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Abstract

Numerous investigations ([1] and [4-9]) have been made of laminar flow in
a uniformly porous circular pipe with constant suction or injection applied
at the wall. The object of this paper is to give a complete analysis of the
numerical and theoretical solutions of this problem. It is shown that two
solutions exist for all values of injection as well as the dual solutions for
suction which had been noted by previous investigators. Analytical so-
lutions are derived for large suction and injection; for large suction a viscous
layer occurs at the wall while for large injection one solution has a viscous
layer at the centre of the channel and the other has no viscous layer any-
where. Approximate analytic solutions are also given for small values of
suction and injection.

Nomenclature

Generval

distance measured radially

distance measured along axis of pipe

velocity component in direction of z increasing
velocity component in direction of 7 increasing
pressure

density

coefficient of kinematic viscosity

radius of pipe

velocity of suction at the wall

v2/a?

wall or suction Reynolds number, Va/y
similarity function defined in (6)

eigensolution

avelocity at 2 = 0

an arbitrary constant

Bernoulli numbers
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Particular
Section 5
£ perturbation parameter, — 5
B2 a constant, —Ke
x = nfs
glx) = f(n)/e
Section 6
& perturbation parameter, — -
B2 a constant, — Ke
g(n) = &f(n)
ge(n) = g(y) near centre of pipe
n* point where g’(y) = 0
Section 7
2
&= —
R
p? = Ke
t= (1 —n)fe
wlt, &) = [1 — f(t)]/e
ag, o1 constants
g(n) = f(n) — aom
« = agfe
Y0 a constant
y* point where /() = 0

§ 1. Introduction

The effect of porous boundaries on the flow of fluids has been
studied in detail in recent years since they are of interest in a
wide range of problems, from paper making to the cooling of rocket
and jet motors. For a general boundary shape and for a prescribed
suction distribution on the boundary, it is necessary to solve a
system of partial differential equations, but, in the case of channel
and pipe flow, Berman [1] has shown that, for constant suction or
injection at the walls, the problem may be reduced to solving a
single ordinary nonlinear differential equation.

The solution of the problem of laminar flow in a uniformly
porous channel has been discussed by various authors; a résumé
of the numerical and theoretical work can be found in Terrill [2, 3].
The solutions of the appropriate differential equation are unique
and appear to be stable and well behaved. In contrast, previous
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numerical work on the problem of flow in a porous pipe, by Berman
[4] and White [5], showed that the solutions exhibit a marked
instability, with no solutions obtainable for some values of the
wall suction, and dual solutions for all other values of the suction.
Yuan and Finkelstein [6] obtained analytic solutions valid for
large injection and for small suction and injection, by using a regu-
lar perturbation technique, but they found no indication of dual
solutions. Berman [4], using a method of averages developed by
Morduchow [7], had some success in predicting the duality for a
limited range of small suction at the wall.

The numerical results of the present investigation show that dual
solutions exist, not only for all values of the wall suction, but also
for the whole range of wall injection. An attempt is made to ex-
plain this duality analytically, for various ranges of suction and
injection.

The solution for large injection, obtained by [6], is surprising
since it does not have a viscous layer at the centre, in contrast
with the corresponding solution for parallel plates (see [3]). How-
ever, it appears from numerical results that the second solution
obtained for the pipe has a viscous layer at the centre. Confir-
mation of this result is obtained analytically by the method of
inner and outer expansions.

The solution for small suction and injection given by [6] agrees
with the numerical results of this investigation but, as mentioned
earlier, a second solution also exists. The second solution is found
analytically by appealing to numerical results to determine the
dominant terms in the differential equation. The resulting solution
confirms the numerical results.

Examination of the numerical results for the large suction so-
lutions shows that both solutions tend to the same limiting profile,
which is of the boundary layer form. An analytic solution is ob-
tained, by the method of inner and outer expansions, which agrees
to first order with both solutions. It is found numerically and con-
firmed theoretically, that the two solutions differ by exponentially
small terms, but the present authors are unable to obtain two sepa-
rate analytic solutions valid throughout the pipe.

§ 2. The equations of motion

Consider steady, incompressible laminar flow through a pipe of
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circular cross section with porous walls. Assuming that the flow is
axisymmetric, we have that the equations of motion are

ou v&u_ 1 op v ¢ 76% _I_@ ou {
v e T % Tl eV T Ela) W

v o | 67>+v 7 ov n 0 ov /]
— tr—=—— — 4 —| —|7— —\lr—)——1

" 74 + or p or v Lor\ or oz 0z 7
(2)

7 /4 — O 3

At the wall the boundary conditions require the tangential velocity
to be zero and the radial velocity to be the prescribed velocity of
suction V. The boundary conditions on the axis are obtained by
taking the flow to be symmetrical, so that

u(z,a) =0, v(z,a) =1V,
on 4
(—) =0, v 0) =0 )
or Jr—o
To obtain a solution it will be assumed that v is independent of z.
For simplification the dimensionless variable
n = r*|a (5)

is introduced. The velocity component v will be taken in the non-
dimensional form

Vi)
V=, (6)
n
where f(n) is some function of 5 to be determined. Integration of
(3) yields

V()=
o a

~+ wo(n) 7

where #q(n) is an arbitrary function of %. It has been assumed that
v is independent of z and, therefore, differentiating (2) with respect
to z gives

a2p o2p

=0 or =0. (8)
or 0z on 0z
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If # and v are substituted from (7) and (6) equation (2) yields

2V2ff vege 2 0 4Vyf"
R o)
7 Ui p M a

The pressure distribution is given by the integration of (9) with
respect to #; hence

p P
L _velory — L |4 P, (10)
p 2n
where P(z) is an arbitrary function of z, and where
v
R="2 (11)
v

is the wall Reynolds number. If $ is substituted from (10) into (1)
it can be readily shown that P(z) takes the form

P(z) = Az2 + Bz + C, (12)
where 4, B, and C are constants. Substitution for %, v, and 4 from
(7), (6), and (10) into (1) and equating the coefficients of z and 20
yields

i ” R ! "
WL (i) = K (13)
and

R
i+ b+ - (wof’ — ubf) = d, (14)

where the constants K and 4 are related to the constants 4 and B
in (12) by

472K B 4Vd
"~ Ra®° 7 Ra

The boundary conditions (4) become

f(1)=0, j1)=1, f0) =0, liﬂg ntf"(n) =0 (15)
and ’

uo(1) = 0, 1lim rtup(n) = O. (16)
n—>0

Thus, the problem reduces to solving the differential equations

(13) and (14) subject to the boundary conditions (15) and (16). A
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particular solution of (14) is #o(n) ~ f'(). Any further solutions of
(14) can be regarded as eigensolutions.

In the region where the flow appears to be well behaved, it is of
interest to know whether eigensolutions exist. Numerical results
suggest that the solutions for large and small injection, denoted in
Fig. 1 by Section I, are well behaved. Solutions for this range have
been given by [6] and have been confirmed numerically. Although
it is not intended to fully discuss the possibility of eigensolutions
occurring for the complete range of wall suction and injection, it
is a simple matter to consider eigensolutions for section I injection
solutions. This possibility will now be discussed.

By a suitable choice of origin for z, the constant 4 in (14) may be
taken to be zero. Then (14) may be written

d
71;7— (Fug) — Guo = 0, (17)
where
n
R
F:nexp(-J.—f—dn> >0 for >0
2n
0
and
. Rf'F
G=— —

Numerical results and perturbation solutions for section I in-
jection solutions show that f(y) > 0 in the interval (0, 1). Thus,
since R < 0 for this range, G >0 in (0, 1). Then it follows from
the Sturm-Liouville theory that the solutions of (14) are non-oscil-
latory. Hence there are no eigensolutions for section I injection so-
lutions. However, it is possible that eigensolutions occur for other
ranges. For the present these will be ignored, and only the par-
ticular case uo(n) ~ f'(n) will be taken. This is equivalent to taking

(7) in the form
” =[U(0> ~ sz]f’(n)-

a

The velocity profile U(0) f/(y) may be regarded as the velocity
distribution at z = 0. The numerical solution of (13) subject to
boundary conditions (15) will be discussed in the following section
and theoretical solutions will be obtained in sections 5, 6, and 7.
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§ 3. Numerical method of solution

To solve (13) numerically subject to the boundary conditions (15)
appears to require a double infinity of integrations for any pre-
scribed Reynolds number, since the equation is a boundary value
problem with two conditions at either end of the range. However,
by making a suitable transformation and allowing R to be de-
termined by the integration, the equation can be solved by only one
integration.
Consider the transformation

fn) = 2g(§)
= &b,

where A and b are constants to be determined. Then substitution
into (13) yields

R
Horee” - AT BOEE e = K (18)

where primes denote differentiation with respect to & By choosing
AR = 2, we reduce (18) to

Sg/// + gll + glz . gg” — Kl (19)

where K; = K/Ab%. From (15), the boundary conditions on (19)
become
1 R )
g0 =gh) =0 gb) == lm&E =0 ()
£—0

The problem can now be solved by one integration using a step by
step method. Arbitrary values are assigned to g’(0) and g"(0), and
K; is then evaluated. The integration is then allowed to proceed
until the required zero of g'(§) is obtained. It is then possible to
evaluate the interval & and the Reynolds number R, and, by making
the inverse transformation, f(5) and the constant K can be ob-
tained.

Near & = 0, the step by step process of integration breaks down
due to the term &g” in (19). Because of this difficulty a Taylor
expansion was used in the neighbourhood of £ = 0 and the Runge-
Kutta procedure thereafter. As a check for accuracy both the step
length and the take over point from the Taylor series to the. Runge-
Kutta procedure were varied.



44 R. M. TERRILL AND P, W, THOMAS

§ 4. Discussion of numerical results

Numerical solutions were sought for all values of the wall Reynolds
number R(—oo < R < oo) and the results are most clearly seen by
reference to Fig. 1. In this figure /”(1), which is proportional to the
skin friction at the wall, is plotted against R. It can be seen that
dual solutions exist everywhere except in the range 2.3 < R < 9.1,
where no solutions were found. This range agrees with previous
numerical work on the problem (notably with [4, 5]). In an attempt
to show why no solutions existed in this range Weissberg [8] con-
sidered the inlet profile and, using Morduchow’s [7] method of
averages, concluded that in approximately this range of Reynolds
number, fully developed flow could not be realized.

The results shown in Fig. 1 will now be considered in more detail.
In order to facilitate discussion of the solutions and derivation of
theoretical solutions, it will be convenient to subdivide Fig. | into
five sections, as follows:

(1) SectionI (R = —oo to R = 2.3) contains all the well behaved
solutions for injection and the solutions for small suction up to the
point where #”(1) vanishes.

(2) Section IT (R = 2.3 to R = 0) includes all the small suction
solutions for which /(1) > 0. These solutions have reverse flow
near the wall of the tube.

(3) Section IIT (R = —oo to R = 0) covers the solutions for small
and large injection Reynolds numbers, the velocity profiles being

- 204

—40 4

~60
Fig. 1. Variation of f”(1) with R for all values of suction and injection at
the walls.
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R=-108-58
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Fig. 2. Axial velocity f'(y) against nondimensional radial distance »* for
section I wall suction and injection.

characterized by a region of reverse flow at the centre of the pipe.
(4) Section IV (R = 21.2 to R = co) contains all the solutions for
suction Reynolds numbers greater than 21.2 on the upper branch of
Fig. 1. These velocity profiles have two turning points and a mini-
mum between the axis and the pipe wall.
(5) Section V covers all the remaining solutions, the velocity profiles
being characterized by a single point of inflexion. Although dual
solutions are included in section V for the range 9.1 << R < 21.2,
this choice is justified since the deformation of the velocity profile
throughout this section is continuous. Section V is divided into two
regions, V(i), which covers the solutions for the range 9.1 < R <
< 21.2 on the upper branch, and V(ii) which includes all solutions
in the range 9.1 < R <C oo on the lower branch. '
Fig. 2 shows velocity profiles for section I. For all values of the
injection Reynolds number and for very small suction Reynolds
numbers the profiles are well behaved. Very little change occurs in
the profiles, with the nondimensional centre line velocity changing
from a little less than 1.6 for large injection to about 2.0 for zero
suction and to approximately 3.3 when the skin friction at the wall
vanishes (i.e. at R = 2.3). These results agree with those obtained
by [5, 4, 9] and with the regular perturbation solutions for large
injection and for small suction and injection given by [6].
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Fig. 3. Axial velocity profiles for section II wall suction.

Velocity profiles for section IT are given in Fig. 3. These are
characterized by a rapid increase in the centre line velocity as R
decreases from the value 2.3, and the development of reverse flow
near the wall of the pipe. The profiles represent a continuous defor-
mation from those of section I, the limiting profiles as f"(1) — O+
and O~ being identical. As R — 0 both the centre line velocity and
the skin friction at the wall tend to infinity. White [5] suggested
the existence of section II solutions, and Berman [4] was able to
obtain these solutions in the range 2.0 << R < 2.3 and verify the
results using Morduchow’s method of averages.

Section ITI velocity profiles are given in Fig. 4. These solutions,
which have not been obtained in previous work, are characterized
for both large and small injection by a region of reverse flow at
the centre of the pipe. For large injection this region becomes in-
creasingly small, and the limiting profile is the same as that for
large injection solutions in section I, but with a point discontinuity
due to a viscous layer at the centre of the pipe. At the other end
of the range, as the injection Reynolds number decreases to zero,
both the nondimensional centre line velocity and the skin friction
at the wall tend to minus infinity. Reference to Fig. 5 shows that
the velocity profile obtained for small injection (section III) is, to
first order, the reflection in the 7-axis of that obtained for small
suction (section IT) and, in fact, when R = O# the limiting profiles
are exact images of one another. This conclusion will be clarified
in section 6.

Typical profiles for section IV solutions are given in Fig. 6. It can
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Fig. 4(1). Fig. 4(2).

Fig. 4(1). Axial velocity profiles for section III wall injection, for large
Reynolds numbers.

Fig. 4(2). Axial velocity profiles for section III wall injection, for small
Reynolds numbers.
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Fig. 5. Fig. 6.

Fig. 5. Comparison of the velocity profiles for small suction and small
injection (sections II and III).

Fig. 6. Axial velocity profiles for section IV, wall suction.
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Fig. 7. Axial velocity profiles for section V, wall suction.

be seen that they are characterized by two points of inflexion and
a minimum between the axis and the wall of the pipe. In the range
21.2 < R < 23 aregion of reverse flow occurs in the neighbourhood
of this minimum velocity. As R — oo the velocity profiles take on
the familiar boundary layer shape with a maximum velocity very
close to the mean velocity.

Fig. 7 gives velocity profiles for section V solutions. The profiles
R = 10.102, 13.314, 21.193 represent solutions on V(i) whereas the
profiles R = 14.497, R = 82.499 represent solutions on V(ii). For
large suction the profiles also assume the boundary layer form, the
limiting profiles for sections IV and V being identical. Berman [4]
who first noted the existence of section IV solutions as an apparent-
ly independent set of profiles, did not show the asymptotic nature
of the two solutions for large R. The behaviour of the two solutions
for large suction will be discussed in section 7, where it will be
shown that an asymptotic expansion is equally valid for both so-
lutions and that the difference between the solutions decreases ex-
ponentially as R — co. As R decreases from infinity, the centre line
velocity and the skin friction at the wall decrease until, when
R = 10.1, reverse flow develops at the centre of the pipe. This be-
comes more pronounced in section V(i) solutions as K — 21.2.

The characteristics of the velocity profiles of sections IV and V(i)
are different and, at first sight, would appear only to be linked
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Fig. 8. Axial velocity profiles for Reynolds numbers R ~ 21.2.

through their behaviour for large suction. However, consideration
of Fig. 8, which shows velocity profiles for R just greater than and
just less than 21.2, suggests that as R — 21.2 from above and below
(section IV and V(i), respectively) the limiting profiles are identical
but for a point singularity at s = 0. This is more clearly seen by
reference to Fig. 9, which shows a plot of f”(0) against R. As
R — 21.2% the function f"(0) — oo while "(0) remains finite and
is well behaved for R — 21.2~. This singularity explains why White
[5], using a series method and then solving numerically by a
computer, was unable to obtain section IV solutions, since obvi-
ously a series method breaks down at this point.

40
30

—170) 20 -

|

-0
Fig. 9. Variation of /”(0) with R for a range of values of wall suction.
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The solutions for the complete range of Reynolds numbers
(—oo << R < o0) show a marked degree of symmetry. Section I
and IIT solutions are identical for large injection but with a point
discontinuity at 5 = 0, section II and III solutions are, to first
order, reflections of one another for small Reynolds numbers,
section IV and V(ii) solutions are asymptotically equal, and section
IV and V(i) solutions for R = 21.2 differ by a singularity at = 0.

§ 5. Solution for large injection Reynolds numbers

The solution of (13) subject to the boundary conditions (15), for
large injection Reynolds numbers, has been obtained by [6] using
a regular perturbation technique. This solution agrees with the
numerical solutions obtained for section I large injection, but gives
no indication of the possibility of a second solution. However, nu-
merical results show that, for section III large injection, a solution
is obtained where the axial velocity changes rapidly near the centre
of the pipe but which behaves like the section I solution away from
the axis. In this section this second solution will be obtained using
the method of inner and outer expansions,

Equation (13) may be written

" + 1) =12+ 1" = —F, (21)
where ¢ = —2/R > 0, and Ke = —f2. Assume a solution of the
form

fn) = Z fu(n) e B = X Bue™

n=0 n=0
Then equating coefficients ofe? (p = 0, 1, 2, ...) yields the equations
162 — fofg = B3, (22)
nfe + fo — 2/oft + fofi + hifs = —2B0P1, (23)

Equations (22), (23), ... are solved subject to the boundary con-
ditions at the wall, namely,

fo(l) =1, fu(l) =0 for un #0, fn(l)=0. (24)

In formulating this solution the highest derivative of (21) is neg-
lected. Should there be an inner region, where the highest deriva-
tive is significant, then this solution will break down and it will be
valid as an outer solution only.
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The solution of (22) subject to the boundary conditions (24) is
fo(n) = cos(Bo(n — 1)) (25)

This solution can be made to satisfy all boundary conditions pro-
vided B¢ = =/2 and is then valid throughout 0 < # < 1.

It is now possible to obtain a second perturbation solution which
satisfies all boundary conditions by solving (23). The series so-
lution so obtained will be shown to correspond to the section I nu-
merical solutions for large injection.

However, it is known from numerical results that for large in-
jection a second solution exists which is not well behaved at n = 0.
To obtain an analytical expression for this solution (22) and (23)
will be regarded as the equations for the outer solution and the
outer solution will be matched with an inner solution valid near the
centre of the pipe.

When fo = =/2, equation (25) yields

. 3
fo(n) = sin 717 (26)
Then (23) becomes
2
sinzrzﬁf’l' —ncos%f’l — %Sin%fl =
3
=—-rcﬂl—i——sm—-i——2 777 (27)

The solution of (27), subject to boundary conditions (24), is

m (4 __gf £ de
fl(n) =42 T 16 . wé COSﬂ—}—
1 Sm~2— 2

Tc<3 4ﬁl> W [ Ede

- — 2 7] 7]
2\2 16 = sin — — AR G
+ e J sin 73 {n sin 5 1] COS 5 }
3 4
—(7 — —f:isin “—2’7) (28)

To find a solution valid throughout the range 0 <<% < 1 the initial
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conditions must be satisfied. The condition

tim y1f"() = O
n—0
is automatically satisfied by f1(), and if the condition f1(0) = 0 is
imposed, a value
p1 = 0.422

is obtained. Then (26) and (28) together give a second perturbation
solution fo(n) + ef1(y) which satisfies all boundary conditions. This
is the regular perturbation solution obtained by [é], and corresponds
to the solutions in section I for large injection (Fig. 1). A compari-
son of the results obtained by perturbation and numerically is given
in Table I, where /(1) is given for a range of Reynolds numbers.

TABLE 1
numerical calculated corrected
—R —f(1) —(1) —7(1)
24.19906 2.457 2.483 2.449
33.72519 2.4637 2.4783 2.4610
44,66713 2.4667 2.4756 2.4658
55.60832 2.4680 2.4740 2.4677
80.36234 2.46905 2.47196 2.46893
91.64563 2.469085 2.471402 2.469069
102.9344 2.469112 2.470963 2.469112
151.3834 2.468955 2.469823 2.468967
241.9763 2.468579 2.468916 2.468576

The quantity /“(1) against R for large injection (section I so-
Iutions).

The second order perturbation solution yields results which differ
from the numerical results to some extent. To test the accuracy of
the series further, a third order correction term was calculated. The
corrected series was found to be

2
(1) = — %— — 0.1833¢ - 4.9031¢2,

and it can be seen from Table I that the values for the corrected
series and the numerical solution are extremely close.

The solution obtained must break down near the centre of the
pipe if a viscous layer exists. No guide as to the range of discon-



LAMINAR FLOW IN A POROUS PIPE 53

tinuity can be obtained from the outer expansion since it has been
shown that a regular second order perturbation solution exists in
addition to the possible viscous layer solution. Also, unlike the so-
lution for laminar flow between porous parallel plates [3], an ana-
lysis of (21) gives no indication of possible discontinuities in f(n) or
its derivatives. The only guide, therefore, to obtaining the inner
expansion is by appeal to numerical results. The outer expansion
was taken to be f(n) = fo(n) + &f1(n) + ..., where fi(n), given by
(28), has an arbitrary constant f; to be determined by matching
with the proposed inner expansion.

To obtain the inner solution a suitable stretching transformation
must be used.

Consider a transformation of the form 5 = &%, f(n) = Pg(x).
Substitution into (21) yields

e(xePg” + ePg") — £2Pg'2 4~ £2Pgg" = — [P, (29)

If the inertial terms are not to dominate the viscous terms then
p > 1. 1f p > 1 then a first approximation to (29) gives

xg//l+g/I:0 27>p_][_1
xg" + g = —p2 2r=p+ 1

These equations imply that either g"() = 0 or g"(n) = 0. Matching
with the outer solution shows that neither can be the solution and
so p = 1. Then (29) yields

xg/// - g” _ g’2 + gg” — _‘8282(7'—1)’ r = 1. (30)

Without loss of generality it may be assumed that » = 1. Then the
equation to be solved for the inner solution is

xg/// __I_ g// . g/z + gg// — _ﬂz. (31)

Equation (31) is nonlinear and so it is virtually impossible to ob-
tain a general inner solution containing arbitrary constants. In-
stead, an inner solution will be obtained that fits (31) identically,
satisfies the boundary conditions at the centre of the pipe, and
tends asymptotically to the outer solution.

A perturbation of (31) of the form g(x) = ¥ gu(¥) ¢® yields
n=10

n

xgy + g6 — g0% + gogo = — P4 (32)
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%1 + 81 — 2g0g1 + 8o + 185 = —2Bofy, (33)
where o = =/2.
Equation (32) can be solved by a power series solution of the
form go(x) = X5° axx™ and, applying the boundary conditions at the
centre of the pipe, we find as solution

T \2\ 22 \2\ %3
gof) = ave + ( - (7) )7 + “1(“? - (7) )E +
m\2\2 x4
+(ui — (7>) E7 + (34)

The value a1 = =/2 yields go(¥) = nx/2, which is an approximation
for small 5 to the first term of the outer solution. However, it is
possible to obtain a second solution when a; = —=. Equation (34)
then takes the form

3m2x2 3mdx3 9rdxd
go{x) = —mx -+ 5 " + 153 + .., (35)
a result representing the first few terms of
X X
po) = 2 — 3+ 3exp(— ) 36)

This solution is an approximation to (35), but substitution into (31)
shows that the solution for go(x) satisfies the equation identically.
Now as x — oo, go(x) — nx/2 and so fo(y) — np/2. Thus, the so-
lution given by (36) tends asymptotically to the outer solution at
the edge of the viscous layer.

From equations (26) and (28) the first two terms of the outer ex-

pansion are
7

. Ty T 484 73 £2 d¢ 1771
o) = sin 5=+ ¢ 7(“7)‘E<J = >C°S“2‘+
2

1 S1

7
+ [1@_1@)_ L L :I[isinﬂ_nmﬂ]_
2\ 2 T 16 . mé T 2 2
J sin e

sin
2

— [—2— — _‘_15_1_ sin 2217—] , (37)
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where

né had
JE cosec—z—déz + KZ=1 GK + 1)1

28
T 2

2(22K-1 — 1)|Bax ( . >2K—1 e

52 o0 2(22K—1 —_ IHBZKI
2 2 de=2
JE cosec d¢ - KZ=1 2K + 1)1
 \2K-1
e 2K+2
x(2> &

and Beg (K =1, 2, ...) are the Bernoulli numbers. The first two
terms of the outer expansion in inner variables are
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When matched with the inner expansion this yields
p1 = 1.9224.

An attempt was made to solve (33) to obtain the second term of the
inner expansion, but beyond finding one complementary function
this proved to be impossible.

Numerical and theoretical values for /’(1) and f”(0) are given in
Table II. The values of f’(1), proportional to the skin friction at the
wall, enable one to compare the outer solution with the numerical

TABLE II
numerical asymptotic
R 7(0) () 1(0) (1) [#(0)]
—24.815 132.2 —3.259 91.8 —3.242 40.4
—40.367 188.2 —2.950 149.9 —2.943 38.8
~—55.817 244.6 —2.815 206.5 —2.811 38.1
-~ 66.034 282.2 —2.761 244.3 —2.758 37.9
—73.566 308.9 —2.731 272.2 —2.729 36.7

Numerical and asymptotic values of f/(0) and f”(1) for large injection Reynolds
numbers (section III solutions), [/7(0)] is the difference between the numerical
and the analytical values of f7(0).
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results whereas the values of f"(0) can be used to confirm the inner
solution.

The outer solution, given by (37), should be accurate to the
second order; that is, the neglected terms are of order ¢2. This is
confirmed by the numerical solutions. There is considerable differ-
ence between the numerical and theoretical values for f”(0). How-
ever, the theoretical solution given by (36) is accurate only to
order 1/e. Thus, it is expected that the difference between the theo-
retical and numerical values for f”(0) will be a constant and this is
confirmed by the results in Table II.

§ 6. Solution for small Reynolds numbers

A solution for small R has been obtained in [6] by a regular pertur-
bation of (13) of the form f(5) = X§° /+(n) ¢”. When & = O this gives
the solution for impermeable flow, the profiles taking the familiar
parabolic form. This solution gives accurate results in the range
—2 << R < 2, but does not yield results in the region where the
skin friction vanishes. Another solution by [4], based upon the
method of averages given in [7], has some success in predicting
the solutions beyond the point of vanishing skin friction. White
[5], using a power series expansion, finds solutions up to the point
where f”(1) becomes zero. Beyond this point a power series ex-
pansion fails because the function f and its derivatives become in-
creasingly large and tend to infinity as R tends to zero.

The purpose of this section is to obtain an approximate solution
of (13) valid for small suction and for small injection Reynolds
numbers in the regions II and III where reverse flow exists. Nu-
merical results indicate that in regions IT and III, when R is small,
the functions f®(y) (n =0, 1,2, ...) are of order 1/R and so a
linear stretch of variable of the form g(n) = ¢f(n) is suggested,
where ¢ = — R/2. Substitution into (13) yields

ng" 4+ ¢ — g2+ gg" = —p (39)
where 2 = — Ke is a constant to be determined, and the boundary
conditions (15) become

80) =¢(1) =0, g(l)=¢ lm n'g"(n) = 0. (40)
>

The solution of (39), subject to the boundary conditions (40), will
be to first order independent of e. Hence, to first order the con-
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dition on g(n) at the wall may be taken as g(1) = 0, and, since
™ () = elg™(n) the solution for small injection will be every-
where the image of the solution for small suction.
If a power series of the form
gl) = X ann™

n=0

is substituted into (39), the solution, denoted by ge(y), satisfying
the boundary conditions at # = 0 is found to be

(a1 — £ (ai — £?)
2 12

@ — B
72

ge(n) = an + 7%+ @ 73+

+ Mt (41)

A similar expansion was obtained for the inner solution for large
injection and, as in that case, we will choose

ay = _2[3:
so that ge(n) reduces to

ge(n) = pn + 3e~f1 — 3. (42)

Although the solution (42) does not satisfy the boundary conditions
at the wall, it gives an excellent approximation to numerical re-
sults between # = 0 and the point where g () = 0. Equation (42)
will be taken to be the solution near # = 0, and will be matched
with a solution valid near # = 1.

The solution near n = 1. To first order, the boundary conditions to
be satisfied by (39) at the wall are g(1) = g'(1) = 0. For small
suction Reynolds numbers the viscous terms are small compared
with the inertial terms in the neighbourhood of the wall » = 1.
Thus, near = 1 equation (39) reduces to

ng" -+ g = —p> (43)
The solution of (44), subject to g(1) = g'(1) =0, is

2
g(n)=%(n+nlnn—n2)+a(l+171m7—n), (44)

where « is an arbitrary constant. This solution, denoted by go(y),
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will be assumed to be valid between # = 1 and the point 5 = %*
where g.(n*) = 0.
From (42), g.(n*) = O when

7" = p~1In 3. (45)

Then ge(n*) =In3 — 2, and the constants o and g are found by
comparison of g(x) and g’'(n) at = 5*. Then

2
1n3—2=%—(n*+n*lnn*—n*2)+OL(1 +"lng" —7%),  (46)

and

2
0= % 2+ lng* — 2¢*] + alng®. (47)

The solution of (45), (46}, and (47) gives

o= 00971, B =4.025 n»*=0.273. (48)

The solutions (42) and (44), where the constants are given by (48),
give good agreement with numerical results for the whole range of %.

When the solution (44) was obtained it was assumed that the
inertial terms could be neglected. While this assumption is valid
near n == 1, the solution is required to be valid as far as n = 0.273.
It is therefore necessary to consider the effect of the inertial terms
on (44). _

The series solution of (39) near = 1 can be expressed as a power
series in z, where z = 1 — #, in the form

2
g(z) = ag2® + azed + - 24 4 <—~130“3 — %“) 25+

2 2 2
[ a3 /5 asag ag
+(%a3——~— Bt (fay—— — o — )+
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where as and ag are constants to be determined.
The solution go(y) previously assumed can be expressed as a
power series in z in the form

g2 22 23 24 25 26 222
go(2)=(7+a>(—2~+?+ﬁ+ + O—'—'”)_ .

20 " 30 2
(50)
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Equations (49) and (50) together show that

30 45 " 30 63 " 35 70

2 3 2

as as 1lasag 1lag g 0
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(84 " 50s0 T Tse0 T me0 )¢ TOE- B

The solution g(z) = go(z) 4+ g1(2) was matched with the solution
ge(n) at the point = %7, and the modified values of «, 8, and #*,
together with the correction terms, were obtained by an iterative
process. The corrected solution gives

x= 1577, B =4.196, 5*= 0262, (52)

i)

Fig. 10. Velocity profiles for R = 0.052 (section II}):
numerical solution
analytic solution near 7 =0 —'—+— —
analytic solution near y =1 ————,
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TABLE III
numerical analytical
K 1(0) (1) 17(0) (1)
—0.932 162 —22 113 —15
—0.592 231 —33 179 —24
~-0.297 418 —61 356 —49
—0.041 2773 —416 2577 —353
0.052 —2105 319 —2032 278
0.141 —755 115 —749 103
0.267 —382 59 —396 54
0.346 —286 44 —305 42
0.422 —227 35 —250 34
0.564 —160 25 —187 26

Numerical and analytical values of f/(0) and /(1) for small suction
and injection Reynolds numbers (sections IT and III).

and
gc(n) = 4.196n + 3 exp[—4.1965] — 3, (53)

go(n) + gl(ﬁ) =88l(n+nlny—n2) + 1.577(1 +nlnn—n) —
— 0.435(1 — )3 — 0.082(1 — )6 — 0.071(1 — )7 —

—0.082(1 — )8 + O[(1 — 7)®]. (54)

This solution shows that the effect of the inertial terms is not very
significant even at 5 = *. Fig. 10 shows a plot of g'() against ¢
for the numerical and theoretical results, and it can be seen that
for small Reynolds numbers agreement is extremely close. Table III
gives numerical and theoretical values of (1) and f”(0) for small
suction and injection Reynold numbers and shows that, within the
limits of accuracy of the solution near the wall, agreement between
the values is reasonably good. The difference between the numerical
and the analytical values of f”(0) is explained by an error of 3%, in
the evaluation of £.

§ 7. Solution for large suction Reynolds numbers

In this section a solution of (13), subject to the boundary conditions
(15), is obtained for large suction by using the method of inner and
outer expansions. Equation (13) may be written

el + 1) + 12— i = B2 (55)
where ¢ = 2/R and % = Ke. When there is large suction at the
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wall it is, in general, expected that there will be a boundary layer
at the wall; this is confirmed numerically for this problem (see
Figs. 6 and 7), so that a perturbation solution of (55) valid outside
the boundary layer would break down inside the layer as the viscous
terms become dominant. For this reason an inner solution is sought
which satisfies the conditions at the wall, and then is matched to
the outer perturbation solution to determine the arbitrary constants.

7.1. Outer expansion. An expansion of the form f(n) = 37 fauln) &,
B = X fne? is assumed. Then substitution into (55) and equating
coefficients of e yields

162 — fof§ = Bs, (56)
nfs + fo + 2foft — fof1 — f1fs = 2Bop1, (57)
The boundary conditions (15) become, at the centre of the pipe,
fa(0) =0, lim 7*f,(n) = O. (58)
n—0
To obtain the outer expansion we must solve (56), (57), ... subject

to the boundary conditions (58). Since the flow for large suction
gives rise to boundary layers at the walls it seems physically reason-
able that the outer solution should be of the form f(5) ~ 5. However,
since the flow appears to be unstable throughout much of the range
of wall suction, it appears more satisfactory to argue from the nu-
merical solutions. These also suggest a solution of the form

foln) = Bon. (59)
The solution of (57) and further perturbations produce polynomials
in #*. However, it will be shown that the inner solution expressed
in outer variables only involves terms linear in % and exponentially
small terms, so it is clear that the solutions of successive equations
relating to the outer expansion are f,(n) = g4. Hence

fo) = 3 paenn (60)

This form of the outer expansion agrees with numerical results,
which shows that f’(y) and higher derivatives are exponentially
small outside the boundary layer. The outer expansion will be
slightly modified later in this section to consider the leading ex-
ponentially small term,
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7.2. Inner expansion. The outer expansion (60) breaks down near
the wall of the pipe since it cannot satisfy the condition of no slip
at the wall. To obtain a solution valid within the boundary layer
a suitable stretch of variable must be employed to make the viscous
and inertial terms of (55) of the same order near = 1. It is easy
to show that the appropriate stretching transformationis I — % =
= ¢f. Substitution into (55) gives

—(L =) " o 2= B = e (61)

where primes denote differentiation with respect to #. Since the
inner solution must tend asymptotically to the outer solution and
satisfy the condition at the wall, f(0) = 1, the inner solution will
be taken to be

ity =1 — ew(t, ¢), (62)
where
w(t, &) = X wall) e (63)
n=0
Substitution into (61) and equating coefficients of &7 yields
wy + wy =0, (64)
wy — twy — wy + wit + wi — wowy = fi, (65)

.....................................

The boundary conditions at the wall become

wyp(0) =0, wgp(0) =0. (66)
The solution of (64), subject to the boundary conditions (66), is
wo = Aot — 1 4+ e7¥), (67)

where Ay is an arbitrary constant. For simplicity the solution for
each iteration will be matched to the outer solution to obtain the
arbitrary constants. Then (62), (63), and (67) give the first two
terms of the inner expansion

) =1 — edolt — 1 + et). (68)

Equation (68), expressed in outer variables and expanded for small
€, gives
f) = 1 — Aol —n) — edo + ... (69)

and comparison with the outer expansions shows that 8o = Ao = 1.
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Equation (65) then becomes
w] 4+ w] = 2et. (70)
The solution of (70), subject to the boundary conditions (66) is
wy = (20 + 2+ A1) et + A1t — 1) — 2. (71)

If f({) = 1 — ewo(t) — &?w1(?) is written in terms of the outer vari-
able and expanded for small ¢, then

fn) =+ (1 — 41+ 4in) + O(e?), (72)

and matching with the outer solution shows that f; = A; = 1.
Proceeding similarly we find that the equation for ws(t) is

wy + wy = (f+ 1) et (73)
The solution of (73), subject to the boundary conditions (66), is

2
wa(t) = (% + 15t + 15 + Az>e‘t + Aot — 15 — Ay, (74)

where A4 is an arbitrary constant. Now f(f) = | — ewq(f) — 2w (f) —
— &3wy(f), and putting /(f) in terms of the outer variable and ex-
panding for small ¢ yields

f) =+ en + 23 — Az 4 Aom) 4 O(e9). (75)
Comparison with the outer solution gives A2 = 3 = fa. The equation
for ws(t) is

wy -+ wy = (1662 + 17t — 1) et - 3 &2, (76)
The solution of equation (76), subject to the boundary conditions
(66), is
1663 812 261
W3(t) = —l— + 129¢ —I— A3+ 2 et —

3 2
3 519
—ZG_Zt—i—Ag(t— 1)—“'—'2—, (77)

where A3 is an arbitrary constant. If

H) =1 — 3 entlng (Y

n=0

is expressed in the outer variable and expanded for small ¢, then
fn) = n = en + 3¢ + ¢3(18 — Az + Aan) + O(s4)  (78)
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and matching with the outer expansion yields A3 = 18 = f3. The
outer expansion has the form

f(n) = n + en 4 3e2n + 18e3y + O(eY), (79)

and the inner expansion becomes

fO) =1—st —14e?) —e2[(2--3) et +t—3]—

712

1643 8142 297 3 591
— gt + +129t+—2— e_t—28_2t+18t'——T +

3 2
+0(e), (80)

where £ = (1 — #)/e. Equation (80) gives the value of f"(1), which
is proportional to the skin friction at the wall,

dzf R | 10 86 o 1 3
(an)H‘ PR T (ﬁ) (81)
This value is sensitive to changes in the Reynolds number, and is
therefore useful as a basis for comparison of numerical and theo-
retical results.
The solutions (79) and (80) together correspond well with nu-
merical results. Table IV shows values of f’(1) against R for large

TABLE 1V
Section V(ii) Section IV
—(1) —(1)
R numerical analytical R numerical analytical

9.871 4.6 2.1 30.978 20.2 14.1
10.610 4.5 2.7 37.952 19.6 17.7
15.275 4.8 5.6 41.993 20.7 19.7
20,040 6.2 8.3 51.954 24.96 24,76
29,582 11.1 13.4 62.241 29.96 29.94
35.482 14.8 16.4 72.439 35.06 35.07
39.574 17.3 18.5 92.480 45.11 45.12
51.475 24.2 24.5 99.038 48.40 48.41
59.006 28.21 28.31 103.05 50.41 50.42
62,159 29.83 29.90 122,81 60.31 60.32
72.426 35.04 35.06
82.499 40.10 40.12

Numerical and analytical values of —f”(1) for large suction Reynolds numbers
(section IV and V(ii) solutions).
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suction Reynolds numbers for both section IV and section V so-
lutions. For values of R greater than approximately 70, the theo-
retical and the numerical solutions agree to three significant figures
for both sections IV and V, which suggests that asymptotically
there is no difference between the two branches of the solution for
large suction, and that the difference must lie in exponentially
small terms, even within the boundary layer.

Equation (79) shows that as R — co the limiting profile f'(»)
tends to a uniform velocity outside the boundary layer with a
sharp discontinuity at the wall as the axial velocity falls to zero.
This is typical of both section IV and section V profiles and sug-
gests again that the perturbation solution is valid for both branches
of the large suction solution.

In order to distinguish between the two solutions obtained nu-
merically the outer expansion will now be examined in more detail.

7.3. Modified outer expansion. The outer expansion f= X fpe”y
was obtained from (55) by considering only terms of order ¢#, and
the solution was such that no information was found about /()
and higher derivatives, which are exponentially small. An exami-
nation of numerical results suggests that the difference between
the two solutions for large suction is in the exponentially small
terms, which were neglected in the matching process, so the outer
expansion will now be modified to include these terms to find a
possible reason for duality.
It will be assumed that, in (55)

B — g}oﬁnsn 4 o) = ap + o (82)

where Ofay{e)) << ¢? for all #. A perturbation of the outer solution
of the form

f() = aon + g(n) (83)

is considered. Substitution of g and f(n) from (82) and (83) into
(85) yields

e(ng” + g") 4 208" — oomg” = 2004 (84)
The boundary conditions at the centre of the pipe become
g(0) =0, 1irr(1) n'g"(n) = 0. (85)
>
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The solution of (84) subject to the boundary conditions (85) is

. alp?
g(n) = a1 + yon (1 —on+—, ) (86)

where a = agfe, and where «1 and yo are arbitrary constants., For
(86) to be a valid approximation, ypa® must be exponentially small.
Then

aly?
fn) = (a0 + 1) + yon<1— o)+ — ) (87)

This solution will now be compared with the solutions obtained nu-
merically to see if any guide can be obtained concerning the differ-
ences between the two numerical solutions.

From (87), /"(n*) = O when #* = 2/a = 2&(1 4+ ¢ 4 32 + ...)~L.
This implies that a turning point of () exists at this point. Since
7"(n) = o?yo, then f'(»*) is a minimum for yo > 0, and is a maxi-
mum for po < 0. This is confirmed by numerical results, where
section I'V solutions have a minimum at approximately 7" = 2,
and section V(ii) solutions have a maximum value at this point.

Further justification for the solution (87) is found by considering

the ratio
]U/I(O) L J— L i
710 (Ze T2t +>

This ratio again agrees with numerical results for both section IV
and section V(i) solutions.

As a further check on the validity of the solution given by (87),
the constant yo was evaluated for R equal to 72.43 and 72.44, the
cases in which the solutions had been obtained for sections V(ii) and
1V, respectively.

From equation (87)

yo = —["(0) &/2x0

and, using the values of f”(0) given by the numerical solutions it is
found that yg == 5.9 x 10-7. With this value of y¢ the solution
(87) accurately predicts the numerical solutions for both section IV
and section V(ii) in the range 0 < 5 < 0.6.

No further progress could be made to find a method of evaluating
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vo-

Since the difference between the two solutions appears to lie in

this constant, it would be of interest to know whether such a method
can be found.
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