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Abstract. The Yang Mills theories in d = 7 and d = 8 with the arbitrary gauge group G are considered. 
Generalized self-duality-type relations for gauge fields are reduced to systems of nonlinear differential 
equations on functions of one variable (Ward equations). Ward equations may  be reduced to equations 
which follow from Yang Baxter equations. This permits us to obtain new classes of  explicit solutions of  
the Yang-Mi l l s  equations in d = 7 and d = 8. 
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1. Here, we shall aim at finding the solutions of the classical equations for a 
pure Yang-Mil ls  (YM) theory in the Euclidean spaces R 7'~ and R 8,~ with an 
arbitrary semisimple gauge Lie group 13. We start with the potentials A. in R d'~ 
with values in the Lie algebra fq of the Lie group G. The field tensor F.,, is defined 
a s  

Fu~ --- [Du, D~] = 0.A~ - ~3~Au + [A., Av], 

where I 3 . = 0  u + [ A . ,  ] , # , v , . . . = l , . . . , d .  
The Yang-Mil ls  equations for the gauge potentials A. 

13.F.v = 0. 

(1) 

have the form 

(2) 

In a series of papers [1-4], it was shown that Equation (2) is satisfied by virtue of 
the Bianchi identity Dr.Fwl = 0 if the tensor F.v satisfies the generalized self-duality 
equation 

r .v~F~.  = ~F.v, (3) 

where the numerical tensor T is completely antisymmetric and 7 = const is a 
nonzero eigenvalue. Equation (3) generalizes the usual self-duality equations in 
d = 4. In this Letter, we shall describe the classes of self-dual solutions of the YM 
equations in d = 7 and d = 8. 

2. Let Ca be the alternative nonassociative algebra of the octonions. Its defining 
relations are 

e=eb = - - 6 . b e 8  + f ~ c e ~ ,  e . e s  = e s e .  = e . ,  e 2 = e 8,  
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where a, b . . . . .  1 , . . . ,  7, ea are the basic octonionic units, and es is the unit 
element in Ca. The Cayley structure constants fabc are totally antisymmetric in (abc) 
and equal to unity for the seven combinations (or cycles): (123), (246), (435), (367), 
(651), (572), (714). 

In R 7,~ one may introduce the antisymmetric four-index tensor habca which is dual 

to fabc" 

1 
habcd = -- ~.. eabcdmnkfmnk, 

where e,~bca,,,,k is a completely antisymmetric tensor in d = 7. The tensors f ,  bc and 
habca satisfy the following seven-dimensional identities [4, 5]: 

habcahijka 

= (6ai bbj - -  •aj 6bt)Oek "q- (Obz gej - -  gbj gc i ) fak  ~- 

+ (6c, 3aj -- 6cj gai)gbk --fabcfjk + habo 6ck + 

+ hbe,j gak + h~a,j gbk "~- habjk gci+ 

+ hbcjk g az + heajk go, + habk, gcj + hbcki g , + hc,k~ gbJ' (4a) 

Lbkhca~k 

=facd gbe -- fbcd gae +fade gbc -- 

--fbde gac + fa~ gba --fbec gad" (4b) 

We also introduce the following tensors [51 

gab~d ~ 2(6~ god -- gad gb~) - habcd 

= 3(g~ gba - 3~a gb~) --fabxLak, (5a) 

gabca ~ fabkfcdk = gac gbd - -  gad (~bc -~- habcd" (5b) 

The tensors gabcd and g, abca project an arbitrary antisymmetric tensor Tab onto the 
orthogonal 14- and 7-dimensional subspaces of the 21-dimensional vector space of 
the antisymmetric tensors in d = 7: 

= 5(g.~ boa -- gad gb~)T~a Tab 

= l(gabcd + gabca)Tca 

1 -  
= gg,~b~a T~a + ggabcd Tcd 

---- Nab + Nab, 

where Nab is the self-dual and 57~b is the anti-self-dual part of the tensor Tab. 
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From (4) and (5) one obtains 

habcdNcd : - -  2 N a b ,  

habcdJ~ed = 4 N a b .  

Notice, that these equations are equivalent to the equations [3]: 

g~a~bN~a = O, (6a) 

gcdab Nab : 0. (6b) 

3. Let us consider an ansatz for the fields Aa in R 7'~ : 

Aa = ~gabcaxb Wed(U), (7) 

where ~ =cons t  and the antisymmetric tensor Wca = - W a c  depends on 
u = 1 + X~Xa and takes its values in the Lie algebra ft. 

Inserting (7) into the definition of Fab and using the identities (4), we obtain the 
following expression: 

Fab : - -  20~gagcd Wcd  + 2~xa xl, gbgcd l/Vca - 

- -  20~XbXl,-gak~d [ ~ d  -Jr- Ot2XmXngamcdgbnek[ Wcd ,  Wek] ,  (8) 
where 

I/[/e - -  d W c e  

du 

Substitute (8) into the self-duality equations (6a) (i.e. Nab ~J~b)- After long and 
tedious calculations using the identities (4) for e = -�88 one obtains the equations: 

[Wab, Wca] = Sabcdm,, ffVmn, (9) 

where 

S abcdmn : l ( (~ ac (~ b[m (~ n]d - -  (~ bc (~ a[m (~ n]d "[- (~ bd (~ a[m (~ n]c - -  (~ ad (~ b[m 3 n]c ) 

are the SO(7) structure constants. 
Equation (9) is a particular case of the equation 

[win,, w..] = c.,,.,~., ~r (10) 

which was considered by Ward [6]. In (10), Cm','~" are the structure constants of the 
Lie algebra J f  (m', n ' , . . . =  1 . . . . .  dim W), and W,, takes its value in the Lie 
algebra ~. We shall call (10) the Ward equations. 

1 When a = - ~  and Wob(u) satisfy the Ward equations (9), it is not difficult to 
show that the field tensor lab has the form 

F~b = l gabcd { 8 Wcd@ 4(U -- 1) lYV~d + 4XdX k Wok - -  

--4XcXk147ak + XaXkl~,~.gkm.~ -- X~XkWm.gkm.a }. (11) 

From (11), the self-duality of F~b becomes obvious. 
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PROPOSITION 1. For the ansatz (7), the self-duality equations (6a) of  the Y M  
model in d = 7 with the arbitrary semisimple gauge group G is reduced to the Ward 
equation (9). Conversely, with each solution of  the Ward equation (9) one may 

correspond the solution (7) (with ~ = -�88 of  the self-duality equation (6a). 
Proof. Follows from (8), (6a), and (4) after direct calculations. 

4. Consider the eight-dimensional Euclidean space R 8'~ In R s'~ let us define 
the next completely antisymmetric four-index tensor HAscD(A, B . . . .  = 1 , . . . ,  8) 
[4, 5]: 

H, bcd= h,bca, H~b~8 = f~bc, 

where a, b . . . . .  l , . . . ,  7, and the tensors habcd and f ,  bc were introduced in Sec- 
tion 2. 

The tensor HABCD satisfies the identities [5]: 

HABcDHIJKD 

~- ((~ AI ~ BJ --  (~ AJ ~ BI)~ CK "~- ( ~ B[ (~ CJ -- (~ BJ (~ CI)~ AK AU 

~- ((~CI (~AJ --  6CJ (~AI)6BK "~- 

+ HABH 6cx + HBczs 6A~ +HcAIs 6BK + 

--[-HABJK6CI n t- HBCJK6A1 -~- HCASK6~I + 

-[-HABKIOCj n t- HBCKI6Aj- ' [ -  HCAKI(~Bj,  (12) 

We also introduce the tensors [4, 5]: 

G ABCD ~ 3(6ac 6SD -- gAD 6SC) -- HASCD, 

GABCD =- 6AC 6BD -- 6AD 5BC + HaBCD. 

These tensors project an arbitrary antisymmetric tensor TuB onto the orthogonal 
21- and 7-dimensional subspaces of  the 28-dimensional vector space of the antisym- 

metric tensors in d = 8: 

TA B i _ = g(G ABcD "4- G aBcD)TcD = g(SAC (~BD gAD (~Bc)TcD 1 

=  oaBc  TcD+  GA cD : NaB +  AB" 

Here, N a ,  is the self-dual and NaB is the anti-self-dual parts of the tensor TaB. 
From (12), one obtains 

HAacDNcD = --2NA, ,  HASCDNCD = 6NAB. 

These equations are equivalent to 

GCDABNae = 0, (13a) 

GCDABJVAB = O. ( 1 3 b )  
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5. For the gauge fields AM in R 8'~ we introduce the ansatz 

A M = flGMNcDX N WcD(U), (14) 

where f i - -const  and the antisymmetric tensor WMN = -  WNM, depending on 
u = 1 -t-XMXM, takes its values in the arbitrary semisimple Lie algebra ~#. 

Let us insert (14) into the definition of F M N  and use the identities (12). We obtain 

FMN = -- 2flG MNcD WCD + 2~XMGNBcDXB [/VcD - -  

-- 2[~XNGMBcDXBI/~ZCD -1- fl2XcXDGMcpQGNDAB[WpQ , WAB], (15) 

where 

VV'C D - -  
dWcD 

du 

Substitute (15) into the self-duality equation (13a) (i.e. NAB ~FAB). After some 
algebra using the identities (12), it is not difficult to show that when fl = -~ ,  these 
equations are reduced to 

[WAB, WCD] = SABCDMN WMN, (16) 

where 

S A B C D M  N 1 ---- 2((~ A C (~ B[M (~ N]D - -  (~ BC (~ A[M 6 N]D -~- 

"~ 5BD 6AIM 5NlC - -  (~AD (~B[M 5N]C) 

are the SO(8) structure constants. 
When fi = --~ and WAB(U) satisfy (16), the field tensor FM~ has the form 

F M N ~  1 ggGMNu[12WIj + 6(U -- 1)IAV u + 

+ XIXBGcD,j I~CD -- XjX~GcDB1 IfVcD]. (17) 

From (17), the self-duality of F M N  becomes obvious. 

PROPOSITION 2. For the ansatz (14), the self-duality equation (13a) of the Y M  
model in d = 8 with the arbitrary semisimple gauge group G, is reduced to the Ward 
equation (16). Conversely, with each solution of the Ward equation (16), one may 
correspond the solution (14) (with fl = -~)  of  the self-duality equation (13a). 

Proof. Follows from (12) after substituting (15) into (13a), and direct calcula- 
tions. 

6. Equation (10) was introduced and discussed by Ward [6]. When the gauge 
algebra ~ coincides with flY, Equation (10) may be obtained from the well-known 
classical Yang-Baxter  equations. More exactly, Ward has shown [6] (see also [7]), 
that classical Yang-Baxter equations for the Lie algebra Jg may be reduced to 
Equation (10) (with Win' e ~ = flY) if one assumes that W,,, = Wm,,,(u)J,, has a 
simple pole at 0 with a residue of the form ~gm'n" (where J,, are the generators of 
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Yf, ~ = const, and gm'n" is the Killing metric on ~ )  and Wm'n'(--U) ---- --Wn,m,(U). 
For classical Yang-Baxter  equations (for the definitions, see [8-10]), solutions with 
such properties are called nondegenerate [9] and each such solution is, necessarily, 
also a solution of (10). 

Many explicit nondegenerate solutions of classical Yang-Baxter  equations are 
known (see, e.g., [8-10]). All such solutions for the simple Lie algebra Yf belong 
to one of three classes: elliptic, trigonometric, and rational [9, 10]. A detailed 
description of all nondegenerate elliptic and trigonometric solutions was given in [9] 
and a number of rational solutions were constructed. This description permits us to 
obtain new classes of solutions of the YM equations in d = 7 and d = 8. Namely, 
by using formula (7) with ~ = ~ = so(7) and ~ = -�88 one may correspond the 
self-dual solution of the YM equations in d = 7 to each nondegenerate solution 
Wob(U) of the classical Yang-Baxter  equations for so(7). Analogously, using 
formula (14) with N = ~f  = so(8) and /~ = -~,  one may correspond the self-dual 
solution of the YM equations in d = 8 to each nondegenerate solution WAB(U) of 
the classical Yang-Baxter  equations for so(8). 

The simplest rational solution of the classical Yang-Baxter  equations for ~ has 
the form [8-10]: 

W =  gm,n, W m , |  ____ __l g,~" c j ,  c@j,,, .c~ Wm, = __l j,~,. 
bl u 

In particular, for Equations (9) and (16), we obtain the following well-known 
solutions: 

1 
Wab = Jab, (18a) 

(1 + xcxc) 

1 
WAB = JAB, (18b) 

( 1 + xMx~,)  

where Jab are the generators of the Lie algebra ~ = so(7), and JAB are the 
generators of the Lie algebra ~r = so(8). The solution (7) with Wab from (18a) was 
obtained in [11], and solution (14) with WAB from (18b) was obtained in [3, 4]. 

7. New solutions of the YM equations in d = 7 and d = 8 may be obtained by the 
substitution of the solutions of the classical Yang-Baxter  equations, which are 
more general than (18), into (7) and (14). As an example, we write out the 
trigonometric solution from [10]. It has the form 

1 ~=,1 (cth (u - i2nk) k, - , 
Wm" ~" ~q k~'=a= o ". -2q ) | (.a ,,,, ), (19) 

where | X + J f  is the Coxeter automorphism of the simple Lie algebra Jg and q 
is its order, i.e. | = Id. For all simple Lie algebras, the values of the Coxeter 
numbers q and the description of the automorphism | in terms of roots, may be 
found in [12] (see also [9]). 
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Let us consider the algebra so(n). Following Belavin and Drinfeld [9], we choose 

the basis in which the matrices a r  so(n) satisfy the next relation a c t =  - S d S  1, 
where S is 

00 0 , 1 0 

S ~ ~ 

1 0 
0 

In this basis, the automorphism | has the form: 

|  = Q d  Q - 1  (20) 

For ~ = so(7), the number q and the matrix Q are 

q = 6, Q = diag(1, ~o . . . . .  co 5, 1), (21) 

where 0) = exp(i2rc/6). For ~ e~ = so(8), one may choose 

q = 8, Q = diag(1, 0 ) , . . . ,  095, 0)6, 1) (22a) 

o r  

q = 8 ,  Q =  

8 2 

8 3 

0 

where e = exp(i27z/8). 

0 

1 

0 
8 5 

8 6 

8 7 

(22b) 

Using the explicit form of the matrices Q from (21) and (22).. one may show that 

solution (19) is real. With the help of  (20)-(22) ,  all constant matrices | ) may 
be written out for ~ = so(7) and ~ = so(8). Notice that solution (19) is singular 

only in the points u = i2rck, k = 0, + 1, _+2 . . . .  [9, 10]. But we have u = 1 + xax a 
for the ansatz (7) and u = 1 + XMXM for the ansatz (14). Therefore, u >~ 1 and the 

substitution of (19) into (7) and (14) gives the nonsingular solutions of  the YM 
equations in d = 7 and d = 8. 

The explicit form of the general solutions of  classical Yang-Bax te r  equations of  
the trigonometric and elliptic types is given in [9, 10, 13]. We don' t  write out these 
solutions because it would take up too much room. 

To sum up, we have shown that Ward equations and classical Yang-Bax te r  
equations arise in the study of YM equations in d = 7 and d == 8. It is desirable to 
find more general classes of  solutions of Ward equations than the Yang Baxter 
equations give. 
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