — (V fc>1(x) would equal a term giving the local effect of
a particle at x weighted by the probability of finding a particle there. Actually, for equal spherical particles,
the exact relation is (Zhang and Prosperetti, 1994a)

1

V<fc>=<Vfc>+—fd3Wf dS, P(y, w, ) [{fc 1 (%, t]y, W) — { fe (%, O) ] m. (65)
C Ix—y|l=a

As remarked previously, the integral here is over all the particles touching the field point x rather than over

the surface of a particle centered at x, as the point-particle model would lead one to expect. As in the step

leading to (29), a Taylor series expansion in the position of the particle center can be carried out to find

BV <S> =BV i + oL fc]
—V-{boT Ufcl + V-BobpL[fc]) + VV:(BppZL fc]) } + 0(% ﬁD<fc>1>: (66)

where (cf. (30))

P fc] = JdS’WJ dS P, w, ) [{fcou(z t]x, W) — {fc) (2, 1) In, (67)

x—zl=a

B Lfcl= afdsvvf dS P(x,w, t)n[{ fc 1 (2, t]x, W) — { fc > (z, 1) In. (68)
Ix—zl=a

FLf)and Z[ f-] are given by similar integrals with one and two more factors of m, respectively (cf. (31) and
(32)). The integrals are now over the surface of the particle centered at x and, to the extent that the first one
mathematically would represent a source density (since it does not appear under a divergence sign in (66)),
the second and higher ones may be considered finite-size corrections. This interpretation is not as clear-cut
as in the previous section as the term 7 [ f] can give leading-order contributions proportional to the same
power of a as /[ f.]. However, this very fact appears at first sight rather surprising as it might be expected
that a shift by a distance equal to the particle radius would only introduce higher-order corrections. As we
now show with some examples, a considerable amount of physics is actually contained in the term 7 f]
and similar ones in the right-hand side of (66). We only include terms up to O(f;,) and, as before, we write u,
w in place of (u. ), w.

As our first example we mention the case of spherical, variable radius bubbles (Zhang and Prosperetti,
1994b). It can be shown that, upon averaging the normal stress relation across the bubble surfaces and
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neglecting surface tension and viscosity for simplicity, one finds

Ps =<pc> — 3 Tr{T [pcl}, (69)

where py is the pressure on the liquid side of the bubble surface and Tr denotes the trace. The “shift”
correction due to 7 [ p¢] is clearly seen here to augment the mean pressure in the liquid and thus to behave
as an additional stress exerting a very real influence on the bubble dynamics. To O(f,,) we have

1 -
p T =30 —w?—ad— 34> — 2 Tr Mp]T — 5[ (u — w)(u — w) — M ], (70)
C

which, to this order, coincides with the previous result (54) for rigid particles if the radius derivatives are set
to zero. Upon substitution into (69) we find the modified Rayleigh—Plesset equation

55+%d2=w+%(u—w)2—%TrMD, (71)
Pc
as first shown by Biesheuvel and van Wijngaarden (1984) whose method however could not produce the
contribution My, of the particle Reynolds stress. It is readily shown that inclusion of the next correction in
the particle size only has the effect of replacing {p¢ ) by (1 +£a?V*){p¢>.
As a second example we consider a viscous suspension at small particle Reynolds number (Zhang and
Prosperetti, 1995). In this case the continuous-phase momentum equation is, aside from gravity and
collisions,

0
pc[&(ﬁcu)+v'(ﬁc<uu>)]

=P V<o) — Bt ac] + V'{ﬁDy[Gc] +V-(BpZloc]) + VV:(.BDQ[O'CJ)}: (72)

where 6. = —pcl + 2ucec is the microscopic stress tensor and e is the microscopic rate of strain. Again
applying the differentiation rule (66), we find
2Bc{ec) =2BEc— {Bp[u] = V-(Bp7 [u]) — VV:(BpF[ul) } — {---}, (73)

in which E is the rate of strain of the average velocity field defined in (43) and {---}* denotes the transpose of
the tensor in braces. The viscous stress tensor in the mixture X, contains contributions not only from <e>,
but also from the terms in the second line of (72). All these terms contribute to the “particle stress”
introduced by Batchelor (1970). Their explicit evaluation shows that, to first order in 8, X, is (Zhang and
Prosperetti, 1995)

#ebp 3 Heko
X, =2uyE, + MV'WD(W —w) ]I+ 4+ g VAW —u)], (74
where fi., i, are the phase viscosities,
E, =1[Vu, + (Vu,)], u, = fou+ fpw, (75)
and
bt 14, Lot S (76)

is the effective viscosity (Landau and Lifshitz, 1959; Batchelor, 1970, 1974). It will be noticed that (74)
expresses a non-Newtonian relation between the stress and the strain of the suspension. Thus, viewing the
mixture as a single fluid with effective properties different from those of the pure solvent is an oversimplifi-
cation.

These results are critically dependent on the shift correction due to the group of terms under the
divergence operator in (66). Note that the effective viscosity correction (ti 4 — tc)Ec in X, is of the same
order of magnitude as the other terms. Previous investigators (see especially Batchelor, 1970) found the
correction to . because their procedure was equivalent to retaining 7 [ 6.]. However, they missed the
other, equally important, terms, as the other shift corrections were not properly accounted for.
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We consider next steady heat conduction in a composite. Upon averaging, the steady continuous phase
energy equation is (Zhang and Prosperetti, 1995)

—BcV-{4c) + Botldc] — V- {Pp7 [ac] + V- (BT Lac]) + VV:(BpZLqc D)} =0, (77)

where g is the heat flux for which, from Fourier’s law and (66), we find

K
9c> = =K V<Tey + ﬁ—c {Bot [Tc] = V-(BpT [Tc]) — VV:{(BpS [T}, (78)

C

with K the thermal conductivity. To first order in i, we have
K, — K¢
= _—Db ¢ 79
AT = — P E VT, (19)
Kp—K

i = — —_D ¢ 80
7la6) = ~2Keg 2 EVA T, (80

while 7 [T.], #[q.], and the other terms give contributions of higher order in a/L. Substituting these
results into (77) we find

V(K V<Tc>) =0. (81)

The effective thermal conductivity

Kar_, , 3BolKp— Ko

82
K¢ Ky + 2K, (82)

(Jefirey, 1973; Batchelor, 1974) arises from the combination K.V{T¢) + (Bp/B)#[Tc] + (1/Bo)V-
(Bp7 [qc]) for which the shift correction is determinant. The other shift terms happen to vanish due to the
high symmetry of the spherical inclusions, but they would give nonzero contributions, e.g., for ellipsoidal
particles.

8. Summary and Conclusions

We have considered some implications of the finite size of the particles on averaged-equations models for
disperse two-phase flow. We have pointed out that the often-ignored difference between B, and nv leads to
a striking change in the mathematical structure of the equations at short scales with implications for
stability and hyperbolicity. Next we have considered the case of a dilute suspension of “large” particles in
a potential flow. The last section examined on some examples the consequences of a shift of the particle
centers over distances equal to their radius.

In addition to presenting specific results, one of the aims of this paper is to demonstrate the flexibility and
effectiveness of the new “ZIP” averaging technique that is briefly described in Section 4. For example, the
large-particle results of Section 5 are readily and systematically derived by our method.

We have only considered the dilute limit. Finite-size effects may be expected to become even stronger at
higher concentrations.
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