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HEAT EFFECTS IN CAPILLARY FLOW 1
by H. C. BRINKMAN *#)

Koninklijke/Shell-Laboratorium, Amsterdam

Summary

The temperature distribution in a capillary due to the energy dissipation
of viscous flow is calculated while the heat conductivity of the fluid and
the transport of heat by convection are taken into account.

It is well known 1) 2) that the viscosity of pure liquids, as measured
by flow experiments in a capillary, may show a dependence on the
rates of shear occurring in the liquid. A simple explanation of this
effect proposed e.g. by Hersey?) is that high rates of shear cause
a high energy dissipation and therefore a temperature rise in the
capillary. '

In order to judge whether this explanation is justified it is useful
to have a detailed knowledge of the temperature distribution in a
capillary. The local variations in viscosity due to this temperature
rise may then be estimated and their influerice on the flow pattern
may be ascertained. Heat effects in capillary flow have been treated
by several authors. However, Hersey!) does not take into
account the effect of heat transport by convection. Philip-
p o f1f2), who has given a more extensive treatment of the problem,
bases his calculations on a differential equation which appears to be
incorrect. Therefore it seemed worthwhile to give a new treatment
of the problem.

According to Poiseuille’s law the velocity of flow v in a capillary
is given by

2 __ 2
v = R___L d_p (1)
4y dz
where R is the radius of the capillary,

*) Now professor at the Institute of Technology of the University of Indonesia, Ban-
dung, Indonesia.
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7 and z are cylindrical coordinates, the z-axis coinciding with the
axis of the capiliary,

7 is the viscosity,

p is the pressure, which is assumed to vary linearly with z.

The heat of friction generated for such a type of flow per unit of

volume and time is
7,2 <d? )2
=—{—1}. 2
¢ 4n \ dz @

This equation is easily derived by calculating the work done on an
element of volume by the normal and shearing stresses. For a general
treatment c¢f. L am b, Hydrodynamics, section 329.

Now for the stationary state the temperature distribution in the
capillary is found by considering the heat balance for an element of
volume:

}{1 3 < 8T> 62T} oT P <d7§>2 ;
— A ) = v = — | —
y or \ or - 07° T 0z 4y \dz )

where A is the heat conductivity and c¢ is the specific heat per unit of
volume.

The first term of (3) is related to the heat transport by conduction,
the second term to that by convection.

A complete treatment of (3) would involve the dependence of the
viscosity # on the temperature. However, only small temperature
variations will be considered. Therefore the dependence of n on T
will only have a small effect on the temperature distribution and
may be neglected in a first approximation. It might be introduced as
a correction after the solution for constant % has been obtained. A
further simplification is introduced by neglecting the heat conduc-
tion in the axial direction (48%T/22?) which is very small compared to
the convection. With these simplifications a solution of (3) is given
for two cases:

a. the walls of the capillary are kept at constant temperature:
T = 0Ofor7r = R.

b. the walls of the capillary have zero heat conductivity: 07 /or =
=0forr = R.

In both cases it is assumed that the fluid is introduced into the
capillary at zero temperature: T = 0 for z = 0.

The solution of (3) may be expressed in the dimensionless quan-

tities
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¢ =7/R,
4hAnz
" oR* (dpjdz)’
16ni
T = F@d—z)} .
‘It may be written in the form
for case a:

=g () ¢t + 1 (1o, (4)

for case b:
4
T=Zq () P — o+ 4L (5)

The last terms in (4) and (5) are a solution of (3) satisfying the
boundary condition at » = R; the series is a solution of the homo-
geneous equation to be chosen in such a way that (4) and (5) satisfy
the boundary condition for z == 0 as well. The x, are pure numbers to
be determined from the boundary condition at » = R. The functions
@; (0) are solutions of the following differential equation, found by
substitution of (4) or (5) in (3):
1 d ( do,
¢ do\° do
This is a cylindrical analogon of Weber’s equation (cf. Whittaker
and Watson, Modern Analysis, page 347). It may be transformed
into an equation of the confluent hypergeometric type. Its solutions
form a complete orthogonal set with real eigenvalues. Taking into
account their regularity at ¢ = 0, they may be found by expanding
@ in a power series

>——xi(1—@2)<p,.:0.

bi,k QZk- (6)

Mg

p; (0) =

Substitution in the differential equation yields the recursion formula
for the coefficients

_
o

%i
bi,k = 4—732 (bi,k—l - bi,k—-z)' (7)
By means of (7) all b, , may be found as functions of x; and b, ;:
bi,l = ﬁ bi,o ’
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b, == (——’2 % ) b
2 \ea 16/ 0
etc.

The b, , will be determined from the boundary condition at { = 0.
The values of x; are found by introduction of the boundary condition
for ¢ = 1. It amounts to

for case a: 2 b,=0, (8a)
k=0
for case b: 2 kb= 0. (80)
k=0
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Fig. 1. Temperature distribution in a capillary. Walls at zero temperature.

The lower eigenvalues x; were found by substitution of 7 in (84)
and (8b). The values of x; were then determined by trial and error.
They are equal to

for case a: x, = —7.314; —44.61; —113.92; —213.9; .
for case b: x, = 0; —25.68; —-83.86; —174.55; .

The values of b, , remain to be determined from the condition v = 0
for { = 0.
As the functions ¢; () form a complete orthogonal set, it follows
from (4) and (5), substituting { = 0,
1

1
for case a: So2(0)edo=— 11 —0oY ¢ (0) od o,
0 0
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1 1
4
for case b: /(pf (0) od 0 = ——/(92 — %) ¢; (0) ed 0.
0 0

From these equations &;, can be determined by integration. The
b, than follow from (7).

In fig. 1 and 2, 7 is given as a function of ¢ for various values of {.
From these graphs the temperature distribution in a capillary can be
determined in any special case. As was to be expected, the tempera-
ture is highest near the walls of the capillary where the rate of shear
is highest. This maximum is reduced by the heat conductivity of the
liquid.

030 i :
T gzao./
.025 /
020

NEEN/
=00

101
=0003

010 |
/@
005 /
A
| —— /
0 02 04 06 08 10

———p

0

Fig. 2. Temperature distribution in capillary. Insuiating walls.
The author is indebted to Dr. H. A. LLauwerier for his
assistance in the discussion of the eigenvalue problem.
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