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1. Introduction 

This is the second of  my essays devoted to a study o f  FR~CI-IET and his work 
on abstract  spaces and general analysis. I plan to write a third essay; it will deal 
mainly with FR~CnET'S work  on polynomial  operations, differentials, power 
series expansions, and general analysis in linear spaces. The first essay was mainly 
about  his early work on abstract  point  set theory (i.e. general topology),  cul- 
minating in his doctoral  dissertation of  1906, and his work  on linear functionals, 
the principal achievement o f  which was his representation theorem (of  1907) for  
cont inuous linear functionals on the class L z. (But FR~CrrZT did no t  use the symbol 
L 2 for  that  class. The notat ions L 2 and L p, with p ~ 1, were introduced by 
F. RIESZ.) For  convenience I shall regularly refer to my first essay on FR~CI-IEa" 
as Essay I. See the bibliography. 

In Essay I I listed all of  FR~CaEX'S publications through 1908 (and a few after 
that) even though I did no t  analyze or make reference to a number  of  them. 
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In this essay I list all the publications from 1909 through 1928, which was the 
year in which FR~CHET'S book on abstract spaces was published. It was also the 
year in which he was appointed to the faculty of the University of  Paris and began 
a new period in his life, a period in which he partially abandoned what had for 
long been his main line of  work -gene ra l  topology and general ana lys i s -and  
turned his primary attention to the theory of probability. In my essays I make no 
attempt to analyze and evaluate the work of FR~CrmT on probability and statistics. 
He published voluminously in these fields, and from time to time after 1928 he 
also wrote papers that were related to his work before 1929. But I believe that 
FR~CHZT'S most important accomplishments were made in the subjects which I 
shall cover in my three essays. Certain of FR~CHET'S publications after 1928 are 
listed because of their relevance to this essay. 

The term 'general topology' as I use it in this essay usually means point set 
theory in an abstract space, as developed from certain axioms and definitions, 
and always involves the notion 'limit point of a set,' either as a primitive notion 
or as a notion or concept defined with the aid of some other primitive notion. 
An alternative term to 'general topology' is 'point set topology'. One may also 
speak of general topology in Cartesian or Euclidean space or in a non-abstract 
space whose elements, or 'points', are objects such as functions, curves, or surfaces. 
For  a long time FR~CHET avoided the words 'space' and ' topology' in his general 
theory of ensembles abstraits. He also preferred for a long time to speak of 'ele- 
ments' rather than of 'points', unless the elements were defined by coordinates. 

By 1909, at the beginning of the period dealt with in this essay, FR~.CHET had 
considered three methods of developing an axiomatic point set theory: (1) the 
method of L-classes, (2) the method of V-classes, and (3) the method of E-classes. 
These were set forth in the first part of his doctoral dissertation; I discussed them 
in Sections 4 and 5 of Essay I. In all three methods an element p is a limit element 
of a set S if there exists a sequence {Pn} of distinct elements pl ,  Pz, P3, . . .  such 
that the sequence converges to (or has the limit) p. The collection of limit elements 
(if any) of the set S is called the derived set of S and is denoted by S'. It may be 
empty. For  an L-class the notion of a convergent sequence with its limit is a pri- 
mitive notion satisfying certain axioms. For  a V-class or an E-class the notion 
of a convergent sequence is defined with the aid of a real-valued binary function 
(a function of two elements). In the case of  a V-class a value of this binary function 
is called by FR~CHET a voisinage (which translates as 'neighborhood', but which 
is not a set of elements, as in standard modern terminology today, but a non- 
negative real number). In the case of an E-class, FR£CHET speaks of an dcart 
instead of a voisinage. An E-class is in fact a metric space and the 6cart of two 
elements is their distance apart. The concept of an E-class is due to FR~CHET. 
The name 'metric space' for an E-class was introduced by FueIx HAUSDORFF 
(using the German name metrischer Raum) on page 211 of the book he published 
in 1914 [HAuSDORFF] 1. 

Independently of FRt~CHET, in the year after the publication of  FR~CHET'S 
thesis, F. PaESZ had proposed a general point set theory, using as primitive the 

i An author's name or name and number, in square brackets, refers to the Biblio- 
graphy at the end of the paper. 
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notion of the derived set of a given set (all sets being subsets of a given abstract 
class). This work [Rmsz 2, 3] is discussed in Section 8 of Essay I. Because RIESZ'S 
axioms will play a role later on the this essay they are recapitulated here. For  
convenience I use modern set notation in doing this. There are four axioms. 

1. If S is a finite set, S'  = 0 (the empty set). 
2. I f  S Q T, then S'  C T'. (A ( B means A is a subset of B.) 
3. (S~ W $2)" Q S~ W S~. (A W B, the union of A and B, is the set composed 

of all elements of A and all elements of B.) 
4. If  p C S '  and q @ p ,  there exists a subset T o f S s u c h  that p C T '  and 

q ~ T'. (p 6 U means p is an element of U; ~ is the negation of E.) 

Razsz defined the notion 'neighborhood' (in German, Umgebung) of an 
element and related it to the notion of a derived set. He called S a neighborhood 
o f p  if pE S but p(~ (S~)', where S ~ is the complement of S (the set of elements 
in the basic class but not in S). RIESZ proved that if p E S'  every neighborhood 
o f p  contains infinitely many elements of S and asserted (correctly) without proof  
that if p and S are such that every neighborhood of p contains infinitely many 
elements of S, then p must be an element of S'. The fourth axiom is not needed 
in the foregoing. 

RIzSZ busied himself with other things and never developed the consequences 
of his axioms extensively and systematically. His ideas were used by others, 
however, as we shall see. 

Still another method of constructing a general topology came on the scene 
soon after 1910. It was a method in which the notion of 'neighborhood of a point' 
appears in the fundamental role. Neighborhoods are sets, subject to certain axioms. 
They are used to define derived sets. 

Of course, the notion of a neighborhood as a set of some kind already existed 
in various forms prior to RIESZ, but not, I think, in the context of axiomatic ab- 
stract point set theory in the generality we are considering. The notion of 'nearby 
points' in CANTOR'S point set theory and of 'nearby functions' in the calculus of 
variations are forerunners of the notion of neighborhood as we shall see it 
appearing later in this essay. FR~CHEX'S use of the word voisinage in connection 
with his V-classes seems aberrant today, because it denoted a number rather than 
a set. But at the time it was not unnatural, for the methods of expressing 'nearby- 
ness' with which FR~CHET was familiar all involved the use of inequalities and posi- 
tive numbers. 

A general perspective on FR~CHET'S role in the early decades of the development 
of general topology is given in the concluding section of this essay. 

All references to 'the Archives' in the Essay are to the Archives de l'Acad& 
mie des Sciences de Paris. Unless otherwise noted, all documents and letters cited 
are in the Archives. 
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2. An overview of Fr&het's career, 1907-1928 

The academic positions held by FRfCHET after he obtained his doctorate 
in 1906, and through 1928 were as follows. 2 

1907: Professeur de Math6matiques sp6ciales pr6paratoires au Lyc6e de 
Besangon. 

1908: Professeur de Math6matiques sp6ciales au Lyc6e de Nantes. 
1909: Maitre de Conf6rences/t  la Facult6 des Sciences de Rennes. 
1910-1918:Charg6 de cours and then Professeur de M6canique ~t la Facult6 

des Sciences de Poitiers. 
1919-1928: Professeur d'Analyse sup6rieure ~ la Facult6 des Sciences de Stras- 

bourg. 
1921-1929: Professeur de Statistique et d'Assurances h l 'Institut d'Enseignement 

Commercial  sup6rieur de Strasbourg. 
Positions in Paris at various times from November  1, 1928 onward: 

Initially Maitre de Conf6rences ~t la Facult6 des Sciences de Paris (Institut 
Henri  Poincar6 et Ecole Normale Supdrieure). Also Directeur d'Etudes h la Pre- 
mi6re Section (math6matiques) de l 'Ecole des Hautes-Etudes. Then (1928-1933) 
Professeur sans chaire ~t la Facult6 des Sciences de Paris, and, after November 1, 
1933, Professeur de Math6matiques g6n6rales ~t la Facult6 des Sciences de Paris. 
F rom November  1, 1929 FR~CHET was also Professeur d'Analyse et de M6canique 
~t l 'Ecole Normale  Sup6rieure de Saint-Cloud. 

FRt~CHET married in 1908. He and his wife, born SUZANNE CARRIVE, had four 
children, HIS.L~NE, HENRI, DENISE and ALAIN. During the years of  the Great  
War, 1914-1918, FRIS-CHET maintained his appointemnt at the University in Poi- 
tiers, but was actually in military service. He was mobilized into the French Army 
on August 4, 1914. On May 8, 1915, with the rank of lieutenant, he was assigned 
to duty as an interpreter attached to the British Army. In this capacity he was at 
or near the front for about two and a half years. On November  4, 1917 he was 
sent to London as a member of  a French mission on aeronautics? 

2 Sources of information: Primarily FR~CI-IET'S Notice sur les Travaux Scientifiques, 
Hermann, Paris, 1933. Also POGGENDORFF and documents in the Archives de l'Acad6mie 
des Sciences, Paris. The exact dates of month for FR~CHET'S moves from one place to 
another are not indicated. Some of the correspondence suggests that FR~CHET was al- 
ready in Nantes late in 1907 and at Rennes already at some time in 1908. 

a For both general and specific information about some aspects of FR~CHET'S life 
and career I am especially indebted to his daughter, Mme. H~L~NE LEDERER, with whom 
I had two long talks at her home in a suburb of Paris in 1979. Some information derives 
from various documents in the Archives. Additional information may be found in two 
Notices n6crologiques about FRgCHET, one by SZOLEM MANDELBROJT in C. R. Acad. Sci., 
Paris, t. 277 (19 Nov. 1973), Vie Acad6mique, 73-75, and one by DANIEL Duao~, Inter- 
national Statistical Review 42 (1974), 113-114. There is a memorial article about FR~CHET 
by FRANK SMITI-II~S in the Year Book of the Royal Society of Edinburgh, 1975. FR~CnET 
was elected an Honorary Fellow of this society in 1947. 
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In 1919, while still in uniform, FRI~CHET was selected to go to Strasbourg 
to help with the reorganization of the University there. His appointment as 
Director of the Institut de Math6matiques at Strasbourg gave him a heavy res- 
ponsibility. An examination of his publication list during the years 1920-28 shows 
that he was very active indeed in research and writing, along with his administra- 
tive duties. 

If the war had not intervened, FRI~CHET would have spent the academic year 
1914-15 in the United States as a visiting professor at the University of Illinois 
in Urbana. In a letter of February 23, 1914, LEBESGUE wrote to FR~CHET: "Votre 
nomination 5. Urbana rendra 5- coup stir services 5- l'influence math6matique 
frangaise en Am6rique. Je vous f61icite de votre d&ermination." FR~CHET'S daughter 
(see Note 3) told me that the family got all ready to depart for America, with 
trunks packed and about to be sent off to the port of embarkation, when the war 
broke out. In the Archives there is a letter (dated September 15, 1914) from the 
office of the President of the University of Illinois regretfully accepting FRr~CHZT'S 
resignation of the appointment he could not keep. There is also a letter from 
group-theorist Professor G. A. MILLER in Urbana, dated September 19, expressing 
his disappointment that FR~CHET cannot come, and wishing success to the French 
Army. 

In spite of the fact that he was in military service during the Great War, FR~- 
CHET was somehow able to keep some of his mathematical work going. More than 
a dozen of his papers were published in the years 1915-19 inclusive. Quite a bit 
of this work was on subjects other than general topology, but in [FR~CHET 63] 
and [FR~CHZT 66] he launched a new approach to general topology, breaking 
away from the approaches used in his doctoral dissertation. In this new work 
he used two different axiomatic methods. One method was borrowed from the 
method of F. RI~sz, mentioned in Section 1 : use of axioms about the primitive 
notion of the derived set of a given set. FRI~CHET used some of the axioms of R~sz 
and added an axiom not used by RIEsz. The other method, using axioms about 
families of sets called neighborhoods, was presented by FR~CH~T for the first 
time in a note [FR~CHZT 63] in the Comptes Rendus of the Paris Academy of date 
September 10, 1917. This method was presented in detail, but in a rather confusing 
way, in [FR~CHET 66], published in 1918. Not until 1921, with the publication 
of [FR~CHET 75], were the ideas broached by FR~CH~T in 1917 and 1918 presented 
in a more nicely finished way. 

A fact of major significance in FRr~CHET'S life occurred in 1914, namely, the 
publication in Germany of a book by Professor FELIX HAUSDORFF, then of the 
University of Greifswald. This book, entitled Grundzfige der Mengenlehre, 
contained a masterly development of a theory of general topology in an abstract 
space. I shall discuss this work of HAUSDORFF in some detail further on in the 
present essay, but a few words are appropriate here in order to indicate why the 
publication of HAUSDORFF'S book was to be of great significance for FRt~CHET 
within the next ten or fifteen years. HAUSDORFF'S exposition was systematic and 
clear. The book was studied by the oncoming generation of young scholars and 
university students of advanced mathematics in Germany, some other European 
countries, and the United States. Until the late 1920's it was the most convenient 
single source from which to learn abstract general topology, provided the learner 
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could read German. Although FRI~CHET was really the founder of an effective theory 
of abstract general topology, whose work (mainly in his thesis) had made a major 
impact in the United States and Europe, the influence of HAUSDORFF'S book was 
dominant over the influence of FR~CHET'S pioneering work by the middle of the 
1920's, if not before. 

According to a statement by FR~CHET on page 367 of his paper [FR~2CHET 75], 
he did not read HAUSDORFF'S book until after the Great War. His exact words 
are: "Ce n'est qu'apr6s la guerre que j 'ai pu lire l'int6ressant Livre de Hausdorff." 
Precisely when he learned of the existence of the book is not known, I believe. 
It may be that he got the information from T. H. HmDEBRANDT, who addressed 
a letter to FR~CI~X in London on February 2, t919. He said he had been reading 
FR~CHET'S paper of 1918 in the Bulletin des Sciences Math6matiques ([FR~cHET 
66]) as well as some prior papers of FR~CHET. He expressed pleasure at the fact 
that FR~CaET was distinguishing between the notions 'limit of a sequence' and 
'limit element of a set'. Then he wrote: " I  suppose you are aware of the fact that 
the idea of defining limit in terms of vicinity is not a new one. One finds something 
of the same kind with postulates similar to your own in the work of R. E. Root,  
Limit in Terms of Order, Transactions of the American Math. Soc. 15 (1914), 
51-71, and in the work of Hausdorff, Grundzfige der Mengenlehre, page 209 and 
following. The treatment of this subject in the latter work is one of the best things 
I know along this line." 

General knowledge of  HAUSDORFF'S book by mathematicians in France may 
have been impeded by the Great War. The date at the end of the Foreword of the 
book is March 15, 1914, but the book may not have been offthe press and in circu- 
lation until after the outbreak of war in August. There is no mention of the book 
in FR~CHET'S writings prior to the one I have cited (which was in 1921). 

Later on in this essay I shall discuss evidences of FR~CrIET'S tenderness and self- 
defensiveness because he knew that HAUSDORFF'S theory was superseding his own 
as the commonly used basis of general topology. 

Early in the 1920's FR~CHET began to gather his work on general topology 
together in a fairly systematic way. He did this at first in a sixty-page paper 
contributed, by invitation, to a volume published in India in 1922, celebrating 
the silver jubilee of a certain ASUTOSH MOOKERJEE. This is [FRI~CHET 76]. But this 
publication was not broadly available. Moreover, FR~CHET merely stated his 
definitions and theorems; the publication was a narration of his theory through 
its various stages, but without the details of proofs. Hence it was not very useful 
to a student wishing to learn general topology in a systematic way. 

At about this time FR~CHET began to write a book about his general theory of 
abstract spaces, conceived of as an introduction to general ana lys is - tha t  is, to 
a theory of functions in the context of abstract spaces. The book was finally 
published in 1928 ([FR~CHET 132] in the bibliography). According to notes made 
by FR~CHET, among documents in the possession of his daughter in 1979, the 
definitive manuscript of the book was handed over to the publisher at the end of 
December, 1926. But this book had no chance of making the kind of impact that 
had been made by HAUSDORFF'S book. It arrived on the scene too late, for one 
thing. Also, it was not arranged and written as a book from which advanced 
university students could learn general topology systematically in a form that 
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would be currently useful in 1928 and immediately thereafter. In the main it was 
a presentation of FR~CHET'S own work on abstract spaces, generally without 
proofs. 

FR~CHET'S work at Strasbourg resulted in a large number of  publications, 
especially in the years 1924, 1925, and 1928. In addition, he had serious administra- 
tive duties. One especially notable feature of the years 1923 and 1924 was his 
correspondence with the young and enthusiastic Russian mathematicians PAUL 
URYSOHN and PAUL ALEXANDROFF (I use the spelling of that time). The many 
letters to FR~CHET from URYSOHN and ALEXANDROFF in 1923 and 1924, and from 
ALEXANDROFF alone for some years after the death of URYSCHN in 1924, are inter- 
esting not merely for what they show about the investigations being made by the 
two Russians, but for what they reveal, indirectly, about FRI~CHET. 

While he was at Strasbourg FR~CHET began to write on probability and related 
subjects. In the Bibliography see publications No. 73 (1921); No. 78 (1923); 
No. 95, No. 96, No. 100 (1924); No. 108, No. 115, No. 117 (1925); No. 125 
(1927); No. 128, No. 133 (1928). As was noted earlier, FR~CHET left Strasbourg 
and took up an appointment in Paris late in 1928. In conversations I had with 
Professor MICHEL LO~VE in Berkeley not long before his death, he told me that he 
thought FR~CnET'S move to Paris was at the behest of BOREL, who was anxious 
to have FR~CHET write a book on probability as part of a series under BOREL'S 
general direction. In his monograph on the life and work of BOWEL ([FR~CHET, 
BOREL monograph, 1965]), FR~CHET wrote (on page 1) as follows about the call 
from BOREL: "Plus encore, en m'appelant, beaucoup plus tard,/~ venir a Paris le 
seconder dans son enseignement de Calcul des Probabilitds, Emile Borel me 
prouva son estime, comme, d'ailleurs, en bien d'autres circonstances." In fact 
FR~CHET did write a book in two volumes, the first volume of which came out in 
1937, the second in 1938. See the Bibliography. 

I sought to find out, if possible, from FR~CHET'S daughter, more about the 
circumstances that accompanied FR~CHET'S move from Strasbourg to Paris. In 
an exchange of correspondence in 1980 1 asked her if she had memories about the 
decision FR~CHET made to leave Strasbourg. What could she tell me about her 
father's thoughts concerning his role as the creator of general topology in abstract 
spaces and about his future ambitions in mathematics, just at the time when his 
book on Abstract Spaces was ready for publication ? Did he, perhaps, feel that it 
was time for him to change the direction of his efforts, in view of the fact that 
his influence on general topology was diminishing? (She was aware of her father's 
sense that HAUSDOe, FF'S book had to some extent eclipsed his own pioneering 
work; we had talked about this in 1979.) I also remarked that doubtless FR~CHET 
was happy for the opportunity to become a Parisian once more. Her reply was 
interesting. She said that her father was not in the habit of discussing, with the 
family, the decisions concerning his career. She thought his decision to leave 
Strasbourg was his alone. As for the change in the direction of his work, she 
avoided the question about the status of his influence on general topology. She 
mentioned the fact that for some time he had been interested in the caleul des 
probabilitds, and in popularizing it. She cited the book written in joint authorship 
with MAURICE HALBWACHS [FRt~CHET 83]. Then she wrote "Doi t -on rester tou- 
jours dans la m~me ligne?" On the subject of BOREL'S influence she said that at 
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the time there were two mathematicians who could be considered for the teaching 
in Paris of the Calcul des probabilitds: PAUL LEVY and her father. She said that 
her father's work corresponded more closely with the tendencies of BOREL, and 
that he proposed (suscita) and then supported (soutint) the candidacy of Fm~CHEa'. 
As for FR~CHET'S interest in going to Paris, she indicated that a decisive factor 
might have been some disagreement he had the with Council of the Faculty of  
Sciences at Strasbourg. Here were her exact words: "Parisien pendant la plus 
grande partie de sa jeunesse, il quitta sans joie le capitale apt& l'agr6gation. Mais 
une fois qu'il eut gout6 le calme de la vie en province il eut prefer6 jamais revenir 
/~ Paris. Du reste il avait donn6 beaucoup de lui-m~me ~t l'Institut de math6mati- 
ques de l'universit6 de Strasbourg et il aimait la proximit6 des Vosges et de la cam- 
pagrte. Mais je crois me rappeler qu'il se trouva en opposition avec le Conseil de la 
Facult6 des Sciences et que, degu, il se ddcida h repondre ~t l'appel d'Emile Borel." 

Among the papers left by FR~CnET and now in the Archives is an envelope 
dated 1907 in which are many small pages filled with closely written notes for use 
in teaching and setting examinations. The subjects include elementary calculus and 
differential equations with applications to curves, surfaces, and envelopes. 

An undated letter from HADAMARD states that he has recently seen F. RIESZ 
and thus learned that RIESZ and F~CHET are in touch by mail. He expresses his 
pleasure that FR~CHEa" already has "des continuateurs" and congratulates him on 
that, saying that that is the best outcome one can have from his work. This must 
refer to the period in 1907 when RIESZ and FR~CHZa" were in correspondence about 
linear functionals (see pages 274-277 in Essay I). 

In a letter of October 7, 1907, FR~CHET'S American friend E. B. WmSON writes 
to him from the Massachusetts Institute of Technology, to which he has recently 
moved from Yale. He reports his salary up from $1800 to $2500 and says he has 
just received FR~Cm~T'S new address in Nantes f rom VAN VLECK. There are two 
letters from WmSON in 1908. In the first (dated November 30 and sent to Rennes), 
he acknowledges FR~CHET'S card announcing his marriage. He says he likes his 
situation at M.I.T., where he has more time to work up his ideas; the teaching 
is not as advanced as at Yale. In the second letter he expresses pleasure that FRO- 
CriEr is so well situated and congratulates him on having only three hours of lec- 
tures per week. WILSON himself has eleven hours. Speaking of his own work, WIL- 
SON laments that he has so much facility for learning too many things and writing 
little nothings on a great many subjects. 

On December 11, 1908 HANS HAHN wrote a letter to FRt~CHET thanking him 
for sending a copy of his paper Essai de G6om6trie analytique/t  une infinit6 de 
coordonn6es (this is No. 28 in the list of FR~CItET'S papers in Essay I). In the paper 
that HAHN wrote concerning FR~CHET'S thesis (see page 254 in Essay I) HAHN 
had, among other things, constructed an L-class for which the set of elements of 
condensation of a given set need not  be closed, thus showing that the statement 
made by FR~CHEa" on lines 7-8 of page 19 of his thesis as published is wrong. 
FRI~CHET had written to HAHN that he was aware of  the mistake, which was a 
printer's error, he said. In the phrase "'et mkme pour une classe (L) quelconque" 
L should be changed to V. HAHN tells FR~CHET he will prepare a note about this 
to go in the Monatshefte. 
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In 1910 was published HADAMARD'S book on the calculus of variations [HADA- 
MARD], in the writing of which FR~C~ET played a major role as helper. There are 
two letters from HADAMARD to FR~CaEa" (undated, as usual) that must pertain 
to this enterprise. One of them contains some interesting comments : "Je  suis un 
adversaire tr~s d6cid6 de la m6thode de Hilbert pour les conditions suffisantes 
de l ' ex t r6mum-une  partie tr~s m6diocre de l 'oeuvre de Hilbert, ~ mon avis. Je 
n'ai jamais compris -peut -&re  m'expliquez vous le suecds f a i t - c e t  artifice qui 
n 'apprend rien, absolument rien de plus que la m&hode lumineuse, lapidaire, 
d6finitive, de Weierstrass, fondde sur la formule aux limites." 

In 1912 was published FR~CHET'S book [FR~CHET 43] on the FREDaOLM inte- 
gral equation, in collaboration with an Englishman, B. H. HEYWOOD. This did 
not represent any original mathematics on the part of FR~CH~T, but the book was 
well-received as a useful exposition of its subject. The publication of the book 
drew FRI~CHET into correspondence with ZAREMBA, who wrote FRI~CHET on March 
11, 1912 to point out that FR~CH~T had cited work of STEKLOFF without mentioning 
ZAREMBA, whereas (ZAREMBA claimed) he had priority over STEKLOFF in the work 
cited. This did not prevent FR~CrfET from having cordial occasional correspondence 
with ZA~E~A in later years. 

FR~CHET was in touch with SIGISMUND JANISZEWSKI in 1912 and perhaps ear- 
lier. In a letter of February 29, JANISZEWSKI expressed to FR~CI~ET an interest in 
the notion of having a mathematics journal devoted to set theory and topology, 
and broached the idea of having various journals, each with its own specialty of 
subject matter. FR~CrtET evidently mentioned this to BOREL, who, in a letter of 
10, 1912, expressed disapproval of JANISZEWSKI'S idea, saying he thought it would 
present a serious inconvenience to mathematicians. (Incidentally, in this letter 
BOREL told FR~CI-~T that he had little interest in the researches of BERTRAND 
RUSSELL, which seemed to him to be more philosophy than mathematics.) JANIS- 
ZEWSKI'S idea was eventually realized with the launching of Fundamenta Mathe- 
maticae. 

In 1912, also, there was correspondence between L. E. J. BROUWER and 
FR~CHET. In a letter of May 17 BROUWER, writing to FR~CHEa" about the proposi- 
tion that a domain in space o fn  dimensions cannot be homeomorphic to a domain 
in space in n + p dimensions, explains the trouble with an attempted proof  by 
LEBESGUE and states that he has a proof  by a modified method. Later, in 1914, 
BROUWER wrote to ask FR~CI~Ea" for a copy of his thesis, saying it was inconvenient 
not to have one. 

FR~CI-IET was in correspondence with F. RIESZ again in 1913-14. On December 
29, 1913 RIESZ wrote to FR~CI-IEa', apparently in response to a query from FR~CI-IEa" 
about the convergence 

ffdun-+ffdu 
of a sequence of STIELTJES integrals when the sequence {u,} of functions of bounded 
variation converges pointwise and the u,'s are of uniformly bounded variation. 
RIESZ says he may have given details of the proof in his paper [RIESZ 4]. But, he 
says, proofs for more special cases have been given by HAAR in his thesis [HAAR] 
and by LEBESGUE in [LE~ESGUE], and these proofs can be adapted to the general 
case. Going on, RIESZ says that, as for the memoir of RADON ("who, being Austrian, 
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is not my compatriot"), he also has received the memoir, but hasn't looked at 
it in detail. He then acknowledges that it is hard to follow RADON at a place re- 
marked on by FRr~CHET, and offers to be of help to FR~CHET with the paper since 
he reads German better than FR~CHET. We can see from this letter that FR~CHET 
had already, late in 1913, begun the reading of RADON that led him eventually to 
his work [FR~CHET 55, 56] on integration of a function defined on an abstract 
space. (I expect to discuss this and certain other works of FR~CHET in my third 
essay.) RIEsz wrote to FR~CHET again from Koloszvar (later known as Szeged) 
on May 17, 1914. FR~CHET had sent him one of his publications and invited RIzsz 
to see him in France. RTESZ says that perhaps he will be able to visit him before 
his (FR~crIET'S) departure for the United States (see my earlier reference to FR~- 
CHET'S projected appointment at the University of Illinois). He tells FR~CHET about 
a gathering planned for September in Hannover, where the subjects Of discussion 
will be DtRICHLET series and the zeta function. Among those expected to attend: 
H. BOHR, G. H. HARDY, J. E. LITTLEWOOD, and MARCEL RIESZ. As for Esperanto 
(says RIESZ), he has great respect for it but thinks it more difficult than Italian, 
which he understands without having studied it. (FRI~CHET was an Esperanto 
enthusiast; he published some mathematical papers in that language, and later 
became President of an international Esperanto society.) 

D. R. CURTISS, who had known FR~CHET in Paris during the latter's student 
days at l 'Ecole Normale Sup6rieure, and who was by 1914 an established faculty 
member at Northwestern Unversity in Evanston, Illinois, wrote to FRl~CHET 
several times in the years 1915-17. These letters were to some extent about FRI~- 
CHET'S papers to be published in the Bulletin and the Transactions of the American 
Mathematical Society ([FR~CHET 60a, 60b, 65]). The letters also contain remarks 
about the war. On October 30, 1915 CURTISS writes that it is commonly thought 
the United States cannot keep out of the war if it lasts for two or three years. 
Sympathy with France and England is growing steadily, he says. On May 20, 1916 
he wrote that the U.S. "approaches crises from day to day, always to withdraw 
and yet always keeping near the edge of the war. Meanwhile we are totally un- 
prepared." On August 16, 1916 he wrote: "The  ring seems to be closing on Ger- 
many, but in the west it is slow." He opines the war may last another year or so. 
On February 2, 1917 CURTISS writes that mail is slow, that the second part of FRt~- 
CHET'S paper on "limit and distance" has finally arrived, but that there may not 
be space for it in the Transactions until January, 1918. (That is when it did appear 
[FRI~CHET 65].) He says he is always relieved to hear that FRI~CHET is safe so far. 
Everyone is asking (he says) how we can avoid a break with Germany. He thinks 
some of WILSON'S manners of speaking have been unfortunate, but " I  expect 
him to do the right thing in this crisis. Germany is evidently desperate." The 
letter of May 20, 1916 contains a reference to receipt by CURTISS of a list of FR~- 
CHET'S publications on le calcul fonctionnel, after which he writes: " I  shall keep 
this with your other letter, for the use which I hope I shall not need to make of 
it. I have spoken to a number of mathematical colleagues (including Prof. E. H. 
Moore) and they seem to think the project of publication here is feasible, though 
agreeing that you could do it better yourself after the war. Of course that goes with- 
out saying." This presents a puzzle as to the exact nature of the publication pro- 
ject. It may perhaps be inferred that FR~CHET was suggesting the possibility of 
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having his collected works published in America in case he did not survive the 
war. This, in turn, may lead one to speculate that FR~CHET felt that his work was 
more appreciated in America than in France. (That may well have been true.) 

E. B. WILSON wrote to FR~CnEa" several times during the war. His letter of 
June 16, 1915 mentions that DE LA VALL~E POUSSIN had come to dinner and that 
OS~OOD tended to be pro-German (he had a German wife). He mentioned that 
WILLIAM JENNINGS BRYAN "has just resigned from the Cabinet, thus relieving the 
Wilson Administration of an unfortunate incubus." He hoped that the U.S. would 
not have to go to war with Germany, for he thinks it would be more helpful to 
continue sending supplies, which would have to be stopped at least temporarily 
if the U.S. went to war, because it was so unprepared. 

PAUL MONTEL wrote to FRI~CHET on April 2, 1916 on letterhead of the Societ6 
Math4matique de France, to tell him that he hadn' t  forgotten about him and that 
his article would appear soon. (This would be the paper [FR~CHZT 62].) 

There is a letter to FR~CHET from R. GARNIER, dated June 6, 1917 in Poitiers. 
It is a newsy letter, about teaching and about people. GARNIER mentions that his 
"journ6es parisiennes" are spent in "la Section technique de l'Artillerie oh je fais 
diff6rents calculs." He evidently sees L~BESGUE and MONTEL from time to time, 
their places of work in Paris being near his. 

Among FR~CtIET'S effects in the possession of his daughter when she let me 
study them in 1979 were two small notebooks which FR~CHET kept with him 
during the war. Most of the contents of the notebooks are miscellaneous mathe- 
matical jottings. One of them, on the first page, contains a reference to a commune 
with an illegible name in the D4partment du Pas de Calais, with the date 9 juillet, 
1915, followed by some notes concerning rules for military persons with relation 
to buildings in the town. On later pages there were queries and attempts at proofs 
of  tbings about V-classes (in the sense defined in the thesis). It is hard to get a 
coherent sense of any accomplishment from these jottings. Perhaps the most 
interesting stuff in this notebook is what is revealed about FR~CHET'S early plans 
for writing a book. Various thoughts about notation and typography are written 
down. There is no outline plan of the contents of the book, but there are a few 
specific indications of intent: "Pour  mon livre faire des d4mon strations avec l'6cart 
en donnant l'6nonc6 avec le voisinage." Here he was using terminology from his 
thesis. He did not yet know what CHITTENDEN was to do to show the equivalence 
of deart and voisinage. (See page 254 in Essay I.) 

The other notebook has written on its front: "Notes  math6matiques. MF. 
Notes 6crites sur le front entre 1914 et 1917 approximativement." On the inside 
is written: "FRECHET,  Interpreter ASC HQ 1st Indian Cavalry Division." 
On the first page FR~CHET is considering the problem of whether there are V-class- 
es that are not E-classes. This probably relates to his work that was published 
as [FR~cHET 66], in which V-classes and E-classes are defined differently from the 
usage in his thesis. This notebook contains pretty much the whole of the substance 
of the paper [FR~CHET 103] published in 1925. Along with this there is a reference 
to the paper [FR~CHEr 38] of 1910, with a precise page reference in a manner that 
suggests that FR~CHET had a copy of the paper with him. These things raise a 
question as to whether everything in the notebook was written there during the 
war. I think probably so. In this notebook too, one finds material about V-classes 
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in the new sense presented in the papers [FRI~CttET 63, 66] of 1917 and 1918 respec- 
tively. 

In his early years in Strasbourg FRI~CHET was very active in promoting contacts 
between his Institute of Mathematics and other mathematical centers in Europe. 
Among other things he sought to obtain copies of various mathematical journals 
on an exchange basis and asked various mathematicians to publicize within their 
universities the new mathematics program at Strasbourg. FR~CH~T was able to 
get for Strasbourg a meeting of the International Congress of Mathematicians in 
1920. It was attended by about 200 mathematicians, including 80 from France and 
some from the United States. There were none from Germany or Austria. Among 
the Americans was NORBERT WIENER, who at that time was interesting himself 
in abstract spaces. FRI~CHET corresponded with SIERPINSKI and with ZAREMBA, 
who was usually in Cracow, but sometimes in Lw6w. In 1919 ZAREMBA was telling 
FRI~CHET about the mathematical centers in the universities in Warsaw, Cracow, 
Lw6w (formerly Lemberg, also Lropol), and Poznan (Posen). A university was 
being formed in Wilno (Vilna) and one might be formed in Lublin. He names the 
Polish journals in which mathematics might be published (the first issue of Funda- 
menta Mathematicae was to come out in 1920), and said he'd be glad to accept 
a memoir from FRI~CHET for the Bulletin of the Academy of Cracow. In a letter in 
1920 he mentioned having met FRI~CHET in Cambridge, England. In July of 1920 
he wrote about STEFAN BANACrt and said he hoped that BANACH would be able to 
go to Strasbourg for the year 1921-22. Official arrangements were being instituted, 
he said. 

There was a lengthy correspondence between FRt~CHET and SIERPINSKI, ap- 
parently beginning in 1919. FRt~CHET had sent SIERPINSKI some of his reprints 
and asked about making the mathematics program at Strasbourg known in Poland. 
SIERPINASKI was willing to help. He specifically asked FRECHET for a copy of his 
thesis, saying that they didn't have the Rendiconti del Circolo Matematico di Pa- 
lermo in Warsaw. In reply to FRt~CHET'S comment that some things published by 
SIERt'INSKI in December, 1911 and February, 1912, in the Bulletin of the Cracow 
Academy had been previously discovered by FRI~CHET himself, SIERPINSKI said 
that there was indeed a close connection between his work and that of FRI~CHET. 
In some letter FR~CHET had evidently asked about LUSIN, with whom he wanted 
to get in touch, and also about ALEXANDROFF and EGOROFF. SIERPINSKI said he 
had last seen them in Moscow in January, 1918. He made some uncomplimentary 
remarks about "the barbarous Russians". He thought no one from Poland would 
be able to attend the mathematical Congress in Strasbourg. Later, in 1921, SIER- 
PINSKI wrote that he had heard from LUSIN, who was living under difficult condi- 
tions in Moscow. On November 25, 1921, SIERPINSKI, replying to an inquiry from 
FRI~CHET, said about BANACH: "I  know him. He is a very capable young man now 
an Assistant at the Ecole Polytechnique in Lw6w." He said it would be a pity if 
BANACrt couldn't deepen his studies in France that academic year. 

In several more letters from ZAREMBA in the period 1919-1921 he mentioned 
the impending start-up in Warsaw of a new journal devoted particularly to 
the theory of sets. (This would be, of course, Fundamenta Mathematicae.) He 
hoped that some of the Polish mathematicians could come to the International 
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Congress in Strasbourg, but cited monetary problems, spoke of difficult times in 
Poland, and in July, 1920 said the international situation justified only black 
pessimism. In a letter of July 10, 1921, he mentioned some of BANACrt'S interests 
and publications and told FR~CHET that BANACH had passed his doctorate earlier 
that year. BANACH was born in Cracow, came to know ZAREMBA there, then went 
to Lwdw where he obtained his doctorate. FR~CHET had learned about BANACH 
and his postulates for a complete normed linear space from NORBERT WIENER, 
who was his guest at the time of the Congress in Strasbourg (see page 15 in the 
article on BANACH by HUGO STEINHAUS in [BANACH, Oeuvres I]). 

The paper [CHITTENOEN 3] came to the attention of HADAMARD, who wrote 
to FR~CHEr (the letter is undated, but is probably of late 1921 or early 1922) 
hoping that FR~CrtET could come to Paris to help out in HADAMARD'S seminar. 
Speaking about the paper of CmTTENDEN, he wrote "Je  voudrais bien qu'on nous 
dise ce qu'il y a l~t-dedans et naturellement personne n'ose l 'aborder." He said that 
FR~CHET could "rendre un service s6rieux qui personne d'autre ne pent rendre." 

On April 3, 1924 L~BESGtJE wrote to FR~CHET in connection with the following 
matter. A certain American, B. Z. LINFIELD, had come to LEBESGUE to see about 
getting a French doctorate. He already had a doctorate from Harvard University. 
(It was taken under GEORGE D. BIRKHOFF.) He showed his Harvard thesis to 
LEBESGUE and asked if its contents 'convenablement compl6tC might be submitted 
for a French thesis. LEBESGtJE was seeking some guidance from FR~CHET because, 
he said, he was not accustomed to axiomatic considerations and didn't feel able 
to judge the originality and depth of LINFIELD'S work. He had consulted BOREL; 
both of them thought (of FR~CHET) "que vous seul en France pourriez lui addresser 
un avis 6claire." In the next letter (April 28) LEBES6UE wrote: "C'est  vous seul 
qui ~tes juge; je ne m'occupe nullement de la th~se de M. Linfield. Mon r61e, 
purement consultatif, a 6t6 de d6cider l 'homme le plus capable d'amener M. Lin- 
field ~t faire une bonne th6se. Mon r61e est donc termi~6. A vous de juger si le 
travail de M. Linfield constitute une th~se ou une base de th6se. Plus tard vous 
d6ciderez s'il faut qu'il la fasse 5. Paris ou 5. Strasbourg . . . .  " There followed some 
discussion about the options of a Doctorat  de l'Universit6 or a Doctorat  d'Etat. 
LEBESGtJE said he felt that the Doctorat  de l'Universit6 had been somewhat de- 
preciated, but then said "... je suis doric loin de d6pr6cieI la titre." He believed 
that LINFIELD wanted nothing but a Doctorat  de l'Universit6. Then he said 
"Quant  h son travail, il a d@t servi ~t Harvard, il ne peut servir ind6finiment; 
aussi j 'estime que dans tous les cas il doit &re poursuivi pour faire une th6se 
quelconque. Ceci est d 'autant plus n6cessaire, que nous ne trouvons commem 
ce travail a 6t6 jug6 ~t Harvard."  The upshot was that LEBESGUE encouraged 
Fa~CHET to help LINFIELD by giving him some ideas for research at Strasbourg. 

A year later, on May 25, 1925, LEBES6UE wrote again about LINFIELD. He 
said that if FR~CHET was of a mind to "lui faire sortir quelque chose d'acceptable, 
c'est fort bien; je ne suis pas 6tonn6 d'apprendre que ~a a 6t6 dur et que le r6sultat 
n'est pas extraordinaire. Mais c'est d6j5. tr~s tr~s beau; f61icitations." "H e  advised 
FR~CHET to let L~NFIELD pass his thesis 'tranquillement." But he added some words 
about conducting the matter in a manner that wo~ld not encourage globe-trotting 
degree-seekers and that will not give Americans reason to think that French 
degrees are inferior to theirs. 
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LINFIELD did complete a thesis at Strasbourg; it was presented to the University 
July 30, 1925. The thesis and its title (it was about discrete spaces) are cited on 
page 285 in the bibliography of [FRI~CHET 132]. 

The years 1923 and 1924 were exceedingly busy ones for FRECHET. An unusually 
large number of his papers were published in 1924, and in the summer of that 
year he attended the International Congress of mathematicians in Toronto, 
Canada. Four of his papers [FR~CHET 97, 98, 99, 100] were published in the pro- 
ceedings of that Congress. In 1924, also, was published the expository paper 
[FRI~CHET 106]. (It is reprinted on pages 52-88 in FRECHET'S book Les Math6- 
matiques et le Concret, Presses Universitaires de France, Paris, 1955.) The writing 
of this article was solicited on behalf of XAVIER LEON, Director of the Revue de 
Mdtaphysique et de Morale, by MAXIMILIEN WINTER. In his letter of June 4, 1923, 
WINTER flatteringly opened by recalling that POINCARt~ had contributed an article 
to the Revue every year for twenty years and that M. LEON had asked him to solicit 
from FR~CHET "un  expos6 d'ensemble sur les travaux r~cents de calcul fonctionnel 
(concernant notamment vos propres travaux, la 'general analysis' de Moore, les 
conceptions de Wiener et-s'il y a lieu-la conception de l'Ecole polonaise)." He 
said that FR~CI-mT could in this way render a notable service to the scientific and 
philosophical public. 

This circumstance illustrates the fact that FR~CI-mT was already a quite visible 
figure in the French intellectual world. The article was finished and submitted in 
November of 1924. The correspondence indicates that FR~CHET was paid ten francs 
a page for the article. 

As I conclude this overview of FRECttET'S career prior to his move from 
Strasbourg to Paris, it is important to be clear about the fact that FR~CrlET was 
not moving totally away from his previous mathematical interests. He continued 
to teach a wide assortment of courses, not just probability and statistics. And he 
continued his interest in abstraction and generality, bringing that interest to bear 
in his work on probability. But he never again did anything in topology or general 
analysis to make as fundamental an impact as what he had done earlier. 

3. Fr~ehet and abstract point set theory, 1909-1913 

FRI~CHET'S publications in the years 1909-1913 deal much more with function- 
als and differentials than with general topology, but there are several on the latter 
subject: paper No. 30 in 1909, No. 38 and No. 39 in 1910, and No. 48 in 1913. 
The first two of these four papers are concerned with FR~CHET'S initiation of what 
he calls type de dimension of a set in an abstract class with a topology. This subject 
is also treated in part of paper No. 39. Because FR~CHET'S work relating to di- 
mensionality has been examined and discussed at length in a paper [Am3OLEDA 3] 
published in 1981, I shall spend little time on this part of FR~CHET'S work. 

FR~CHET considers a set G1 in an L-class and a set G2 in another or the same 
L-class. He follows terminology of HADAMARD in defining such a pair of sets as 
being homeomorphic if there is a one-to-one correspondence between G1 and G2 
that is continuous in both directions (with continuity defined by means of sequen- 
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tial limits). Then he defines the dimensionl type of G1 as being less than or equal to 
that of G2, and indicates this by writing dG1 <= dG2, if G1 is homeomorphic to 
some subset S of G2 (S may possibly be all of Gz). If  dG1 <= dG2 and dG2 <= dG~, 
FR~CI~ZI" says that G~ and G2 are of the same dimensional type, and indicates this 
by writing dG1 = dG2. If  dG1 <= dGz and if dGz <_ dG1 is false, Frtf~cnEr 
writes dG~ < dG2. I emphasize that Fv,~CH~a" does not actually assign a numerical 
value to the symbol dG~ itself, even though the title of paper No. 30 is 'Une 
ddfinition de nombre de dimensions d'un ensemble abstrait.' Nevertheless, FN~CHZT 
does in certain situations treat the symbol dG~ as if it were a nonnegative real 
number (not necessarily an integer) or the symbol + ~ .  He assumes that dR~ = 1, 
where R1 is the set of all real numbers with the ordinary topology. 

The initial impetus for this work of FR~CI-IZT on dimensional type seems to 
have come from his correspondence with REN~ BAIRE in 1909, and perhaps also 
from ]TRI~CHET'S reading of a paper by BAIRE. See pp. 348-350 in [ARBOLEDA 3]. 
In the Archives there are three communications from BAmE to FR~CHEa" in 1909 
and two in 1911. They deal in part with the state of BAm~'S health and in part 
with the fact that BAIRE had been attempting to show generally that it is impossible 
to establish a homeomorphism between a domain in Rn and a domain in Rn+p if 
p ~ 1 (where R~ is the Cartesian space of points (xl . . . . .  Xk)). This question had 
not been settled at that time. BAIRE thought he had a proof  in 1907, but his 
effort was flawed. BROUWER settled the issue in 1911. See [HUREW~CZ & WAI.L- 
MAY], page 5. See also the paper [DUGAC] pp. 335-336. For comments on the rela- 
tionship between dimensional type and dimension in the sense of M~N~ER and 
URVSOHN, which is always an integer, see [I-IUREWICZ & WALLMAN], page 66. 

[FR~CHET 39] is mainly a sort of addendum to his dissertation. Nearly all the 
discourse is about E-classes (i.e. metric spaces) which, in FR~CI-IET'S terminology, 
"admit  a generalization of the theorem of Cauchy on convergence." In modern 
parlance these are complete metric spaces, and for brevity I shall use this termi- 
nology in stating the results of FI~C~I~T. His first theorem is that in a complete 
metric space a set G is compact if and only if, for each e > 0, a subset S of G 
for which the dcart (distance) between each two elements of S is greater than e 
is necessarily a finite set. FR~CH~T also proves that if G is a compact set in a com- 
plete metric space, G contains a denumerable subset D such that G Q D ~J D'. 
He also proves that in any metric space the derived set of a compact set is compact. 

In another section of this paper FR~CHET deals again with his generalization 
of the CANTOR-BENDIXSON theorem. (See the last complete paragraph on page 257 
of  Essay I.) This time he gives a proof  that makes use of transfinite numbers. 
But, he says: "Nevertheless, the recent expositions of the theory of transfinite 
numbers have disengaged the theory from the metaphysical considerations that 
obscure it, and therefore it can only be advantageous to introduce it (that is, the 
theory) where it genuinely gives new precision." In this connection he cites the 
exposition of the theory in BAIRE'S book of 1905, [BAIRE]. 

In the next part of this paper FRI~CHET'S purpose is to show that various of 
the "concrete" E-classes of functions that he introduced in the second part of his 
thesis are of infinite dimensional type. What he does (on page 11) is to show that, 
if F is one of those E-classes composed of functions (for example, the class of real 
functions f continuous on [0, 1], with the distance between f and g equal to 
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the maximum value of If(t) - g(t)I for t on the interval), then dR n <= dF for 
every n. After establishing this comparison of dimensional types FR~CHET makes 
the statement: "De  sorte que l 'on peut bien dire maintenant que F est d'une type 
de dimension infini, que F est une classe/t une infinitd de dimensions." FR~CI-IET 
speaks of R, as a space of n dimensions, but he does not actually write dRn = n. 

One of the more interesting things in this paper No. 39 is FRI!CHET'S introduc- 
tion of  what he designates as "l'espace D".  It is denoted by 1 °° in modern literature. 
It has also been denoted by (m). The points of D are bounded infinite sequences 
{xn} (n = 1, 2, ...) of  real numbers; the distance between {xn} and {y,} is the 
supremum of the values Ix, - Y,I as n varies. The space D is complete but not 
separable. (It should be noted that FR~CHET'S definition of a separable class at 
that time, as in his thesis, meant that the entire class is the derived set of a denumer- 
able set. He shifted to the modern definition in 1921, requiring that the class be 
the union of a denumerable set and its derived set; see [FR~CHET 75], page 341.) 
FR~CHET showed that D has the following special property. Any normal E-class, 
that is, any complete and separable metric space, can be imbedded isometrically 
in D. The method of imbedding is very simple. Suppose the normal E-class is the 
derived set of the sequence Ao, As, A2 . . . .  of  elements. If  A is any element of the 
E-class, let the corresponding element {x,} of D be defined by 

Xn = ( a n ,  A )  - ( a . ,  A0) ;  n = 1, 2 . . . .  , 

where (A,, A) is the distance between A, and A. Then, if {Yn} corresponds in this 
same way to the element B, so that 

y ,  = (An, B) - (A n, Ao), 

it is easy to show that the distance (A, B) is equal to the distance between (xn} 
and (Yn}, thus showing that the imbedding is isometric. This shows that dF ~ dD 
if F is any normal E-class. But, since F is separable and D is not, we cannot have 
dD ~ dF. Therefore, dF ~ dD. 

This work of FRI~CHET inspired URYSOHN, years later, to search for what he 
called a universal separable metric space. I will come back to this matter later, 
in Section 9. 

Toward the end of the paper (No. 39) FR~CHET indulges himself in some re- 
flections about the status of his L-classes and V-classes, as compared with the status 
of his E-classes. In a paper [HAHN] published in 1908, it was shown that a theorem 
in FR~CHET'S thesis, proved only for E-classes, was in fact true for V-classes, as 
FR~CHET has conjectured (see page 254 in Essay I). Now, in this paper of 1910, 
FR~CHET asserts that HAHN'S achievement confirmed his belief that there is no 
real difference between V-classes and E-classes. A little later on he observed that 
HAHN had demonstrated two things: (1) There exists an L-class in which the only 
continuous functionals are those which are constant in value, and (2) on a V-class 
there does always exist a non-constant continuous functional. FR~CHET then 
comments (on page 23) that perhaps this second result could be used to prove the 
identity of a V-class with an E-class, by constructing an ~cart for the V-class which 
yields the same limit elements and derived sets as the already existent voisinage. 
It was, in fact, by this sort of use of HAHN'S work that it was proved in [CHITTEN- 
D~N 2] that a V-class can be regarded as a E-class. 
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Finally, FRI~CHET remarks as follows: "The  theorem of Hahn, previously 
mentioned, seems indeed to confirm that for applications to the functional calculus 
it is better to abandon the too general consideration of L-classes and limit considera- 
tion to V-classes or even to E-classes. However, I do not believe it useless to study 
L-classes or even more general classes such as those considered recently by Riesz." 
(Here he makes reference to the paper [RIEsz 3] that was delivered at the Fourth 
International Congress in Rome. See pages 267-270 in Essay I.) 

FR~CHET'S desire to deal with extremely general situations seems to have been 
a characteristic of him throughout his life. It shows up in much of his published 
work, including his work on probability and his ventures back into general anal- 
ysis during his later life. Professor LOirE once said to me that in certain ways he 
always found FRgCHET surprising and cited to me cases in which he had taken some 
of the fruits of his research to FR~CNEX (during the Paris years), whereupon 
FR~CHET, after looking it over, would say: "Well  now, let's see, how can that be 
generalized ?" 

FR~CHET'S paper No. 48 is a consequence of a paper published in 1911 by 
EARLE R. HEDRICK, and I need to comment on that paper before discussing 
FR~C~IEa"S reaction to it. HEDRICK, an American almost two years older than 
FR~CHET, received his Ph. D. in G~Sttingen early in 1901 and then spent a number 
of months in Paris at the Ecole Normale Sup6rieure (which FR~CET had entered 
in 1900). Whether HEDRICK and FR£CHET met at that time I do not know. By 1911 
HEDRICK was a full professor at the University of Missouri. His paper [HEDRIC~], 
is about L-classes that satisfy certain additional conditions. It is clear that HEDRICICS 
work was suggested by his having read Fm~CHEa"s thesis. Some of the results in 
HEDRICK'S paper were presented to the American Mathematical Society in 1909, 
but it is indicated in the paper that he was acquainted with FR~CHET'S paper No. 39. 

It is worthy of note that HEDRICK and T. H. HILDEBRAND1" were the first 
American mathematicians whose published researches were motivated by FR~- 
CrtET'S thesis. Also, in his paper HEDRICK became the first mathematician to prove 
a 'BoREL covering theorem' in an L-class. (For a comment about this see page 406 
in the paper [HmDEBRANDT 2].) 

HEI~RICK deals throughout with an L-class in which an additional axiom holds: 
Each derived set is closed. Before stating HEDRICK'S version of a BOREL covering 
theorem I give the following definitions and terminology for convenience of expo- 
sition: An element p is interior to a set G if it is in G and is not a limit element 
of the set complementary to G in the L-class. A family Jet' of  sets is a covering of 
a given set G if every element of G is interior to some member M of the family 
de'. HEDRICK'S 'BOREL theorem' is: If  G is a closed and compact set and ~/t is a 
denumerable family of sets that is a covering of G, then there is some finite collec- 
tion of members of i t '  which is also a covering of G. This is the only result from 
HEDRICK'S paper that I shall describe fully. There is a good deal more to the paper. 
For  some of his later results he assumes as well that the L-class is compact, and 
he imposes a rather intricate condition which he calls ' the enclosable property ' .  

In the Archives is a letter, dated July 31, 1911, written by HEI~RIC~:, who was 
then in G/Sttingen, to FR~Cr~ET. He said he was sending FR~CHEa" a copy of his 
recent paper in the Transactions of the American Mathematical Society. He said 
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"it follows closely your thesis". Another letter in the Archives, f rom HEDRICK to 
FR~CHEr, written on December 26 of the same year, f rom Missouri, is an answer 
to a letter from FRI~CHET which HEDmC~: describes as of  date December 10. 
Evidently FR~CHET had told HEDRICK that he should have made explicit an assump- 
tion that his L-class was perfect, for he thought that assumption was needed at 
a certain place in an argument. In his reply HEDRICK refuted this assertion by giving 
an explanation. He then went on to say that he found it remarkable that, as Fmi- 
CriEr had asserted, his (HEDRICK'S) assumptions had the consequence that this 
L-class was in fact a V-class. He asked FR~CHET to communicate the proof  to him. 
The upshot of  this correspondence was that FR~CHET sent HEDRICK a detailed 
letter, an extract f rom which became FR~CHE~'S paper No. 48, as is noted in a foot- 
note on the first page of the paper. It  would appear that FR~CHET must have 
prepared the requested proof  as part  of  a detailed commentary on HEDRICK'S 
paper before he could have received HEDRICK'S letter of December 31, for the date 
January 3, 1912 appears at the end of FR~CHEr'S paper  as published. 

The essence of FR~CI~T'S paper is that, with axioms on an L-class very similar 
to, but weaker than those of HEDmC~:, he is able to prove that the L-class is, in 
fact, a normal V-class. Consequently, HEDRIClCS special sort of  L-class, buttressed 
by the extra axioms he imposes, is a normal V-class. Because of this, FR~CHET 
asserts, some of HEDRICK'S results are not really new, having been already proved 
by FR~C~_~T in his thesis. But he recognizes the fact that the theorems obtained by 
HEDmCK (including the BOREL theorem) without use of  the enclosable condition 
are "essentially new and constitute an important  generalization." FR~CHET was 
sufficiently impressed by HEDRICK'S work, and especially by HED~CK'S use of  the 
axiom that all derived sets are closed, to cause him to give the name "une classe 
(H)"  to a certain kind of topological space in his paper No. 75. Another conse- 
quence of the exchange between HEDRICK and FR~CHET was the new attention 
that FR~CHET would be devoting to BOREL and BOREL-LEBESGVE covering theorems 
in the years ahead. 

I t  is appropriate to make brief mention here of the paper [HILDEBRANDT 1] 
based on HILDEBRANDT'S doctoral dissertation at the University of  Chicago. 
In its original form this paper was submitted to the American Journal of  Mathe- 
matics in April, 1910. Some material was added subsequently and some changes 
were made as a consequence of the publication by FR~CHET of the addendum 
to his thesis, paper No. 36. The general goal of HmDEBRANDT, apparently, was to 
investigate the assumptions and results in FR~CHET'S work in a meticulous and 
methodical way, breaking the assumptions down into various parts and showing 
that, to some extent, a number of FRI~CttET'S results can be obtained without use 
of  all his assumptions. For instance, HrLDEBRANDT showed that in a number of  
cases it was not necessary to assume uniqueness of  the limit of  a sequence in an 
L-class. As another example, HILDEBRANDT pointed out that FR~CHET'S version 
(in his thesis) of  the BOREL-LEBESGUE theorem (which HILDEBRANDT, following 
American practice, called the HEINE-BORE5 theorem) and its converse, which FR~- 
CHET stated for a normal V-class, could be proved without normality (i.e. without 
separability or the use of  the CAUCHY convergence principle). See FR~CHET'S 
footnote about this on page 320 of his paper No. 48. 
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4. Neighborhoods in abstract general topology before 1917 

Perhaps the first occurrence of the notion of neighborhoods in the context 
of an entirely axiomatic set theory is in the work of HmBERT. On two occasions 
in 1902 he used the neighborhood notion in discussing the foundations of geome- 
try. See [HILBERT 1], [HILBERT 2]. The paper [HILBERT 2] and a footnote in [HIL- 
BERT 1] are included as Appendix IV in the second edition [HmBERT 3] of HILBERT'S 
book on the Foundations of Geometry. In this appendix a plane is, for H~LBERT, 
a collection of objects called points; with each point is associated a family of subsets 
of this plane, called neighborhoods of the given point. There are six axioms, two 
of which relate the "abstract plane" to the "number plane" of coordinate point- 
pairs (x, y): 

(1) A point belongs to each of its neighborhoods. 
(2) If B is a point in a neighborhood U of the point A, then U is also a neigh- 
borhood of B. 
(3) If U and V are neighborhoods of A, there is another neighborhood of A that is 
contained in both U and V. 
(4) If  A and B are any two points, there is a neighborhood of A that contains B. 
(5) For each neighborhood there is at least one mapping of  its points, one-to-one 
onto the points (x, y) of some JORDAN region (the interior of a simple closed 
curve) in the number plane. 
(6) Given a point A, a neighborhood U of A, and a JORDAN region G that is the 
image of U, then any JORDAN region H that lies in G and contains the image of A 
is also the image of some neighborhood of A. If  a neighborhood of A has two 
different JORDAN regions as images, the resulting induced one-to-one correspon- 
dence between these images is bicontinuous. 

As can be seen, the first four of these axioms are abstract. HIL~ERT'S axiom 
system was not designed for the purpose of pursuing general point set topology 
in the abstract. Rather, HILBERT was intent upon founding plane geometry (either 
EUCLIDean or that of BOLYAI and LOBATCHEFSKY) solely on the foregoing axioms 
together with a group of three axioms about a group of continuous one-to-one 
transformations of points in the number plane. H~LBERT was treating a problem 
that had been considered by SOPHUS LIE, but, unlike LIE, he was avoiding any 
assumption about differentiability of the transformations. However, this work 
of HILBERT was perceived by HERMANN WEYL as "one of the earliest documents 
of set-theoretic topology." See page 638 in [WZYL 2], or alternatively, [REID], 
page 267. (In the book by REID, WEYL'S paper on HILBERT is reproduced in a 
shortened version.) Also, OTTO BLUMENTHAL, writing about HILBERT in an article 
in the Collected Works of HmBERT, refers to the paper [HILBERT 2] as being signi- 
ficant because, among other reasons, "i t  contains the first decisive application 
of the methods of Mengenlehre. ''4 

To what extent HILBERT'S use of the concept of  neighborhoods influenced 

4 BLUMENTHAL'S exact words, on page 40 of [HILBERT 4], are the following: Diese 
Untersuchung ist auch dadurch bedeutsam, dass in ihr zum ersten Male die Methoden der 
Punktmengenlehre entscheidend verwandt wurden. 
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the subsequent development of abstract general topology by means of axioms 
about neighborhoods is, I think, likely to remain speculative unless more firm 
evidence is found. 

In [RIESZ 1 ] there is a reference to the idea of neighborhoods and the desira- 
bility of  getting away from the notion of distance. (See page 267, including the foot- 
note, in Essay I.) However, RIESZ did not formulate axioms about neighborhoods. 
As was noted in Section 1, RIESZ defined the notion of neighborhood of an ele- 
ment in his paper [RIEsz 2]. However, in the often quoted paper [RIESZ 3], read 
at the International Congress in Rome in 1908, R~Esz gives very little discussion 
of the consequences of his axioms about derived sets; in this paper he does not 
even define the notion of neighborhood. It may be observed, however, that Rlzsz 
does refer explicitly to HILBERT'S writings on the foundations of geometry. 

Before beginning a discussion of the definitively important formulation of 
axioms on neighborhoods by HAVSDORFF, it is necessary to consider the prior work 
of RALPH E. ROOT, who was one of E. H. MOORE'S doctoral candidates at the Uni- 
versity of Chicago. He wrote two papers in which there were axioms about 
neighborhoods. Both were published in 1914, but [Root  2] was submitted for 
publication in 1912, the work having been completed in 1911 and announced 
in [RooT 1], while another, [Root  3], was submitted in 1913. There is no evidence 
as to whether RooT's ideas were influenced by HILBERT'S writings. 

I quote as follows a general statement by R o o t  in [Root  2]: "The  paper has 
its origin in the thought that in most of the definitions of limit that are employed 
in current mathematics a notion analogous to that of 'neighborhood' or 'vicinity' 
of  an element is fundamental. In the domain of general analysis various ways of 
determining a neighborhood have been employed, notably the notion of voisinage 
used by M. Fr6chet and the relations/(1 and K2 used by E. H. Moore . . . "  

It  is not the main purpose of any of the papers of ROOT to develop a systematic 
theory of abstract general topology. He is concerned with the construction of  
a general theory for the discussion of limits and iterated limits of functions de- 
fined on an abstract range, where the range may be composite, that is, composed 
of pairs of elements, each from a generalrange. However, in the course of  hiswork 
in each of the two principal papers [ROOT 2], [Root  3], he does, in fact, construct 
structures which can be regarded as abstract topological spaces of a fairly general 
type. The method in each case is to lay down a set of axioms about special families 
of sets which are to be thought of as neighborhoods of certain elements. Instead 
of describing the main results toward which R o o t  is working. I shall simply describe 
some of his axiom systems and the way in which the resulting general topology 
relates to the work of RiEsz and FR~CH~T. The paper [Root  2] is written with ex- 
tensive use of logical notation; this makes the reading of it somewhat heavy work. 
R o o t  considers what he calls 'actual elements' and also 'ideal elements,' but it 
is possible to interpret his work for the special case in which the class of ideal 
elements is empty. This is what I shall do in what I present here. 

In one part of the paper, then, we have a general class with elements p, q . . . . .  
and for each p a family of sets from the class, called neighborhoods ofp.  There are 
four axioms: 

1. Each neighborhood of p contains p. 
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2. To each p corresponds a denumerable family of  neighborhoods of p, say 
P~, P2, P3 . . . . .  such that  if R is any neighborhood of p, Pn is a subset of R for all 
sufficiently large values of n. 
3. I f  P is a neighborhood of p, there exists another neighborhood S of p, such that  
each element q in S has a neighborhood Q that is a subset of  P. 
4. I f  p and q are distinct elements, there exist neighborhoods P, Q, of  p and q 
respectively, such that P and Q have no elements in common. 

R o o t  defines an element p to be a limit element of a set E provided that each 
neighborhood o f p  contains an element of  E that is distinct f rom p. For  a sequence 
{pn} of elements and an element q, he defines l imp ,  = q to mean that each neigh- 
borhood of q contains Pn if n exceeds some N that depends on the particular neigh- 
borhood. He then shows that, with this definition of sequences that have limits, 
his basic class becomes an L-class of  Fg~CHET; that an element q is a limit element 
of  a set E if and only if there exists a sequence {p~} of distinct elements of E such 
that lim pn = q; and also that, in this general context, each derived set is closed. 
None of these conclusions requires the use of  axiom 3. 

ROOT also shows that the derived sets resulting f rom his axioms and definition 
of limit elements satisfy the four requirements placed on limit elements by RIESZ 
in his address to the International Congress in Rome in 1908 (on pages 19, 20 in 
[RIEsz 3]. These requirements are the same as the ones listed in Section 1 of the 
present essay, except for the fourth one, which is reformulated in [RIESZ 3] in the 
following way: 

4 ' :  Each limit element of a set E is uniquely determined by the totality of the sub- 
sets of  E of which it is a limit element. 

In the other long paper [Roo t  3] ROOT introduces neighborhoods in an ab- 
stract class of  a special s o r t - o n e  in which there is an undefined notion of one 
element being between two others. The set of  all elements between two given ele- 
ments is called a segment if it is not  an empty set. A segment is then regarded as 
a neighborhood of  each of  its elements. R o o t  then imposes three conditions on 
the neighborhoods: 

I. Each element p of  the basic class belongs to some segment (which is a neighbor- 
hood of p). 
II. Given two neighborhoods P, Q of an element p, there is a neighborhood R 
of p such that R is a subset of  both P and Q. 
III .  I f p  and q are distinct elements, there exist neighborhoods P and Q o f p  and q, 
respectively, such that P and Q have no common element. 

ROOT then defines limit elements of a set just as in the other paper, and shows 
that the four axioms of RIESZ are satisfied. Moreover, each derived set is closed. 
R o o t  defines the meaning of limp,, = q just as before, and observes that  this 
notion of the limit of a sequence satisfies FRt~CHET'S requirements for an L-class. 
Moreover,  if the notion of limit element of  a set in this L-class is defined as was 
done by FRI~CHET, then it is true that each of the resulting derived sets is closed. 
However, as ROOT observes, it is not necessarily the case that a limit element of  
a set E (as defined by RooT, using neighborhoods) is the limit of  a sequence of 
distinct elements of  E. Examples to show this are given on pages 68-69 of [ROOT 3]. 
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I turn now to the work of HAUSDORFF. FELIX HAUSDORFF was born in Breslau 
on November 8, 1868. Thus he was about ten years older than FR~CHET. He 
attained his doctorate at Leipzig in 1891. He taught at Leipzig and Bonn before 
being appointed as Professor at Greifswald in 1913 and then at Bonn in 1921. 
His earliest scientific work was in the physics of light, but he turned to pure 
mathematics soon after 1900. He was not primarily a topologist, but his book 
[HAuSDOREE] established him as a major figure in the development of abstract 
general topology during a formative period. More precisely, it was Chapters 7 
and 8 in the book, and Chapter 7 especially, that exerted strong influence on 
general topology. There were ten chapters in all. The chapters prior to the seventh 
are not concerned with topology, but with the algebra of sets, with "power" 
or cardinal number, and with ordering, well-ordering, ordinal number, and trans- 
finite induction. 

Chapter 7 is entitled 'Point sets in general spaces.' It is in this chapter that the 
theory is developed from axioms about neighborhoods. The general theory 
continues in Chapter 8, which is entitled 'Point sets in special spaces.' Further 
axioms are imposed (the so-called first and second countability axioms), and then 
attention is largely restricted to metric spaces and finally to Euclidean spaces. 
On pages 456-457, in the notes on Chapter 7, HAUSDORFF writes that the principal 
features of his theory based on neighborhoods were presented in his lectures at the 
University in Bonn in the summer semester of 1912. 5 While I was searching for 
further information about HAUSDOREF and hoping to find clues that would lead 
me to a better insight into the origins of HAUSDOREF'S ideas about neighborhoods, 
I read some in memoriam articles about HAtlSDORFF in the Jahresbericht der Deut- 
schen Mathematiker-Vereinigung, volume 69, 1967; see [DIERKESMANN], [LORENTZ], 
and [BERGMANN]. HAUSDORFF and his wife committed suicide together in January, 
1942. Some of his papers were kept in the home of a friend, but they were buried 
in rubble when the house was bombed in 1945. This friend found them still in 
place in 1946, though badly disarranged and with some things probably lost. The 
Wissenschaftlicher Nachlass, as the surviving documents are designated, are at the 
University in Bonn. In the University of California Library at Berkeley I found 
two published volumes on HAUSDORFF'S Nachgelassene Schriften. From these 
clues I gained hope that I could learn in some detail the contents of HAUSDORFF'S 
lectures at Bonn in 1912. Through the kind assistance of Professor GONTER 
BERGMANN of the University of Mfinster, I received a photocopy of his extract 
from what I was seeking. The extract, in Professor BERGMANN'S handwriting, is under 
the heading Einffihrung in die Mengenlehre, gelesen zweistfindig in Bonn a. Rh. 
S. S. 1912. The heading is followed by this sentence: Die Vorlesungen konnte in den 
Jahren 1965-68 yore Bearbeiter dieses Auszuges, G. Bergmann, restituiert werden 
und geh~Srt zum sogenannten "Wissenschaftlichen Nachlass" Felix Hausdorffs. 

The portion of the lectures that is relevant to my present discussion is the 
following, which, according to the agreement I was required to make in order to 
receive the material, I report precisely word-for-word, and with the exact same 
symbolism: 

s His exact words: Die Grundztige der hier entwickelten Urngebungstheorie habe ich 
im Sommersemester 1912 in einer Vorlesung tiber Mengenlehre an der Universit~t Bonn 
vorgetragen. 
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Punktmengen 

§ 6. Umgebungen. 

Punktmengen auf einer Geraden (lineare), in der Ebene (ebene), im Raume (r~ium- 
liche), allgemein in einem n-dimensionalen Raume E = En. Ein Punkt x ist durch 
ein System von n reellen Zahlen (xl, Xz ..... xn) und umgekehrt definiert, die wir 
als rechtwinklige Coordinaten deuten. Als Entfernung zweier Punkte definieren 
wir 

x y  = l / ( x l  - y l )  2 + (x2  - y2) 2 + . . .  + ( x .  - y . ) 2  > o .  

Unter eine Umgebung Ux des Punktes x verstehen wir den Inbegriff aller Punkte y, 
ffir die xy < ~ (~ eine positive Zahl; Inneres einer "Kugel" mit Radius ~). 

Wir werden zur Veranschaulichung in der Regel die Ebene E -- E2 nehmen; 
sollten die einzelnen Dimensionszahlen Abweichungen hervorrufen, so werden 
sie besonders hervorgehoben werden. 

Die Umgebungen haben folgende Eigenschaflen: 
(o 0 Jedes Ux enth~ilt x und ist in E enthalten. 
(t3) Ffir zwei Umgebungen desselben Punktes ist Ux ~ U~ oder U x D= U~. 
(7) Liegt y in U~, so giebt es auch eine Umgebung Uy, die in U~ enthalten ist 

(u, c= 
(8) Ist x ~= y, so giebt es zwei Umgebungen U~, Uy ohne gemeinsamen Punkt 

(o(ux ,  cry) = 0). 
Die folgenden Betrachtungen sffitzen sich zun~ichst nur auf diese Eigenschaften. 
Sie gelten daher allgemein, wenn E eine Punktmenge {x} ist deren Punkten xUx 
zugeordnet sind mit diesen 4 Eigenschaften. 

Here ends my quotation from Professor BERGMANN'S transcription of material 
from the lectures at Bonn in 1912. This foregoing material is to be compared 
with the material to be found on pages 212-213 in HAUSDORFF'S book, published 
in 1914. Before making the comparison, however, let us observe that •AUSDORFF'S 
neighborhoods of the point x in 1912 were, quite explicitly, interiors of spheres 
centered at x. The space under consideration was the n-dimensional Euclidean space 
of points with n Cartesian coordinates. There was no talk about abstract classes 
in the defining of neighborhoods and the listing of the four properties. However, 
HAUSDORFF'S concluding words may be translated as follows: "The following 
considerations depend only on these properties. They are valid, therefore, when E 
is a point set to whose points x correspond sets Ux having the four properties 
listed." This is an indication that the four properties are going to play the role of 
axioms, and no explicit use is to be made of the nature of the points and the 
neighborhoods beyond what can be derived by use of the properties. 

I turn now to Chapter 7 of HAUSDORFF'S book. HAUSDORFF begins with general 
remarks about the success of Mengenlehre in clarifying and sharpening the 
fundamental principles of geometry by its applications to point set theory. He 
makes some general comments about alternative ways of laying the foundations 
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of point set theory. He speaks of using distance to define the notion of convergent 
sequences and their limits, or of using distances to define neighborhoods and then 
building up the whole theory from neighborhoods. Then he cites the usefulness 
of avoiding a redundancy (he uses the word Pleonasmus) of expositions of theory 
by setting up a general theory (based on just a few simple axioms) that will en- 
compass, not merely point sets on the line or in the plane, but on R1EMANN sur- 
faces or in space of a finite or infinite number of dimensions, including classes of  
curves and surfaces. He stresses that the generality gained is not at the expense of  
greater complications, but is actually accompanied, at least in the principal features 
(Grundzfige) of the theory, by simplification and protection against errors of rea- 
soning caused by faulty intuition. Next he says that the choice between using 
distance, sequential limits, or neighborhoods as basic notions is to some extent a 
matter of taste. He opts for neighborhoods as being more general than the use of  
distance, and as being preferable to sequential limits, which bring in denumerabili- 
ty, whereas neighborhoods do not. However, he says, in order to provide the 
reader with a concrete picture, he will begin with the special neighborhoods 
defined by means of distance. 6 

HAVSDORFF then proceeds to define a metric space as a class of elements 
(points) with distance between x and y denoted by ~ and subjected to three 
axioms: (1) ~-~ = ~-'~, (2) ~ = 0 if and only if x = y, (3) ~-~ + f~ _>= 2"~. The 
neighborhoods of x in a metric space are defined to be spheres with the center x 
and without the "surface;"  that is, sets of points y such that ~-f < ~, where 
can be any positive number. HAUSDORFF next states that spherical neighborhoods 
have properties of which only a few will be used. He indicates that, in accordance 
with his decision to make neighborhoods fundamental, he will abstain from using 
distance and will make use solely of certain properties of neighborhoods, thus 
treating the properties as axioms. 7 

Finally, on page 213, HAUSDORFF comes to his definition of what he calls a 
topological spa ce -  a class of elements (points) to each of which correspond certain 
sets from the class, called neighborhoods. There are four axioms: 
(A) To each point corresponds at least one neighborhood Ux, and Ux contains x. 
(B) If Ux and Vx are neighborhoods of x, there exists another neighborhood of 

x, Wx, which is a subset of U~ and of V~. 
(C) If  y is in U~, there is a neighborhood Uy of y such that Uy is a subset of  U~. 
(D) For  two distinct points x, y there exist two neighborhoods Ux and Uy with 

no point in common. 

It is immediately evident that axioms (A), (C), (D) of the book are the same 
as axioms (a), (V,) (d), respectively, of 1912o But (B)is different from (/3). In com- 
menting to me about the comparison between the axioms of 1912 and those of  

6 Here are HAUSDORFF'S exact words: " . . . ;  um aber dem Leser sogleich ein konkretes 
Bild zu erwecken, beginnen wir mit den speziellen Umgebungen, die durch Entfemung 
definiert sind." 

7 HAOSDORrF'S words: Dabei/indern wir, wie vorhin angektindigt, unseren Stand- 
punkt dahin, dass wir von den Entfernungen, mit deren Hilfe wir Umgebungen definiert 
haben, absehen und die genannten Eigenschaften demgem/iss als Axiome an die Spitze 
stellen. 
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1914, Professor BERGM_ANN, when he wrote to me in 1979, said (I translate): 
"When seen as a whole, the foregoing axiom system of 1912 denotes a preliminary 
step toward the axiom system of 1914. Only in time yet to come (in 1912, 1913) did 
Hausdorff arrive at the formulation (B), although this might perhaps have occured 
during the holding of the lecture series. There are no memoranda about it." After 
looking through HAUSDORFF'S Nachlass, Professor BERGMANN was unable to 
give me any information bearing on possible relations between FR~CrmT and 
HAUSDOgFF. There are no signs of any correspondence between them. Professor 
BERGMANN also said that he thought it was plausible that very few mathematicians 
considered opening a correspondence with HAUSDORFF, because he was unusually 
cautious in scientific matters and, although affable, was very critical in his reac- 
tions. 

Among the documents I was shown by FRr~CHET'S daughter, Mine. H~L~NE 
LEDERER, was a very battered notebook in which FR~CHET had made lists of his 
publications, notations about them, and had also entered other information. 
He numbered his papers according to a system of his own. There is a list of names 
and addresses, and FR~CHET kept at least a partial record showing to whom he 
had sent reprints of which papers, with the papers identified by number. HAUS- 
DORFF'S name is nowhere to be found in the notebook. It may well be that the 
notebook does not contain a complete and accurate record of all the matters 
with which it appears to deal. Nevertheless, it contains such names as BLUMEN- 
THAL, HAHN, RADON, S. BERNSTEIN (in Kharkov), and ZERMELO, who are indicated 
as having been sent a copy of FR~CHET'S published thesis, so the absence of HAUS- 
DORFF'S name may be significant. FR~CHET'S daughter told me she thought that 
her father never met or corresponded with HAUSDORFF. She was quite aware of 
a sensitivity of her father concerning the influence of HAUSDORFF'S book. She 
knew of this, if in no other way, because of her father's reaction to the credit 
given to HAUSDORFF in the BOURBAKI history of mathematics (see pp. 235-236 
in Essay I). She said that her father had talked about the fortuitous consequences 
of one publication getting much more attention than another, with the implication 
that the journal in which his thesis was published made the thesis a far more obscure 
thing than HAUSDORFF'S book. 

There is nothing I know of to indicate any specific inspiration or motivation 
for HAUSDORFF'S choice of the particular properties of spherical neighborhoods 
that he felt were appropriate ones to use as axioms. It seems plausible to me to 
suppose that, as he was preparing his lectures to be given in the summer semester 
of 1912, he scrutinized his arguments and realized that he was able to go quite 
far with nothing more than his four properties (a), (fi), (y), (6). 

On the broader question of the influence that might have led HAUSOORFF to 
choose to develop his point set topology on the basis of the neighborhood concept, 
I can only speculate. I think he probably was influenced by HILBERT and F. RIESZ. 
Careful and industrious scholar that he was, HAt~SDORFF would surely have seen 
HILBERT'S work on the Foundations of Geometry and would, likewise, have seen 
the paper (RIESZ 3) that was read at the International Congress of Mathematicians 
in Rome in 1908. In that paper there are footnotes referring to work of HtLBERT 
and RrESZ although not to [RIESZ 1]. This last paper was on a subject that lay close 
to HAUSDORFF'S particular interests (as evidenced by some of his publications 
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on ordered sets and order types). I t  is highly likely that HAUSDORFF saw this paper. 
In it RIESZ stressed his view that one should get away from distance and use the 
notion of neighborhood (see my reference to this on page 267 of Essay I). 

The notes that HAUSDORrF included in his book were not comprehensive enough 
to indicate the general source of his ideas; therefore I do not attach much signifi- 
cance to the lack of references to the foregoing works of  HILBERT and RIESZ. He 
does refer to FR~CrtET occasionally, but not as often as if he were providing 
thorough scholarly documentation. For  example, he does not give FR~CHET 
credit for the notion of a metric space. There is a note on page 457 that cites the 
book [WEYL 1] (published in 1913); this is evidently tied to the reference to RI~- 
MANN surfaces on page 211. WEYL'S use of  the neighborhood concept in connection 
with his discussion of RIEMANN surfaces probably owes something to HILBERT. 
What  W~YL did evidently strengthened HAUSDORFF'S claim of the cogency and 
utility of  a treatment of  topology with the use of  axioms about  neighborhoods, 
but WEYL'S book was not the source of HAUSl)ORFF'S motivation (which began 
in 1912 or even earlier). Whether HAUSDORVF was influenced by some knowledge 
of the content of  WZYL'S lectures at G/Sttingen in the winter semester of 1911-1912 
(on which WEYL'S book was based) is unknown to me. 

5. Covering theorems and compact sets 

In this section I discuss the work of FRI~CHET and others relating to the connec- 
tion between compactness (in FR~CrIET'S sense, of course) and covering theorems  
of BOREL and BOREL-LESESGU~ type. For  economy of language it is convenient 
to lay down some definitions that will obviate the frequent repetition of certain 
phrases. A basic notion is that of limit element of  a set. A set is closed if it contains 
all its limit elements. A point, or element, is interior to a set G if it is in G and not 
a limit point of  the complement of  G. A family ~ '  of  sets M is called a covering of 
a given set G if each point of  G is an interior element of some member M of ~ ' .  
(I should mention here that in most modern treatments of  coverings in the con- 
text of  BOREL or BOREL-LEBESGUE theorems, open coverings are used, and by 
an open covering of G is meant a family ~ of sets M, all of  which are open, 
such that each point of G is in some member M of J#. In this modern usage it 
is not necessary to specify that the point of  G is an interior point of  the set M, 
because the situations are such that all points of  an open set M are interior points 
of  M.) In FR~CrmT'S work of the period here under consideration he did not use 
the concept of  open sets. However, the following observations may be noted. 
I f  a set is defined to be open when its complement is closed, it is readily seen that 
any point of  an open set is an interior point of  the set. Moreover, if we are in a 
situation where the union of a set and its derived set is always closed, the set of  
all the interior points of a set form an open set. 

Next, two more definitions. A set G is defined to have the BOREL 8 property 
if, whenever d / / i s  a denumerably infinite family forming a covering of G, there 

s FR~CI-IET himself introduced the notion of a set having the BOREL property, See 
Section XVIII, page 152 of [FR~CnET 66]. 
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is some finite subfamily of  J#  that also forms a covering of G. A set G is said to 
have the BOREL-LEBES~UE property if, whenever dg is a family of  sets (which may 
possibly be nondenumerably infinite) forming a covering of G, there is some finite 
subfamily of  d// that is also a covering of G. 

Evidently a set having the BOREL-LEBESGUE property also has the BOREL pro- 
perty, but in some situations a set may have the BOREL property but not the BOREL- 
LEBESGUE property. 

We shall speak of a theorem as a BOREL theorem if it asserts that, for a topolo- 
gical space (or class) of  a certain sort (i.e. subject to certain conditions), a set that 
is closed and compact has the BOREL property. For  a space in which it is always 
true that the union of a set and its derived set is closed, we can state an alternative 
equivalent condition that a set have the BOREL property:  A set G has the BOREL 
property if whenever ~ / i s  a denumerable open covering of G, a certain finite sub- 
family of/ /g is also an open covering of G. This follows from remarks made earlier 
about open sets. Similar remarks apply to open coverings and the BOREL-LEBESGUE 
property. HAUSDORFF (for example) stated his BOREL theorem in terms of open 
coverings. The topological spaces considered by HAUSDORFF have the property 
that A kJ A' is always closed, for any set A. So do FRfiCHET'S H-classes. 

The original BOREL theorem, proved by BOREL, was that a closed and bounded 
set on the real number  line has the BOREL property, as here defined. I t  was then 
proved, by LEBESGUE and others, that such a set also has what is here called the 
BOREL-LEBESGUE property. Actually, the basic idea underlying the reduction, f rom 
an arbitrary infinite covering of a bounded and closed set (specifically, a finite 
closed interval) on the line, to a finite covering, had been used by HHNE in proving 
a theorem about continuous functions. It  is for this reason that the name 'HEINE- 
BOREL theorem' is used by some writers; this is the common usage by writers in 
English. I adhere here to the French usage. 

In his thesis (Section 42, page 26) FRfiCHET enunciated a theorem 9 which we 
can formulate as follows: In a normal V-class a set has the BOREL-LEBESGUE 
property if and only if it is closed and compact. As I remarked at the end of Sec- 
tion 3, HILDEBRANDT discovered that the assumption of normality is superfluous. 
HEDR~CK'S theorem (1911) was that, in an L-class in which all derived sets are closed, 
each closed and compact set has the BOREL property. In the paper [Roo t  3] (see the 
discussion in Section 4) is the theorem that a closed and compact set has the BOREL 
property. The topology in this case is that based on ROOT'S axioms I, II, III .  I t  
need not be the topology of an L-class. 

E. W. CrnTTENDEN obtained an M.A. degree at the University of  Missouri 
in 1910; he worked under the supervision of E. R. HEDRICK. He then obtained 
a Ph.D. in 1912, working under E. H. MOORE at the University of  Chicago. 
CHITTENDEN wrote a number of  papers that were closely related to the work of 
FRfiCnET on general topology. One of these papers was mentioned in Section 3. 
I mention another one of them [CH~TTENDEN 1] here because it is so closely related 
to FRfiCHET'S result (to be discussed presently) on the converse of BOREL'S theorem. 
Apparently CHITTENDEN and FRfiCHET worked entirely independently of  each other 

9 This theorem is cited on page 257 of Essay I, but there is a typographical error; the 
reference there should be to Section 42, not Section 26. 
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on this matter. Still other papers by CHITTENDEN will be mentioned later in con- 
nection with other work of FRI~CHET. For  a general perspective on the role of CHIT- 
TENDEN in the development of abstract topology see [AULL]. For  the text of an 
invited address (1926) by CmTTENDEN see [CmTTENDEN 6], in which is presented 
an historical overview of many of the things mentioned in the present essay, 
including more about the work of HEDR~CK, CmTTENDEN, and URYSOr~N (some of 
whose work is dealt with in Section 9 of this essay). 

CmTTENDEN deals with what he calls a RIESZ domain, by which he means 
an abstract class whose topology is determined by the first three of the four axioms 
of  R~ESZ, as I have given them in Section 1 of the present essay. I will quote only 
one of CHITTENDZN'S results from the paper, and I will simplify matters by not 
giving the result in the full generality of CI~ITTENDEN'S presentation. (He deals 
with a notion of relativization that involves complications I wish to avoid. There- 
fore, I state a result about the entire RIESZ domain rather than about a particular 
set within it.) Here is the theorem: If  a RIESZ domain has the BOREL property, it 
is compact. It may be noted that, although CHITTENDEN'S paper carries the phrase 
"converse of the HEINE-BOREL theorem" in the title, he makes use merely of 
denumerable coverings. 

On page 231 in HAUSDORFF'S book we find theorems which can be stated as 
follows in the terminology I am using. BOREL theorem: A closed and compact set 
in a HAUSDORFF topological space has the BOREL property. Converse of BOREL- 
LEBESGUE theorem: If  a set in a HAUSDORFF topological space has the BOgEL- 
LEBESGUE property, it is closed and compact. Observe that these two theorems are 
not mutually converse. 

For  a metric space we do have mutual converseness in the theorem: A set has 
the BORBL-LEBESGUB property if and only if it is closed and compact. This is the 
FRI~CHET-HILDEBRANDT theorem, for metric spaces (i.e. E-classes). 

In a note published in the Comptes Rendus of the Paris Academy of Sciences 
in 1916 [FRI~CHET 59], FR~CHET asserts that the most general L-classes to which the 
theorem of BOREL is applicable are those L-classes having the property that every 
derived set is closed. What this means is that the proposition "Every closed and 
compact set has the Borel property" is a valid theorem in a particular L-class if 
and only if that L-class has the property that each of its derived sets is closed. The 
details of the argument for this are given, along with other results, in a paper 
published in 1917 [FRI~CHET 62]. In  this paper FRI~CHET calls an L-class an S-class 
(une classe (S)) if it has the property that all its derived sets are closed. HEDRICK 
had proved the BOREL theorem for S-classes with the aid of the following result, 
called HEDR~CK'S lemma by FR~CHET : Suppose A is an interior element of a set G 
in an S-class, and let A be the limit of a sequence {An} of elements of the class. Then 
all but at most a finite number of the An's are interior elements of G. 

FR~C~ET also proves the following converse of the BOREL theorem, valid in 
any L-class. If  G is a set in an L-class, and if G has the BOREL property, then G is 
closed and compact. This is different from CHITTENDEN'S converse of the BOREL 
theorem, because FR~CUEa" is dealing with an L-class, whereas CmTTWNDEN was 
dealing with a RIESZ domain. CmTTENDEN'S result was published before that of 
FR~CHET. FR~CHET does not mention the paper of CHITTENDEN in his own paper, 
but that is not surprising, in view of the war-time conditions affecting FR~CI-rET. 
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At the end of this publication in 1917 FRI~CHET remarks that it would be inter- 
esting to know "what  is the most general class for which one can state the BOREL- 
LEB~S~UE theorem." The question thus raised by FR£CHET was the starting point 
for investigations by a number of people, notably R. L. MOORS, CmTTENDEN, 
C. KURATOWSKI and W. SIERPINSKI (jointly), and P. ALEXANDROFF and P. URY- 
SOHn (jointly). In the process there was an evolution of thinking about the concept 
of compactness, and the eventual introduction of the notion of bicompactness. 
Some of these developments will be discussed in Section 7. 

It is appropriate to mention here one more result from HAUSDORFF'S book, 
dealing with compactness in FRI~CHET'S sense. On page 272 of the book, where the 
author is dealing with spaces that satisfy his four neighborhood axioms and also 
the second countability axiom (which requires that the topology be determined 
by a system of neighborhoods, the total number of which is countable, or denumer- 
able), HAUSDORFF asserts the theorem which in our present terminology becomes: 
Each closed and compact set has the BOREL-LEBESGUE property. (HAuSDORFF calls 
it Satz yon Borel, but in our present terminology it is a version of the BOREL- 
LEBES~UE theorem.) 

6. Fr6chet's new V-classes and his //-classes 

In a paper [FR~CHET 65] that was published in the issue for January 1918 
of the Transactions of the American Mathematical Society, FR~CHEa" took his 
first steps toward basing a topology on sets called neighborhoods. In the paper 
FR~CHET announced as his objective to find what supplementary conditions must 
be imposed on an L-class to make it possible to define in the L-class a distance be- 
tween pairs of elements in such a way that the convergence as given at the outset 
in the L-class will be the same as the convergence determined by the use of the 
distance that has been introduced. In other words, to use a terminology not then 
in vogue, but which became standard at a later time, under what conditions on an 
L-class it is metrizable ? FR~CHET made no significant progress in attempting to 
answer this question. At the time it was perhaps of somevalue to pose the problem 
as clearly as he did. Of greater significance was FR~CHET'S fresh start on the approach 
to the formulation of a topology. In this particular paper he said he would call an 
L-class a V-class (in a sense wholly different from the notion of a V-class as defined 
in his thesis) if to each element A there corresponds a sequence {Un(A)} of sets such 
that a sequence {Aq} of elements has the limit A if and only if for each q there is 
some N (depending on q) such that A n is in Uq(A) when N < n. It follows from 
this requirement and the axioms for L-classes that A is the unique element that 
is a member of all the Uq(a)'s. FR~CHET calls these sets neighborhoods (voisinages) 
of A. 

In this paper, also, he introduced other changes in his previous nomenclature. 
What he had called an E-class (une classe (E)) in his thesis, he said he would hence- 
forth call a D-class (une classe (/9)). Also, what he had previously called an dcart, 
he would henceforth call a distance. 

From letters in the Archives some dates can be established in relation to this 
paper. D. R. CugTIss wrote FR~CHET on March 24, 1917 from Evanston, Illinois, 



308 A.F.,. TAYLOR 

informing him that his paper had been accepted for publication in the Transactions 
and that the (evidently handwritten) manuscript was being typed. The letter 
reveals that the paper had been read by E. W. CHITTENDEN; some of the latter's 
comments are passed on to FR~C~ET. Another letter from CURTrSS, of date Septem- 
ber 6, 1917, informs FR~CHET that proof sheets of the paper have been sent to 
him. These mailings to FRf.CHET from America evidently were sent to the University 
in Poitiers. 

FR~CHET did not adhere for long to the foregoing definition of his new V- 
classes. In a short note in the Comptes Rendus [FR~cHET 63] of date September 10, 
1917, he decided to define the new V-classes in a more general way, and in such 
a way as to relate them directly to the notion of limit element of a set rather than 
to L-classes and the limit of a sequence. An arbitrary class is called a V-class if 
to each element A corresponds a family of sets called neighborhoods of A. Then, 
an element A is called a limit element of a given set G if each neighborhood of A 
contains an element of G other than A; A itself may or may not belong to G. In 
this definition, at the outset, no assumptions are made about special properties 
of the families of neighborhoods. It is not even assumed initially that each neigh- 
borhood of A contains A. There is no extensive development of a theory in this 
short note. 

A rather full development of FR~CHET'S ideas about these new V-classes is given 
in [FR~CHET 66], to which I now turn. On page 367 of a later paper [FR~cHET 75], 
published in 1921, FR~CHET speaks of having presented his general definition of 
V-classes in 1918 "au moyen de Notes redig6es avant la guerre." I found no de- 
finite evidence of such pre-war notes in the Archives, but some of the notes in one 
of the war-time notebooks can be interpreted as a rough beginning that may 
have been made quite early. The definition of V-classes in the paper [FR~CHET 66] 
here under discussion is exactly as in the note in the Comptes Rendus of 1917. 
The general idea of the paper is to relate the new V-classes to what FR~CHET calls 
R-classes, the R standing for RIESZ. These are classes in which there is a primitive 
notion of derived set, governed by four axioms as I have given them in Section 1 
of the present essay. FR~CHET gives the axioms in a slightly different way, and in a 
different order. Instead of the R~ESZ axiom that the derived set of a finite set is 
empty, FR~CHET uses the axiom that a set with just one element has an empty 
derived set. In conjunction with the other two of the first three axioms the effect 
is the same. 

FR~CrIET begins by observing that the derived sets in an arbitrary V-class are 
such that the following two conditions are satisfied: 

(I) If  F ( G ,  then F ' Q G ' .  

(II) An element A is in the derived set G' of G if and only if it is in the derived set 
F' ,  where F is the set of all elements of G with the exception of A itself in case A 
happens to be an element of G. 

Now, (I) is the same as one of the RIESZ axioms, and (II) is a logical conse- 
quence of the first three axioms of RIESZ. 

On the other hand, as FR~CHET observes, if one has an arbitrary class and in 
it a primitive notion of derived sets satisfying the foregoing conditions (I) and (II), 
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it is possible to regard the class as a V-class having certain families of neighbor- 
hoods that yield limit elements, and thus derived sets, agreeing precisely with the 
primitive notion of derived sets. The procedure is to define a set S to be a neigh- 
borhood of A when A is not in (S~) ', where S ~ is the set complementary to S. 
It can then be shown that A is in G' if and only if each neighborhood of A contains 
an element of G other than A. 

R~ESZ himself, in the context of his axioms for derived sets (see [RrEsz 2]), 
provided the model for FR~CHET'S foregoing definition of a neighborhood. RI~sz 
called a set S a neighborhood of A if A is in S and is isolated from the complement 
of S (which is the same as saying that A is not in (S~)'). FR~CHET does not insist 
that A be in S, and observes that in the use of neighborhoods to define when A 
is in G', it makes no difference whether A belongs to its neighborhoods, or not. 
When it comes to finding conditions on neighborhoods that express the conditions 
on derived sets imposed by the RIEsz axioms, FR~CHET seems to think that the 
reasoning is made simpler by making the general assumption that A is never a 
member of one of its neighborhoods. 

FR~CHET begins (using the foregoing special assumption) by observing that 
the requirement that every set consisting of a single element have an empty 
derived set is equivalent to the requirement that the intersection of all the neigh- 
borhoods of any particular element be empty. This is, of  course, the same as re- 
quiring that the intersection of all the neighborhoods of  any particular element 
be just that element, if one makes the alternative special assumption that an ele- 
ment is always a member of every one of its neighborhoods. It is also true that the 
requirement that every set consisting of a single element have an empty derived set 
is equivalent to the following condition on elements and neighborhoods: If  A and 
B are distinct elements, then each of these elements has a neighborhood that does 
not contain the other. FR~CUET did not mention this form of  the condition in the 
paper I am now discussing, but he does use this form of  the condition in a subse- 
quent paper [FR~CHET 75], which I shall discuss a little later on in this essay. 

Next, FRt~CHET shows that the requirement that (F kJ G)' C F '  kJ G' for all 
sets F, G is equivalent to the requirement that, given any element A and any two 
neighborhoods of A, the intersection of these neighborhoods contains a third 
neighborhood of A. 

Condition (I), which is the same as one of the axioms of RtEsz, as I listed 
them in Section 1, is automatically satisfied in a V-class. 

FR~CHZT'S discussion of the fourth axiom of  RIEsz is brief and unclear. Ac- 
tually, what he says about a condition on neighborhoods (on page 143-144 of 
the paper), that is supposed to be equivalent to the fourth condition, is incorrect. 
He remedied matters somewhat when he wrote about this in his book. See pages 
181-182 and 200-210 in [FR~cHET 132]. I shall not say any more about this fourth 
axiom of RIESZ except to observe that it is satisfied by the topology that results 
from the four neighborhood axioms of HAUSDORFF. This fourth axiom of RIzsz 
has not played a significant role in later work on topology. 

When we abandon FRI~CHET'S temporary assumption that an element does not 
belong to any of its neighborhoods, and put together FR~CHET'S findings about 
neighborhoods in relation to the first three of the axioms of R:~sz, we see that a 
class in which the derived sets are governed by these three axioms can equally 
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well be considered as a V-class (in FR~CHET'S new sense) in which the neighbor- 
hoods are required to satisfy the following three conditions: 

N1 : To each element corresponds a (nonempty) family of neighborhoods of 
the element. The element belongs to each of its neighborhoods. 

Na : Given two neighborhoods of an element A, there is a third neighborhood 
of A that is contained in each of the given neighborhoods. 

Na: Given two distinct elements, there is a neighborhood of each that does 
not contain the other. (Or, equivalently, the intersection of all the neighbor- 
hoods of an element is the element itself.) 

By reference to the listing of HAUSDORFF'S axioms in Section 4 of this essay 
it will be seen that condition N~ is the same as HAUSDORFF'S axiom (A), that 
condition N2 is the same as HAUSDORFF'S axiom (B), and that condition N3 is 
similar to, but less stringent than, HAUSDORFF'S axiom (D). 

A further interesting comparison between FRI~CHET'S work and that of HAUS- 
DORFF (with which FR~CH~T was, as he stated later, unacquainted at the time) 
can be made as soon as we discuss the next part of FR~CH~T'S work, in which he 
brings into consideration a further a x i o m - t h e  axiom that every derived set is 
closed. As he shows, this axiom, along with the first three axioms of RIESZ, implies 
the following condition on neighborhoods: 

N4: If A is any element and VA is any neighborhood of A, there exists a neigh- 
borhood WA of A such that, if  B is an element of WA, there is a neighbor- 
hood Vs of B with Vs contained in IrA. 

Furthermore, if we have a V-class in which the neighborhoods satisfy the 
axioms N1, N2, Na, N4, the resulting derived sets satisfy the first three axioms of 
R!ESZ, and every derived set is closed. FR~CHET labels as condition 5 ° the require- 
ment that every derived set is closed. 

Condition N4 bears some resemblance to HAUSDORFF'S axiom (C), but they 
are not the same, and for a good reason. To understand the difference we need to 
consider the notions "interior point of a set," "interior of  a set," and "open  set." 
We do this in the context of a V-class in which axioms N1-N4 are satisfied. FR~- 
CHE% following Rmsz, defines A to be an interior element of a set S if S is a neigh- 
borhood of A, which means (in RIESZ'S terms) that A is in S and is not a limit 
element of the complement of S. An equivalent way of putting it is that there is 
some neighborhood of A wholly contained in S. But there is nothing that requires 
all elements of a neighborhood VA of A to be interior elements of that neighborhood. 
What axiom N4 requires is that, given A and Va, there is another neighborhood 
W,4 of A such that all dements of W,4 are interior elements of IrA. 

RlzSZ defined a set to be open if all its elements are interior elements of the set. 
The interior of a set is defined as that set composed of all the interior elements 
of the given set. It is a consequence of axioms N~, N2, N~ that the interior of a set 
is an open set (although it may be empty). With these same axioms it is true that 
the interior of a neighborhood of an element is itself a neighborhood of an element. 

In his paper [FRt~CHET 75] FRF, CHET resumes consideration of V-classes in 
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which the neighborhoods satisfy the four axioms N1-N4. He calls a V-class of 
this kind an H-class (une classe (H));  the first use of this designation, I believe, 
is on page 342 of the paper in question. The H is in honor  of the American, 
E. R. HEDRIC~:, as FR~CHET explains on page 212 of his book on abstract spaces. 
As FR~CHET points out on page 365 of the paper, in an H-class it may be assumed 
that all of the neighborhoods used in defining it as a V-class are open. The reason 
for this is that, even if the initially given neighborhoods are not necessarily open, 
if we use only the interiors of these neighborhoods to define limit elements, we 
obtain exactly the same limit elements as before, as a result of the fact that the 
interior of each neighborhood is an open neighborhood that is contained in the 
original neighborhood. Consequently, an H-class can be defined as a special kind 
of V-class, in which the axioms on neighborhoods are N1, N2, N3 as before, but 
with N4 replaced by the modified axiom: 

N~: If  A is any element and VA is any neighborhood of A, and if B is any 
element of VA, there exists a neighborhood VB of B with VB contained 
in V~. 

This axiom insures that all the neighborhoods are open; moreover, it plays 
the same role as N4 in helping to show that all derived sets are closed. It will be 
observed that axiom N~ is the same as HAUSDORFF'S axiom (C). 

The difference between an (H) class and the kind of topological space defined 
by HAtJSDORFF'S four axioms lies in the difference between HAUSDORFF'S axiom 
(D) and FP,~.CHZT'S axiom Na. HAtJSDORFF'S axiom states that, given two distinct 
elements, A, B, there exist neighborhoods Va and VB of A and B respectively, such 
that VA and VB have no points in common. FR~CHET'S axiom requires merely 
that each of  the two elements have a neighborhood that does not contain the other 
element. Because HAUSDORFF'S (D) implies FRI~CHET'S N 3 (but not vice versa), it 
follows that a HAUSDORFF topological space is a special sort of H-class. HAUS- 
DORFF had used the unadorned name topological space for a class with topology 
derived from his four axioms. Because various writers have subsequently used the 
designation topological space in a more general sense, it will be convenient from now 
on to use the designation Hausdorff space for what HAUSDORFF called a topological 
space. FR~CHET himself eventually used the generic name "topological space" for 
a class in which to every set corresponds a certain set, called its derived set, the 
elements of which are called limit elements of the original set, with only one re- 
quirement: that expressed by condition (II) earlier in this section (see pages 166-169 
in his book). 

FR~CHET had the following to say by way of comparison between H-classes 
and HAUSDORFF spaces (I give a paraphrased translation): " I t  can be seen in the 
present memoir that one can extend to H-classes almost all of the properties that 
HAtJSDORFF demonstrated for his topological spaces. Moreover, the definition of 
an H-class by the first three axioms of RIESZ and the requirement that all derived 
sets be closed seems much more natural thart Hausdorff 's four axioms." In spite 
of his having observed that H-classes can be defined in such a way that all the neigh- 
borhoods are open sets, FR~CHET really felt that this last was an undesirable re- 
striction on the notion of neighborhood. On page 367 he remarked that HAUSDORFF, 
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and also CARATmIODORY, in the edition of 1918 of his book on real functions, seem 
to regard the property of openess as an inherent property of neighborhoods; but 
then FR~CI-mT said that while such a limitation might be useful for certain purposes, 
it wasn't really essential and might even run the risk of hiding the true nature of 
neighborhoods. 

As far as I know, FR~CHET himself never highlighted an important property of 
HAUSDORFF spaces not shared by all H-classes. There is such a property. A HAUS- 
DORFF space has the property that every set in it with the BOREL-LEBESCUE property 
is closed. This fact is included in a theorem on page 231 of HAUSDORFF'S book (the 
theorem that asserts that a set with the BOREL-LEBESCUE property is both closed and 
compact in FR~CnET'S sense). But it is possible to have, in an H-class, a set that 
is not closed, yet has the BOREL-LEBES6UE property. I am not sure when this possi- 
bility was first realized, but it was known to ALEXANDROFF and URYSOHN and men- 
tioned by them in correspondence to FR~CHET, as I point out later on, in Section 9, 
in the description of material accompanying the letter of January 28, 1924. An 
example of this situation is the following, taken from Problem 4 on page 105 of 
my book [TAYLOR 1 ]. Consider an arbitrary infinite class X. As the neighborhoods of 
any given point x in Xtake sets that contain x and have finite sets as complements. 
It is not difficult to verify that this definition makes X an/-/-class and that, if E is 
any infinite set, its derived set is X. It follows that every infinite set except X itself 
fails to be closed. Finally, every set has the BOREL-LEBESaUE property. 

For  convenience when, later on in this essay, I refer several times to H-classes 
(or, as FR~CHEr called them in his book, espaces (H), I include here in concise 
form two ways of defining /-/-classes. 

Definition using derived sets. A class in which there is a primitive notion of 
derived sets is called an H-class when the following conditions on derived sets are 
fulfilled. 

(1) (E kJ F) '  = E '  kJ F '  (equivalent to the combination of RIESZ'S conditions 2, 
3 in Section 1); 

(2) E '  is empty if E is a finite set; 
(3) (E') '  Q E '  for every E (that is, every derived set is closed). 

Definition using open neighborhoods. A V-class in which the neighborhoods satisfy 
the following conditions is an H-class. 

(a) Every element has at least one neighborhood, and the element is in every 
one of its neighborhoods; 

(b) If  U and V are neighborhoods of x, there is a neighborhood W of x such 
that W ( U f ~ V ;  

(c) Given two distinct elements, there is a neighborhood of  each one that does 
not contain the other; 

(d) Given any element x and any neighborhood U of it, then for each y in U 
there is a neighborhood V of y such that V ~ U. 

Condition (d) insures that the neighborhoods are open. 

If  one starts with the definition using derived sets, one can get to the charac- 
terization of  H-classes by the use of open neighborhoods in the following way: 
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Given x, consider sets G such that x £ G and x is not in (G~) '. Then consider 
the set U of those y in G such that y is not in (G~) '. Call U (which is the interior of  
G) a neighborhood of x. 

7. Further consideration of covering theorems and compactness 

The pursuit of  the relationship between compactness and the BOREL-LEBESGUE 
property led to some interesting investigations and to proposals to introduce mod- 
ifications in the notion of compactness. The eventual consequence, after some 
decades, was to assign a new meaning to compactness. 

From the work of FRI~CHET in his thesis and a remark on that by HILDEBRANDT 
it became known that, in a metric space, sets which are closed and compact  are 
identical with those that have the BOREL-LEBESGUE property. In more general sorts 
of  spaces things are not so simple with the BOREL-LEBESGUE property. 

The situation with the less restrictive BOREL property is not as complicated. 
From separate results by HEDRICK and FRt~CHET already mentioned in Sections 3 
and 5, it follows that, in an L-class for which each derived set is closed, a set has 
the BOREL property if and only if it is compact and closed. In the paper [FR~CHET 
66], FR~CHET considers the BOREL property in the context of  his new V-classes 
(which need not be L-classes). There he proves the theorem (see page 154 of the 
paper): For  a V-class of the type that he calls an H-class in a subsequent paper 
([FR~CHET 75]), a set G has the BOREL property if and only if each infinite subset 
of G has a limit point in G (i.e., if and only if G is compact in itself). 

The first person to attack successfully FRI~CHET'S question: "Wha t  is the most  
general sort of space in which it is true that every closed and compact  set has the 
Borel-Lebesgue property ?" was the American, R. L. MOORE. In his paper  [MooRE] 
of 1919 he considered S-classes, that is, L-classes in which every derived set is 
closed. To express his ideas he called a family of  sets monotonic if, given any two 
members of  the family, one contains the other. Then he gave a definition: a set 
G has property K if, whenever J/{ is a monotonic family of  closed subsets of  G, 
there is a point that belongs to every member  of  ~ ' .  After this came the theorem: 
I f  and only if the S-class has the property that each compact  set has property 
K, then it is true that each closed and compact set has the BOREL-LEBESGUE 
property. The proof  made use of  transfinite numbers. MOORE went on to propose 
a new definition of compactness to replace that of  FR~CHET : Call a set G compact  
if, whenever ~ is a monotone family of  subsets of  G with no point common to 
all the members of  the family, there is a point common to all the derived sets of  
the members of  Jg. With this new meaning of compactness, MOORE gave the theo- 
rem: In an S-class a set has the BOREL-LEBESGUE property if and only if it is closed 
and compact.  

In the paper  [FR~CHET 75] where FR~CHET discussed his H-classes he took up 
MOORE'S idea and introduced the name "perfect  compactness" for MOORE'S 
new notion of compactness. FR~CrIET borrowed the terminology f rom S. JANIS- 
ZEwsKFs thesis, published in 1912 ([JANISZEWSKI]). JANISZEWSKI'S definition of 
the concept was not expressed In the same way, and he was not considering the 
BOREL-LERESOUE property. MOORE had conjectured that perhaps his proposed 
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new sort of compactness was, for an S-class, equivalent to JANISZEWSKI'S perfect 
compactness. However that may be, FRt~CHET defined a set G to be perfectly 
compact in itself if, when J / / i s  a monotonic family of subsets of G, either all the 
members of the family have in common an element of  G, or their derived sets all 
have in common an element of G. FRI~CHET'S theorem then is, for a V-class (of the 
type defined in [FR~CHET 66]) in which each derived set is closed, a necessary 
and sufficient condition that a set have the BOREL-LEBESGUE property is that it be 
perfectly compact in itself. This result is stated on pp. 348-349 of  the paper 
[FRI~CHET 75]. The V-classes of this theorem include H-classes, but can be more 
general. 

In 1921 C. KURATOWSKI tf¢W. SIERP1NSKI, in a joint paper (see the Biblio- 
graphy), responded as follows to the query raised by FRI~CHET in his paper of 
1917. They dealt with an L-class restricted in a certain way, to be explained 
presently. They called a set G an entourage of a point p if p is an interior point 
of G. Then, using the work "power"  (puissance) to denote the cardinality of a 
set, they defined the concept "power of a point p relative to a set E "  as follows: p 
is of  power m relative to E if every entourage o f p  contains in its interior a subset 
of E of power m, and if the like statement cannot be made for any cardinality 
greater than m. They then state and prove: In an L-class, every closed and compact 
set has the BOREL-LEBESGUE property if and only if the L-class has the property 
that, given an infinite compact set E whose derived set is also compact, there is 
at least one point whose power relative to E is equal to the power of  E itself. 

The next published step in this process of  considering the BOREL-LEBESGUE 
property came in a paper by PAUL ALEXANDROFF & PAUL URYSOHN [ALEXANDROFF 

URYSOHN 2], submitted for publication in June, 1923 and published in 1924, 
shortly after the untimely death of  URYSOHN, the authors assert that the principal 
results of the paper were announced in Moscow in 1922. They deal with HAUS- 
DORFF spaces, which they (following HAUSDORFF) call merely "topological spaces". 
They call a point p a complete accumulation point (H/iufungspunkt) of a set G 
if, for every neighborhood of  p, the intersection of the neighborhood with G has 
the same power as G itself. Then they assert: A HAUSDORFF space has the BOREL- 
LEBESGUE property if and only if every infinite subset of the space has a complete 
accumulation point. They call such a space bicompact. This notion of bicompact- 
ness was communicated to FRI~CHET in a lettei of 28 January, 1924 by ALEXAN- 
DROFF & URYSOHN. For  more about this matter and other correspondence with 
FRI~CHET see Section 9 of the present essay. 

CHITTENDEN, who followed FRt~CHET'S work closely, also contributed to the 
discussion of  sets with the BOREL-LEBESGUE property. In his paper [CHITTENDEN 
5], in which he deals with FRI~CHET'S new V-classes, CHITTENDEN characterizes 
sets with the BOREL-LEBESGUE property, using a concept of what he calls hyper- 
nuclear points. He also uses FRt~CHET'S concept of perfect compactness. Some 
years later, in a long paper [CHITTENDEN 7], he deals further with the notion of 
bicompactness in a very general type of topological space, using merely the idea 
that with each set E is associated another set E' ,  called the derived set of E, but 
with minimal assumptions. In a theorem on page 306 of this paper, CHITTENDEN 
brings together the ideas of MOORE, FRI~CHET, SIERPINSKI-KURATOWSKI, and him- 
self about the BOREL-LEBESGUE property. 
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From the foregoing we see that FRI~CHET, by his query of 1917, stimulated a 
great deal of activity. The most enduring consequences flowed from the work 
of ALEXANDROFF and URYSOHN, for, by focussing on the BOREL-LEBESGUE property 
and giving it a name, bicompactness, they shifted the emphasis to a property that 
possesses greater topological significance than FR~CHET'S notion of compactness 
(even though FR~CHET'S singling out of that notion had a tremendous impact 
in the developmental period of abstract general topology). 

In the United States, to a great extent by the 1950's and even the later 1940's, 
the concept of compactness was defined by the BOREL-LE~ESGUE property (under 
the name of the HEINE-BOREL property). This was probably because S. LEFSCHETZ 
chose this definition in his book, Algebraic Topology, published in 1942; he said 
he was following the lead of BOURBAKL However, even as late as 1952, in his 
book Topologie II, published in Poland, C. KURATOWSK~ was still distinguishing 
between FR~CHET'S compactness and the bicompactness of ALEXANDROFF d~; URY- 
SOHN. In the United States today, FR~CHET'S compactness is often called countable 
compactness. 

T. H. HILDEBRANDT, then visiting from the United States in G6ttingen, wrote 
a letter to FR~CHET on July 7, 1926 with the opening greeting, in familiar style, 
'Dear Fr6chet'. He had evidently talked personally with FR~CHET quite recently. 
He said he was sending FR~C~T what he called the 'last part' of his manuscript 
paper on the BOREL theorem [HILDEBRANDT 2], which is headed: II The Borel 
Theorem in General Spaces. This paper, published later in 1926, was an important 
exposition (in the form of an invited address to the American Mathematical Socie- 
ty) of the state of affairs concerning theorems of the BOREL and BOeEL-LEBESGUE 
type (although HILDEBRANDT did not use the label 'BOREL-LEBESGUE'). In another 
letter a few weeks later (on July 31) HmDEBRANDT replied to a letter of July 25 
from FR~CHET, in which the latter had evidently queried HILDEBRANDT as to why 
he had not discussed in greater detail FR~CHET'S H-classes, or accessible spaces. 
(I shall comment on the term 'accessible' presently.) From HmDEBRANDX'S paper 
as published we can see that HILDEBRANDT had, in part II of the paper, considered 
first metric spaces, then L-classes (referring in each case to FRfiCHET'S thesis), 
and then what he called 'vicinity spaces,' by which he meant using the notion of 
neighborhoods. In this connection he mentioned HEDRICK, ROOT, HAUSDORFF, 
and FR~CHET. Of HAUSDORFF he wrote: "The Hausdorff postulates have come to 
be accepted as a satisfactory basis, and a space based on them is usually called a 
topological space." In a footnote on page 464 he referred to the paper [FR~cI-IET 
66], of which he wrote: "Fr6chet considers a type of space that he has called 'es- 
pace accessible', which is equivalent to a vicinity space subject to postulates 
similar to those of Hausdorff, IV and especially III being replaced by weaker 
ones." (The labels IV and III were those of HILDEBRANDT in his paper, and they 
referred to HAUSDORFF'S axioms ((2) and (D) respectively, as I have given them in 
Section 4 of this essay.) Evidently trying to write tactfully and placatingly to FR~- 
CriEr in his letter, HILDEBRANDT wrote that he thought FR~CHET was right; that 
he (HILDEBRANDT) had not sensed entirely the importance and nature of accessible 
spaces, especially as outlined in FR~CHET'S later paper ([FR~CI~ET 75]) in the An- 
nales de l'Ec. Norm. Sup. HILDEBRANDT stated that he had used HAUSDORFF'S 
axioms because they seemed to be the most elegant for his use in the paper; also, 
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he had thought there was not much difference between accessible spaces and HAUS- 
DORFF'S topological spaces. He promised to consider the matter further when 
FR~CnET returned the manuscript. It is possible, I suppose, that the footnote about 
[FR~crmx 66] was added after this exchange. But [FR~CHET 75] is not mentioned 
in the paper. 

FR~CHET'S explanation for calling an H-class an 'accessible space' depends 
on what he called 'the generalized Hedrick property.'  This property was enunciated 
on page 154 of [FR~CHET 66] as follows: Suppose x is an interior point of a set E 
and a limit point of a set F. Then there exists a subset G of F such that x in G' 
and all points of G are interior points of E. On page 185 of his book [FR~C~ET 
132] FR~CHET states that, for reasons to be given later "nous avons appel6 espace 
(H), puis espace accessible" every space in which the points of accumulation 
are defined in such a way as to satisfy the specified conditions on derived sets 
(conditions (1), (2), (3) as I have given them near the end of  Section 6 of  the pre- 
sent essay). On page 212 of the book FR~CHET explains that the name 'espace (H) '  
was given in recognition of the fact that the space possessed the generalized 
HEDRICI( property. Then he wri tes:"C'est  pour la marne raison, mais pour adopter 
un nora se justifiant naturellement que nous avons appel6 cet espace un espace 
accessible (on peut acc6der a l'int6rieur d'un ensemble E en se d6placant sur un 
ensemble F ayant pour point d'accumulation un point int6rieur ~ E) ."  

8. Fr6chet's Esquisse d'une Th6orie des Ensembles Abstraits 

The publication to be discussed in this section is a long paper foiming part 
of a collection of papers in two volumes assembled to honor a certain man in 
India, Sir ASUTOSH MOOKERJEE, on his Silver Jubilee. Just who he was and what 
scientific contact, if any, existed between him and FR~CHET are unknown to me. 
FR~CHET states in the preface to his book [FR~CHET 132] that the Esquisse was 
prepared upon invitation by the University of Calcutta. In the introduction of  the 
Esquisse [FR~CHET 76] FR~CHET describes it as an exposition without proofs but 
in a systematic and natural order of  the results he has obtained in the theory of  
abstract sets. It is apparent that the material forming the Esquisse had already 
been composed and was soon to be printed when FR~CHET'S paper No. 75 was 
published (in 1921). According to FR~CHET'S own statement on page x of the intro- 
duction to his book of 1928, the Esquisse served as a foundation for the book. 
I had some difficulty in locating a copy of the Esquisse. It is clear to me that it 
is essentially a compilation of results from FR~CHET'S publications up through 
his paper No. 75, with attention confined to the work on general point set topology 
and closely related matters. There are few new insights going beyond his previously 
published work. Nevertheless, the Esquisse played an important role for a few 
years, at least, in stimulating communication between FR~CHET and other mathe- 
maticians interested in abstract topology. 

There is little basis for knowing how many people saw the Esquisse and exam- 
ined it with some care. Evidence in correspondence shows that ALEXANDROFF 
and URYSOHN, Ct-IITTENDEN, KER~rJ~.RT6, and SIERPINSKI had access to the Es- 
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quisse. The only copy in Moscow (for a period of several years) was borrowed 
from SmRPINSrd, according to a letter to FR~CHET of date March 17, 1925 from 
ALEXANDROEE. From a conversation with L. C. ARBOLEOA in Paris in 1979 I can 
report the following: ALEXANOROFF told M. A. YOUSKEVITCri in 1978 (who then 
passed the word along to ARBOLEOA) that he, ALEXANOROEF, had very much 
appreciated the Esquisse at the time when he and URYSOHN were reading it in 
1923 and 1924. The conversation between ALEXANDROEF and YOUSKEVITCH had 
taken this turn because YOUSKEVITCH had told ALEXANOROEF of the discovery 
of the ALEXANDROEF-URYSOHN letters to FRI~CHET by ARBOLEDA. (See [ARBO= 
LEDA 1].) 

The Esquisse is divided into a short introduction and two main parts: Part I 
(24 pages) on the evolution of the notion of limit point of a set, and Part II 
(32 pages) on classification and general properties of abstract sets and functionals. 
There is quite a bit of overlap between parts, because Part I is designed to present 
motivation and historial insight, while Part II is supposed to be a systematic and 
orderly presentation of concepts, axiomatics, and results. 

Among FRI~CHET'S comments about historical developments and certain 
motivating factors I cite the following from Part I. FRI~CHET portrays the notion 
of compactness as something he evolved from consideration of bounded sets on 
the real line. (See pages 355-357.) He says that in studying point sets on a line 
not much importance had been attached to the condition that a set be contained in 
a finite interval. In fact, there was often neglect to specify whether or not the sets 
under consideration were bounded. The risk of confusion was perhaps small, but 
it existed. The matter became more serious in the case of plane sets, and especially 
in the definition of a continuum given by CANTOR and JORDAN, which were equiva- 
lent for the case of bounded continua, but not for unbounded ones. FRt~CHET 
speaks about problems in the matter of extending the notion of a bounded set 
to the case of sets in a more general sort of class, especially when the class is wholly 
abstract. For  the general case, he said, it is not just a matter of anatural extension 
of the definition, but of a usefid one. FRI~CHET says that in his thesis he had in 
mind to preserve the property embodied in the BOLZANO=WEIERSTRASS theorem. 
This, FRfCHET says, was the property he selected in his thesis as the basis for  de- 
fining a compact set in an L-class. 

On the general subject of functions in relation to the theory of abstract sets 
FRI~CHET says (pages 358-359): "The  general concept of a function depending 
on something other than one or a finite number of  numerical variables developed 
little by little according to the needs of analysis. Ascoli and Arzel~t are among the 
first to have studied properties of functions of lines (fonctions de ligne), of which 
a masterly and systematic study has been made by Volterra." He mentions other 
precursors of the general (abstracO theory: LE Roux,  HILBERT and HILL, POIN = 
CAR~., and YON KOCH (the latter three on infinite determinants), and, finally, in 
his listing, HADAMARD, and E. H. MOORE. 

In Part II FRI'CHET confines his attention mainly to the subject of abstract 
point set topology, taking the notions of element of  accumulation (the term he 
is using for limit elemenO and derived set as fundamental. He proceeds for a while 
with no restriction on the relationship of  E '  to E, introducing nearly all the no- 
tions of general topology in this very general setting. Then he considers, in suc- 



318 A.E.  TAVLOR 

cession, his new V-classes of 1918, H-classes, L-classes, S-classes, E-classes (in 
a sense different from the usage in his thesis, and D-classes (which are metric 
spaces, D standing for distance). The new E-classes were first defined by FR~CnET 
in [FR~CHET 65]. An L-class is an E-class in the new sense if there is a distance-like 
binary real function of  two elements, called an dcart, not necessarily possessed 
of the triangularity property of a metric, but otherwise like a metric and used 
to define convergent sequences just as in a metric space. 

It is noteworthy that FRI~CHET'S definition of completeness for a metric space 
(une classe (D) complete) is not what we would expect from modern usage. He 
first formulated this definition in [FR~cHZT 75], on page 341 : "j 'appelle classe (D) 
compl&e une classe (D) off, parmi toutes les drfinitions de la distance compatibles 
avec la d6finition supposre prrexistante des 616ments d'accumulation, l 'une au 
moins admet une grnrralisation du throrrme de Cauchy sur la convergence d'une 
suite." FR~CrtET then immediately raises a question by saying that it would be 
interesting to know if there exists such a thing as a non-complete D-class. This 
is not an entirely trivial question. It is possible to have a class on which there are 
defined two different metrics which yield the same derived set E '  for every set E, 
and such that the theorem of  CAUCHY is satisfied with one metric but not with the 
other. In FR~Cm~T'S concept of a metric space, as presented here, the metric itself 
is not an essential constituent of the space itself; it is only the relation between 
the sets E and their derived sets E' that is essential. The space is what we today 
call metrisable. FR~CHZT'S complete D-class is a metrisable space such that, with 
a least one of its equivalent metrics, the CAtJCHV convergence criterion is a neces- 
sary and sufficient condition that a sequence have a limit. 

The question (in the preceeding paragraph) raised by Fed~cI-mr was settled in 
the paper [CmTTEND~N 4], which is an extract from a letter sent to FR~CHEa" by 
CmTTENDEN in April, 1922. SIERPINSKI, a little later, also disposed of the problem. 
FR~Cr~T gives art account of the matter in [FR~CHET 79] and [FR~CHET 91]. 
CHITTENDEN proved that if a D-class is complete in FR~C~ET'S sense and contains 
a set that is dense in itself, then every neighborhood of an element in this set con- 
tains a subset that is homeomorphic to an interval of the real line. Such a set, 
therefore, cannot be merely denumerably infinite. The class of rational points on 
the real line, with the ordinary metric, is denumerable and dense in itself. Hence 
it cannot be a complete D-class. SrERVINS~:I (according to FR~CH~r) proved 
directly that the class of  rationals with derived sets determined by the ordinary 
metric is not a complete D-class in FR~CHET'S sense. Apparently SmRPINS~ com- 
municated to FR~CHEa" what he had done; I have not found a publication by SmR- 
PINSKI Oil this. However, in his paper [SIERPINSKI 1] (which concerns a different 
matter) SIERWNSI<X pointed out in a footnote on page 203 that for a metric space to 
be complete in FR~CHEa"S sense it is necessary and sufficient that it be homeomorphic 
to a metric space that is a vollst~indiger Raum in HAUSDORFF'S sense (that is, a 
space in which the CAUCHY convergence condition is a sufficient criterion for a 
sequence to have a limit). As FR~CrIZT observed in [FR~CrmT 91], referring to 
the top of  page 355 in FR~CHET [75], he could, himself, have drawn the same 
conclusions as CmTTZNDEN and SIZRVINSKt by using the theorem given (in 1910) 
at the beginning of Section 14 on page 8 of [FR~CHET 39]. This is an interesting 
example, it seems to me, of  a certain quality or tendency in FR~CHET'S thinking. 
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He seemed to lack facility, or insight, or power of imagination, to enable him to 
make as much of his ideas as he might have done with a little more reflection and 
penetration. 

In the following section I shall indicate some of the more interesting things 
said about the Esquisse in the letters of ALEXANDROFF and URYSOHN to FRI~- 
CHET. 

9. Alexandroff, Urysohn, and Fr6chet, 1923-1924 

When the young scholar, Luis CARLOS ARBOLEDA, from the Universidad 
del Valle in Call, Colombia, undertook to examine the letters and papers of  
MAURICE FR~CHET that were deposited in the Archives of the Acaddmie des 
Sciences in Paris, he found an extensive collection of letters from PAUL ALEXAN- 
DROFF and PAUL URYSOHN to FRI~CHET. He published an article about them 
[ARBoL~DA 1], quoting some passages from the letters and focussing attention 
on what the correspondence reveals about the impetus given to topology by the 
work of ALEXANDROFF and URYSOHN. In my discussion here of aspects of this 
correspondence my purpose is to show how FR~CH~T influenced these two Russians 
and how the correspondence enables us to form a better understanding of FaG 
CHET'S place in the development of abstract topology. On occasion it turns out that 
I have quoted a passage that ARBOLEDA also quoted in his paper about these 
letters. But generally I have quoted more than ARBOLEDA did, in order to bring 
out something relevant to my purpose. It is also true that there are places where 
what I have written overlaps with the exposition in ARBOLEDA'S Paris thesis of  
1980 [ARBOLEOA 2]. An important difference between this essay and ARBOLEOA'S 
thesis (unpublished as of now) is that I am making a study and appraisal of  a 
part of FR~CHET'S work, whereas ARBOLEDA'S intent was to study the early in- 
vestigations of general topology by FR~CHET and others using the letters and 
documents in the FRI~CHET collection as the resource. Our work runs rather close 
together at times but the point of view is different. 

The correspondence was initiated by a letter to FR~CHEX written jointly by 
ALEXANDROFF and URYSOHN from Moscow on October 23, 1923. They identified 
themselves as adjunct professors (professeurs adjoints) at the University of Mos- 
cow. They were young (ALEXANDROFF 1° was born in 1896, URYSOHN in 1898). 
At that time FRt~CHET was forty-five years old. We cannot be sure that all the let- 
ters written to FRI~CHET in this correspondence are in the collection in the Ar- 
chives, but from internal evidence in the letters we can surmise some things about 
FR~CHET'S replies; from the responses made to FRgCl-n~T in the letters from ALEX- 
ANDROFF and URYSOHN it seems reasonable to infer that the collection in the Ar- 
chives may be complete so fas as concerns what was sent to FR~CH~T in 1923 and 
1924 (except for a postcard from ALEXANDROFF to FRI~CHET sent in August of 

l o I use the spelling ALEXANDROFF, rather than ALEXANDROV, because that is what 
ALEXANDROFF himself used in writing and publishing in French and German in the period 
I am considering. 
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1924 and mentioned in ALEXANDROFF'S letter of September 22, 1924). It is known 
that FR~CHET'S letters to the Russians have not survived. 11 

URYSOHN'S active role in this correspondence is limited. There are twelve let- 
ters in the correspondence written in 1923 and 1924; eight are joint letters signed 
by both the young Russians, two are from URYSOHN alone and two are from ALEX- 
ANDROFF alone. The dates of the letters are, in 1923: October 23, November 22 
and 24, and December 19 (this last one from URYSOHN alone). The dates of those 
in 1924 are January 28, February 28, March 22, April 15, May 18, August 3 (from 
URYSOHN alone), September 22 and November 10 (the last two from ALEXANDROFF 
alone). All were written from Moscow except the one of August 3, written from 
the French coastal village of Le Batz. 

URYSOHN died by accidental drowning in the sea at Le Batz on August 17, 
1924. ALEXANDROFF'S letter of September 22, reproduced hereafter, gives details 
of  the accident. There are many letters from ALEXANDROFF to FR/~CHET in 1925 
and subsequent years. I discuss some of them in Section 10. 

Some details about URYSOHN'S life and short career are contained in a note 
written by ALEXANDROFF and published on pages 138-140 in volume 7 (1925) of 
Fundamenta Mathematicae. 

In quoting from the letters I have, in general, refrained from calling attention 
in detail to faults of punctuation or grammar, lack of accents in appropriate 
places, and so on. For instances, peut &re is often written where it should be peut- 
~tre, with hyphen, and I have reproduced what is written. The situation with 
accents is at times vague, for the reason that the photographic reproductions of 
the letters from which I have worked are not always good enough to be certain 
where accents are and where they are not. 

Here is the opening letter of October 23, with faults of language as written, 
complete except for the formal closing sentence: 

" L a  c616bre Th6orie des ensembles abstraits que Vous avec cr66e nous a d6j/t 
depuis longtemps inspir6 dans nos recherches. L'expos6 du premier group de 
r6sultats que nons avons obtenus dans cette ordre d'id&s forme plusieurs m6moires 
qui sont maintenant au cours d'impression dan Ies 'Fundamenta Mathematicae' 
et dans tes 'Mathematische Annalen. ' lz 

"Aujourd'hui  nous sommes en possession de quelques nouveaux r6sultats que 
Vous trouverez, peut-&re, non d6pourvus d'inter&: il contiennent, en particulier 
la resolution de Votre beau probl6me sur les relations entre les notions de limite 
et de distance (Trans. Amer. Math. Soc. 1918, 53-65, ainsi qu'une condition 
(topologique) n6cessaire et suffisante pour qu'une classe (D) s6parable soit une 
classe (D) compl6te, etc. 

"Nous  nous permettons donc de Vous envoyer les copies de trois notes que 
nous avons 6crites sur ce sujet et que nous envoyons avec la m~me poste ~t Monsieur 

11 On this point see the first footnote on page 74 of [ARBOLEDA 1]. 
~2 There were six of these papers altogether, all published in 1924: One by ALEX- 

ANDROFF in Fundamenta Mathematicae, |Re rest all in Mathematische Annalen--two 
by ALnXANDROFF, one by ALnXANDROFr & URYSOHN as joint authors, and two by URY- 
SOHN alone. See the Bibliography. 
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Lebesgue: nous esp6rons notamment  qu'il consentira ~t les pr6senter g l 'Acad6mie 
des Sciences pour les faire imprimer dans les 'Comptes  Rendus'.  

"Si vous d6sirez, cher MaRre, d 'avoir  quelques renseignements de plus sur 
nos travaux, nous serons heureux de Vous les communiquer."  

There happens to be in the Archives a letter f rom LEBESGUE to FRI~CHET dated 
November  11, 1923, that illuminates to some extent what happened next. LEBES- 
GUE told FR~CHET that he had received the notes for the Comptes Rendus f rom 
ALEXANDROFF and URYSOHN, and had also received what FR~CHET had sent him. 
I quote the following words of  LEBESGt:E: " L a  note que vous critiquez est le 2 e 
des t r o i s -  Si doric j'allais demain ~ l 'Institut, ce dont je doute, ce n'est pas celle I/t 
que je pr&enterai. Mais en realit6 je n 'en pr6senterai actuellement aucune. Votre 
aussi m'obl ige/ l  m'abstenir.  Th6oriquement je suis responsable de l 'exactitude des 
notes que je pr6sente. Je ne me frappe pas et ne prend pas cette responsabilit6 
au tragique, mais pourtant  je ne puis pr6senter une note ayant d6jh en main une 
r6ponse disant: cette note est fausse dans telle partie. Mort devoir est de signaler 
la fausett6 ~ l ' a u t e u r - M a i s ,  puis que les auteurs vous ont envoy6 des doutes :a 
de leurs notes et que c'est vous qui ayez reconnu l'erreur, :4 voulez vous me rendre 
(et leur rendre) le service d'examiner de la mame mani6re les trois notes et le leur 
envoyer vos observations en leur disant que je les prie de m'envoyer  une r6daction 
nouvelle tenant compte de vos observations (dans la mesure qu'ils jugeront con- 
venables). Ajoutez qu'il seraient d6sirable qu'ils r6ussissent ~, Condenser leur trois 
notes en deux-Na tu re l l ement  cette fagon de proc6der ferait sans doute tomber 
votre note car les auteurs tiendraient sans doute assez compte de vos observations 
de priorit6 pour vous donner satisfaction. En tout cas, si une nouvelle note de 
vous restait n&essaire ~t vos yeux, je ne pourrais la pr6senter que dans la s6ance 
post6rieure ~ eelle o~ j 'aurais pr&ent6 la note motivant cette rdponse. Je vous 
renvoi votre note ci inclus. Voir mes observations sur son premier paragraphe. 
Merci a l 'avance." 

More information about ]2RI~CHET'S reaction to the three notes sent by the two 
Russians can be inferred f rom the contents of two manuscripts in FR~CHET'S 
handwriting that I found in the Archives. One of them must be the note by FR~- 
CriEr referred to by LEBESGUE. The titles of  the two manuscripts are, respectively, 
Remarques sur la communication de M. Urysohn:  Les ensembles (D) sdparable 
et l'espace Hilbertien, and Remarques sur la communication de M. M, Paul 
Alexandroff et Paul Urysohn: Une condition necessaire et suffisante pour qu'une 
classe (L) ou un espace topologique is soit une classe (D). These were, quite evidently, 
the titles of two of the three notes as originally submitted to LEBESGUE and FR~- 
CHET. As matters finally turned out, the notes were rewritten to some extent and 
resubmitted, and all three were published in the Comptes Rendus. They are listed 

1 s This reference by LEBESGUE to doubts by ALEXANDROFF and URVSOHN is a mystery. 
There is no indication of doubt in the letter of October 23 from them to FRt~CHET., 

14 Perhaps the reference to an error recognized by FRI~CHET pertains to his belief 
that what the Russians called condition 3 ° was unnecessary. I discuss this issue later on. 

~s A topological space in HAUSDORFF'S sense is meant here. 
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in the Bibliography. In the correspondence to be discussed ALEXANDROFF and URY- 
SOHN refer to their notes as numbers 1, 2 and 3. From the context it is possible 
to deduce that Note 1, Note 2 and Note 3, after revision, were published as [ALEx- 
ANDROFF & URYSOHN 1], [URYSOHN l], and [ALEXANDROFF 2], respectively. 
The titles of Notes 1 and 2, as given in FR~CHET'S manuscripts, were slightly 
modified in the published forms. I know of no evidence that either of the two 
manuscripts by FR~CHET was ever published. From the letters to FR~CHET from the 
two Russians it seems clear that he must have written them some of the things 
that are contained in these manuscripts. In the first manuscript, for example, he 
comments on the fact that in his paper [FRr)CI-~T 75] he changed the definition 
of separability that he had used in his thesis. In the thesis a class was called 
separable if it contains a denumerable set whose derived set is the entire class. In 
the new definition a set E is called separable if it contains a denumerable set N 
such that E ~ N + N'. There is a reference to this matter in the letter of Novem- 
ber 22. Another clue about what he wrote to the Russians is contained in the follow- 
ing: In the first manuscript he mentioned that he had himself obtained a result of 
the type found by URYSOHN. He cited his paper [FRI~CHET 39], in which he had 
proved that every complete and separable metric space is homeomorphic to (indeed, 
isometric with) a subset in a certain sequence space (today known as l~), 
which, however, is not separable. FR~.CHET points out that URYSOHN'S work has 
an advantage over his own, because URYSOHN shows that every separable metric 
space is homeomorphic to a subset in a certain separable sequence space (the 
HILBERT space today known as 12). URYSOHN'S letter of November 22 explains 
why they haven't seen [FR~CHET 39]. 

Next I go into some detail about the second of the manuscripts of FR~CHET. 
He wrote: 

"M.  M. ALEXANDROFF et URYSOHN ayant bien voulu me communiquer le 
texte de leur note, j 'en prends occasion pour 6noncer leur int6ressante proposi- 
tion sous une autre forme que me parait plus maniable." 

"J 'a i  6t6 amen6 par des g6n6ralisations successives de rues premi6res recherches 
~t la conception de classes d'elements qui j 'ai appel6es classes (H) parce qu'elles 
m'ont 6t6 sugg6r6es par une extension int6ressante d'une propri6t6 signal6e par 
Professeur Hedrick." 

"I1 se trouve que l'espace topologique du Professeur Hausdorff est une classe 
(H) mais que toutes les propri&6s de l"espace topologique' parvenues ~t ma 
connaissance (j'entends celles qui g6n6ralisent des propri&6s importantes de 
l'espace euclidien), sont partag6s par la classe (H) ."  In a footnote referring to the 
term 'espace topologique' FR~CHET remarked that he thought there were advant- 
ages in reserving the term for those more general spaces in which the topology is 
specified merely by having, corresponding to each set E, a set E '  (perhaps empty), 
consisting of the accumulatlon points of E, without any conditions on this cor- 
respondence. In fact, FR~CHET does use the term 'espace topologique' in this way 
in his book [FR~CHET 132] (see page 167 there), but he does impose at least this 
condition: a point x belongs to E '  if and only if it also belongs to F',  where F is 
composed of all points of E except x (in case x belongs to E). 

Next, FRI~CHET describes H-classes and points out the two different ways of  
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axiomatizing them, either by axioms on neighborhoods or by axioms on derived 
sets, as is done in his paper [FRfiCHET 75). Then he continues: 

"Si maintenant on reprend la suite des raisonnements de M. M. ALEXANDROFF 
et Urysohn en faisant intervenir les classes (H) au lieu des espaces topologiques 
de F. Hausdorff, on obtient les r6sultats suivants: 

I. La condition n6cessaire et suffisante pour qu'une classe (L) soit une classe (H) 
est que tout ensemble deriv6 y soit ferm6. 

II. La condition n6cessaire et suffisante pour qu'une classe (H) soit une classe (D) 
est qu'il y existe une chalne complete reguli6re (au seas de M. M. Alexandroff 
et Urysohn). 

" L a  s6conde proposition s'obtient par le m~me raisonnement que les deux 
auteurs ont appliqu6s a l'espace topologique de F. HAUSOORFF." 

"La  premiere r6sulte immediatement de la d6finition m~me des classes (H) 
et du fait que les classes (L) poss6dent les proprietes 1), 2), et 3) mais pas tou- 
jours 5)." Here FRfiCHET is referring to the axioms on derived sets that charac- 
terize an H-class. He continues: 

"I1 est manifeste que l'emploi des classes (H) donne h l'ensemble des condi- 
tions pour qu'une classe (L) soit une classe (D) une simplicit6 plus grande que celui 
auquel l'emploi de l'espace topologique a conduit M. M. ALEXANDROFF et Ury- 
sohn,/ t  qui reste pourtant le m6rite d'avoir les premiers resolu le probl6me pos6." 

"Cette resolution pourrait &re utilement complet6e si on parvenait ~ 6tablir 
quelques conditions doiveat satisfaire les voisinages dans une classe (H) pour 

que celle-ci soit une classe (D). I1 serait d'ailleurs pr6ferable de ne pas imposer ~t 
ces voisinages la condition d'&re ouverts, condition qui est 6trang6re a la notion 
de voisinage." 

The letter of November 22 opens with an expression of thanks to FRI~CHET 
"pour  Votre lettre si aimable et si suggestive." This must have been FRfiCHET'S 
letter conveying L~BESCUE'S message and some of his own comments about the notes 
(especially Notes 1 and 2), including, no doubt, some of the things that he had put 
into his two manuscripts. The letter of November 22 continues, after stating that 
the two Russians have read FRfiCHET'S letter with the greatest interest: "En  parti- 
culier, la grande simplification qu'apporte l'emploi des classes (H) nous 6tait 
tout ~t fait inattendue. I1 nous semble seulement que la condition 3 ° de notre Note: 

3 ° Si toute suite partielle a~ d'une suite a contient une soussuite a2 qui converge 
vers l'616ment a, alors la suite totale converge vers le marne 616ment a."  

- que cette condition ne peut &re supprim6. 
"C'est  fi Vous, en effet, qu'on doit l'exemple instructif d'une classe (S) qui 

n'est pas (E) (Trans. Amer. Math. Soc., 1918, p. 56). En reprenent l'id6e de Votre 
construction, on obtient ais6ment un exemple d'une classe (S) admettant une 
chaine complete reguli~re et qui n'est pas (D) par les m~mes raisons que celles que 
vous avez indiqu6es dans la discussion de Votre exemple cit6 tout /t l 'heure: 
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"il suffit, par exemple, de d6finir comme il suit la convergence dans la classe 
de tous les  nombres r6els: cette convergence coincide avec la convergence arith- 
m6tique 5. une exception pros, ~t savoir qu'une suite convergente (au sens arith- 
m6tique) vers 0 et contenant l'616ment 1 sera dite divergente. (On pouvait d'ailleurs 
montrer  par un exemple un peu plus compliqu6 que la condition 3 ° ne peut &re 
remplac6e par des conditions plus simples, p. ex. par celles que Vous avez indiqu6es 
darts un autre but, darts Votre Esquisse d 'un th6orie des ensembles abstraits de 
Calcutta, p. 344 3 ° et 4°.) 

"Cette chose &range est due ~t ce que la convergence est d6finie dans les classes 
(L), (S), (D), mais ne l'est pas darts les classes (H). I1 en r6sulte que pour qu'un 
classe (L) soit (H) resp. pour qu'une (H) soit (D), il suffit que les 616merits d'accu- 
mulation y coincident; tandis que pour qu'une (L) soit (D) il faut encore que la 
convergence soit la marne dans les deux cas. C'est justement la coincidence de la 
convergence qu' a en rue la condition 3 °. Si l 'on aurait ddfini la convergence darts 
les classes (H), la condition 3 ° serait n6cessaire m~me pour qu'une (L) soit (H) ."  

" E n  ce qui concerne le terme sdparable, c'est Votre nouvelle d6finition que 
nous avions en vue; nous avons seulement oubli6 d'indiquer ce que nous entendons 
par 'par tout  dense' : B est partout dense sur A, si B Q A Q B + B ' . . . . "  

"Quan t  ~ l 'objection que Vous avez faite dans Votre second m6moire des Rend. 
Palermo (1910), il nous a malheureusement 6t6 impossible de l 'apprendre: il 
paraR qu'il n'existe actuellement h Moscou aucun exemplaire de ce tome des 
Rendiconti . . . "  

"Nous  nous permettons enfin de vous communiquer un exemple (de P. Ury- 
sohn) d'une classe qui est 5. la lois (S) et (H) sans &re un espace topologique. 
Les 616ments de cette classe sont tous les  nombres rationnels situ6s entre 0 et 1 

(limites comprises) et le hombre ]/2. Une suite sera convergente darts les deux cas 
suivantes: (1) si elle converge (au sens arithm6tique) vers ce mame 616ment; (2) une 
suite ne poss6dant (au sens arithm&ique) aucune 616merit d 'accumulation rationnel 

convergera vers l'616ment ]/2_ C'est une classe (S) v6rifiant la condition 3 ° ci-dessus, 
donc une classe (H). On pourrait  vdrifier directement que ce n'est pas un espace 
topologique. Cela r6sulte d'ailleurs d 'un th6or6me de P. ALEXANDROFF d'apres 
lequel l 'ensemble des points d 'un espace topologique compact et parfait est 
n6cessairement indenombrable." 

The two Russians wrote FRt~CHET again on November 24, beginning this letter 
on the same page that contained the last few paragraphs of the letter of  Novem- 
ber 22. The letter of  the 22 no is in URYSOHN'S handwriting and that of the 24 th 
is in ALEXANDROFF'S handwriting. I quote, starting f rom the first of the letter of 
November 24 and going almost to the end: 

"Votre  seconde lettre est arriv6e au moment  m~me off nous avions termin6 
notre lettre ci-dessus. Nous Vous remercions maintes fois pour la flatteuse atten- 
tion que Vous pr&ez ~t nos r6sultats. Nous vous envoyons en ma~me temps les 
r6dactions nouvelles de nos trois Notes: malgr6 tous nos efforts nous ne sommes 
pas arriv6s/t r6duire le nombre total des notes de 3 a 2; or si l ' impression de trois 
notes pr6sentait des difficult&, la r6duction de leur nombre pourrait  &re faite 
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par une simple omission de la Note No. 2, 'Les classes (D) s6parables et l'espace 
Hilbertien' (il faudrait alors seuelement omettre aussi dans la Note No. 3 les pas- 
sages marqu& au crayon vert)." 

"P ou r  faire des nouvelles r6ductions nous avons relu avec la plus grande 
attention les remarques dont Vous avez honors nos r6sultats. Darts la Note No. 2 
la d6finition de la s@arabilite a 6t6 pr6cis6e selon Vos indications et une remar- 
que relative a Vos r6sultats de 1910 a 6t6 ajout6e (ces rdsultats nous &aient jusque 
5' pr6sent inaccessibles). Quant 5' la limitation que Vous faites 5. ce r6sultat, il nous 
semble que la port6e de cette limitation peut &re diminu6e si l 'on tient compte 
des faits suivants: le r61e fondamentale que jouent les ensembles ferm6s (born6s) 
dans l'Analyse n'est pas dfi 5. ce qu'ils sont ferm6s, mais 5' ce qu'ils sont compacts 
en sol (extrdmals). En effet cette derni6re notion que Vous est due est d'une 
importance extreme dans toutes les parties des Math6matiques; en particulier, 
elle est topologiquement invariante, tandis que la propri&6 d'&re ferm6 ne l'est 
pas (comme Vous venez de le remarquer). I1 nous semble donc que si on regarde 
un ensemble comme un ~tre topologique, la propridt6 d'&re ferm6 ne sera pas une 
propri6t6 de l'ensemble m~me: elle caract6risera plut6t sa situation dans l'espace." 

"En  ce qui concerne la Note No. 1 il nous a semble pr6f~rable d'exposer Votre 
r&ultat comme un addendum: nous voudrons notamment souligner que cette 
simplification et, en mame temps, g6ndralisation consid6rable de notre r6sultat, 
est due exclusivement a Vous; nous croyons d'autre part qu'il n'est pas peut &re 
inutile d'indiquer l'6nonc6 relatif aux espaces topologiques et cela par les raisons 
suivantes. I1 n'est pas 5' douter que dans les questions d'Analyse les espaces topo- 
logiques ne se rencontrent pas, tandis que les notions de limite, de distance et 
d'ensemble d6riv6 s'introduisent d'elles-mames. Or c'est en partant de questions 
topologiques que nous sommes arriv6s aux espaces abstraits et il nous semble que 
dans cet ordre d'id6es les espaces topologiques ont, ceux aussi, leur raison d'&re; 
nous avons, en particulier, trouv6 que certaines propositions de la th6orie des 
ensembles (p. ex. celles qui concernent la puissance des ensembles) s'appliquent 
encore aux espaces topologiques, tandis qu'elles sont en d6faut dans les classes 
(H) et m~me (S)." 

The letter of November 24 is of particular interest for two reasons. It stresses 
that the property of being 'compact en soi' is a topological invariant. Neither the 
property of being compact or that of being closed is such an invariant. I do not 
think that, up to this point, FR~CrlET himself had ever singled out topologically 
invariant properties in themselves as being of particular interest. This is a case, 
I believe, that illustrates the superior insight of ALEXANDROFF and URYSOHN. 
The other point of great interest in the letter is its stress on reasons for regarding 
HAUSDORFF'S concept of a topological space as more appropriate (in certain 
situations) than FR~C~T'S concept of an H-class. I have mentioned before that 
I find it odd that FR~CI-I~T never seems to have investigated, by himself, 
significant properties of a HAUSDORFF space not necessarily shared by H-classes. 
Indeed, his general attitude seems to have been that H-classes were 'just as good' 
as HAUSDORFF spaces for dealing with general questions in topology. Even though 
the two Russians told FR~CHET they found that the use of/-/-classes sin plified some 
of their arguments, they still wished to point out to him reasons for thinking 
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HAUSDORFF spaces preferable, in certain respects, to H-classes. I suspect that they 
did so in response to something in one of FRr~CHET'S letters that emphasized to 
them his strongly held preference for H-classes, which he claimed were more 
'natural '  in concept than HAUSDORFF spaces. The fact that H-classes could be 
defined entirely by axioms concerning derived sets made them convenient. 

A thing worth noting is that ALEXANDROFF and URYSOHN were finding it worth 
their while to devote effort to the tackling of problems posed, but either not solved 
or left in a partial state of solution by FRt~CHET. Two of the three notes for the Comp- 
tes Rendus were of this character. The letter of December 19 from URYSOHN (to be 
discussed presently) was also concerned with a problem that FR~CHET had consid- 
ered. 

For  a better understanding of the letters of November 22 and 24 and of Fr& 
chet's second unpublished manuscript, we need to compare the manuscript with 
the published version [ALEXANDROFF • URYSOHN 1] of what had been Note 1 
of the two Russians. It is entitled 'Une condition n6cessaire et suffisante pour 
qu'une classe (L) soit une classe (D).' It opens as follows: 

"C'est  M. Fr6chet qui a l e  premier formul6 explicitement le probl6me d'indi- 
quer les conditions pour qu'une classe (L) soit une classe (D), c'est ~t dire pour 
qu 'on puisse d6terminer dans une classe (L) une distance telle que les relations limi- 
tes aux quelles elle donne naissance soient identiques ~t celles qui 6talent d6finies 
d'avance. Ce probl6me auquel plusieurs auteurs (M. M. Hedrick, Fr6chet, 
Chittenden, Moore [RL], Vietoris, Urysohn, Alexandroff) ont d6j~t apport6 
des contributions importantes en le resolvant dans des cas particuliers, est 6qui- 
valent au probl6me suivant: quelles sont les conditions pour qu'un espace topolo- 
gique soit un espace m6trique ? En effet, tout espace m6trique peut atre regard6 
comme un espace topologique et comme une classe (L) (m~me comme une classe 
(S)) et l 'on peut indiquer facilement les conditions pour qu'un espace topologique 
soit une classe (L) et vice versa." 

At this point the authors insert the following proposition in a footnote, to 
which I shall refer hereafter as Footnote 4. I quote it: 

"Par  exemple, pour qu'une classe (L) soit un espace topologique il faut et il 
suffit que les trois conditions suivantes soient remplies: 
1 ° C'est une classe (S) [i.e. an L-class in which all derived sets are closed]. 
2 ° I1 existe pour tout couple d'616ments deux domaines ( =  ensembles compl6- 
mentaires ~t des ensembles ferm6s) sans elements communs qui contiennent re- 
spectivement les deux 616ments donn6s. 
3 ° Si toute suite partielle cr 1 d'une suite a contient une sous-suite a2 qui converge 
vers l'element a, alors la suite totale a converge vers le mame 616ment a." 

After this the paper continues with some technical definitions and a theorem 
stating a necessary and sufficient condition under which a topological space (in 
HAUSDORFF'S sense) may be considered to be a metric space. It is not germane to 
my purpose to go into detail about this theorem. Suffice it to say that what is 
involved in defining a metric in the HAUSDORFF space is, first of all, to define what 
FR~CHET, in his thesis, called a voisinage, and then use CmTTENDEN'S theorem about 
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the equivalence of voisinage and 6cart to conclude that the space can be given a 
metric that is compatible with the original topology. 

What FR~CHET did in his manuscript was to consider H-classes instead of 
HAUSDORFF spaces. His alternative to Footnote 4 was his proposition I, which I 
have already quoted. He reduces the three conditions of Footnote 4 to a single 
condition, the same as condition 1 °, namely, he claimed, an L-class is an H-class 
if and only if every derived set in the L-class is closed. He abandoned condition 2 ° , 
which is the stronger separation axiom that distinguishes HAUSDORFF'S spaces from 
H-classes. And he ignores condition 3 °. As we have seen, ALEXANDROFF and 
URYSOHN wrote him that he couldn't suppress condition 3 °. The explanation of 
the divergence in views on this matter is simple. What FR~CHET was showing 
(correctly), was that the topology of an L-class is the same as the topology of an 
H-class, i.e. that the derived sets in the L-class satisfy the axioms for an H-class, 
merely by insisting on what FRt~CHET called condition 5 ° in connection with RIESZ'S 
axioms 1 °, 2 °, 3 ° (emirely distinct from the conditions 1 °, 2 °, 3 ° of ALEXANDROFF 
and URYSOHN). It is always true that the derived sets determined by convergent 
sequences in an L-class satisfy RIESZ'S axioms 1 °, 2 °, 3 °. FRkCHEr had made note 
of this on page 140 in [FR~CHET 66]. But, evidently, FR~CHET did not intend to get 
into the problem of defining a type of convergence by using neighborhoods in the 
H-class and showing that this convergence was the same as the convergence orig- 
inally postulated in the L-class. Perhaps he refrained from investigating this issue 
because of his awareness that it is possible, in an L-class, to enlarge the class of 
convergent sequences in certain ways without altering the derived sets. See Sec- 
tion XIII, pp. 147-148 in [FR~CHET 66]. 

On the other hand, the intent of  ALEXANDROFF and URYSOH~, in Footnote 4, 
was to put conditions on the L-class so that its derived sets (and hence closed sets 
and their complements) would have all the properties enjoyed by such sets in a 
HAUSDORFF space, and furthermore, such that a sequence {xn} in the L-class con- 
verges to x (in the originally given postulated convergence) if and only if, for each 
neighborhood V of x, all but a finite number of  the xn's are in IT. Their condition 
3 ° plays an essential role in the establishment of  this requirement on convergent 
sequences. 

How much the published version of  Note 1 differs from its oviginal, as first 
sent to FRt~CHET and LEBESGUE, it is impossible to know precisely. The title was 
shortened by omission of the words 'ou un espace topologique' (as may be seen 
by comparing [ALEXANDROFF 8¢ URYSOHN 1] with the title mentioned in FR~- 
CHET'S draft manuscript about it. Also, a change is manifest at the end, in what 
was referred to in the letter of November 24 as an addendum. I quote: "Note  
suppl6mentaire-M. Fr6chet a eu l'oblig6ance de nous communiquer que la con- 
dition qu'une classe (L) soit (D) peut &re 6nonc6 d'une maniSre bien plus simple 
que celle qu'on obtient en se servant des espaces topologiques. En effet, notre 
th6orSme relatif h ces espaces de mame que la demonstration ci-dessus) s'applique 
aussi directment aux classes (S) vdrifiant la condition 3 ° (voir la Note No. 4) et 
m~me, plus g6n6ralement, aux classes (H)."  

The issue of FRI~CHET'S disinclination to regard condition 3 ° as essential, 
and the Russians' insistence upon it, did not drop out of sight. In [FR~CHET 66] 
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FRt~CHET had investigated the question of when an L-class could be regarded as 
a V-class (in the new sense of that paper), and had introduced the notion of con- 
vergent sequences in a V-class defined with the aid of neighborhoods. On page 417 
he defined a sequence (xn) to be convergent to x if, given any neighborhood U 
of x, xn is in U for all sufficiently large values of n (i.e. for all except perhaps a 
finite number 1, 2 . . . . .  N of indices, where N may depend on U). I shall refer to 
this as 'the neighborhood definition of  convergence.' In the context of  FR~CHET'S 
discussion, assuming the V-class to be such that, whenever xE_E', there is a 
sequence {xn) of distinct elements of E which is convergent to x under the neigh- 
borhood definition, he asserted that the convergence would satisfy the axioms for 
convergent sequences in an L-class. But he overlooked the possibility that a sequence 
convergent in this matter might be convergent to more than one limit, and so his 
discussion was flawed. I think he did not realize this at the time he wrote the paper, 
nor even at the time of the correspondence with ALEXANDROFF and URYSOHN in 
November, 1923. 

In a letter of December 7, 1923, sent by FR~CHET to the two Russians (of which 
no known copy survives), FR~CHET raised a question the general nature of which 
can be inferred from URYSOHN'S response, written on December 19. Here is the 
opening paragraph of that response. 

"Je viens de recevoir Votre lettre du 7 XII et vos tirages ~t part; je les enverrai 
aujourd'hui a M. Alexandroff qui est actuellement ~t Smolensk (il reviendra dans 
quinze jours g peu pr&). Permettez de vous remercier bien vivement d'avoir bien 
voulu nous envoyer vos tirages ~t part et de nous avoir communiqu6 l'int6ressante 
question relative/t la modification de la convergence dans les classes (L) et ~t la 
convergence d6duite de la d6rivation. I1 me semble que j'ai bien compis [sic] 
cette question et que les consid6rations suivantes en donnent une r6solution satis- 
faisante." 

Although URYSOHN'S letter does not indicate exactly how FRI~CHET'S 'interesting 
question' was worded, we can infer the essence of the question from the content 
of the letter. It would seem also, from the content of the letter, that when it was 
written UR','SOHN had not yet read the paper [FR~CI~Ea" 66], although it was prob- 
ably included among the copies of his papers that FR~CHEa" had just sent. 

Here, in condensed form is the main substance of what I take to be URYSOHN'S 
solution of the problem posed in FR~CnET'S question. URYSOHN considers at first 
what he calls a T-class (une elasse (T)), which is like an R-class (discussed in Sec- 
tion 6 of this essay), except that the only axioms on the derived sets in a T-class are 

(1) (A W B)' = A' W B' ,  

(2) A' is empty if A has only one element. 

An L-class is a special case of  a T-class (the derived sets E '  in an L-class being 
generated by convergent sequences of distinct elements from E). Given a sequence 
{x,} ,URYSOHN defines as follows what he means for it to be topologically convergent 
to x. Let E be the set of distinct elements among the x, 's and let F be the set of 
those elements xn that are repeated infinitely often in the sequence. The sequence 
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is said to be topologically convergent to x if E '  L / F  consists of the single element x 
and if x atso stands in this same relationship to every subsequence of (xn}. 

Turning to the special case of an L-class, URVSOHN refers to the initially given 
notion of convergent sequences in the L-class, and calls such convergent sequences 
primitively convergent. He observes that a primitively convergent sequence is 
topologically convergent, but not necessarily conversely. However, taking note 
of the fact (which, unknown to URYSOHN, had been observed by FR~CHET on pages 
147-148 of [FR~CHET 66]) that there may be more than one notion of convergent 
sequences that leads to the same derived sets in an L-class, URYSOHN asserts that 
the notion of topological convergence, when substituted for primitive convergence, 
leads to the same derived sets. He asserts that the primitive convergence in an 
L-class coincides with the topological convergence induced by the derived sets in 
the class if and only if the primitive convergence satisfies condition 3 ° . 

The foregoing does not touch the question of the relation of topological con- 
vergence to the neighborhood definition of convergence, which URYSOHN does not 
mention in his paper. One might conjecture that URYSOHN avoided the latter defi- 
nition of convergence because of the possibility of lack of uniqueness of the limit 
of a convergent sequence. I don't  think one can, from the letter, come to any firm 
conclusion on this matter. As will be pointed out in Section 10, ALEXANDROFF, 
in a letter of April 29, 1926 to FR~CHET, gave an example of an H-class in which 
a sequence converges (in the neighborhood sense) to two distinct limits. Such a 
thing cannot occur in a HAUSDORFF space. 

At the top of the letter of December 19 appears the following notation in 
FRI~CHET'S handwriting: "r6pondu le 30 Dec. on peut remplacer les classes T 
par les les classes (V)." I infer from this that FRI~CHET answered the letter of 
December 19 by calling URYSOHN'S attention to his paper [FRI~CHET 66], citing in 
particular his discussion of L-classes as special V-classes on pages 146-148. In 
the next letter to FRI~CHET from the Russians (that of January 28, 1924) URYSOHN 
added the following as a P.S. : "En  ce qui concerne les observations sur la conver- 
gence dans les classes (V) que vous avez bien voulu me communiquer, il me semble 
qu'elles sont non seulement justifi6es par leur g6n6ralit6, mais qu'elles pr6sentent 
encore un int6r& intrins6que consid6rable; elles montrent en effet, que la notion 
de voisinage suffit hel le  seule pour pouvoir d6finir la convergence." This is not 
to be interpreted as meaning that URYSOHN accepted ]~RI~CHET'S ideas as the last 
word on the matter. It is sure, however, that FRI~CHET'S ideas altered URYSOHN'S 
thinking, for in the posthumously published paper [URYSOHN 9] that was prepared 
by ALEXANDROFF for publication, we find that URYSOHN is making use of conver- 
gence by neighborhoods. 

In this paper URYSOHN introduces the notion of what he calls an Lt-class, 
or topological L-class. It is an L-class in which a sequence that satisfies the here- 
tofore stated condition 3 ° is convergent to the indicated limit. That is, if (xn} 
and x are such that in every subsequence of (xn} there is a further subsequence that 
converges to x (in the original L-class sense), then (xn} is convergent to x. The 
notion of convergence in any L-class can be modified to convert the L-class into 
an Lt-class without altering the derived sets. One merely augments the sequences 
that are primitively convergent by those that satisfy condition 3 ° but were not 
primitively convergent. The paper then goes on to deal with the question of when 
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an L-class can be regarded as an H-class and when an H-class can be regarded 
as an L-class, with due regard in both cases for both derived sets and convergent 
sequences. The main theorems are: 

I. In order that an L-class be an H-class in which convergence by the neigh- 
borhood definition coincides with the primitive convergence in the L-class it is 
necessary and sufficient that the derived sets be closed and that the L-class be an 
Lt-class. 

II. In order that an H-class be an L-class (that is, that its derived sets be those 
generated by a definition of convergence that satisfies the axioms for an L-class), 
it is necessary and sufficient (i) that a sequence that is convergent by the neighbor- 
hood definition have just one limit, and (2) that if x is a point of a derived set E' ,  
there exist a sequence of points of E that is convergent to x. 

I should remark that in describing this paper of URYSOHN I have used the term 
'primitive convergence' and 'convergence by the neighborhood definition' in 
place of the terms 'convergence donn~e ~t priori' and 'convergence ~t posteriori,' 
respectively, the latter terms being used by URYSOHN in the paper. 

On page 82 in the paper it is noted explicitly that in the most general case, a 
sequence in an H-class that is convergent ~t posteriori may have more than one 
limit. 

Finally, a remark about ALEXANDROFF'S footnote on page 78 of the paper. 
It states: "La  solution d'Urysohn est 6quivalente a celle donnre par M. Frrchet 
en 1918, mais elle ne fait pas usage de la notion de voisinage. Comme elle prrsente 
une certain intrr& propre (surtout au point de vue mrthodologique) M. Frrcbet, 
consultr, m'a vivement engag6 ~ la publier." In saying that URVSOHN'S solution 
does not make use of voisinages, ALEXANDROFF was surely referring only to the 
Theorem I, for neighborhoods a r e  used in Theorem II. Also, it is not strictly 
accurate to say that URYSOHN'S solution is equivalent to that of FR~CaET, for 
FR~CHET did not invoke condition 3 ° in his version of Theorem I and he  did not 
bring in the necessity of uniqueness of the limit in his attempt at Theorem II. I dare- 
say that the wording with regard to FR~CHET was designed to be generous to him, 
for ALEXANDROFF had reason to know that FR~CHET was touchy about being given 
credit where his own work was involved. See the discussion of this issue in Sec- 
tion 10, where I discuss ALEXANDROFF'S letter of February 18, 1926. What is 
demonstrated in the letter of December 19 and in this paper is that URYSOHN, 
starting from questions that had been posed and worked on with only partial 
success by FRI~CHET, was able to arrive at more complete answers. 

There is evidence that URYSOHN was familiar with some of  FR~CHET'S work 
as early as 1921 or 1922. In the first part of his very long paper [URYSOnN 8], 
in a footnote on page 39, URYSOHN wrote, in referring to the definition of a metric 
space: "Cette definition est due a M. Frrchet, de m~me que celle de la compac- 
ticit6 et beaucoup d'autres; c'est en effet M. Frrchet que s'apergut le premier de 
ce fait, si important, que la throrie des ensembles n'utilise que peu de propri&rs 
de l'espace Euclidien. I1 en conclut, par une abstraction hardie, que cette throrie 
s'applique h des formations beaucoup plus grnrrales, dont il indique plusieurs. 
L'une de ses drfinitions les plus heureuses est justement celle des espaces m6tri- 
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ques. I1 est d'ailleurs ~ remarquer que la terme que j 'emploi est due a M. Haus- 
dorff; je le pref6re ~ celui de M. Fr6chet (classe (D)) que me semble peu sugges- 
tif." 

In this long paper by URYSOHN (which contains, among other things, the expo- 
sition of his theory of dimension) there is ample evidence that he had familiarized 
himself with HAUSDORFF'S book. As we see from a consideration of  their corres- 
pondence with FRI~CHET, both URYSOHN and ALEXANDROFF were stimulated by 
FRt~CHET'S work, by some of  the questions he posed, and by their correspondence 
with him. 

Evidently FRI~CHET, knowing that the two Russians were in possession of the 
Esquisse, 16 invited them to send him their comments on it, for in their letter 17 
to him of January 28, 1924, they wrote: " . . .  nous voulions, notamment, ex6cuter 
aussi bien qu'il nous &ait possible votre aimable offre d'indiquer les additions et 
rectifications qu'il y aurait peut 8tre lieu ~t faire/~ Votre 'Esquisse' de Calcutta; 
or, l '&ude approfondie de Votre beau M6moire a exig6 beaucoup de temps . . . .  
Nous vous envoyons aujourd'hui une s6rie de petites remarques dont les unes 
(intitul6es 'additions et rectifications diverses') TM se rattachenet le plus &roitment 
a Votre 'Esquisse', tandis que les autres contiennent un expos~ succinct d'une 
partie de nos r&ultats (la plupart de ces r6sultats paraltra dans les Mathematische 
Annalen et dans les Fundamenta Mathematicae): nous y avons rassembl6 ceux 
qui, h ce qu'il nous semble, sont assez &roitement li6es aux questions traite~s par 
V o u s . - N o u s  vous envoyons encore un petit manuscript 'Sur un probl6me de 
M. Fr6chet relatif aux classes des fonctions holomorphes. '  Ne serait il pas possible 
de le pun ie r  dans un des p6riodiques math6matiques fran~ais?" 

With a later letter, that of February 28, they sent an additional page to be added 
to the manuscript, with remarks engendered by FR~CHET'S comments on the orig- 
inal manuscript. The paper was published in 1924 (see [URYSOHN 4]). It settles in 
the negative a question that FRt~CHET had raised in his thesis, about the space com- 
posed of functions f t h a t  are holomorphic in a given (bounded) open set G, with 
a certain metric that renders a sequence {fn} convergent to f i n  the space if and only 
iffn(Z) converges to f(z) uniformly in each closed subset of G. FR~CNET'S question 
was whether there exists an equivalent metric ~(f, g) with the property that 
~(f, g) = ~o(f - g, 0) and o(2f, 0) = 121 ~(f, 0). UrtYSOHN proved that, in fact, 
there is no equivalent metric satisfying the second of these two conditions. 

The comments on the Esquisse form a long list of twenty seven items. The com- 
ments range from calling attention to misprints or inadverent slips to the noting 
of some erroneous claims or to statements requiring qualification. There are also 
suggestions for amplification. It would not be worth while here to go into the 

16 In the letter of December 19 URYSOHN mentioned that ALEXANDROFF had the only 
copy of the Esquisse in Moscow. 

17 For discussion of a part of this letter not touched on in what follows see page 82 
of  [ARBOLEDA i]. 

is On page 83 of [ARBOLEDA I] the "additions et rectifications" are identified as 
belonging to the letter of November 22, 1923; this is an error by oversight, for they 
belong to the letter of January 28, 1924. 
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details. The Russians answered some questions posed by FRt~CHET in the Esquisse. 
The pages of their list bear markings and notes made by FRI~CHET, some of which 
were probably made in preparation for a letter of response by him. In a later letter 
from ALEXANDROFF • URYSOHN (that of February 28) there is a short list of 
their replies to the responses made by FRI~CHET on five of  the original twenty seven 
items. Obviously, the two Russians had worked through the Esquisse carefully, 
supplying proofs as needed, constructing counter-examples to show where FRt~- 
CHET had erred, or refining and completing his results in some cases. In one or 
two cases FRt~CHET was able to rebut their criticism successfully. 

Their 'succinct exposition of their own results' also accompanying the letter 
of January 28, occupy seven large pages (thirty five lines to a page) of the prints 
made from my film copies of the letter and its attachments. I shall quote selections 
from this exposition that are of particular interest and relevance in connection 
with my study of FRI~CHET. Some of the material is the same as or similar to mater- 
ial in some of the papers published in 1924 in Mathematische Annalen or Funda- 
menta Mathematicae (listed in the Bibliography). The first topic introduced is 
perfect compactness, and in this connection they introduce bicompactness. Their 
first published introduction of this concept occurs on page 260 in [ALEXANDROFF 
& URYSOHN 2]. At the end of this paper, as published, appears the following: 
Eingegangen am 1.8. 1923. The authors state in a postscript that the principal 
results in the paper were presented in March and June of 1922 in Moscow. Publi- 
cation did not occur until after the death of URYSOHN. ]~ now quote from the letter 
of  January 28: 

"Nous  avons, il y a quelques ann6es, introduit, (sans connaitre la lit6rature 
math6matique post6rieure a 1916) une notion que pourrait remplacer la parfaite 
compacticit6 et dont la d6finition a l'avantage d'&re plus conforme h celle de la 
compacticit6 ordinaire. 

D6f. 1. Un point ~ (darts une (V)) s'appelle point d'accumulation complbte 
de l'ens. A si la puissance de l'ensemble A. V¢ est ~gale ~t celle de A pour tout 
voisinage V¢ de ~ (on pourrait &endre cette d6finition ~t des classes plus g6n6rales 
en copiant celle que vous avez donn6e pour les elem. de condensation. 

D6f. 2. L'ens. A est dit bicompact [en soi] si chacun de ses sousensembles in- 
finis donne lieu ~t au moins un elem. d'accumul, complete [appartenant ~t A]. 
(The square brackets afford an alternate reading.) Nous avons d6montr6 que 
darts les (H) les ensembles bicompacts en soi coincident avec les ensembles 
parf. comp. en soi. Darts un espace de Hausdorff tout ensemble bicompact en soi 
est ferm6 (cette propri6t6 n'est pas vraie darts les (H). Exemple: classe compost 
d'un circonf6rence et de son centre ~. Le d6riv6 de tout ensemble infini est son 
d6riv6 ordinaire augment6 du point ~. La circonf6rence est bicompact en soi 
mais n'est pas ferm6e). Darts un espace de Hausdorff tout ensemble bicompact 
et parfait a une puissance ~ 2 ~o. (Ceci est aussi en d6faut darts les (H)). I1 suffit 
d'examiner le premier exemple d'une (H) qui n'est pas un esp. de Hausdorff que 
nous vous avons communiqu6 . . . .  " 
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In this discussion of bicompactness there is no mention of covering theorems 
or the BOREL-LEBESGrOE property (as defined in Section 5 of the present essay). 
Nevertheless, Theorem I (on page 259) of the paper [ALEXANOROFF & URYSOHN 
2] asserts that the property here designated as bicompactness is, for a topological 
space of HAUSDORFF, equivalent to the condition that the space have the BOREL- 
LEBESGUE property (although the theorem does not employ this latter terminol- 
ogy). 

The next topic in the exposition with the letter is 'dissociation', a French word 
which is used in a technical sense and is evidently to be translated into English 
as the technical term 'separation'. I quote: " I )ans  beaucoup de questions les clas- 
ses (H) sont trop g~n6rales et il enest  de mame des espaces de Hausdorff. Cela nous 
a amen6 /~ introduire les espaces topologiques r6guliers ou classes (H,)." 

They call an H-class regular and designate it an Hr-class, using the definition 
of regularity that is still standard in topology. They also call an H-class normal 
and designate it an H,,-class, using the definition of normality familiar today. 
They observe that every Hr-class is a HAUSDORFF space, and give an example to 
show that a HAUSDORFF space need not be regular. They assert that a bicompact 
HAUSDORFF space is an Hn-class, but that a bicompact H-class can fail to be a HAUS- 
DORFF space. Other assertions : Every D-class (metric space) is regular. On a regular 
H-class there can be defined a continuous, non-constant function (there is evidently 
a tacit assumption that the class has more than one element). 

There is no mention here of VIETORIS and TIETZE. In [VIETORIS] (which is the 
author's doctoral thesis 19 of 1919 in Vienna), VIETOI~IS treats his subject with the 
use of five axioms, one of which is equivalent to the axiom of regularity. T~ETZE, 
in [TIETZE 1], lists four possible separation axioms. His word for a separation 
axiom is Trennbarkeitsaxiom. I describe these axioms briefly in order, no t  in his 
terminology: (1) HAUSDORFF'S axiom (D) about separation of two distinct points, 
(2) the regularity axiom, about separation of a closed set and a point not in it, 
(3) the normality axiom, about separation of two disjoint closed sets, (4) the 
axiom of complete normality, which asserts that if A and B are two disjoint sets 
(not necessarily closed) and if each set is disjoint from the derived set of the other, 
then there exist disjoint open sets U, V containing A and B respectively. 

On a page of notes made by FRI~CHET that I found in the Archives along with 
the letters from the two Russians, FR~CHET wrote: "I1 me semble qu'il dolt y 
avoir un lien 6troit entre vos recherches sur les Hr et Hn et les consid6rations deve- 
lopp6es par Tietze," following which he cites the two papers [TIETZE 1 ] and [TIETZE 
2]. The first of these papers by TIETZE bears the record of having been received 
by the editors on June 1, 1922; the second paper is based on lectures given in 
Hamburg on June 14, 15, and 15 of 1922. The two Russians acknowledge in a 
footnote on page 263 of their paper [ALEXANDROFF & URYSOHN 2] that TIETZE'S 
first paper contains definitions 'analogous' to theirs. A fuller account of the relation 
in time between their definitions and those of TIETZE is given in what they wrote 
to FR~CHET in their letter of March 22, 1924: 

19 A note at the beginning of the paper by VIETORIS states: "Die Arbeit ist in den 
Jahren 1913-1919 zum gr6ssten Teil im Felde entstanden und in Dezember 1919 in 
Wien als Doktordissertation eingerichtet worden." 
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"Nous  avons pris connaissance 1'6t6 dernier du 1 er M6moire de M. Tietze, 
mais ce n'est qu'6 votre Lettre que nous devons la connaissance de ee qu'il a 
6crit un second M6moire. Comme il r6sulte d 'un 6change de lettres avec M. Tietze, 
nous avons trouv6 ces conditions ~t peu pr6s en m~me temps que lui; il parait  
d'ailleurs que M. Tietze avait des buts diff6rent des notres: du moins darts son 
premier m6moire il ne s'occupe pas de questions qui font l 'objet des th6or6mes 
que nous vous avions communiqu6s. L'exposition de nos r6sultats (communiqu6s 
/~ la Societ6 Math6matique de Moscou printemps 1922) a 6t6 transmise aux 
Fundamenta Mathematicae mai 1923 (avant d 'avoir  pris connaissance du M6moire 
de M. Tietze), et aux Mathematische Annalen juillet 1923 (apr6s cette connais- 
sance). La priorit6 de ces ddfinitions appartient done a M. Tietze; nous avions 
surtout en vue les th6or6mes qui s 'y rattachent quand nous vous les avions com- 
muniqu6es." 

I note that neither FRECHET nor the Russians mention VIETORIS (but FR~CHET 
mentions both VIETORIS and TIETZE in the bibliography of his book [FRI~CHET 
1321). 

In the letter of January 28 ALEXANDROFF and URYSOHN raised with FR~CHET 
the question of  whether he could help them get visas to enable them to come to 
France for a personal conference with him. I quote: 

"Nous  voudrions encore, cher Maitre, demander Votre conseil ~t propos de 
la question suivante. II paraR qu'il nous sera possible de nous rendre/~ l 'Etranger 
I'6t6 prochain; nous serions heureux si nous pouvions profiter de eette possibilit6 
pour  visiter la France et surtout, pour recevoir l 'honneur de faire Votre connais- 
sance personnelle. Vos Lettres &ant si suggestives pour nous, il se eomprend de 
soi-m~me combien d'inspirations scientifiques pourrait  nous donner un entretien 
personnel avec Vous. Malheureusement, le visa frangais est presque inaccessible 
pour les sujects fusses. Seul le concours d 'un illustre savant Fran~ais tel que Vous 
~tes, pourrait, peut-&re, nous aider; mais nous ne savons pas si nous pouvons 
oser de Vous le demander." 

" E n  terminant, permettez, tres honor6 Monsieur, de Vous exprimer notre 
vive reconnaissance pour l 'aimable et pr6cieux concours que Vous avez bien 
voulu nous pr6ter dans tout ce que concernent nos Notes aux 'Comptes  Rendus . ' "  

The same subject came up again in their letter of  February 28: 

"Nous  avons bien regu vos deux Lettres du 9 et 13 f6vrier; nous sommes 
vraiment toucheg par l 'aimable bienveillance que Vous avez bien voulu pr6ter 
a nos plans de voyage en France; nous esp6rons que votre d6part en Am6rique 
ne nous emp~chera pas de faire votre connaissance. Nous comptons, en effet, 
arriver ell France vers le premier juillet et revenir ~. Moscou vers le commencement 
du s6mestre russe (1 octobre); or un retard de quelques jours nous sera en tout cas 
possible. Nous vous envoyons, conform6ment 5. votre aimable conseil, une lettre 
adress6e ~t l 'Association Franqaise pour l 'avancement des Sciences; nous esp6rons 
aussi que nous serons d61egu6s par  l 'Institut Math6matique de l'Universit6 de 
Moscou et que nous pourrons Vous envoyer dans quelques jours le document 
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qui s 'y rattache. Ne devons nous pas en outre 6crire directment au Minist6re aux 
affaires &rang6res, ou bien cela serait inutil ?" 

The reference to FR~C~T'S departure for America is explained by the fact that 
he attended the International Congress of  Mathematicians in Toronto.  (Material 
in the Archives indicates that while FR~CHET was abroad he gave lectures during 
the summer term at the University of Chicago, by invitation of E. H. MOORE. 
He was paid $1400. He also journeyed to Urbana to give a lecture at the University 
of  Illinois, receiving $25 plus train fare.) 

In the letter of  March 22 the Russians report that they will write to the French 
minister of  foreign affairs as soon as they get a response f rom the French Associa- 
tion for the Advancement of  the Sciences. On April 15 they write in discourage- 
ment: 

"I1 paralt  que nous devons ajourner notre voyage jusqu'un temps off les visas 
ne seront plus tellement inaccessibles. Nous sommes d6sol6s qu'il nous sera im- 
possible de faire votre connaissance, du moins pendant un temps encore ind6ter- 
rain& Nous nous consolons seulement par l 'espoir que vous consentirez de con- 
tinuer l'6change des lettres qui, sans pouvoir remplacer un entretien personnel, 
nous a cependant donn6 rant d'inspirations, et dont nous savons appr6cier la 
valeur." 

Their disappointment was short-lived. On May 18 they wrote again: 

" N o u s  vous sommes extr~mement reconnaissants pour votre aimable Lettre 
et les bonnes nouvelles qu'elle nous apporte;  nous comprenons tr~s bien que 
c'est ~t vous qu'est du le succ6s obtenu par l 'Association Frangaise pour  l 'Advance- 
ment des Sciences en ce qui nous concerne." 

"Nous  profitons de l 'occasion pour vous communiquer un exemple assez 
curieux de deux classes (L) cogrddients (c. ~t d. telles que la d6rivation y est la 
mame, tandis que la convergence ne l'est p a s ) . -  E16ments: Fonctions mesurables 
sur [0, 1], deux fonctions presque partout  6gales &ant r6garddes comme identiques. 
Convergence: dans le premier cas, convergence presque partout;  dans le second cas, 
convergence en mesure. La seconde classe est une (Lt) ( =  classe dans laquelle toute 
suite convergente dans une ddfinition 6quivalent au point de vue de d6rivation 
est d priori convergente). La premi6re classe n'est pas 6videmment une (Lt). 
La cogr6dience de ces deux classes a 6t6 demontr6e r6cemment dans un s6minaire 
de M. Egoroff par M. Kreyness (un math6matician encore tout jeune): il a 
notamment  d6montr6 le th6or~me suivant: Soit f une fonction mesurable et 

(1) f~,f2 . . . . .  f~ . . . .  

une suite de fonctions mesurables; pour que (1) converge presque partout  vers f,  
il faut et il suffit qu 'on puisse de route suite partielle 

fnl, f~ . . . . . .  f"k . . . .  

extraire une sous-suite convergeant en mesure vers f "  
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" E n  renouvelant nos remerciments les plus impress6s, nous vous souhaitons, 
cher Maitre, un heureux et int6ressant voyage . . ." .  

The next letter in the series was written by URYSOHN (and signed by him alone). 
It is dated Le Batz, 3 VIII, 1924. Batz is a small town an the southern coast of  
Brittany, not far west of St. Nazaire. The letter is interesting for its mathematical 
content; it demonstrates that the stimulus of FR~CHET on URYSOHN was signifi- 
cant. I quote it all here except for the opening greeting and formal closing. 

':'M. Alexandroff et moi, nous venons de recevoir votre aimable lettre du 
23 juin (adress6e ~t Moscou), et nous vous sommes tr6s reconnaissant pour les 
int6ressants probl6mes que vous avez bien voulu nous communiquer." 

"Inspir6 par le premier de vos deux problemes (relatif ~t l'expression la plus 
g6n6rale de la "distance" sur une droite 2°) j'ai trouv6 quelques r6sultats qui me 
semblent assez int6ressants." 

"Les voici: j 'ai construit un espace m&rique sdparable que j'appelle "espace 
m6trique universel" on "espace U" et qui jouit des propri6t6s suivantes: 

1. Quel que soit l'espace m6trique s6parable E, il existe darts U un sous- 
ensemble UE congruent ~ E, c. ~t d. tel qu'il existe entre E et Ue une correspon- 
dence biunivoque et conservant la distance. U est donc, m~me au point de vue 
purement m&rique, le plus grand des espaces m&riques s6parables, tandis que 
E~, l'espace de Hilbert et les autres espaces que vous indiquez dans votre Note, 
ne le sont qu'au point de vue topologique (Do~ poss6de, comme vous l'avez mon- 
tr6, la propri&6 1., mais n'est pas s6parable). 

2. U est homogbne en ce sens qu'&ant donn6s deux ensembles finis 
(al, a2, . . . ,  an) et (bl, b2 . . . . .  bn) situ6s dans U et congruente (c. ~t d. qu'on a 
(a i, a~) = (bi, bg) pour tout couple i, k), il existe une transformation biunivoque 
et conservant la distance de U en soi-m~me, qui transforme aien b i (pour tous les 
i en m~me temps). 

3. U est complet (avec la distance donn6e ~t priori). 
4. U est le seul espace m6trique s6parable jouissant de toutes les propri6t6s 1, 

2, 3 (c./t d. que tout autre espace de la sorte lui est congruent). I1 existe par contre, 
des espaces ayant les propri&6s 1 et 3 et non congruents ~t U. 

"L'espace U (dont la construction est d'ailleurs assez compliqfiee) resofit 
evidemment votre probl6me de remplacer D~ (pour la "distance" sur une droite) 
par un espace s6parable. J'ai d'ailleurs montr6 que ni E~, ni l'espace de Hilbert 
ne sauraient y &re substitu6s (on peut toujours arranger la distance sur une droite 
de maniare qu'il y ait 4 points 0, a , b, c tels que (0, a) = (0, b) = (0, c) = 1, 
(a, b) = (b, c) = (c, a) = 2; ce qui est impossible dans l'espace de Hilbert. Quant 
~t E~, c'est un espace born&)" 

"M.  Alexandroff et moi, nous voudrions vous remercier encore une fois 
pour votre si aimable concours, qui nous a donn6 la possibilit6 de venir en France." 

20 FR~CHET presented a paper on this subject at the International Congress of Mathe- 
maticians of 1924 in Toronto. See [FR~cHET 97]. A fuller presentation on this subject 
appears in [FR~CHEr 103]. 
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At the top of this letter written from Le Batz, FRI~CHET wrote the following: 
regu le t8 Sept. (ou avant, pendant mon absence), r6pondu l e  : proposant 
demander insertion espace U journal frangais." So, by the time FR~CHZT saw the 
letter, URYSOHN had been dead about a month. 

The next letter in the collection, written by ALEXANDROVr from Moscow on 
September 22, recounts the details of URYSOrtN'S demise. It is a moving letter. 
I quote it exactly in its entirety, including several missing accents on 6crite, 6tais 
and 6tait. 

"Cher  MaRre, permettez moi de dire aussi Cher Ami! Je viens de recevoir 
votre Lettre de 18 aofit, votre Lettre ecrite le lendemain de la mort tragique 
de mort pauvre Paul Urysohn. Je ne sais pas si vous aviez re~u ma carte que je 
vous aie 6crite de Paris, le 20 ou le 21 aofit; je vous ai envoy6 aussi le num6ro 
du "Populaire de Nantes" oh se trouve expos6 cet accident fatal." 

"Nous  nous sommes baign6s comme chaque jour tt Batz. L a m e r  6tait tr6s 
mauvaise mais nous 6tions des najeurs [sic] trop boris (malheureusement) pour que 
cela puisse nous effrayer. Une grande vague nous s6para l'un de l'autre de sort que 
mon ami arriva darts une petite baye, et moi, j'etais emport6 en dehors, en pleine 
mer. Les minutes suivantes, le vent et les vagues m'emport~rent assez loin de l'en- 
droit og nous nous sommes deshabill6s, tandis que mon ami reussit de traverser 
la petite baye et saisissa dejtt une grande pierre pour prendre terre; tt ce marne 
moment (comme on me racontait) une lame de fond [a ground swell] le saisissa 
et lui projeta, la tate contre le rocher o~ il voulait s'accrocher. J '&ais/t  cet instant 
eloign6 de quelques dizaines de m6tres de lui, mais je puis tout de mSme prendre 
terre. Quand je suis accouru 1~, oh nous nous sommes deshabiI16s (c'etait quelques 
secondes apras la catastrophe)je l'apercevai ballotant dans l 'eau; 9a durait environ 
20 minutes avant que je pouvais le trouver entre les vagues, le saisir et l 'amener au 
bord--mais  c'etait d6jS. trop tard-- le  docteur, qui etait d6j~ 15. ne pouvait que con- 
stater le ddc6s." 

"I1 est enterr6 au cimiti6re de Bourg de Batz. M. Hausdorff nous appelait 
toujours "les ins6parables ;" nous l'6tions en effet, et nous voil~ maintenant se- 
pards pour toujours. Hier, dimanche, c'etait dej/~ 5 semaines que je suis priv6 de 
mon seul Ami, avec lequel j'avais tout commun-- le  travail, le repos, les voyages, 
route la vie. Vous comprenez, chef Maitre, qu'il y a des chagrins inconsolables, 
quand vraiment le coeur va se briser; c'est pr6cis6ment mon cas maintenant." 

"Paul  Urysohn &air ag6 de 26 ans; il a un pare de 70 ans, dont il est le seul 
ills, et qui viendra 1'6t6 prochain, et peut-atre mame plus t6t visiter sa tombe; 
je voudrais maintenant du moins qu'il la trouve en ordre. Peut 8tre puis je vous 
prier, cher Maitre, de me rendre une grande service, ~ savoir d'6crire une lettre au 
Maire de la Commune de Batz (Loire-Inf6rieure) qu'il s'int6resse un peu de cette 
tombe, qu'on y met la pierre et la plaque du marbre qui est d6j~ exp6di6e de Paris. 
Tout est payd d'avance, il faut seulement qu'on fair tout ce qu 'on a promis de faire. 
Pardonnez moi qua je vous adresse cette priare de rendre quelque service 5. son 
s6jour, maintenant 6ternel, en France . . . "  

'~Eternel s6jour en F r a n c e - n o u s  n'avons pas pens6 que c'est ainsi que se ter- 
minera notre voyage en France qui &air entreprit avec rant de joie, de bonheur, 
de vie. Maintenant tout est fini . . . "  



338 A.E. TAYLOR 

"Je vous ecrirai bient6t encore une lettre. Pendant une ann6e au moins je 
m'occuperai exclusivement des travaux posthumes-extr~mement importantes 
de mon pauvre ami. Je vous en ecrirai encore des details. Agr6ez, cher Maitre, 
mes tristes salutations. Tout ~t vous." 

Paul Alexandroff 

URYSOHN had been very industrious while at Le Batz; his long paper [URY- 
SOHN 6] on the cardinality of connected sets had been completed by him on 
August 14 (the date and place appear at the end of the published paper, which 
was received by the editors of the Mathematische Annalen on August 23). An- 
other paper [URYSOHN 7], partly written and fully sketched out in Le Batz, was 
prepared for publication by ALEXANDROFF and sent to the Mathematische Anna- 
len in the following month. In each of these papers is to be found the famous 
'URYSOrIN'S Lemma', which enabled URYSOHN to give a simple proof  of his result 
that a normal HAUSDORFF space satisfying HAUSDORFF'S second denumerability 
axiom is homeomorphic to a metric space (and therefore metrisable). In an ear- 
lier paper [URYSOHN 2] had shown, by a very complicated proof, that a HAUS- 
DORFF space that is compact (in FR~CrtET'S sense) is metrisable if and only is it 
satisfies HAUSDORFF'S second countability axiom. Thus we see that FR~CHET'S 
rather naive query about metrisability led to a number of interesting and high- 
powered answers by ALEXANDROFF and URYSOHN. 

The result of URYSOHN about a universal metric space was written up by ALEX- 
ANDROFF for a note [URYSOHN 5], on which FRI~CHET commented in his paper 
[FR/~CHET 112], which I shall discuss briefly in connection with the later corre- 
spondence between ALEXANDROFF and FRt~CHET. Evidently the fuller account of 
URYSOHN'S work on the universal metric space was originally planned for publi- 
cation in the Annales de l'Ecole Normale Sup6rieure, but for some reason this 
plan fell through, and the work was published elsewhere (see [URYSOHN 10]), 
but not until 1927. 

ALEXANDROFF wrote to FR~CHET once more in 1924, on November 10. I quote 
more than half of this letter, continuously from the beginning: 

Mon cher Maitre! 
Excusez moi, je vous en prie, de n'avoir pas r6pondu jusqu'h prdsent a votre 

lettre, pour laquelle je vous remercie de tout mon coeur; vous, qui n'aviez pas 
connu personnellement mon ami et moi, vous avez trouv6 ndamoins les paroles 
p6n&rant au fond de mon malheur. Je vous remercie encore de plus pour votre 
promesse d' 6crire au Maire de Batz. Nous avions tant rev6, l'ann6e pass6e, de ce 
voyage en France, de la possibilit6 de faire votre connaissance-si  nous pourrions 
penser de la cause qui nous empachera de faire cette connaissance, si nous pour- 
rions penser de la fin de ce voyage. 

"Maintenant je chercherai toujours tous les  moyens pour pouvoir passer un 
mois par ann6e en France. En particulier, je me propose y aller l'&6 prochain: 
pour visiter Strasbourg, et pour visiter B a t z - " .  

"Je  vous prie de vouloir bien m'6crire, cher Maitre: pendant 1'6t6 prochain, 
off comptez vous s6journer, pour que je puisse, maintenant moi seul, vous voir 
et vous parler, Peut &re dans cette ann6e les formalit6s des visas seront plus 
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simples, le gouvernement des soviets 6tant reconnu par la France. Mais, dans le 
cas le plus pire, pourrai-je de nouveau compter sur votre p1"ecieux concours ?" 

"Je  m'occupe maintenant exclusivement de ce qui a 6t6 laiss6 par mon pauvre 
ami. Son grand M6moire sur la dimension des ensembles ("M6moire sur les 
multiplicit6s Cantoriennes," I er Partie: Th6orie de la dimension des ensembles, 
Chapitres I-VI, plus de 200 pages) sera publi6 en VII et VIII tomes des "Funda-  
menta Mathematica." La seconde pattie est actuellement en pr6paration, ~ la- 
quelle je porte tous rues soins. EUe s'occupera de la th6orie des Courbes Canto- 
riennes. Ce sera un m6moire ~t peu pr6s aussi volumineux que la premi6re Partie." 

"Quant  5. son dernier travail sur l'espace m6trique universel, il le voulait bien 
faire imprimer dans un p6riodique frangais, ce travail 6tant fait en France et sous 
l'influence d'un probl6me pos6 par vous. Peut ~tre aurez vous l'obligeance de m'in- 
former quelles peuvent &re les perspectives h cet 6gard. Je voudrais aussi publier 
/t cot6 de ce dernier travail de Paul Urysohn mon article sur les espaces complets, 
contenant la d6monstration du crit6re topologique (que j'ai resum6 dans ma Note 
des Comptes Rendus janvier pass6 pour y revenir dans un autre recueil) pour 
qu'un espace m6trique s6parable soit complet*. 

* [Footnote in letter] En appelant syst6me d6terminant tout syst6me de voi- 
sinages 6quivalent au syst6me de tous les  sph6roides de l'espace m6trique, je dis 
qu'un syst6me d6terminant est clos si, pour toute suite descendente des voisinages 
V~ ) /12 ) ... ) V. ) ... tir6s de ce syst6me il existe au moins un point limite 
commun pour toutes ces Vn. Alors, pour qu'un espace m6trique s6parable soit 
complet, il faut et il suffit qu'on puisse de tout syst6me d6terminant extraire un 
syst6me d&erminant clos. [End of footnote.] Je voudrais d6dier ce travail, auquel 
Paul Urysohn s'int6ressait beaucoup,/~ sa m6moire. Si cette derni6re publication 
pr6sente quelque difficult6, je pourrai la faire dans les "Mathematische Annalen" 
ou dans la "Mathematische Zeitschrift" mais je dois l'avoue, je voudrais bien pub- 
lier ce travail dans le m~me Recueil que le travail de mon ami. En tout cas, cela 
ne vous dolt du tout g~ner-enf in  ce n'est qu'une raison absolument subjective, 
et je n'insiste sur elle d'aucune fagon. 

"Je ne sais pas si vous connaissez le th6or6me suivant de mon ami: 
Pour qu'une classe (H) s6parable soit m&risable, il faut et il suffit que tous 

deux ensembles ferm6s F~, F 2 s a n s  points communs puissent &re s6par6s par 
deux domaines (=  ensembles ouverts) G1 et G2, G1 ) F~, G2 ) F2, Gt " G2 = 0. 

" L a  d6monstration (tr6s simple et 61egante) est actuellement sous presse dans 
les Mathematische Annalen. 21 Si vous d6sirez, je peux rddiger une courte Note 
contenant cette d6monstration pour les Comptes Rendus ou pour un autre 
p6riodique fran9ais. Une cons6quence imm6diate de ce th60r6me est que la 
sdparabilitd est une condition n6cessaire et suffisante pour qu'un espace topologi- 
que compact soit m6trisable-th60r6me dont la premi6re d6monstration (Mat. 
Ann., 92) est tr6s compliqu6e. 

21 ALEXANDROFF must have been referring to [URYSOHN 7], although this paper deals 
with a normal HAUSDORFF space that satisfies the second countability axiom (and does 
not mention H-classes). However, a normal H-class is of necessity a normal HAUSDORFF 
space. 
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"Bien d'autres travaux, dans d'autres directions, sont laiss6s par Paul Ury- 
sohn. Je ne pense pas que j'employerai moins qu'une ann6e pour les pr6parer 
~t &re imprim6s." 

In the remainder of this letter ALEXANDROFF told FRt~CHET about some of his 
own recent investigations. 

10. Alexandroff and Fr&het after 1924 

After the death of URYSOHN the correspondence between ALEXANDROFF and 
FR~CHET went on quite actively. In the Archives there are thirteen communica- 
tions to FR~CHET in 1925, eleven in 1926, and six in 1927. Then the rate slacked 
off: two letters to FR~CHET in 1928, two in 1930, one in 1932, and one in 1933. 
Only one other letter from ALEXANDROFF to FRt~CHET is known to me: that of 
October 21, 1967, cited on page 287 of my Essay I. 

In reviewing this considerable collection of letters I shall comment on or quote 
from only those letters that contribute to my study of FRI~CHET. Anyone studying 
the roles of URYSOHN and ALEXANDROFF in the history of topology would need to 
give much more extensive attention to these letters. 

In a letter of February 22, 1925, ALEXANDROFF describes in outline a method- 
ology for developing a general theory of topology by groups of axioms. He en- 
visages the use of neighborhood axioms to define elements of accumulation. 
Alternatively, one can use the RIESZ axioms about derived sets. He speaks of 
"Axiome quantitatif (= s6parabilit6)," by which I presume he means (as he has 
explained elsewhere) HAUSDORFF'S second axiom of countability. He then cites 
a number of theorems that can be obtained from the axioms mentioned. Next, he 
lists a series of four separation axioms of increasing strictness: (a) the one used by 
FRf~CHET for/-/-classes, (b) HAUSDORFF'S separation axiom, (c) the axiom of regu- 
larity, (d) the axiom of normality. He calls it remarkable that the axioms for a 
separable and normal H-class yield (as demonstrated by URYSOHN) "les espaces 
mdtriques s6parables." Then he adds that, "un de nos 6tudiants, M. Tychonoff," 
has recently proved that URYSOHN'S result can be generalized by putting regularity 
in place of normality. Here is how he phrased the matter: "c. ~t d. que la Regu- 

larit6 (qu'on peut formuler aussi en disant que tout U(x) ~ un V(x)) exprime 
la condition ddfinitive nec6ssaire et suffisant pour qu'une (H) s6parable soit un 
espace m&rique." 

As we shall see later, the things I have just quoted from ALEXANDROFF'S letter 
appear in a paper written by two of the students of ALEXANDROFF and URYSOHN 
(of whom one was TYCHONOFF), and I think we can infer that the paper, as well as 
this letter of February 22, indicate that, in the seminar that ALEXANDROFF and 
URYSOHN had been conducting in Moscow, they were pulling together ideas from 
both FR~CHET and HAUSDORFF and adding their own insights and discoveries. 

The final part of this letter of February 22 is especially interesting because of 
his expression of the view that the true domains of existence of topological objects 
are compact and separable metric spaces. Here is how he put it: "Enfin, si on 
ajoute encore l'axiome de compacficit6 on obtient les espaces m&riques compacts 
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et s6parables dans lesquels toute la th6orie des ensembles et toute la Topologie 
intrins6que est valable. On peut ainsi consid6rer cette derni6re classe d'espaces 
comme le vrai domaine d'existence de tousles &res topologiques. (Pour la tMorie 
des ensembles proprement dit il suffit que l'espace m6trique s6parable soit complet); 
et on peut la d6finir par les axiomes formant une 6chelle tr6s naturelle." 

In a letter of March 17, 1925, evidently in response to a question from FR~- 
CHET (whose letter of March 3 ALEXANDROFF acknowledges), ALEXANDROFF 
wrote: " L a  question que vous voulez bien me soumettre se resout comme je le 
crois, par n6gative. I1 suffit 6videmment de construire pour s'en apercevoir un 
espace accessible ( =  une classe (H)) v6rifiant la 4-~ condition de M. Riesz (sur 
la s6paration des points limites d 'un ensemble), et qui n'est pas un espace topolo- 
gique." ALEXANDROFF describes the counterexample and elaborates some of the 
details of the argument. 

There is also in this letter an indication that FR~CHET had suggested to ALEX- 
ANDROFF that he and his student T¥CHOYOFF should write up for publication in 
France something about TYCHONOFF'S work done in ALEXANDROFF'S seminar on 
topology. What happened as a result, apparently, was that TYCHONOFF and another 
student in the seminar, named VEDENISOFF, wrote a joint paper [TvcHONOFF & 
VZDENISOFF] that was published in France in 1926. More about this paper later. 

In the letter of March 17, in response to FRI~CHET'S indication that he would 
like to know which of his own publications were lacking in Moscow, ALEXANDROFF 
sent a list of those that he knew of which were in Moscow. Concerning the Es- 
quisse, he wrote amusingly as follows: "Votre Esquisse de Calcutta (exemplaire, 
en quelque sorte expropri6 de chez M. Sierpinski-d 'apr6s des m6thodes de mon 
pays [ - : M. Sierpinski a bien voulu de nous envoyer temporairement ce m6moire, 
mais &ant le seul exemplaire ~t Moscou, il reste ici d6j~t quelques ann6es et je ne 
crois pas qu'un traits international quelconque pourra faire rendre dans un inter- 
valle born6 de temps, cette dette ~t Varsovie)." 

When ALEXANDROFF wrote next (on May 5, 1925), he was at Blaricum, in 
the Netherlands. Through the efforts of L. E. J. BROUWER he had received from 
the Rockefeller Education Board a grant in support of his study and research. 
He asked FR~CHET to help him again to obtain a visa to go to France. He was 
continuing his efforts with the posthumous works of URYSOHN. In this connec- 
tion he wrote: " U n  des premiers travaux que je vais maintenant pr6parer pour 
l'impression sera le m6moire sur l'espace universel. Je partage enti6rement votre 
point de vue ~t savoir qu'il serait trbs int6ressant de donner une d6finition directe 
de l'espace U sans se servir de la construction donn6e par Urysohn. I1 me semble 
que cette question est assez difficile. 22 In his paper [FR~CHET 112] FR~CHET com- 
mented on the desirability of having a more concrete presentation of URYSOrIN'S 
universal separable metric space and of avoiding the explicit use of URYSOHY'S 
"abstract space." Evidently FR~CHET had communicated this thought to ALEX- 
ANDROFF. Further ideas of FR~CHEr on this subject appear on pages 99-100 of 
his book [FRI~CHET 132]. 

In this letter, also, there is a paragraph that indicates that FR~CHET had at 

22 For more discussion of the opinions about unsatisfactory aspects of URYSOFIN'$ 
definition of his universal metric space see pages 84-85 in [ARBOLEDA 1]. 
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some earlier time written to ALEXANDROFF about a M. TAMARKINE. Here is the 
paragraph: "Je ne pouvait rien faire en ce qui concerne M. Tamarkine et je ne 
pouvais m~me vous rien 6crire sur ce suject en &ant en Russie: M. Tamarkine a, 
en effet, quitt6 la Russie d'une fa~on non 16gale (sans passeport) et j'aurais pu 
avoir des grandes difficult6s s'il r6sulterait de ma correspondance que j'aie des 
relations quelconques avec M. Tamarkine. Je ne connais pas l'adresse de M. Ta- 
markine; je pense qu'il est en Am6rique." I presume this refers to J. D. TAMAR- 
KiN, who did settle in America, and whose departure from Russia in the company 
of A. S. BESICOVITCH made quite a story. 

In the next letter (of date June 5) it is evident that FR~CHET has seen and com- 
mented back to ALEXANDROFF on the manuscript of  the paper by TYCHONOFF & 
V~DENISOFF, which ALEXANDROFF is now sending back to FR~CHZT after making 
some revisions. He writes: "Je refais le manuscript de M. M. Tychonoff conforme- 
merit aux indications que vous avez bien voulu me faire. C'est seulement un point 
o~t je me permets de ne partager enti6rement votre point de vue: vous pr6f6rez 
toujours les ensembles compacts (situ6s dans des divers espaces), tandis que, Ury- 
sohn et moi, nous avons toujours 6tudi6 les espaces compacts (resp. bicompacts) 
eux-m~mes. Et cela par des raisons suivantes. Tout d'abord, la propri&6 d'un 
ensemble &re compact darts un espace n'est pas un propri&6 intrins~que de l'en- 
semble, mais une propri&6 caract6risant seulement la fa~on de la situation de 
l'ensemble dans l'espace donn6, c'est pourqui, la droite infinie p. ex. qui n'est 
pas compacte (dans le plan, ou, si l 'on pr6f~re, en soi-m~me) est n~amoins hom6o- 
morphe h l'intervalle ouvert quelconque, situ6 sur cette droite et qui est bien 
compact. En suite, on ne connait que peu des propri6t6s int6ressantes concernant 
les ensembles born6s les plus g6n6rales (situ6s, p. ex. darts le plan euclidien) bien 
qu'ils soient compacts. Quand on veut avoir des propri6t6s topologiques plus pr6- 
cises, on doit se borner ~t l'&ude des ensembles qui sont compacts en sol, c. ~t d. 
des ensembles born6s et ferm6s. Qu'est ce qu'on appelle la Topologie contempo- 
raine des continus?-telles qu'elle se pr6sente dans les recherches be Brouwer 
(sur la dimension), de Janiszewski, de Sierpinski, Mazurkiewicz et d'autres Polo- 
nais, et surtout darts les recherches d'Urysohn que vous n'avez pas encore eu la 
possibilit6 de voir, et qui constituent toute une ~re nouvelle dans notre science ? -  
il me semble que ce n'est aucune que l'&ude syst6matique des classes (D) connexes 
et compactes en soi. Et c'est pr6cisement vous, chef Maitre, qui avez rendu pos- 
sible cet 6clat des d6couvertes nouvelles ayant eu donn6es vos d6finitions de l'espace 
m&rique compact, qui comblait pr6cis6ment la lacune logique qui, si elle resterait, 
tournerait ~t l'impossible toute th6orie vraiment profonde et g6n6rale. 

"C'est aussi la propri6t6 de la compacticit6 en soi qui a rendu nec6ssaire de 
remplacer dans beaucoup des questions (p. ex. dans toute la th6orie des fonctions 
analytiques d'une variable complexe) le plan ordinaire par "le plan des variables," 
c. ~t d. par une sph6re. On pourrait poursuivre tr~s loin ces avantages des espaees 
compacts, mais je n'ose pas d'ennuyer votre attention par ces choses. Eafin, nous 
devons tous ~t vous Fun et l'autre sorte de compacticit6, et c'est votre droit, chef 
Maitre, de pr6f6rer celle parmi vos cr6ations, qui vous fait plus de plaisir! 

"Si vous trouverez, darts la nouvelle r6daction du travail encore quelques 
modifications ~t faire, surtout dans les questions de terminologie, vous avez sans 
doute une carte blanche de ma part. Seulment, je voudrais conserver quelques lois  
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l 'expression ' l 'espace topologique de M. Hausdorff, '  ou 'e.t. au sens de M. Haus- 
dorff, '  parce que nous nous sommes toujours servis de cet adjectif dans nos publi- 
cations antdrieurs. Mais, certainement, je ne vois 15. aucune question import- 
tante."  

In  closing the letter ALEXANDROFF mentions that PAUL URYSOHN'S father has 
received a French visa, thanks to FRI~CHET'S intervention. 

From the foregoing letter of ALEXANDROFF it can be seen that he is solicitous 
in paying homage to FRI~CHET'S pioneering role in abstract topology. At the same 
time, from this and an earlier letter it is evident that ALEXANDROFF thinks the most 
interesting part  of topology, currently, has to do with compact metric spaces. 
In this respect ALEXANDROFF differs greatly from FRt~CHET, whose interests re- 
main on the very general aspects of topology and seldom focus on highly specific 
or 'concrete '  issues. (As we shall see presently, FRI~CHET'S interest in dimension 
theory was an exception.) 

The next letter, of date August 31, 1925, was written from Le Batz, where 
ALEXANDROFF was mixing mathematical work with time spent at the beach. 
He said he found the people there very congenial. "Je  connais tout ce petit bourg, 
et tout le monde connait moi, je me sens ici comme 5- la maison. Surtout je suis 
6mu par la touchante attention qu 'on porte toujours ici ~i la m6moire de mon 
pauvre, dont la tombe est souvent visit~e par diverses personnes qui y apportent  
des fleurs." 

In this long letter, written with a pencil, ALEXANDROFF addresses himself to 
five issues that were brought up in a letter of August 22 that FR~CHET had written 
to him. The subjects running throughout this part  of  the letter are dimension theory 
and FRI~CHET'S " type  de dimension." My friend ARBOLEDA has commented on 
parts of this letter on pages 362 and 367-368 of his paper [ARBOLEDA 3]. Because I 
am not dealing with FRI~CHET'S work on dimension theory I pass on to other things. 

Near the end of the letter ALEXANDROFF says he expects to remain in France 
at least until October and that doubtless he will come to see FRI~CHET again in 
Strasbourg (thus indicating that he had visited there earlier in the summer). He 
did go to Strasbourg again, as is shown by his letter of November 29, in which 
he apologizes to FRI~CHET for not having written to him after leaving Strasbourg. 

The next letter (dated September 8 in Le Batz) is much taken up with more of 
ALEXANDROFF'S comments on what FRI~CHET has written about the dimension 
theories of URYSOHN and MENGER and relationships with FRI~CHET'S ' type de 
dimension.' There is also reference to the expected arrival of "vot re  manuscrit, 
qui m'int6resse au plus haut degr&" In a later letter (of September 29), written f rom 
Collioure, in the Pyren6es Orientales, where ALEXANDROFF had gone to walk and 
climb, he wrote to FR~CHEX : "j 'a i  viens de recevoir votre manuscrit sur les hombres 
ordinaux et sur les types locaux de dimension. Je trouve votre expos6 r6ussi d'une 
fa~on si excellente que je ne vois aucune am61ioration possible." He then made a 
couple of comments on details and continues "Voil5- c'est tout que j 'ai  5- vous dire 
au propos de cette partie de votre Livre." It  is easily inferred that at least part  of  
the manuscript in question eventually appeared on pages 110-113 of FRI~CHET'S 
book on Abstract Spaces. See also [FR~CHET 126], which is identical to part  of  the 
book. 
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In a prior letter (of September 21) from the Pyrenees, ALEXANDROFF wrote 
at some length, evidently in response to something FR~CHET had said about the 
use of the term 'stparable' in the manuscript by TYCRONOFF and VEDENISSOFF. 
Their usage was that of ALEXANDROFt~ and URYSOHN, a usage different from that 
of FR~CHET, but equivalent to it when applied to metric spaces. I quote from the 
letter: "Darts tous mes travaux sans aucune exception j'ai employ6 le mot stparable 

toujours dans le sens d'existence d'une famille au plus dtnombrable de voisinages 
dtfinissant l'espace total. Ce sens est identique avec l'existence d'une sous ens. 

denombrable partout dense seulement pour les espaces m&riques. J'ai men- 
tionn6 aux plusieures reprises (par ex. dans mon article "Ueber  die Metrisation der 
im kleinen kompakten top. R."  Math. Ann. 92 o~ tout un paragraphe: Das II 
Abzfihlbarkeitsaxiom und die Metrisierbarkeit der R~iume 23 est consacr6 ~t cette 
question) que l'existence d'une sous ens. dtnombrable partout dense n'entra~ne 
en gtntral  nullement la stparabilit6 (au sens ci-dessus indiqut) non seulement 
dans l'espaces V les plus gtntraux mais m~me dans les espaces bicompacts et 
topologiques (au sens de Hausdorff), (donc norrnaux) et m~me vtrifiant le I Ab- 
z~ihlbarkeitsaxiom de M. Hausdorff. Dts  la premitre lettre que Urysohn et moi 
nous vous avions 6crit, j 'ai appel6 votre attention sur ce fait, et comme jamais 
vous n'avez exprim6 aucune opinion difftrente, j'estimais toujours que vous m~me, 
cher Maitre, aviez toujours en vue cette dtfinition de la stparabilit6 quand il 
s'agit des espaces V. En effet, en introduisant cette belle notion de stparabilitt, 
qui vous est entitrement due, vous avez, sans doute, cherch6 a gtntraliser, pour les 
espaces V quelconques, la propri&6 des espaces 616mentaires (des espaces D pour 
fixer les idtes) de posstder un sous ensemble dtnombrable dense. O1, il est ais6 
de voir, que c'est pr~cisdment l'existence d 'un systtme dtnombrable de voisinages 
dtfinnisant l'espaces qui est une vraie gtntralisation en question. Cette dernitre 
existence est clans les classes D 6quivalente ~t l'existence d'un sous-ensemble 
dtnombrable [the intended Word 'dense' is omitted here], tandis que dans les es- 
paces plus gtn6raux, il c'est (sic) facile de prouver par des exemples que l'existence 
d'une sous ensemble dtnombrable dense se montre comme une propridtd tout d 
fait accidentelle. 

"Si vous &es de mon avis, comme la dtfinition de stparabilit6 dans le sens 
employ6 dans la note de MM. Tych. et Ved. se trouve bien prtciste dans leur 
article, il me semble que rien n'est ~t changer dans cet article, si cela n'est pas peut- 
&re une petite note qu'on pourrait adjoindre en bas de la page correspondante, 
oO on peut indiquer que l'existence d'un sous-ens, dtn. dense n'entralne en gt- 
ntral, la stparabilit6 que dans les cas des espaces D." 

This long explanation of the meaning attached to the notion of separability 
by ALEXANDROFF and URYSOHN is somewhat impatient and testy in tone. The 
possible justification for ALEXANDROFF'S impatience cannot be judged in the ab- 
sence of precise knowledge of what FR~CHET had written to him. Nor can one be 
sure how the manuscript of TYCHONOFF & VEDENISSOFF was worded in the form 
of it seen by FR~CHET before final revision and publication. (I will discuss the pub- 

23 ALEXANDROFF'S memory of the title of the paragraph was slightly inaccurate. It 
begins on page 297 of the paper [ALEXANDROFF 4]. 
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lished version presently.) It is possible that FRI~CHET objected to applying the term 
's6parable' in a situation where it was not equivalent to the meaning of the term 
given by him in his paper [FR~CHET 75]. ALEXANDROFF'S memory was faulty when 
he claimed that, from the very first of the letters he and URYSOHN wrote to FR~- 
CHET, he had called FR~CHET'S attention to the distinction between HAUSDORFF'S 
second denumerability axiom and FR~CHET'S notion of separability. The first letter 
(that of October 23, 1923) certainly does not contain anything of the kind. It does 
mention "une classe (D) s6parable," but contains no definition or comment on 
the word 's6parable'. In the paper to which ALEXANDROFF refers in volume 92 of 
the Mathematische Annalen the word 'separability' never occurs, although the 
distinction is made between a space possessing a denumerable dense set and one 
satisfying HAUSDORFF'S second denumerability axiom. In the letter of November 22, 
1923, URYSOHN wrote (as I have quoted earlier): "En  ce qui concerne le terme 
s@arable, c'est votre nouvelle d6finition que nous avions en rue."  This was written 
after ALEXANDROFF and URYSOHN had received just one letter from FRI~CHET, 
and it is evident that the latter had asked some question about their use of the 
word 's6parable.' 

If  we examine the paper by TYCHONOFF 8Z; VEDENISOFF to see how the matter 
is treated there, we find the following: They define "urte espace (V)" in the very 
general way used by FR~CHET in his Esquisse. After explaining the notion of equiv- 
alent systems of neighborhoods they single out those spaces (V) in which, among 
all the equivalent systems of neighborhoods there is a system with a denumerable 
family of neighborhoods, and of these spaces they say: "En  se servant d'une 
d6nomination due fi Fr6chet, nous appellerons ces espaces, espaces (V) sdparab- 
les." Later they emphasize that their definition is one "qui diff6re d'ailleurs de la 
ddfinition primitive de M. Frdchet." This decision, by ALEXANDROFF and his 
group, to appropriate the word 's6parable' from FR~CHET and give it a different 
meaning, was not conclusive so far as subsequent usage has been concerned. Many, 
perhaps most, writers on topology continue to follow FR~CHET in the definition 
of  separability. 

I have already noted, in connection with the letter of November 22, 1923, 
that ALEXANDROFF and URYSOHN were greatly interested in the unexpected simpli- 
fication that was afforded by the use of H-classes. Further indication of the apprecia- 
tion in Moscow of H-classes is afforded by the following quotation from the 
paper of TYCHONOFF & VEDENISSOFF (on page 19): "Les espaces accessibles for- 
ment donc une construction logique non seulement tr6s naturelle, mais vraiment 
logiquement indispensable. Dans les espaces accessibles ont lieu toutes les propri6- 
t6s 616mentaires formant la tMorie des ensembles ferm6s; mais pour aller loin 
darts l 'ordre d'id6e topologique, il faut introduire une suite nouvelle d'axiomes; 
chacun de ces axiomes sera plus restrictif que le pr6cedent." They are here referring 
to the several separation axioms : that of HAUSDORFF and the axioms of regularity 
and normality. The recognition given to FR~CHET'S work in this paper no doubt 
pleased him, but he was progressing little, if at all, as a topologist, while his 
younger contemporaries were going forward in significant ways. 

In their discussion of bicompactness (on page 23) TYCHONOFF & VEDENIS- 
SOFF made an error that was not noticed by either ALEXANDROFF or FRI~CHET, 
who read the manuscript; FR~CHET also read the proof sheets. After the paper was 



346 A.E. TAYLOR 

published this error and a correction of it became a matter of correspondence be- 
tween ALEXANDROFF and FR~CHET, as I shall indicate further on. 

In a letter of January 26, 1926, ALEXANDROFF asked FR~CrIET to send him 
copies of three of his papers on topological affine spaces ([FR~CHET 109], [FR~- 
CHET 118], [FR~CHET 120]). By way of explanation for the request he wrote: "Je  
m'int6resse surtout pour ces travaux, parce qu'il me semble qu'on y pourrait tirer 
peut-atre une m6thode conduisant ~ la resolution du probl6me suivant que j 'ai 
pos6 (dans ma conf6rence faite a la Soci6t6 Math~matique de G6ttingen) l'~t6 
dernier: Quelles sont les conditions n6cessaires et suffisantes pour qu'un espace 
m6trique (classe (D)) avec une ddfinition fixde de distance, (starre Entfernungs- 
definition) soit congruent (=  isom6triquement repr6sentable) au plan euclidien 
ordinaire (avec la distance ordinaire)? Ce probl6me a surtout appel6 une certain 
attention de M. Hilbert qui y voit une possibilit6 d'une fondation toute nouvelle 
des principes de g6om6trie." 

The next paragraph is of particular interest for what it shows about ALEXAN- 
DROFF'S thoughts about abstraction and more concrete sorts of mathematics. One 
may speculate as to whether he was speaking solely about his own views, or whefher 
he intended the suggestion to be taken seriously by FR~CHET as well. Here are his 
words : 

"Je  crois en g6n6ral que le temps est venu pour descendre des hauts cimes de 
la pure abstraction dans l'espace ordinaire et de montrer comment toutes les 
g6om6tries connues (celle de Euclide, de Lobatschweski etc.) sont des cas particu- 
liers de vos th6ories g6n6rales, c./t  d. d'indiquer comment peut on obtenir ces g6o- 
m6tries classiques par une sp6cialisation syst6matique des axiomes de l'espace 
m6trique. I1 me semble que ce probl6me est maintenant tout fi fait ~t l 'ordre du 
jour ."  

In this letter, also, it is revealed to us that FR~CHET has sent to ALEXANDROFF 
some of the manuscript of his book on abstract spaces in hectographed form. 
ALEXANDROFF says he hasn't yet had time to make a careful study of the material, 
but that he intends to do so and wants FR~CHET to keep on sending the subse- 
quent chapters. 

ALEXANDROFF'S letter of February 18, 1926 opens with a discussion of some 
aspects of the manuscript of the posthumous paper [URYSOHN 9]. From the discus- 
sion one can see how the footnote in this paper that I discussed in Section 9 came 
into being. I reproduce this piece of correspondence because it is a good example 
of evidence that FR~CHET was rather touchy about appropriate recognition of his 
own role in connection with a piece of mathematics written by someone else. I 
give other examples elsewhere. I think it has to be assumed that the opening part 
of this letter from ALEXANDROFF was triggered by something in a letter from FR~- 
CHET. 

"Je vous envoie la remarque concernant l'article d'Urysohn sur les espaces 
(L). Je me permis d'ajouter qu'Urysohn n'a pas connu votre M6moire, parce qu'- 
autrement on lui pourrait reprocher, peut-~tre, de publier un travail trop voisin, 
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en ce qui concerne le r6sultat principal, g u n  travail d@t pub t i6 - j e  ne crois pas 
que maintenant cette reproche pourrait  avoir lieu, puisqu'il s'agit d 'un travail 
posthume, publi6 plut6t par des raisons en moiti6 m6todologiques (sic), en moiti6 
par la raison de donner une image complete des int6rats et de l 'action scientifique 
de son auteur, sans aucune prdtention de priorit6 (j 'ai signal6 explicitement cette 
derni~re circonstance, bien qu'il me paraissait presqu'inutil de la s igna le r - ca r  
tout pr6tention de cette sorte serait tout ~. fait absurde dans ce cas). 

"Ursyohn n 'ayant  pas connu votre M6moire, il y aurait une difficult6, ~ mon 
avis, d'ins6rer cette remarque au corps marne de l'article: il me parut doric pr6- 
f6rable d'en faire un note en bas de la page, de fagon qu 'on aurait le passage 
suivant: 

* Quand Paul U r y s o h n - e t c .  
* Ces inconvenients provenant de la marne source, on peut les supprimer 

d 'un fagon radicale par introduction d 'un nouvel ax iome-e t c .  
"Bien entendu, si vous attribuez une valeur quelconque /~ conserver sans 

aucune modification votre r6daction de cette remarque (qui serait alors inser6 
dans l'article lui-mame, non en note), je me d6clare de ne poss6der aucune objec- 
t i o n -  si je considare, peut-atre, mon projet comme pr6f6rable, cela ne veut du tout 
dire que je ne pourrais pas m'adjoindre parfaitement/~ votre projet, les deux pro- 
jets 6tant d'ailleurs presque identiques. 

"Je voudrais vous dire, mon cher Maitre, encore un mot au propos de cette 
question. Je suis stir, que si Urysohn avait pu r6diger lui-mame cet article, il l 'aurait  
mis compl~tement/t  votre disposition (de marne que je l 'aurais fait moi-m~me si 
un pareil article 6tait 6crit par moi), en ce sens, qu'il n 'aurait  le publi6 que dans le 
cas og vous le consid6riez comme assez int6ressant pour ce dernier but. Aussi 
suis-je stir, qu'il y apporterait  route modification que vous jugiez propre ~ le per- 
fectionner (darts un sens quelconque). 

"C 'es t  seulement par cette raison que j 'ai  vous propos6 d 'apporter  vous-mame, 
des modifications n6cessaires; j '6tais donc tr~s 61oign6 de la pens6e de me r6tirer 
du travail ou de la responsabilit6 n6cessaire. 

"C 'es t  aussi par cette raison que je vous prie de demander l ' impression de cet 
article seulement si vous estimez que, mOme apr& votre m6moire, l'article d 'Ury-  
sohn a conserv6 une certaine pattie de son int6r~t (ne soit ce qu'au point de vue 
m6thodologique), suffisante /~ elle seule pour la publication." 

The rest of this letter is interesting for a different reason, namely, the indication 
it gives of FR~CHET'S persistent interest in questions about H-classes. ALEXAN- 
DROFF'S letter continues: "Je  vous remercie b ienpour  les deux probl~mes int6res- 
sants que vous me signalez. Ne pourrait  on d'alleurs voir la solution d 'un de ces 
problems dans la d6finition suivante des espaces r6guliers (d6finition dont nous 
sommes entretenus l'6t~ dernier); un espace accessible est dit r6gulier, si on ob- 
tient un syst~me de voisinages definissant cet espace en consid6rant les ensembles 

ferm6s V(x) au lieu des ensembles ouverts V(x) (oh V(x) est un voisinagae ouvert 
quelconque du point x, c. ~t d. p. ex. un ensemble ouvert quelconque contentant 
x). Toute fois, pour les espaces normaux votre probl6me reste entier." 

In a letter of February 28, 1926 ALEXANDROFF, evidently responding to 
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some reaction from FRI~CHET about his use of the greeting 'cher Maitre,' wrote as 
follows: "Je  voudrais vous 6crire encore un mot sur la question du cher Maitre. 
Si je me permis de vous nominer toujours ainsi, sans avoir la droit formel de le 
faire, puisque je n'avais pas eu l 'honneur d'&re votre 616ve, c'est que je crois, 
toutes les personnes qui s'occupent de la th6orie des espaces abtraits sont, au sens 
large, vos disciples, puisque vous &iez le premier qui aviez introduit dans la science 
cette discipline toute nouvelle. (Au propos, Flaubert 6crivait jusqu'5, la fin 5. George 
Sand en l'appelant chore Maitre de m~me qu'd Edmund de Goncourt, 5. l'e final 
pr6s. * Or, il savait, a cette 6poque, voler de ces propres ailes bien mieux que je 
ne le puisse!!!). *Voir p. ex. Gustave Flaubert, Correspondence, quatri6me s6rie 
(1869-1880), Paris, Eug6ne Fasquelle, 6diteur, 1917. 

"Aussi voulais-je toujours sousligner (sic) un peu le caract6re tr6s respectueux 
de mon amiti6 envers vous, qui s'impose, il me semble, tout naturellement. Ce 
n'est pas donc pour vous rendre plus vieux que j'ai choisi cette forme plus respec- 
tueux. 

"Comme vous voyez, je me suis tr6s bien d6fendu! Mais vous voyez aussi, 
que j'ai accepts de ne pas vous 6crire cher Maitre, ~t condition, que ce soit plac6, 
pour ainsi dire, devant les parenth6ses h y enfermer toutes rues lettres." 

On April 3, 1926, ALEXANDROFF wrote from Berlin to FRI~CHET and commented 
on some things in the manuscript of FR~CHET'S book. "C'est  vraiment une grande 
joie de lire cet expos6 tout/~ fait artistique; je ne crois pas qu 'on pourrait exposer 
d'une faqon plus esth&ique et en m~me temps d'une fa9on si expressement philo- 
sophique ces id6es, qui deviendront enfin le bien commun/ t  tousles  math6mati- 
ciens. 

"Si vous me permettriez cependant d'exposer, sur quelques points de d&ail, 
mon gout personnel, j 'aurais peut &re pr6f6r6 de sacrificier tout h fait la condition 
4 ° de M. Riesz; il me semble que cette condition, si peu intuitive, pr6sentera des 
difficult6s au plusieurs lecteurs non familiaris6s avec la th6orie des espaces abtraits, 
et, ce qui est pire encore, que ces difficult~s seront tout 5. fait inutiles, la condition 
4 ° de M. Riesz n'intervenant point dans l'exposition post6rieure. Aussi ii me semble 
que la discussion detaill6e de la condition de M. Hedrick est peut &re, 5. l'heure 
actuelle, superflue; les espaces accessible une fois introduites, il me semble que 
trop de d6tails sur les interm6diaires (entre espace accessible et l'espace topologi- 
que le plus g6n6ral) pourraient seulement disperser l 'attention du lecteur, en l'at- 
tirant du chemin directe." 

The letter also contains other mildly critical remarks on some details. It can be 
inferred from the context indicated in the letter that ALEXANDROFF was examining 
the part of the book comprising about pages 157-187 as printed in 1928. 

ALEXANOROFF'S letter of April 14, 1926 is long (seven large pages) and full 
of technical mathematical discussion, centering on a matter concerning which 
the paper of TYCHONOFF & VEDENISSOFF was in error (as I mentioned earlier 
in discussing the paper). I quote selectively from this letter with two objectives in 
mind. One point revealed by the letter is that FR~CHET seemed to require ALEX- 
ANDROFF'S help in reasoning out things; the other point (begun in this letter and 
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carried on in some later ones) is the historical interest in seeing how ALEXANDROFF 
dealt with the ideas that originally came together in the formation, by ALEXAN- 
DROFF and URYSOrIN together, of the notion of bicompactness. I begin by quoting 
a part of the paper of TYCI4ONOFF and VEDENISSOFF. They are referring to a pro- 
position on page 259 in [ALEXANDROFF & URYSOHN 2]. 

"MM.  Alexandroff et Urysohn ont demontr6 un th6or6me analogue: 
Appelons point d'accumulation complate d'un ensemble M tout point ~ tel 

que pour tout V(~) la puissance de l'ensemble M. V(£) soit 6gale a celle de l'en- 
semble M tout entier. Les trois propri6t6s suivantes sont 6quivalents dans les 
espaces (V): 

A. Tout ensemble infini poss6de au moins un point d'accumulation compl6te. 
B. La partie commune aux ensembles d'une suite (d6nombrable ou non) 

d'ensembles fermds d6croissants est non vide. 
C. De tout syst6me d'ensembles ouverts recouvrant l'espace, on peut extraire 

un nombre fini d'ensembles jouissant de la marne propri6t6 (Th6or6me de Borel- 
Lebesgue). 

Les espaces (V) v6rifiant une de ces conditions et, par cons6quent, les deux 
autres, sont nomm6s (d'apres MM. Alexandroff et Urysohn) espaces bicom- 
pacts." 

In the letter of April 14, ALEXANDROFF writes: "Quant  5. l'6quivalence des pro- 
pri6t6s A, B, C, du § 4 de l'article de MM. Tychonoff et Vedenissoff, c'6tait une 
erreur de la supposer vraie dans les espaces (V) les plus g6n6raux: elle ne l'est 
que dans les espaces H; cette erreur qui s'est gliss6e dans leur travail (et dont moi- 
aussi, je porte la reponsabilit6 de ne pas l'avoir remarqu6 au juste temps), j 'ai 
la signal6e (il y a 1 ou 2 mois) dans une lettre 6crite 5. ce propos 5. M. Gauja, o~l 
je l'ai pri6 d'apporter (5. la fin de l'article de MM. T. et V.) une correction sp6ciale. 
Je rt'ai pas vu encore ni la tome correspondant du Bull. Sc. Math., ni de tir6s 5. 
part de cet article, mais j'esp6re que M. Gauja a pu accomplir ma demande, puis- 
qu'il n 'a donn6 aucume reponse 5. ma lettre." [M. GAUJA was the secr&aire de la 
r6daction of the Bull. Sci. Math. No correction appeared with the article.] 

ALEXANDROFF then wrote that the proof of the equivalence in question for H- 
classes was entirely analogous to the proof for HAUSDORFF spaces, as sketched in 
[ALEXANDROFF & URYSOHN 2], and that it would be given in detail in the memoir 
by him and URYSOHN that he was preparing for publication in Amsterdam (this 
appeared, after much delay, as [ALEXANDROFF & URYSOHN 3]). He went on to say 
that, for general V-classes, properties B and C were equivalent and that property A 
implied both property B and property C, although an example shows that a V- 
class can have property C but not A. Consequently, said ALEXANDROFF, if one 
understands bicompactness to mean property A and perfect compactness to mean 
property B, then the concepts of bicompactness and perfect compactness are not 
the same for the most general V-classes. I forego discussing the most technical 
part of the letter, which goes into considerable detail to explain certain things to 
FRI~CHET. 



350 A.E.  TAYLOR 

This line of  discussion was continued in the letter of April 22, which plunges 
immediately into an answer to a letter from FR~CHET: 

"Quant  "2t la question d'6quivalence des 2 propri6t6s dans un espace V quel- 
conque, de celle que vous d6signez comme parfaitement compact et celle de Borel- 
Lebesgue, 24 je n'ai pas r6ussi de me faire une opinion pr6cise sur ce sujet. La 
question est autant plus difficile pour moi, puisque, dans le cas de espaces V quel- 
conque, la propri&6 que vous designez comme parf. comp. est loin d '&re 6qui- 
valente & celle que j 'entends sous bicompact:  en effet, vous 6xigez l'existence d 'un 
point commun aux ensembles donnds d'une suite monotone ofa a leurs d6riv6s, 
tandis que, moi, je n'6xige que l'existence d 'un point commun a tousles ensembles 
d'une suite monotone, d'ensembles ferm6s. Or, un ensemble d6riv6 n '&ant pas, 

en g6n6ral, ferm6, dans un espace V, la notion d 'un ensemble parfait, compact 
(dans votre sens) est plus restrictive que la notion d 'un ensemble bicompact. 

" L a  mame diff6rence se manifeste au cas du Th. de B.-L. : Vous pref6rez de 
consid6rer de familles Fd'ensembles quelconques tels que tout point de l 'ensemble 
donn6 est int6rieur a un ensemble au moins, appartenant ~t la famille F, tandis 
que moi, je ne consid~re que les families d'ensembles ouverts. Toutes ces differences 
deviennent illusoires dans les espaces accessibles (puisque lgz l'ensemble de points 
int&ieurs h un ensemble quelconque est toujours ouvert), mais darts le cas present 
des espaces Vles plus g6n6raux, il s'agit au fond de 4 propri6t6s deux ~ deux 
diff6rentes." 

Later in the letter ALEXANDROFF once again asks FRI~CHET for help in getting 
a visa to enable him to go to France. He has been trying, unsuccessfully, to get 
the visa while in Berlin. 

FR~CHET continued to seek ALEXANDROFF'S help in his understanding of the 
equivalence of the three properties A, B, C (which were described in the letter of 
April 14). In a letter of April 29 ALEXANDROFF repeats FR~CHET'S question: Does 
the proof  of the equivalence of properties A, B, C in accessible spaces make use 
of the property called condition 5 ° by FR~CHET (it is the condition that every deriv- 
ed set is closed)? ALEXANDROFF writes that he thinks the best response is to re- 
produce the complete proof  of the equivalence of A, B, C in H-classes, thus per- 
mitting FR~CHET to see clearly where each property of H-classes enters into the 
argument. He then gives the demonstration, in which he uses well-ordering and 
transfinite numbers. 

Further on in this letter there is something more of interest about bicompact- 
hess. I quote: 

" A u  propos: vous m'6crivez du malentendu avec l 'emploi du mot  'bicompact . '  
La vraie source de ce malentendu (ou lapsus) est la suivante. En &udiant les es- 
paces compacts, Urysohn et moi, nous nous sommes born6s ~t priori par la con- 
sid6ration des espaces (H) (m~me, d 'abord des espaces de M. Hausdorff, puisque 

24 For more about the letters of April 22 and 29, 1926 in relation to bicompactness 
and to the BOREL-LEBES~UE property, see page 78 in [ARBELODA 1]. 
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nous n'avons pas connu a cette 6poque l~t l'existence des espaces (H)). Pour ces 
espaces, les trois propri6t6s (A), (B), (C) sont 6quivalentes. Apres avoir demontr6 
cette equivalence, nous avons appel6 bicompacts les espaces off une quelconque, 
et par consdquent les deux autres des propri6t6s (A), (B), (C) se trouvent vfrifees. 

"Darts les espaces (V) l'6quivalence des proprietes (A), (B), (C) cesse d'&re 
vraie, c'est pourquoi je  ne sa i s  po in t ,  pour vrai dire, qu'est ce qu 'un  espace  (V) 
b i c o m p a c t !  C'est pourquoi j 'emploi cette expression moi-m~me une lois dans un, 
l 'autre fois dans l'autre sens. Je crois, qu'il serait juste d'appeler bicompacts ceux- 
ci parmi les espaces (V), o~ les trois propri6t~s mentionn6es se trouvent v6rifi6es 
en m ~ m e  temps .  

"Quant  ~ vos autres questions: La proposition d'Urysohn que tout espace de 
Hausdorff compact et s6parable au sens  s t r ic t  est mdtrisable, cette proposition ne 
reste pas vraie pour des espaces (H) les plus gdn6raux. Exemple: L'espace E est 
form6 d'une infinit6 d6nombrable de points isol6s Cl, c2, c3 . . .  et des deux points 
a, b. Le voisinage quelconque V(a) de a, de marne qu'un voisinage quelconque 
V(b) de best  forms de ce point et de tousles points c n sauf un nombre fini quelcon- 
que d'entre eux. Cet espace est un espace (H); il est sdparable au sens strict; il 
est compact. I1 n'est pas un espace (D), puisqu'il n'est pas m~me un espace (L), 
la suite c l ,  c2, c3, . . .  etant, dans cet espace, convergente vers les deux points a 
et b." 

The phrase 's6parable au sens strict' has been used before by ALEXANDROFF 
to mean separable in the sense he p re fe r red-  i.e. that the space satisfies the second 
axiom of countability. By 's6parable au sens large' ALEXANDROFF means FR~CHET'S 
separability. 

Other interesting remarks from ALEXANDROFF in the letter of April 29 were the 
following: 

"Tou t  espace (H) peut atre transform6 eu un espace (H) bicompact par l'ad- 
jonction d'un seul point. En effet, soit E un espace (H) absolument quelconque. 
Formant l'espace E + ~ en laissant invariable les voisinages des points x de E, 
et en donnant au point ~ comme voisinages les ensembles V(~) = ~: + / ' ,  o u / "  
est l'ensemble de tous les  points de E, sauf un nombre fini quelconque d'entre 
eux. On voit de suite que E + ~ est bicompact. On peut 6videmment dire aussi 
que tout espace (H) peut ~tre obtenu en supprimant un seul point dans un certain 
espace (H) bicompact, de sorte que la propri6t6, qui, dans les espaces de M. Haus- 
dorff, caract6rise les espaces localement bicompacts, appartient, darts les espaces 
accessibles, /t tous les  espaces sans exception." 

On July 21 of 1926 ALEXANDROFF wrote FRI~CHET from G6ttingen: "J 'ai  
donn6 pour la dur6e de mon s6jour ici votre manuscrit/ t  M. Hildebrandt [T. H. 
H1LDEBRANDT, of the University of Michigan] ; pendant les vacances j 'aurai enfin 
la possibilit6 de la lire en toute attention." Then, on October 15, he wrote again to 
say: "M.  Tychonoff est maintenant occup6 (avec d'autres jeunes math6maticiens 
de Moscou) de lire (apr~s moi) la dactylographie de votre Livre. Quand ils sera 
pr~t, je vous enverrai infin les remarques que nous avons faites." 

The promised remarks attributed to NIEMYTSKY, TYCHONOFF, and WEDE- 
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NESSOFF, now spelled with a W rather, than a V, were sent with a letter dated 
December 25 in Smolensk (where ALEXANDROFF'S mother lived). Before turning 
to those remarks I wish to quote from the letter something about the then forth- 
coming new edition of HAUSDORFF'S book that indicates FRt~CHET'S evident vexa- 
tion about the fact that HAUSDORFF'S book of 1914 had paid scant attention to 
FR~CHEr'S pioneering role in abstract topology. Here is what ALEXANDROFF wrote: 
"C'est  vrai que j'ai lu une partie des 6preuves de la nouvelle 6dition du livre de 
M. Hausdorff, mais je n'6tais nullement charg6 d'y r6diger une partie quelconque, 
je ne pourrais pas, par cons6quent, me sentir responsable pour les fautes de cita- 
tion qui s'y pourraient glisser. A c e  que je sais, la derni~re 6preuve du livre est 
d6j~t pass6, ce qui rend difficile des changement quelconques. 

"A  ma connaissance, M. HAUSDORFF, comme tout le monde, n'est jamais 
exprim6 de doute au propos de ce que la conception des classes (D) (espaces 
m&riques) est exclusivement due a vous. J'esp~re doric que vous trouverez des 
citations correspondantes dans la nouvelle 6dition de son livre." 

Then: "Ci  jointe une liste de remarques diverses qui m'ont 6t6 sugger6s par la 
lecture de votre Livre. I1 se comprend que, si darts la plupart des cas je me suis 
permis de vous signaler quelques r6sultats obtenus par moi, ou par nous autres, 
topologues de Moscou, c'&ait exclusivement pour vous tenir au courant de nos 
recherches et non pour vous sugg6rer l'id6e d'introduire dans votre Livre les r& 
sultats." 

ALEXANDROFF indicated a long list of pages of the manuscript that he for 
some reason never received or saw, amounting perhaps to almost two fifths of 
the entire manuscript. Even without knowing the correspondence between the 
pagination of the manuscript and that of the published book, it is possible in some 
cases to verify that FR~CHET accepted and used some of the suggestions relayed 
to him by ALEXANDROFF and his students. FR~CHET abandoned his previous de- 
finition of the notion of perfect compactness and utilized the definition favored by 
ALEXANDROFF and URYSOHN. See pages 192 and 195 of the book [FR~CHET 132] 
for the definition, and lines 3-5 on page 230. FR~CHET'S final definition of perfect 
compactness, then, is the same as property A discussed earlier (in connection with 
the letter of April 14, 1926). But FR~CHET did not use the term bicompact in his 
book. 

The second part of the paper [FRr~CHET 123] deals with the subject 'Prolonge- 
merit d'un espace non-compact en un espace compact.' In some respects the paper 
is unclear. FR~CHET cites some work on this general subject, especially for HAUS- 
DORFF spaces, by ALEXANDROFF in [ALEXANDROFF 4] and then states that he will 
prove certain things, his wording being such that the implication is that he is 
supplementing ALEXANDROFF'S work. Later on in the paper FRI~CHET indicates 
how he can extend ALEXANDROFF'S results for the case of H-spaces, but with certain 
differences. His treatment of matters for H-spaces is more clearly set forth in his 
book, on pages 221-224. The paper [FR~CHET 123] was seen by ALEXANDROFF, 
with the result that he wrote to FR~CHET to indicate that some of the results claimed 
by FR~CHET were already contained in the paper cited by FR~CHET. He wrote: 

"Aujourd'hui je vous 6cris pour vous signaler quelques passages dans votre 
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rdcent m6moire. 'Quelques propri6t6s des ensembles abstraits'  (Fund. Math. t. 10) 
qui pourraient donner lieu, il me semble, 5. des malentendus (d'ailleurs peu im- 
portants)." He then cites three statements by F~CHEa" in the paper in question, on 
pages 344-345, and 355, respectively, and asserts: 

" O r  les faits mentionn6s dans ces passages se trouvent d6j& 6nonc6s dans mon 
article 'Ueber  die Metrisation der im kleinen kompakten topologischen R~iume.' 
Nous y trouvons, en effet, les passages suivants (pagination du tome 92 des Mathe- 
matische Annalen) :" ALEXANDROFF then cites and quotes, in German, the passages 
from his paper that he places in comparison with assertions in FR~CHET'S paper. 
He concludes his letter in a cordial and respectful tone: 

"Soyez stir, cher Monsieur Fr6chet, que je me permets de vous signaler ces 
passages seulement parce que vous m'avez vous-m~me demand~ de vous signaler 
toute chose concernant des renseignements bibliographiques (surtout ceux qui 
se rapportent  5. travaux d 'Urysohn et de moi-m~me). I1 se comprend que je ne vois 
de ma part, aucune importance de revenir sur ces questions: je ne m'int6resse du 
tout pour des 'reconstructions des droits de l 'auteur ' !"  

This particular episode was mentioned a final time in the correspondence. 
Here is the opening of a letter of date November 1, 1927: 

"Je  viens de recevoir votre carte postale et la lettre que vous m'avez address6e 
5. Moscou. Je suis en m6me temps embarass6 et touch6 par la fagon si cordiale et 
d61icate dont vous avez bien voulu de r6agir sur la remarque que je me permis de 
faire sur les rapports entre votre travail et ma note des Math. An. Bien. entendu, 

j e  suis trOs satisfait de la Note que vous voulez envoyer aux Fundamenta sur ce 
sujet, et je n 'ai  aucune observation 5. y faire; seulement je vous prie croire que 
(comme je vous ai 6crit dans ma lettre prdc6dente) je n'attribue aucune importance 
a rues 'droits de priorit6'; en cons6quence je n'6prouverais aucune inconv6nient, 
si vous n'aviez pas envoy6e une rectification quelconque a M. Sierpinski. 

"J 'esp6re,  en tout cas, que vous consid6rez cette question comme compl6te- 
ment epuisde." 

ALt~XANDROFF spent the academic year 1927-28 in America, at Princeton, 
which he was able to do with the aid of  a Rockefeller grant. In a letter of  September 
26, written on board a Cunard liner, he wrote as follows to FR~CHET: 

"Quan t  5. moi, je m'occupe toujours des propri6t6s topologiques des ensembles 
situ6s dans des espaces euclidiens. Je m'intdresse surtout des propri6t6s et des m6- 
thodes permettant 6tablir des liens 6troits entre l 'Analysis Situs telle qu'elle etait 
crdde par Poincar6 et les methodes nouvelles de la th6orie des ensembles de points 
et des espaces abstraits." He also said that he intended to write a book to be Called 
'Vorlesungen fiber die topologischen Grundbegriffe der Geometric '  for the series 
"dite de 'livres jaunes ' ."  

On November  1 he wrote again, saying: "Maintenant  je suis 5. Princeton of a 
j 'esp6re de p6ndtrer plus profonddment dans l'Analysis Situs classique qui semble 
atre si bien cultiv6 ici. Princeton est une toute petite ville tr6s gentille, formant  
plut6t un seul immense parc dans lequel les maisons (souvent en bois) sont parse- 
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rn~es. J'esp~re, il me sera commode de travailler ici ~t mon livre (un travail qui est 
trop long pour pouvoir devenir un travail de vacances et auquel ~ Moscou jamais 
je pourrais parvenir." 

In a letter of February 11, 1928, ALEXANDROFF sketched for FRI~CHET the proof  
of a new theorem by TYCHONOFF and NIEMYTZKI, which he had mentioned to 
FR~CHET in a previous letter. The theorem: If a metric space satisfies the condition 
of CAUCHY (i.e. is complete ) with respect to every metric that is compatible with 
the definition of the limit of a sequence in the space, then the space is compact. 

After the year in Princeton ALEXANDROFF'S letters to FR~CHET became in- 
frequent. Writing from G6ttingen on July 2, 1930, ALEXANDROFF wrote as follows 
in part of his letter: 

"Mon  ami et coll6gue, M. Kolmogoroff, dont les recherches sur la th6orie des 
probabilit6s, les s6ries trigonom6triques et plusieurs autres questions, vous sont 
probablement connues, viendra en France en meme temps que moi; il s'int6resse 
tout particuli6rement pour vos recherches sur la th6orie des probabilit6s et aussi 
pour vos recherches sur la thdorie g6n6rale d'int6gration sur les ensembles abstraits." 
ALEXANDROFF requested FR~CHET'S permission to let his name be used to help 
both himself and KOLMO~OROFF to get French visas. (By this time, of course, FR~- 
C~E3: was established in Paris after his move from Strasbourg, and he was working 
on the theory of probability.) 

There is a good deal more about KOLMOGOROFF in a letter of July 22, 1930, 
evidently written in reply to a letter from FR~CnET answering the letter of July 2. 
Evidently KOLMOGOROFF, then in G6ttingen, was hoping, with the recommenda- 
tion of COURANL and a Rockefeller grant, to spend a year partly in Paris and 
partly in G6ttingen. Speaking of KOLMOGOROFF'S work, ALEXANDROFF wrote: 
"A Moscou, ces travaux sont consid6r6s comme pr6sentant la plus haute valeur 
scientifique et, en gdndral, nous estimons M. Kolmogoroff comme un de nos 
meilleurs jeunes math6maticiens, peut atre m~me le meilleur parmi les math& 
maticiens de sa g6n6ration." Then, after further discussion, ALEXANDROFF wrote: 
"Etant  donn6s les int6r~ts math6matiques de M. Kolmogoroff, c'est vous et 
M. Hadamard h qui je pense en premi6re ligne parmi les math6maticiens frangais 
chez qui M. Kolmogoroff pourrait travailler h Paris." 

Perhaps things did not work out as quickly as hoped for KOLMOGOROFF. 
At any rate, almost three years later, writing from Moscow on June 7, 1933, 
ALEXANDROFF mentioned KOLMOGOROFF again, as follows: 

"M.  Kolmogoroff, qui vous envoie ses meilleurs et respectueuses salutations, 
se propose d'aller (avec une bourse Rockefeller)/~ Paris l'hiver prochain. I1 esp6re 
de pouvoir profiter de vos conseils scientifiques." 

From the foregoing it sounds as though KOLMOGOROFF had become acquainted 
with FRfiCHET, but it is of course possible that he was being courteous on account 
of what FR~CHET may have done to help him by correspondence. There is little 
if anything to go on in speculating about FR~CHET'S possible influence on KOLMO- 
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GOROFF. What does come through in the letters from ALEXANDROFF is a sense that 
FRt~CHET'S position and work gave him stature. 

In between the letter of July 27, 1930 and that of June 7, 1933, there is an un- 
dated letter from ALEXANDROFF, the content of which identifies it as having been 
written late in 1931 or early in 1932, for it conveys good wishes for 1932. The 
final paragraph of the letter is as follows: 

"Je  serai trts heureux d'apprendre de vos nouvelles; je viens d'ailleurs d' tcrire 
~t M. Veblen des questions dont nous avons 6chang6 de lettres le printemps dernier 
(il s'agissait de votre participation 6ventuelle ~t l 'Acadtmie des Sciences de U.S.A.)" 

The meaning of 'participation 6ventuelle' is not clear. Was ALEXANDROFF 
hinting at associate membership for FR~CHET ? 

There are other things of interest in the letter of June 7, 1933. 25 The first part 
of it is taken up with some remarks about ALEXANDROFF'S book [ALEXANDROFF 5], 
which was published in the year prior to the year of the letter here in question. 
It seems evident from the letter that FR~CHBT had seen the book, but had not 
received a gift copy from his Russian friend, the author. Moreover, he was dis- 
turbed at not finding any reference to himself in the book. Here is what ALEX- 
ANDROFF wrote: "Je  vous remercie vivement de votre lettre du 11 Mai. J 'en ap- 
prends que vous n'avez pas regu mon petit livre d'introduction h la Topologie 
par cause d 'un malentendu quelconque, car ce sont dtjh plusieurs mois qu'il 
devait atre entre vos mains. En tout cas, je ferai immtdiatement le ntcessaire pour 
que vous soyez enfin en possession de ce livre. 

"Je  regrette infiniment d'avoir donner lieu, de ma part, ~t ces mtditations tristes, 
mais bien justifites que vous appelez, d'un fa~on trop modeste, 'votre plaidoyer.' 
N'ayant  pas oubli6, ~t ce qui me semble, de rendre hommage, dans mes mtmoires, 
~t vos dtcouvertes si profondes et si brillantes, j 'ai commis cette faute dans mon 
petit livre, et je vous prie d'accepter tous mes regrets, toutes mes excuse [sic] 
les plus sinctres. Je vous prie seulement de croire que ce n'est pas une faute de 
mauvaise volont t ."  ALFXANDROFF goes on to explain that the book was originally 
intended to be devoted exclusively to combinatory analysis situs and that parts 
of it had been done hastily under pressure from the editor. This pressure had also 
caused him, at the last minute, to omit an historical introduction. I continue quoting 
from the letter: "J 'avais omis au dernier moment une introduction historique, o~ 
votre nom trouvait la place d'honneur qui lui convient; me trouvant 1'6t6 hors de 
Moscou, je n'ai pas re~u la dernitre 6preuve o/t je devait changer ce qui dtait it 
changer aprks la suppression de l'introduetion. C'est de cette fagon qu'il y a dans 
ce livre des omissions bien ptnibles (il y manque par exemple le nora d'Urysohn 
ce qui est bien contre mes intentions). 

"I1 me reste d'espdrer seulement que le Trait6 de Topologie que j ' tcris en colla- 
boration avec M. Hopf  et dont le premier volume sera donn6 ~t l'impression d'ici 

25 For another discussion of the contents of this letter see pages 85-86 in [ARBOLEDA 
1]. He includes what I do not, ALEXANDROFF'S extensive plans for a three-volume work 
on topology, to be co-authored with HEINZ HOPF. 
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en quelques mois, me donnera l'opportunit6 de corriger tous ces malentendus 
regrettables." 

In his book co-authored with HEINZ HOPF (see the Bibliography) ALEXANDROFF 
did recognize the important role of FR~CHET. On page 6 in the Introduction, 
after stating that "Bei Cantor ist ein geometrisches Gebilde eine beliebige Punkt- 
menge des Euklidischen Raumes," the authors observe that FR~CHET, in his 
thesis, had the insight to realize that CANTOR'S point of view was needlessly 
spec ia l - tha t  there are sets of things other than point sets in Euclidean space to 
which the ideas of set-theoretic topology can be usefully applied. Moreover, they 
indicate, FR~CHET'S ideas inaugurated a new epoch in point set topology, e~Mit 
diesen yon Frdchet geschaffenen Ideen der sogenannten 'abstrakten' Topologie 
beginnt eine neue Epoch der mengentheoretischen Topologie." 

In their book ALEXANDROFF &; HOPF keep the notions of compactness and 
bicompactness separate, retaining FR~.CHET'S definition of compactness for a space, 
and defining a space to be bicompact if it has the HEINE-BOREL property. Their 
general topological spaces are defined by certain closure axioms. In their hierarchy 
of  separation axioms, FR~CHET'S axiom Na (as given in Section 6 of this essay), 
but with the assumption that neighborhoods are open sets, is labelled as FRk- 
CHET'S axiom and called the first separation axiom. A space in which this axiom 
is satisfied is called a Tl-space. The name T2-space is given to a space that satis- 
fies HAUSDORFF'S stronger separation exiom. The third separation axiom is named 
after VIETORIS; a Ta-space (also called a regular space) is a Tl-space that satisfies 
the VIETORIS axiom. The fourth separation axiom is named after TIETZE; a T4- 
space (also called a normal space) is a T,-space that satisfies the TtETZE axiom. 
There is also a To-space, with the weakest separation axiom, named after KOLMO- 
~OROFF: Given two distinct points, at least one of them has a neighborhood that 
does not contain the other. The use of T in these designations comes from the 
German word Trennungsaxiom, meaning separation axiom. FRf~CttET'S names, 
/-/-space and accessible space, for a Tl-space, have not survived. 

One last quotation from ALEXANDROFF'S letter of June 7, 1933: 

"Quant  5- moi, je ne sais pas quand je visiterai pour la prochaine fois l 'Europe 
occidentale; les moyens pour mes sdjours prolong6s a l'6tranger provenaient, en 
ce qui concerne notre continent, des c0urs que je donnais presque chaque 6t6 a 
G6ttingen. Maintenant je n'ai nul d6sir d'aller en Allemagne hitlerienne, et je 
n'ai rien en rue ailleurs ... 

"Je  serais heureux d'apprendre de vous nouvelles; je m'int6resse surtout pour 
vos plans pour les prochaines vacances. Je me souvient [sic] toujours des belles 
semaines que nous avons pass6 ensemble, 5. Sanary. Moi aussi je suis bien heureux 
de voir nos deux pays se rapprocher, et c'est aussi le sentiment de mes coll~gues. 
Je me sentais toujours heureux en France, et j'esp~re fermement que j 'aurai une 
fois l'occasion de la revoir." 

What overall impression is conveyed by the many letters that ALEXANDROFF 
wrote to FR~C~ET ? For  me, two things stand out: the enthusiastic concentration 
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on mathematical topics, and ALEXANDROFF'S courtesy, patience, and respectfulness. 
I've no doubt that, when ALEXANDROFF and UkYSOHN initiated the correspondence 
in 1923, they had several things in mind. They must have wanted to open up 
another channel of communication with mathematicians in western Europe. 
Given their current interest in abstract topology and their awareness of FR~- 
CHET'S pioneering role, he was their obvious target in France. Moreover, they 
wanted his help on two matters -publ ica t ion  in France and the getting of French 
visas. He proved to be useful to them on both counts. The letters, by their fre- 
quency, tone, and contents, demonstrate unequivocally, I think, that ALEXANDROFF 
found in FRI~CHET an older friend with whom he was glad to talk about mathe- 
matics and keep in touch, mainly by mail, but with occasional personal contacts. 
It seems evident that both URYSOHN and ALEXANDROFF were more powerful and 
insightful mathematicians than FR~CHET. They had more in the way of results 
to tell him than he had to tell them. One gets the very clear impression that FR~- 
CHET asked questions more than he communicated results. Both ALEXANDROFF 
and URYSOHN were interested in FR~CHET'S H-classes, of which they had either 
not been aware or had not properly appreciated until the beginning of their cor- 
respondence with FR~CHET, but they made clear, at various times, significant ways 
in which //-classes differ from HAUSDORFF spaces, thus demonstrating that 
FRECHET'S obsessiveness about H-classes as compared with HAUSDORFF spaces was 
not well justified. 

If ever ALEXANDROFF was bothered by FR~CHET'S sensitivity about receiving 
the credit which he felt was his due for his work on abstract spaces, the letters do 
not show it; on the contrary, ALEXANDROFF was always reassuring and respectful 
about FRt~CHET'S importance. As shown in the letter of June 7, 1933, he was apo- 
logetic, perhaps more than he was obliged to be, when he realized that FR£CHET 
felt neglected by something ALEXANDROFF had failed to include in a small book 
he had published. 

In the comments of URYSOHN and ALEXANDROFF about the Esquisse and in 
ALEXANDROFF'S reactions to the manuscript of FRt~CHET'S book on abstract spaces 
one can see, I believe, that they were deliberately cautious about offering penetrating 
general evaluation and criticism, while at the same time pointing out a few specific 
places where corrections and improvements were needed. I suspect that they were 
not enthusiastic about the attention FR~CHZT gave to extremely general topologi- 
cal spaces (the V-spaces of his work of 1918 and later). 

As it happens, something is known about ALEXANDROFF'S estimate of the work 
of FR~CHZT, at least as he reported that estimate himself in 1978, when he was 
about eighty-two years old. The availability to me of this estimate came about in 
April of 1979 when I was working at the Archives of the Acad4mie in Paris. 
L. C. ARBOLEDA (mentioned at the beginning of Section 9 of this essay), told me 
the following about his correspondence with A. P. YOUSCHKEVlTCH, the Russian 
historian of mathematics, in connection with ARBOLEDA'S study of the FR~CHET 
documents in the Archives, and in particular the letters from ALEXANDROFF to 
FR~CHET. Among other things, in a letter that ARBOLEDA wrote to YOUSCHKE- 
VITCH in July of 1978, he asked about ALEXANDROFF'S opinion of FR~CHET'S work. 
YOUSCHKEVITCH was able to visit ALEXANDROFF and tell him the contents of ARBO- 
LEDA'S letter, after which YOUSCHKE¥ITCH conveyed some of ALEXANDROFF'S re- 



358 A.E.  TAYLOR 

marks to ARBOLEDA in August of 1978. As I learned from ARBOLEDA, ALEXANDROFF 
was of  the opinion that FRI~CHET'S most important work was in his thesis, espe- 
cially the part about metric spaces. He thought the level of FRI~CHET'S subsequent 
work was never the same. He thought that the credit for the neighborhood method 
of dealing with abstract topology belonged to HAUSDORFF and that L-classes 
were of secondary importance. Nevertheless, ALEXANDROFF appreciated FRI~CHET'S 
Esquisse very much. In it, he said, was defined in substance the notion of a general 
topological space (by which I presume he meant either FRI~CHET'S 'new' V-classes 
or the concept of a space with the barest possible structure based on the notion 
of derived sets subjected to few or no assumptions). He indicated, however, that 
much the same thing was done and developed with more success by KURATOWSK1, 
with his axioms on the closure of sets (in KURATOWSKI'S thesis [KURATOWSKI 1]). 
By the attribution of 'more success' to KURATOWSKI I've no doubt that ALEXAN- 
DROFF'S point was that KURATOWSKI went on to build a coherent theory that was 
carried beyond the very general beginnings and into the richer body of topology 
that could be erected for metrisable spaces. He did this in his book [KURATOWSKI 2]. 

11. Fr~chet's book: Les espaces abstraits 

The full title of the book here under discussion is Les espaces abstraits et leur 
thJorie considdrde comme introduction ~ l'analyse gdndrale. From notes made by 
FRI~CHET in an old notebook used for many records over a period of many years 
(which I was able to borrow from FR~CHET'S daughter in 1979) it appears that the 
definitive manuscript was sent to the publisher on December 30, 1926. The Pre- 
face of the published book is dated 'Strasbourg, d6cembre, 1926.' The notebook 
also revealed that FR~CHET was dealing with the galley proofs from late November, 
1927 to early March, 1928 and with page proofs through the month of March. 
The book must have come out as early as June, for one of FR~CHZT'S correspon- 
dents, in a letter dated July 2, 1928, thanked FR~CHET for the copy he had recently 
received (this was B. DE KER~KJART6, who had earlier been reading proof sheets 
of the book). Others who read all or a substantial part of the book in pre-publi- 
cation form were FR~CHET'S close friend G. BOULIGAND, T. H. HILDEBRANDT, 
VALIRON (On the faculty at Strasbourg), W. SIERPINSKI, and P. ALEXANDROFF, 
as well as students of the latter in Moscow. HILDEBRANDT, who had access to 
the copy of the manuscript that ALEXANDROFF had with him in G6ttingen, wrote 
to FRI~CHET in a letter of July 31, 1926, that he was mostly interested in the Intro- 
duction and in what FRI~CHET had remarked about E. H. MOORE'S general analysis. 

BOULIGAND, in a letter to FRI~CHET dated April 15, 1927, wrote: "Je  suis 
plus en plus enthousiaste ~t l'id6e de voir para~tre votre livre sur les espaces ab- 
straits. Je crois sinc6rement que vous avez devanc6 [outrun, gone ahead of] les 
math6maticiens contemporains en mati6re de th6orie g6n6rale des ensembles, 
d 'une mani6re telle qu'on n'a pas su toujours juger de 1'importance de l 'oeuvre 
que vous avez 6difi6: Son influence est nettement visible dans une quantit6 d'autres 
travaux, et notamment, vous avez trouv6 pour la construction de la topologie, la 
voie qui semble la meilleure (ce qui n'est pas peu dire, car cela me semble 6ventualle- 
ment nouveau et fondamentale)." 

In the Preface to the book it is made clear that FR~CHET'S plan was not to write 
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a text book on the topology of abstract spaces. Rather, he envisaged the book 
as a presentation of a certain part of his own work on general topology, taking up 
the ideas and results in their natural order, indicating the general lines of develop- 
ment and showing, insofar as possible, the origins and connections between the 
fundamental ideas, but without going into the details of proofs of things asserted. 
Here is the leading paragraph of a section of the Pr6face with the heading Mode 
d'exposition adoptd. "Comme dans les M6moires que nous venons de citer, nous 
nous proposons seulement dans ce volume, en rappelant les principaux r6sultats 
acquis, de replacer ceux-ci dans leur ordre naturel et d'indiquer dans la mesure 
du possible, l'origine et l'enchafnement des id6es fondamentales. Notre d6sir 
est d'attirer l 'attention sur l'Analyse g6n6rale, d'en marquer les lignes directrices, 
plut6t que d'en faire un expos6 detaill6. Nous nous abstiendrons donc de d6mon- 
trer les propri6t6s 6nonc6es, mais nous indiquerons 5. chaque fois les r6ferences qui 
permettraient au besoin de retrouver les M6moires o~ ces propri6t6s ont 6t6 
6tablies." 

He referred to the need of a book of this sort in the French language, saying: 
" L e  besoin d'une publication, en frangais, sur ces mati6res, se faisait, en effet, 
d'autant plus sentir que l'Analyse g6n6rale n'est connue en France que de quelques- 
uns, alors qu'5' l '&ranger le hombre va croissant des M6moires que lui sont consa- 
cr6s." In his expressions of gratitude to various persons the following is notable: 
"J 'a i  aussi 5' coeur de mentionner le concours que m'a pr~t6 le regrett6 Urysohn. 
Son ami, M. Alexandroff et lui, ont grandement facilit6 la r6daction de ce livre 
en proc6dant sur ma demande 5. une r6vision minutieuse de l'Esquisse . . . '  qui a 
servi de base au pr6sent Ouvrage." Indeed, the influence of ALEXANDROFF and URY- 
SOIqN greatly exceeded their review of and commentary on the Esquisse. All 
through the book, especially in its second half, one can see the influence of the 
letters written to FR~CrIET by ALEXANOROFF and UReSOHN jointly and by ALEX- 
ANDROFF alone. 

The book is divided into an Introduction and two parts. The first part (pages 
23-155) deals mainly with ideas about dimensionality and metric spaces. The second 
part (pages 157-274) deals mainly with non-metric topology. The emphasis 
throughout is centered on FRI~CHET'S own work, but consideration is given to 
the work of others where such work bears a close relation to that of FR~CHET. 
The Introduction (pages 1-21) provides a kind of overview of the notions of func- 
tional analysis and abstract general analysis. All of this is broadly conceptual, 
with no technical elaboration. It is interesting to observe what FR~CHET said at 
the end of the Pr6face in the way of guidance to readers of the book, as well as 
what he said about his own larger intentions. : 

" . . .  ceux qui s'int6ressent surtout aux applications de l'Analyse fonctionnelle 
pourrant se contenter de life la premi6re Partie. A ceux qui sont attir6s par la 
Th6orie des ensembles abstraits en raison surtout de sa portde philosophique, la 
lecture de la seconde Partie pourra suffire. Ils s'apercevront qu'elle permet de 
pdn&rer plus intimement la nature des notions de distance, de limite et de voisinage. 

"D'ailleurs, pour les raisons d6velopp6es pages 11-14, le pr6sent Ouvrage 
ne doit ~tre consid6r6 que comme un pr6ambule. C'est l'extension de l'Analyse 
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classique ~ l'~tude des fonctions abstraites de variables abstraites; en deux mots, 
c'est l'Analyse g6n6rale, qui a toujours 6t6 le but ultime d'un tr~s grand nombre 
de nos travaux. 

"Nous espOrons pouvoir dtudier plus tard, en un volume distinct, l'Analyse 
gdndrale proprement dite." 

Pursuant to this plan, this book contains nothing about FRI~CHET'S definition 
of the differential in general analysis, nothing about generalized power series 
expansions, andnothing about the application of general topology to the theory 
of surface area. The discussion of functionals and interspace abstract transforma- 
tions is limited to discussions of continuity, equicontinuity, and semicontinuity. 

In the Introduction, after several pages on 'Les M6thodes de l'Analyse g6n6- 
rale,' FR~CHET undertakes to meet objections to his plunge into extreme generality 
by playing devil's advocate for a bit, expressing objections that he knows are 
expressed against overly general theories, and then offering his refutations. 

At the end of the Introduction he makes a point of distinguishing his interest 
in topology from the interests of those who view topology as a contribution to 
the foundations of geometry. I quote: 

"'Mais l'dtude des fondements de la gdomgtrie n'est pas l'objet principal des 
travaux de l'auteur . . . .  

"Notre but est surtout de faire une 6rude g6n6rale des relations entre variables 
abstraits, ~tude enterprise, non seulement, pour obtenir des r6sultats nouveaux, 
mais aussi pour r6aliser l'unification des 6noncds classiques de la Th6orie des fonc- 
tions et de l'Analyse fonctionnelle. C'est dire que nous irons chercher-toutes les 
fois que cela nous sera possible- nos exemples parmi les conceptions math6mati- 
ques dont l'utilit6 a 6t6 d6j~t @rouv6e, plut6t qu'au moyen de constructions sp6- 
cialement imagin6es en vue d'un th6or~me d'existence. Nous voyons 5. cette fagon 
de proc6der les deux avantages suivants. Nos exemples 6tant puis6s dans [drawn 
from] l'Analyse (fond6e sur la notion de nombre), l'utilit6 de la th6orie qu'ils 
illustrent appara~tra mieux comme ind6pendante des fluctuations de la pens6e 
moderne concernant le module math~matique de notre monde physique. I1 ne 
peut en ~tre de m~me de la topologie, qui a en vue l'61aboration de ce module. 
Le seconde avantage consiste simplement en ce qu'il est toujours profitable en 
math~matique d'aborder le m~me probl~me de divers c6t6s ~t la fois. Sans compter 
que les r6sultats que nous obtiendrons ortt un int6r~t propre pour le d6veloppement 
de la th6orie des divers champs fonctionnels les plus importants, ind6pendamment 
de toute application g6om6trique." 

The latter half of this paragraph seems rather obscure to me. Perhaps it is 
an expression of an aspect of FR~CHET'S thought that (as we shall see in Section 12) 
caused some of FRI~CHET'S comtemporaries to label him, somewhat contemptuous- 
ly, as more a philosopher than a mathematician. I put this last issue aside as an 
irrelevant distraction from the task of appraising FR~CHET as a mathematician. 
FR~CHET'S most important work as a mathematician, not excepting, I think, his 
later work in probability and statistics, was in abstract general topology and in 
general analysis. He stated his interests and his goal in the concluding portions 
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of the Pr6face and the Introduction to this book. In this essay I have been consider- 
ing him as a topologist. In the third and concluding essay about FRfiCHET I shall 
consider him as an analyst. 

FRfiCm~T'S book was most certainly not appropriately designed as an instru- 
ment for aiding a student who wished to learn systematically the most important 
things about the state of topology in the second half of the 1920's. For  such a 
student an effective instrument would have been one that selected a certain start- 
ing point, hewed to a certain line of development to reach the fundamental ideas 
and results without much distraction with side issues, and displayed enough of 
the arguments and proofs needed along the way to enable the student to under- 
stand the subject and become proficient in demonstrating the theorems and making 
investigations independently. FRfiCHET'S decision to omit proofs and merely to 
describe a great assortment of ideas and results, with not much selective emphasis, 
made the book merely a compendium of definitions, facts, and relationships, 
with a guide to the periodical literature as the only help, if furthm help were needed. 
This deprived the book of the appeal of a well planned textbook which would 
instruct, inspire, and encourage young scholars. 

FRI~CHET'S book was too late on the scene to have any hope of displacing the 
influence of HAUSDORFF'S book of 1914. Moreover, it was not constructed in a 
manner to capture the minds of young French mathematicians who might readily 
have preferred a French book to a German book on Topology. 

Ironically, it fell to a Polish author to write a book that gave FRfiCHET'S H- 
classes a prominent position in a systematic exposition of abstract general topology. 
The author was WACLAW S1ERP1NSKI, one of the principal leaders of the brilliant 
surge of mathematicians in Poland in the period immediately following the great 
war of 1914-18. S~ERVINSKI wrote a book on set theory in the Polish language. 
It was in two parts, the first on transfinite numbers, the second on general topology, 
Being in Polish, it had to be translated into more widely known languages before 
it could exert the influence of which it was capable. The part on general topology 
was translated into English and published in Canada in 1934 as [SIERPINSKI 2]. 
The preface to the original Polish text, bearing the date February, 1928, was trans- 
lated into English and included in the translated book. This book was of great 
value as a textbook. I know of no other place where the theory of H-classes is 
developed as clearly, systematically, and thoroughly. It is ironic that SIERPINSKI'S 
book does a better job of putting H-classes in a favorable light than is done in 
any of FRI~CHET'S own writings. 

In the first chapter SIERP~NSK~ studies an abstract space in which there are cer- 
tain sets, called open sets, whose only properties are those that can be inferred 
from three axioms: (1) the empty set is open,  (2) the entire space is an open set, 
(3) the union of any collection of open sets is open. In the second chapter two more 
axioms are added: (4) given two distinct elements in the space, there exists, corres- 
ponding to each element, an open set containing that element but not the other, 
(5) the intersection of two open sets is an open set. It turns out that, with neighbor- 
hoods of an element defined as open sets containing that element, the space be- 
comes a FRfiClqET V-class of precisely the sort called an /-/-class by FR~CHET, 
as defined by his four axioms for neighborhoods that are open (see Section 6). 

In the ensuing (third) chapter S~RVINSKI adds a sixth axiom, that the space con- 
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tains a denumerably infinite family F of open sets such that every open set is a 
union of some subfamily of F. This is equivalent to HAUSDORFF'S second axiom 
of countability. It is worth noting that SmRVINSKI has the BOR~L theorem (a 
closed and compact set has the BOREL property) in his second chapter and the 
BOREL-LEBESGUE theorem (a closed and compact set has the BOREL-LEBESGUE 
property) in his third chapter, which deals with H-classes satisfying the second 
axiom of countability. 

HAUSDORFF spaces and metric spaces are considered in later chapters of [SmR- 
I'INSKI 2]. Ill a way the first three chapters of SIERPINSKI'S book provide a strong 
justification for FRI~CHET'S claim that much of general topology can be developed 
for H-classes, without the necessity for invoking the I-IAUSDORFF separation axiom. 

The significance of H-spaces can be recognized in the work of another man from 
Poland. One of the younger Polish mathematicians of the 1920's, CASIMIR KURA- 
TOWSKI, obtained a doctorate at the University of Warsaw in 1920 with a thesis 
in which he began his development of general topology with four axioms about the 

notion of the closure A of a set A. The axioms were 

1) A W B =  A k J B ;  

2) A is contained in A; 

3) the closure of  the empty set is empty; 

4) the closure of A is A. 

These axioms and some of their consequences are contained in [KURATOWSKI 1]. 

KURATOWSKI, referring to FR~CHET'S thesis, pointed out that, with A--= A W A', 
the foregoing axioms are satisfied in an L-class. He made no mention of [FR~- 
CHET 66]. As SIERVINSKI pointed out on page 33 of the book [SmRVlNSKI 2], KUgA- 
TOWSKI'S four conditions on the closure of a set are consequences of SIERPINSKI'S 
five axioms on open sets (as I presented them in an earlier paragraph). ALEXAN- 
DROFF & HOPF, in their book, used the four axioms of KURATOWSKI to define 
what they called a topological space. Such a space is more general than a 
T~-space (which is an H-space). 

When KURATOWSKI came to write his book [KURATOWSKI 2], he used a modi- 
fied set of axioms (given on page 15 of the book): 

I) A L I B =  A k J B ;  

II) A = A if A is empty or contains just one element; 

III) the closure of A is A. 

He remarked as follows" "M.  M. Frfchet appelle "accessibles" les espaces assu- 
jettis attx axiomes I - I I I . "  This is not quite accurate, for FRI~CHET did not use these 

axioms. However, with A = A kJ A', KURATOWSKI'S three axioms are equivalent 
to the axioms on derived sets that FRI~CHET used to define H-spaces. Thus we see 
that KURATOWSKI as well as SIERPINSKI built up in a book a systematic presentation 
of ideas and results about spaces that are in fact H-spaces. KURATOWSKI'S book, 
unlike that of  FRt~CHET, contained demonstrations and served as an influential 
textbook. After an initial chapter it moved on rapidly to metric and metrisable 
spaces. 
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In Section 6 of my essay I, I quoted excerpts f rom the report that HADAMARD 
made to the Acad6mie in 1934 in support of FR~CrIET'S candidacy for election 
to the Section de G6om6trie of the Acad6mie. A vacancy in the Section had 
been created by the death of PAUL PAINLEV~ on October 29, 1933. As was custo- 
mary, candidates prepared a statement of their accomplishments which was printed 
and made available to members of the Acad6mie who were to vote on the filling 
of  a vacancy. FR~CHET'S statement, Notice sur les Travaux Scientifiques de M. Mau- 
rice Frdchet, bears the date 1933. It is listed for the year 1933 in the Bibliography; 
I refer to it hereafter as [FR~CHET, Travaux]. It contains a chronology of FRri- 
CHEa"S teaching appointments and honors he received, followed by lists of his 
publications in seven categories. The greater part of the Travaux is devoted to 
discussion of his ideas and his writings. At the head of his introduction to the 
discussion of his work FR~CHET quoted the following statement by LEmNIZ: 

"Ceux qui aiment ~ pousser le d&ail des sciences m6prisent les recherches 
abstraites et g6n6rales et ceux qui approfondissent les principes entrent rarement 
dans les particularit6s. Pour moi, j 'estime 6galement Fun et l'autre, car j 'ai trouv6 
que l'Analyse des principes sert ~ pousser les inventions particuliares." 

FR~CHEr put immediately following this quotation the following sentences: 

"Je  me sens confondus d'admiration et d'humilit6 devant la profondeur des 
conceptions de Leibniz et l'universalit6 de son g6nie. Mais l'6pigraphe ci-dessus 
m'a paru si bien s'appliquer, toutes proportions garddes,/t mon propre &at d'esprit, 
que je n'ai pu r&ister ~ la tentation de le placer en t&e de cette Notice. Ce sont 
certainement rues recherches 'abstraites et g~ndrales' qui ont le plus contribu6 

me faire connaitre des math6maticiens ... Mais, de tout temps, je me suis aussi 
int6ress6 activement h diverses questions particuli~res qui se sont pr6sent6es /l 
mon esprit en g6om&rie et en Analyse. Et dans la derni~re quinzaine d'ann6es, 
je me suis efforc6 de contribuer 5~ la vulgarisation des applications scientifiques et 
industrielles des math6matiques." 

The person elected in 1934 was GASTON JULIA, who was more than fourteen 
years younger than FR~CHET. The next election to the Section de Gdom6trie 
occurred in May of 1937, when PAUL MONTEL (about two and a half years older 
than FR~CHET) was elected to replace EDOUARD GOtJRSAT, who died on November 
25, 1936. On this occasion FR~CHET was presented by HADA~gD as a candidate 
" in  3rd line" which meant, as I understand it, that the Section de G6om&rie placed 
two other candidates ahead of him for the position. In 1934 he had been a candidate 
" in  4th line". Even though a person might not be a leading candidate, merely being 
a candidate could be useful for a subsequent occasion. HENRI LEBESaUE died un July 
26, 1941, creating a vacancy again. At that time FI~CHET became a candidate once 
more. The first line candidate was ARNAUD DENJOY, who was more than five years 
younger than FR~CHET. He was elected in June of 1942. In presenting the case for 
FR~CHET to the Acad6mie in 1942 EMIL~ BOREL wrote in the document bearing 
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his signature that if the candidate being presented were not " tout  ~t fait exception- 
nel" he would have insisted on presenting FR~CHET "en 1 ~ ligne," and he said that, 
short of unforeseen circumstances, the first place to become vacant in the Section 
de G6om6trie should be reserved for FR~CHET (who was then nearing age 64). 

It is worth noting much of what BOREL had prepared to say about FRI~CHET 
at the time of the election of 1952. He observed that FRI~CHET'S work had made him 
distinguished abroad perhaps even more than in France. He had been invited 
to give addresses, not merely to a section, but to a general session of the Internation- 
al Congress of Mathematicians in Rome in 1928 and in Oslo in 1932. Speaking 
of Fg}2CHET'S membership in the Polish Academy, BOREL said that as of 1942, 
FRI~CHET was the only "membre titulaire fran~ais de cette Acad6mie n'apparte- 
nant pas ~t l'Institut de France." BOREL said that FR~CHET'S work seemed to fall 
into two distinct periods and to be devoted to two different domains "d'esprits 
presque oppos6s." The first period, up to 1928, was primarily occupied with the 
theory of sets and general analysis. In the second period FR~CHET was more and 
more occupied with probability and its applications to statistics. BOREL called this 
change astonishing; he said that FR~CHET had been saluted as the creator of the 
theory of abstract spaces, and then had been recognized, both in France and abroad, 
as an expert in probability, his new field. One evidence of this had been that he 
had, in 1927, been asked to direct the Colloque International de Gen6ve sur le 
Calcul des Probabilit6s. Speaking of FR~CHET'S work on the theory of probability, 
BOREL mentioned several particular areas in which FR~CHET had worked, and said 
that, especially in certain domains of the theory, FR~CHET had transformed "un  
chantier de construction [a work-yard] en une maison habitable." Also "il a trans- 
form6 un ensemble h6t6roclite [irregular, eccentric, odd] de r6sultats partiels 
en une th6orie rigoureuse et coh6rente." Here BOREL was presumably referring to 
[FR~CHET-F188] 26 and [FR~CHET-F188 bis]. He made clear that in these remarks 
he was praising FR~CHET for a useful accomplishment in exposition and systema- 
tizing. 

After some discussion of FRt~CHET'S pioneering work in abstract spaces and 
his introduction of the concepts of compactness, completeness, and separability, 
BO~L then raised the question of whether it is a work of mathematics to obtain 
useful definitions. Is that a genuine invention ? BOREL stated that POI~qCAR~ had 
given an answer in his writing, described by BOREL as follows: " la  math6matique 
n'est qu'une langue bien faite. Sous une forme volontairement exag6r6, il a voulu 
faire ressortir que l 'introduction d'une nouveau mot est souvent pr6c6d6 d'un 
travail au cours duquel l 'auteur a fait de nombreuses d~monstrations qui l'amertai- 
ent chacune ~t la conclusion n6gative que telle ou telle notion ne pouvait convenir 
au but qu'il s'&ait assign6 et devait &re 6cart6e ou modifi6e. Apr6s quoi le travail 
pr6paratoire dolt disparaitre: tout devient plus facile ~t celui qui trouve la d6fini- 
tion toute pr6par6e et risque d'oublier qu'un travail d'61imination pr6alable a 6t6 
n6cessaire et qu'il comportait des suites de syllogismes de m6me nature qu'il a 
suivi." 

26 My own chronological enumeration of FRt~CHET'S publications has not been car- 
ried far enough to include this and the next-following publication of FR~CHET (both of 
them books), to which he assigned the numbers 188 and 188 bis. 
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BOREL said that one of FRI~CHET'S characteristics was his refusal to be satis- 
fied by theories that are admitted without discussion. He cited various instances 
in which FRI~CHET, by probing into things that had been taken for granted, came 
upon new findings or better proofs. 

In a statement of summation by BOREr. one can read between the lines that there 
were conflicting views about the merits of FR~CHET'S work. He said that FRI~CHET 
was among those mathematicians for whom the attraction of a question consists 
not so much in the difficulties to be conquered as in the discovery of a new field 
or a new method. They do not mind leaving unsolved problems behind if they 
have succeeded in opening a new "champ d'action" and resolved some of the ques- 
tions thus raised. BOREL said that while some mathematicians "de  grande valeur" 
had been "insensibles ou dddaigneux" with respect to the theories that occupied 
FRI~CHET, other eminent mathematicians appreciated them. Particularly abroad 
and among the young in France, according to BOREL, were research workers with 
an enthusiastic interest in the fields opened by FRI~CHET. BOREL thought that the 
trace FR]~CHET would leave behind would in later years be even greater than it 
appeared to be at that time, I quote: "Des maintenant, en effet, o~ quelques ann6es 
se sont ecoul6es depuis le moment off il a cess6 de s'occuper activement d'analyse 
g6n6rale, on observe que les id6es qu'il y a irttroduites n'en ont pas moins continu6 

faire sentir leur influence. Sans parler du d6veloppement propre d'analyse g6n6- 
tale, qui s'est poursuivi, ces id6es ont aussi envahi de nouveaux domaines. C'est 
ainsi que la notion et les propridt6s des espaces distanci6s ont 6t6 utilement em- 
ploy6es par M. M. Bohr et Besicovitch dans la th6orie des fonctions presque- 
p6riodiques; par M. Kfirschack puis par de nombreux math6maticiens, grace 5. la 
notion de 'Bewertung' li6e ~t l'in6galite triangulaire, par M. Menger dans sa nouvelle 
conception des int6grales du Calcul des Variations comme dans sa g6om6trie 
m&rique, par M. Paul L6vy en ce qui concerne la distance de deux lois de rdparti- 
tion comme d'ailleurs par M. Fr6chet lui-m~me pour la distance de deux variables 
al6atoires etc. etc." 

There are in the Archives some letters to FRI~CI-IET, f rom members of the 
Aead6mie, touching on the election of June, 1942. Several are of interest. One 
dated May 21 is from MARCEL BRILLOUIN. He wrote: " M o n  cher camarade, 
Votre candidature me para~t toute naturelle, et je serais bien embarrass6 pour  
avoir une pr6ference si j'6tais ~ Paris. Je comprends/t  peu pros les questions que 
vous traitez. Je n'en saurait dire autant pour Denjoy." (He indicated that he was 
living without too much difficulty in an old family home and didn't intend to 
return to Paris until the war was over.) A letter of May 18 with an illegible signature 
came from St. Emilion. The writer said that he thought DENJOY might have the 
greater chance of success, but that FRt~CHET'S record as an "ancien combattant"  
would count strongly in his favor. A letter of May 26 came from LANGEVIN in 
Troyes. He thought it unlikely he would get to Paris for the election, but if he 
did he would talk to FR~CHET. He said he was very favorably disposed "des main- 
tenant," and wished FR~CHET "bonne chance." Here is a quotation from a letter 
by JULES DRACH, who said he couldn't get to Paris for the vote :"Vous vous ~tes 
cr66 avec l'&ude des ensembles abstraits un domaine personnel qui s'est montr6 
extr~mement fertile. I1 est naturel que vous soyiez candidat en m~me temps que 
Denjoy et peut-&re emporterez vous sur l u i - q u i  s'est attaqu6 /t des questions 
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plus classiques. Quoique il arrive prochainement, votre place est marqure h la 
section de Gromrtr ie:  je souhaite en tout c a s q u e  vous ne preniez pas trop ~t 
coeur un 6chec possible, cela n 'a  pas une si grande importance. Nous allons bien 
et souhaitons que cette carte vous trouve ainsi que les vrtres en bonne santr ."  

The next vacancy in the Section de Gromrtrie  occured when ELIE CARTAN 
died on May 6, 1951. The person elected on this occasion (in March, 1952) was 
REN~ GARNIER, more than eight years younger than FR~crmT. In connection with 
this election there is an archival document handwritten on BOREL'S stationery and 
dated 25 frvrier 1952 and marked comit6 secret. It begins by explaining why FR~- 
CHET had been presented only in the 2nd line in 1942: "il s'agissait de notre con- 
frrre M. Denjoy," who was then the 1st line candidate. Now BOREr. states, he 
presents FR~CHET with the Section de Gromrtrie  unanimous, less one voice, for 
FR~CrmT. (The members of the section then were BOREL, DENJOY, HADAMARD, 
JULIA, and MONTEL. The negative voice was JULIA, about which I will comment 
later.) BOREL'S report asserts that FR~CHET'S most original work was that on ab- 
stract spaces. He then recapitulates a number of things from his report of 1942. 
Boed~L observed that, at an earlier time, many mathematicians had reservations 
about FR~CHET'S ideas, regarding them more as pure speculations, more philo- 
sophical than mathematical. But FR~CHET persevered, and the developments in 
topology led to an enlargement of the domain of mathematics. In this way BOREL 
strove to emphasize the originality of FR~CHET'S mind and the important effect 
of his work on the development of mathematics. He concluded by stating that the 
time had come for FR~CHET to take a seat "entre nous." But it did not occur. 
Later that year, however, on June 30, FR~CHET was elected 'member correspon- 
dent.' filling a vacancy caused by the death in April of  GUIDO CASTELNUOVO 
of  the University of Rome. 

A tip-off about how things might go in the election of a successor to C~TAN 
came to FRl~CHET in a letter from his good friend DENJOY on July 13, 1951. Evi- 
dently, four of the five surviving members of the Section de Gromrtr ie  had quickly 
reached agreement to support FRI~CHET'S candidacy. DENJOY wrote: " M o n  chef 
F r r c h e t -  En effet, pour barter la route au caprice saugrenu [preposterous, absurd] 
du einquirme membre de la Section, les quatre autres &6 immrdiatement d'accord 
pour nous unir sur ta candidature. Par ailleurs ton r61e historique dans l 'orientation 
des mathrmatiques depuis un demi-si~cle place notre clan au-dessus de la critique. 
Bien ~t to i - -A.  Denjoy." 

More information about FRI~CHET'S candidacy for the vacancy caused by the 
death of CARTAN is to be found in letters written to FR~CHET by PAUL L~VY in 
1951 and early 1952. L~v¥, a gifted proteg6 of HAOAMARO, was eight years younger 
than FRI~CHET and held a position at the Ecole Polytechnique (which he lost 
temporarily during the Second World War). The voluminous file of  letters from 
L~vY to FR~CHET in the Archives of the Acadrmie begins with a letter of Decem- 
ber 29, 1918. This correspondence would be of prime importance to anyone 
making a study of the life and work of Lt~vY. It is evident that L~vY was also a 
candidate for election to the Section de Groin&tie in 1952, and was thus in com- 
petition with both FRI~CHET and GARNIER. The letters to FRI~CHET are quite open 
about this. Ll~vY and FRI~CHET were good friends. This seems evident from the 
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letters, which are filled with both scientific and personal matters. Their close friend- 
ship was confirmed to me orally by FR~CHET'S daughter in 1979. In a letter of May 
19, 1951, shortly after CARTAN'S death, L~vY indicated to FR~cI-mT that it was being 
questioned whether he (L~vY) should be a candidate, for by doing so he might 
"se jeter en travers de la chemin de Fr6chet." According to FR~CHET'S daughter, 
BOREr. had said to L~vY, "R6tirez vous," so as not to hinder FR~CHET'S chances. 
Also, according to L~vY himself, HADAMARD had asked him about his intentions. 
L~v,z wrote that, in his opinion, the third candidate (GARNm~.) had a very strong 
position, but didn't have "de chances s6rieuses contre Fr6chet." Lf~vY had decided 
to maintain himself as a candidate because he didn't want to let GARNIER have a 
big advantage over him the next time. He assured FP.~CH~T that in his visits to 
members of the Acad6mie (to present his credentials) he would make clear his 
esteem for FR~CHET. He said that FR~CHET should not have to "attendre plus 
longtemps." Then, in a letter of July 2, he wrote FR~CrlET that he was sending out 
a letter to members of the Acad6mie indicating that if, after two rounds, there 
was no chance of his election, he hoped they would rally for FR~CHET. He said 
that JULIA was making a campaign for GARNIER and against LI~vY and FRt~CHET, 
saying that FRl~CHET was a philosopher, not a mathematician. JULIA had said that 
directly to L~vY. In the next letter (of July 4) LI~VY told FRI~CHET of having talked 
again with JULIA, who was very eloquent for GARNIER. Indeed, LI~VY wrote of 
GARNIER, "il a abord6 et rdsolu des probl~mes difficiles." Also, "I1 est certain qu'il 
y a des gens qui disent que vous &es plus philosophe que math6maticien; il vaut 
mieux que vous le sachiez." 

On February 26, 1952, L~vY wrote FRI~CHET that he had talked with JOLIBOIS 
(a professor of chemistry in the Ecole nationale sup6rieure des mines), after the 
meeting of the secret committee and he, L~vY, was sure that the Acad6mie would 
be impressed by the "expos6s concordantes de M. M. HADAMARD, BOREL, et 
DENJOY, et que votre election est assur6e." L~v,z was still determined not to with- 
draw, and he told FRt~CHET he thought BOREL was wrong in thinking that Li~vY's 
position would benefit GARNIER. 

There is in the Archives a handwritten joint statement by L~vY and FR~CHET, 
signed by them both, beating at the top a request to the chairman that it be read 
when the candidates were being discussed. The gist of the statement is to make the 
point that when, in 1928, FRI~CHET commented on GAUSS'S law concerning acci- 
dental errors, saying that it was only true under certain restrictions, and when in 
1933 he drew attention to PAUL Ll~vY's work, indicating that Ll~vY had not under- 
stood the necessity of considering these restrictions, this action was not really 
correct, for on page 72-74 of his book on the calculus of probability L~vY did 
show proper care. Thus the statement was a sort of open admission by FR~CHET 
that he had mistakenly but inadvertently and unintentionally given the impression 
that LI~vY had made a mistake. 

After he learned that FRI~CHET had been elected as a corresponding member, 
L~vY wrote to speak about that. Then: "Mais je ne peut pas m'emp~cher de con- 
stater qu'il est sans exemple depuis que l'Acad6mie existe qu'un math6maticien 
fran~ais, ayant les titres [qualifications] que vous avez et ayant eu l'influence que 
vous avez eu, n'artive pas ~ &re membre d'une des deux premi6res sections [G6o- 
re&tie and M6canique]. Malgr6 l'avantage qui peut un jour ell r6sulter pour moi, 
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ce n'est pas sans peu de regret que j 'apprends la cons6quence actuel le-mainte-  
nant no rma le -des  erreurs ant6rieures. Mais je veux surtout vous f61iciter et ex- 
primer l'espoir que vous arriverez bient6t ~t l'6chelon sup6rieur darts cette nouvelle 
voie." 

FR~CHET'S next opportunity came after BOREL'S death on February 3, 1956; 
he was elected to the Section de G6om6trie on May 14. In support of his candidacy 
on this occasion FR~CHET prepared a brief typed "notice abreg6" of his scientific 
works from 1902 to 1956. In it he enumerated the extent of his publications in 
each of nine different classifications: 

Math6matiques appliqu6es 12 
Statistique math6matique 36 
Calcul des probabilit6s 77 
G6om6trie 36 
Analyse classique 65 
Analyse fonctionelle 16 
Espaces abstraits 28 
Analyse g~n6rale 25 
Philosophic et p6dagogie 18 

des math6matiques 

After this he quoted again the statement by LEIBNIZ that he had used in [FRt~- 
CHET, Travaux] (given earlier in the present section of this essay), and then he 
added the following remarks: 

"En  jetant un regard en arri6re, il nous est plus facile de discerner les tendances 
inconscientes qui ont orient6 nos travaux: C'est peut-&re, d'abord, un souci 
constant de d6gager l'essentiel de l'accessoire et, d'autre part, un penchant ~t 
nous 6carter des sentiers battus, ~t tenter de r6soudre des questions qui se posent 
plut6t que des questions ddj~t pos6es. 

"C'est  une obsession de rigueur qui ne nous a que rarement fair d6faut. C'est 
enfin un 6clectisme d6j~t exprim6 dans la citation ci-dessus qui nous a port6 ~t 
nous int6resser de plus en plus aux applications-m~me, s'il te fallait, purement 
num6riques-aussi  bien qu'aux th6ories abstraites par lesquelles nous avions 
d6but6." 

In his monograph about the life and work of BOREL [FRI~CHET on BOREL] 
FRI~CHET made (on page 2) the following point about his own situation in relation 
to that of BOREL: "Je consid6re comme le plus grand honneur de ma vie d'avoir 
6t6 61u deux lois comme successeur d'un illustre savant: d 'abord ~t sa chair de la 
Facult6 des Science s, puis dans son fauteuil de l'Acad6mie des Sciences." 

PAUL LEVY was the next person elected to the Section de G6om6trie. He suc- 
ceeded HADAMARD in 1964 at age 77; HADAMARD was almost 98 when he died. 

That FRt~CHET should have had to wait until he was in his seventy-eighth year 
was the result of special circumstances, some of which are apparent in the accom- 
panying tabular display. 



Fr4chet's Work on General Topology 369 

Name Year of election Age at election Age at death 
PAINLEVI~ 1900 37 69 
HUMBERT 1901 42 66 
HADAMARD 1912 47 97 
GOURSAT 1919 61 78 
BOREL 1921 50 85 
LEBESOUE 1922 46 66 
CARTAN 1931 61 82 
JULIA 1934 41 85 
MONTEL 1937 60 98 
DENJOY 1942 58 90 
GARNIER 1952 65 92 
FRI~CHET 1956 77 94 
L~vY 1964 77 85 

The names are those, in order of election to the Section de G6om&rie, who were 
elected in 1900 or later and prior to the election of MANDELBROJT, who succeeded 
L~vY in 1972. Just prior to the death of L~vY in 1971 the average age of the mem- 
bers of the Section de G6omdtrie (membership was limited to six) was approximate- 
ly 88! Out of thirty-four persons elected to the section from 1803 (BIoT) to 1964 
(L~vY), only FR~CHET and L~vY were in their 70's and only four were in their 60's. 
The median age of election was 42 and the average was 47. FR~CHET was unlucky 
in his competition with JULIA, MONTEL, DENJOY, and GARNIER, all of whom were 
in, or closer to, the tradition of classical analysis. 

13. Conclusions 

In Section 12 of my Essay I, I stated a major conclusion based on my study of  
FR~Cr~ET, namely that he, as the first mathematician to make a systematic and 
extensive study of general point set topology using an abstract and axiomatic 
approach, opened the way for this sort of study and that his work, culminating 
in his doctoral thesis, had an impact of major importance. 

In this essay, after studying FRI~CHET'S subsequent contributions up through 
the publication of his book in 1928, I conclude that FRI~CHET'S accomplishments 
in topology during this period were much less important. They were not negligible, 
but they were not as significant in substance and influence as the thesis. Probably 
his most significant contribution to topology after 1906 was his theory of H- 
classes. For  this work he blended two very general abstract approaches to topo- 
logy. The first of these was borrowed from F. RIESZ: the idea of an abstract space 
in which with each set E in the space is associated another set E', the derived set 
of E. The association of E '  with E is initially subjected to minimal conditions, but 
later to added conditions. The second approach was via a notion of neighborhoods 
of a point, using this notion to define derived sets. The eventual product of the 
consideration of these two notions in tandem was the concept of an H-class, which 
in FR~CHET'S book is called un espace (H), or, alternatively, un espace accessible, 

FRI~CHET used the term espace topologique (see pages 166-169 in [FR~CHET 
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132]) for an abstract space in which the notion of a derived set is subject to the single 
condition that E '  and (E - (x))' are the same whenever x C E ' ;  here E - (x) 
denotes the set of all points that are in E and distinct from x. One way of defining 
an H-class, using the notion of derived sets, is set forth at the end of Section 6. 
The other route to H-classes is via FR~CHET'S general notion of a V-class, in which 
derived sets are defined by saying that for x to be in E '  means that, for each neigh- 
borhood U of x,  (E  - (x) A U is not empty. The conditions for an H-class deter- 
mined by neighborhoods that are open sets are given at the end of Section 6. 

FRI~CHET'S working out of the two methods of defining H-class are contained 
in [FR~CHET 66] and [FRI~CHET 75], but the definitions do not stand out very clearly 
from the rest of the contents of these two papers. H-classes are defined by the two 
methods quite explicitly and clearly on pages 354-355 in the Esquisse, [FR~CHET 
76]. The definitive presentation of H-classes by FRI~CHET is on pages 185-187 in 
his book. 

As can be seen in Sections 9 and 10 of this essay, ALEXANDROFF and URY- 
SOHN recognized that there were distinct merits to H-classes. In particular, it is 
convenient that they can be defined so easily by conditions on derived sets. Evi- 
dently SIERPINSKI found H-classes interesting, for he presents them ahead of  his 
presentation of  HAUSDORFF spaces (as I notedin Section 11). On the other hand, the 
separation axiom for H-classes (condition (c) at the end of Section 6) renders 
H-classes less satisfactory for the applications of topology in analysis than HAUS- 
DORFF spaces with their stronger separation axiom. H-classes are presented as T1- 
spaces in the very influential book [ALEXANDROFF & HOPF], while HAUSDORFF 
spaces are presented there as T2-spaces. 

When considering and evaluating the total body of FR~CHET'S work on topology 
in the period 1907-1928, I think it must be said that it was diffuse, too general to 
fit well with the needs and tastes of the times, and not accompanied by the devel- 
opment of a methodology to attack with significant success problems whose con- 
quest might have helped to give his work prestige. FR~CHET did, in fact, pose 
problems, but usually he left them unsolved or only partially solved. It seems to 
me that he lacked the disposition, and perhaps the talent, for the sort of work 
that involves the development of technique or new ideas for attacking specific 
hard problems successfully. 

I can give several citations that help to give insight into FRt~CHET'S characteris- 
tics as a mathematician. 

From a letter to FRt~CHET from DAVID EUGENE SMITH, dated April 19, 1935, 
one can infer that FR~CHET had raised with SMITH the question of considering the 
comparative values of the works of those mathematicians who are the first to solve 
difficult problems and of those who are successful in building up new theories. 
SMITH said he would take that question up with Professor GINSBURG. Then he 
pointed out to FR~CHET that the solution of a difficult problem sometimes leads 
the way to an important general theory. I conjecture from this correspondence that 
FR~CHET recognized that he was essentially not a problem solver, but prized his 
work as a creator of a general theory. 

I remember a conversation I had with ARBOLEDA in Paris in 1979. From 
what he told me about what he had heard from certain persons who had known 
FR~CHET and had working relations with him before 1950, I gained the impression 
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that FRt~CI-IET'S ideas were so general, the breadth of his interests so varied, so 
many possibilities were opened for inquiry but so little was done to develop a 
precise and sustained methodology, that the net effect was generally antithetical 
to the prevailing spirit of the times. In spite of this, there were those (G. CHO- 
QUET, for example) who generally defended FR~CHZT'S mode of work as having val- 
ue. 

In Essay I (on page 234) I cited A. D. MICHAL'S high praise of FR~CHEI'S 
thesis in a book by MICHAL that was published in France. In a letter of  October 23, 
1962, PAUL LI~VY thanked FR~CHET for letting him see MICHAL'S book. Referring 
to MICHAL'S praise of FR~CHET'S work, L~vY wrote that he knew that many sa- 
vants shared MICHAL'S opinion, but that he would be "un  peu plus prudent que 
Michal, parce que je suis incapable de savoir si ce n'6tait pas une id6e 'dans l 'aire', 
et si Moore, par exemple, n 'aurait  pas 6crit sa 'general analysis' si vous n'aviez 
pas 6crit votre m6moire. Mais je n'ai jamais entendu contester qu'en fait vous avez 
6t6 le premier." 

The question of how much FR~CHET owed to ARZEL3~ for the notion of compact- 
ness remains a matter of conjecture in the minds of some, I believe. There is no 
doubt about the fact that ARZEL~ had enunciated the proposition that, given a 
family of continuous functions defined on a finite closed interval, necessary and 
sufficient conditions that, in any infinite sequence of functions f rom the family, 
there should be a uniformly convergent subsequence, are that the functions in the 
family be uniformly bounded and equicontinuous. But that is a far different thing 
from defining the concept of compactness in an L-class, as FR~CHEr did in the Com- 
ptes Rendus in 1904 and in his thesis in 1906. PAUL MONTZL may have expressed 
himself on this matter, but the evidence is not certain. In a letter of November 20, 
1951 from PAUL L~vY to FR~CHET, L~VY stated that MONTEL had told him, at 
least twenty years earlier, that the "not ion d'ensemble compact  6tait due ~t Arzel/t." 
L~vY then went on: "Votre  notice me prouve qu'il s'6tait t romps . . . .  Peut-~tre 
y avait-il un malentendu, et avait-il voulu parler de l 'application aux ensembles 
de functions. Mais je ne le crois pas. Inutil de vous dire que je consid~re qu'il 
s'agit d'une notion tr6s importante. Personne ne peut le contester." I do not know 
what 'notice'  of  FRI~CHET'S proved to L~v'v that MONTEL was mistaken. 

When FRI~CHET was established in Paris, late in 1928, after leaving Strasbourg, 
he was almost exactly fifty years old. A very full and long life still lay ahead of 
him. But his important work in topology was over. Activity in topology was 
flourishing in Europe and America and the direction of work in topology had 
passed him by. 
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