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O. Introduction 

W e  c o n t i n u e  h e r e  t h e  i n v e s t i g a t i o n  i n i t i a t e d  in  [11 ] c o n c e r n i n g  t h e  s o l v a b i l i t y  

o f  t h e  C a u c h y  p r o b l e m  a n d  t h e  e x i s t e n c e  o f  i n i t i a l  t r a c e s  f o r  n o n - n e g a t i v e  w e a k  
s o l u t i o n s  o f  t h e  n o n - l i n e a r  e v o l u t i o n  e q u a t i o n  

u t - - d i v ( [ D u [ p - 2 D u ) = O  in S T ~ R N •  0 ~ T < o %  N ~ 1 . ( 0 . 1 )  
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We study here the case 1 < p < 2, consider only non-negative solutions and 
investigate the solvability of the Cauchy problem when (0.1) is associated with an 
initial datum 

.o E Lloc(RN), Uo > 0. (0.2) 

It turns out that the Cauchy problem is solvable whenever (0.2) holds, regard- 
less of the growth of  x -->- Uo(X) as Ix ] --> co. The weak solutions are shown to 
be unique whenever the initial datum is taken in the sense of  L~or We also 
prove that every non-negative weak solution of (0.1) possesses, as initial trace, 
a a-finite Borel measure /~ ~ 0. 

The case 1 < p < 2 is noticeably different from the case p > 2, both in 
terms of  results and techniques. The main difference stems from the fact that, 
unlike solutions in the case p > 2, solutions of  (0.1) are not, in general, locally 
bounded. 

Specifically, if 

2N 
~- L r rRN~ r~> 1 and P > N + r '  (0.3) UO ~ lock 1~ - -  

then the solution u of  (0.1)-(0.2) belongs to L~o~(ST), V t > O, whereas if either 
one of  (0.3) is violated, then ug~Llo~(ST) (see Theorem lII.6.1 and w III.7). 
Moreover if Uo~ L~oc(RN), V r > 1, then the solution u(t)4~ L~oc(RN), u r ~ 1. 

This in turn implies the lack of  an estimate of  the type 

[ Ou ] E L~c(Sr). (0.4) 

We have spoken of  solutions of  (0.1). However, if (0.4) fails, one of the main 
problems of  the theory is to make precise what it is meant by solution. 

Questions of solvability of the Cauchy problem and existence of  initial traces 
for the porous medium equation 

U t ~ -  s m, m > 1, u >= 0 

have been studied by ARONSON & CA~ARELLI [2], BENILAN, CRANDALL & PIEVa~E 
[6] and DAHLBERG & KENIG [9]. Results for the case 0 < m < 1 are due to 
HERRERO & PIERRE [17] and PIERRE [26]. 

The porous medium equation can be interpreted in a rather obvious way in 
the sense of distributions. In fact since the principal part is linear in u m, one can 
use a variety of  "l inear" techniques [6, 9, 26, 27]. 

In our case, as a starting point, a precise meaning has to be given to Du to 
make sense out of  (0.1). 

When p > 2 this is resolved by C16~(Sr)-type estimates [12, 14]. I f p  is "close 
to 1" (see (0.3)), such estimates fail and a different approach has to be used. 

We have given a new formulation of non-negative weak solutions. Such solu- 
tions are "regular" in the sense that the truncations 

V k > O, uk = rain {u, k}, (0.5) 

satisfy 

I Du~ 1 E L~or - ~  u~ E Llor (0.6) 
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Then (0.1) can be interpreted weakly against testing functions that vanish whenever 
"u is large". A suitable choice of such testing functions is 

(~o -- u)+ ~ max ((~o -- u); 0}, ~0 E C~~ 

The notion is introduced and discussed in Chapter I. We prove that our 
solutions coincide with the distributional ones if (0.4) holds (Lemma I. 1.2) and that 
the truncations u~, u k > 0, are distributional super-solutions of (0.1) (Lemma 
1.1.3). 

We derive a spectrum of properties of such "local" weak solutions, regardless 
of their initial datum. For example, they satisfy (Lemma 1.2.2) 

p - - 1  - - ~  

D u - ' 7 - -  E L~o~(ST), u 0~ E (0, p -- 1). (0.7) 

Since estimates of the type of (0.7) "deteriorate" as ~ "~ 0, we investigate the 

behaviour of I Du'-A (i.e., 0~ = 0) on the sets [u > k], '4 k > 0 (Lemma 1.2.3 
and Corollaries 1.2.4, 1.2.5). 

A relevant fact is the estimate 

t 

u  t < o o ,  u  r e > O ,  

IDu] p-1 dx dv 

~ 1 q- e2_V(E--r)  ". --7- f (t - -~)"  ( u +  dxdv 
s [ x l < R  

(0.8) 
where ~ is a constant depending only upon N and p (Lemma 1.4.1). 

We remark that in [11], when p > 2, an estimate of the local integral-norm 
of I Du I p-1 was the crucial fact to derive a local L ~176 estimate for the solutions. 

In the present case, it is precisely (0.8) that permits us to prove a local L ~ 
estimate for u and a weak global Harnack-type inequality. Specifically, 

E s t i m a t e  in L~~ N) (Lemma Ili.3.1) 

V O < s < t < oo, u  u = N(p -- 2) + p,  

sup f < [ _r  )ax + g -  (0.9) 

Harnack-type estimate (Theorem 1.4.1) 

V O < s < t < ~ ,  V g > O  , • = N ( p - - 2 ) + p ,  

sup f ,,(x,-~) & < ~, <_f ,(x, t) d~ + (0.1o) 
~(s,O{ix~<~ = {Exl 5} \ 9 ~ ] )" 

In (0.9)-(0.10), ~ is a constant depending only upon N and p. 
The gradient estimate (0.8) and the Harnack inequality (0.10) permit us to 

develop a theory of (unique) initial traces (see Theorem I.4.1), whereas the 
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L~~ 2v) estimate (0.9) permits us to establish existence of solutions to the Cauchy 
problem (0.1)-(0.2) (see Chapter III). 

The solutions are constructed by using an increasing sequence {u0,n) of approx- 
imations to the initial datum Uo. This, the comparison principle, and (0.9) yield 
the L~oc(ST) convergence of the approximating solutions (un}. A one-sided bound 
on Uo (and hence on u) is crucial to this process. 

Further, the non-negativity of Uo is essential in proving some sort of compact- 
ness in the t-variable for {un}, via the B~NILAN & CRANDALL [5] regularizing effect. 
This result requires in an essential way the positivity of Uo and the homogeneous 
structure of the equation in (0.1). 

We prove uniqueness of weak solutions if they take their initial datum in the 
sense of L~oo(R N) (see Chapter II). Namely if u and v solve (0.1) weakly and if 
t--7 (u -- v) (t) --> 0 in L~oc(R N) as t "~ 0, then the difference w = u -- v sa- 
tisfies V q >  1, V t > 0 ,  r e > 0 ,  

f [wlq(t) dx <= 7(q)(t/o ~(,-2~+pq'~q-~ -~ )2-p, (o.11) 
{Ixl<~} 

where 7 depends only upon N, p, q (see w II.4). The theorem follows by letting 
-+ oo after we choose q so large that N(p -- 2) + pq > 0. 

The proof of (0.11) is rather delicate (i.e., to prove that w C L~or since 
the class of available testing functions is rather small (indeed (~ -- u)+ are, uni- 
formly in % only in L~o~(Sr)). 

2N 
If  in (0.3), r ~ 1 and p > N+-----i-' all the arguments remain valid if 

Uo E L~o~(R ~v) with no restriction of sign. The strong L~oc(Sr) convergence of the 
approximating solutions {un} is realized by the fact that (see [13]) 

u, E C~oc(Sr), uniformly in n, for some o~ E (0, 1). 

In fact, Uo could be a a-finite Borel measure #, since the estimates discussed re- 
main valid. In particular, if t > 0 the approximating solutions are equi-bounded 
(Theorem III.6.1) and hence equi-H61der continuous ([13]). 

It would be of interest to study the question of existence of solutions to the 
Cauchy problem if the initial datum is a measure/~ and if 

p <~ 2N/(N + 1). 

In view of the results of PIERR~ [26] and BAgAS & PIERRE [3, 4], it seems that 
some sort of capacitary restriction has to be placed on # (see also Bm~zIs & FRiED- 
MAN [8]). The methods of [3, 4, 26] do not apply to this situation since the operator 
is not linear in the principal part. We intend to discuss the matter by a different 
approach in a forthcoming paper. 

If  u0 E Lr(R~V), r ~ 1, existence and uniqueness of the Cauchy problem is 
known through the semigroup theory [5, 15]. However, if p <~ 2N/(N -? 1), it 
is not clear to us what is the a.e. Sr  meaning of Du. 

For further comments on the connection between our solution and the semi- 
group solution we refer to w III.1. 
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Finally, we notice that all the results of this note hold true for equations of the 
type (see LIoNs [21]) 

N 

u t -  Z (lUx,[ p-2 u~,)~, = 0 in S T. 
i = 1  

Besides their intrinsic mathematical interest, equations of the type of  (0.1) have 
a connection to physical problems (see MARTINSON & PAVLOV [22, 23], ANTOI~SEV 
[1], LADYZHENSKAYA [20] and, for the stationary case, PAVl~E & PHILn'PIN [25]). 

Chapter I. Weak Solutions and Initial Traces 

1.1. Non-negative local weak solutions. Let 0 ~ T ~  ~ ,  ST ~ RN• T), 
k >  0 and V fELlow(ST) set 

{ f  i f f < k  
fk = if f>= k. 

Define 
X,or -~ Lfor T; W~a~(RN)) s LloL(ST), (I. 1.1) 

)~1or ~- {q0 E Xlor [ "~ r > 0:~0 E L~or T; gF"O (Ix ] < r)}. (I.1.2) 

Consider the parabolic equation 

ut -- div (iDu 10-2 Du) = 0 in Sr  
(1.1.3) 

u ~ 0 ,  l < p < 2 .  

A measurable function u : ST-~ R + is a local weak solution of (1.1.3) in Sr  if 

u E C(O, T: L~or (I. 1.4) 

IDUklELfor V k >  0, (I.1.5) 

-~UkELfor V k > O, 0.1.6) 

V 9 E C~(Sr) (1.1.7) 

f .f {u,(~o - u)+ + [Dul p-2 Du D(~ -- u)+} dx dv = O. 
ST 

By density arguments this implies V q0 E J(lor V 0 < s < t <= T, 
t 

/ - u )++]Du[p -2DuD ( 9  -- u)+}dxdv -= O. (I.1.8) 

We denote by Z' the set of all non-negative local weak solutions. 
Here  and in what �9 follows, if u E Z', the symbol Du denotes a measurable func- 

tion from ST into R N that coincides with DUk on the set [u < k], Vk E R+. 

Lenuna 1.1.1. Let uE X. Then 'r y) E Xlor V ~1E Co~ 

f s f  {Ut(~ ' -  u)+ rl + iDu[p-2 Du D[(~ -- u)+ 71]} dx d'r = 0. (1.1.9) 
T 
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Proof. Let S ( X '  be compact subsets o f S  T such that dist (~s ~gC') = d > 0 
and let (x, t) -+ ((x, t) E C~o(~ r ' )  be such that, 0 ~ ~ ~ 1, ( ~ 1 on S .  

Choose ~p E Xlo~(ST) and in (I.1.8) take 

where 

~E Cg(sC), k = II~011oo,~c,. (I.l.10) 

We have a.e. in Jg" \ Jr" 

( 9  - u)+ = ( ( r  - u)+ ~ + u ~  - u )+  = (u~,r - u)+ = o .  

Moreover a.e. in Jd, ( 9 -  u)+ = ((~, -- u ) + r / +  u k -  u)+, and in view of(I . l .10)  
this vanishes unless u < % In such a case uk = u and 

(9 --  u)+ ----- (~o --  u)+~/ a.e. 3 ( .  ( I . l . l l )  

We conclude that ( I . l . l l )  holds a.e. S r  and (I.1.9) follows. [ ]  

Let B e denote the ball {Ix 1 < e} and denote by 

x-+~(x) a piecewise smooth cutoff function in Bo+,)v a > 0 such that  
r  r  I x l > ( l + ~ ) ~ ,  0 _ _ < r  I D r  

(1.1.12) 

L e m m a  1.1.2. Let u E X satisfy 1Dul E Lfoc(Sr), ut E L~o~(Sr). Then 

ut--  div([Oulp-2Du) = 0 in N'(Sr) .  

Proof. In (I.1.9) take ~o ----= un + 1 E Xloo(Sr), n E N. We obtain V ~7 E Cg~ 

yf{u,~+ IOul~'-2DuO~}(u.--u§ 1)+dxdv= !/< lOul~ndxdv" 
S T STA[n n + l ]  

Since ]DuJE Lfoc(Sr), the right-hand side tends to zero as n--~ o~. The left- 
band side converges to 

ff{u,n + IDulV-2DuD~}dxdr = O. [] 
ST  

By density arguments O.1.9) implies V~oEXloc(Sr), V ~ , a > 0 ,  V 0 < s <  
t<=T, 

t 

f f{u,(~o - u ) + ~ +  IOuU2OuO[(~-- ,)+~']}dxd~= O. (I.1.13) 
s R N 

Conversely, if ~o E C~(Sr), we may write (1.1.13) for s, t such that supp ~0 Q R • 
• t). By taking ~ as in (1.1.12) with ~ > 2 �9 diam (supp ~o) we obtain (I.1.7) 

We conclude that the formulations (I. 1.7)-(1.1.9), (I. 1.13) are equivalent. 
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Lemma 1.1.3. Let u E X. Then V k ~ O, u~ is a distributional super-solution 
of(IA.3) in S~. 

Proof. Let k > O, o~, e, E (0, 1) and in (1.1.9) take 

~p = u~ § [(k -- u)+ -7- e]~E Xloc(Sv). 

From (I.1.9) we obtain Y ~7 E C~(Sr), 17 >= 0 

f f {u,~7 + I Du i ~-2 Du DIT} (y) -- u)+ dx dr 
S T  

= f f  I O u f ~' ~7 dx dr + o~ f f  I Du~ I p [(k -- u)+ + e] ~-1 r/dx dr >= O. 
ST fk [k  < u  < ~] S T 

s--~ 0 first as o~ E (0, 1) remains fixed. Since We let 

(ip -- u)+--~ (k -- u)~_ a.e. St ,  

we deduce 

f f (ut*l § IOut"-2 Ou O~) (k -- u)~+ dx dr >= 0 
S T 

Now letting o~--~ 0 gives 

-'~u1~zl § [DulciP-Z Duk D~l dx dr >= O 

[] 

V ~ E  (0, 1). 

wl E C~(SO, ~ >= O. (I.1.14) 

The next proposition permits a rather large class of testing functions il~ 
(I.1.9). 

I f  ko E R + let ~(ko)  denote the set of all the Lipschitz-continuous functions 
f :  R +--> R such that f (k)  = O, V k > ko, and set 

= L/  ~ -  (ko). 
k o ~ R  + 

Proposition 1.1.4. Let u E •. Then V f E  ~-, V ~ E C~(Sr), 

f s /{ut f (u)~ § IDu]P-2 DuD(f(u)~)}dxdr = o. (I.1.15) 

Proof. Assume first that f E  C2(0, oo). Write (I.1.9)for W = k, k E R +, multiply 
by f " (k )  and integrate over (0, ~ )  in dk. By interchanging the order of integration 
with the aid of the Fubini theorem we obtain 

u,~T f f"(k)(k--u)dk+ iDuIp-2DuD f " ( k ) ( k - - u ) d k  d x d r - O .  
S T t u 

Since 

f f " ( k )  (k - u) dX = f@), 
u 

the assertion follows for f E  C2(0, cx~). The general case is proved by approxima- 
tion. [ ]  
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1,2. Estimating [Du]. In the estimates to follow we denote by y = 7(N, p) 
a generic positive constant that can be determined a priori only in terms of  N and 
p. For  a measurable set Y2 we let g(f2) denote the characteristic function of  D. 

LemmaI .2 .1  3 }, ~ 7(N, p) such that V k > O, u ~ > 0, u O < s < t <= T, 
V u E Z  

(w ") f / i D u ~ l , d x d v < ~ , k ,  iB, I =  t--  S+ k 2_ 
8 

Proof .  From (I.1.13) with ~p = k and ~" as in (I.1.12) 
t t 

s R N s R N 

t 

t t 

__< fIDu~l'r ,x,~ + 2.-'p.ff(~- u)~ IL)r162 
s R N s R N 

_11_ 1 f ( k  - -  U)2+ (P  d x .  

R N X {s} 

From this the lemma follows readily. [ ]  

I f  A is a measurable subset of  St ,  let 

2Zu 
denote the integral average of  u over A. Define V 0 < s < t ~ T, V r ;> 0 

Ms, t(e) ----- sup f u(x, v) dx. (I.2.1) 
*e(s,t) .Be 

Since uk are, V k > 0, distributional supersolutions of  (I.1.3), u 0 < s < t ~ T, 
u ~pE X~oc(Sr), ~o >= O, ~ as in (I.1.12) 

t 

f ~ ~ + I~.~ t "-~ Du~ ~(v~,) ax.~ _>_ 0 (1.2.2) 
R N 

Lemma 1.2:2. Let u E ~. Then u c~ E (0, p - -  1) 

p - - 1  --co 

Du---7-- ~ L~oc(Sr) 

and 3 7 = y(N, p) such that V O ~< s < t ~ 2", V o ~ O, 

f lDu---T--- dx d~ ~ ~ 7 Ms,,(2e) + . 

(I.2.3) 
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Proof. Let k > O, e 6 (0, 1) be fixed and in (I.2.2) take 

--or 
! U  k , U ~  8 

to obtain 
t 

s R N  

t 

<p f .f l~162 l~ 
s R N  

t (I.2.4) 

s R N  

t t 

1 cc ~ ,_~r r162 

By Young's inequality, the first integral on the right-hand side of (I.2.4) is major- 
ized by 

TfflDufu-'-'r p~ ffu,-~-~lDr 
s R N ~ R N  

By virtue of Lemma 1.2.1 the second integral tends to zero as e --> 0 at the 
rate of e p - l -% Combining these calculations and taking x -+  r as the cutoff 
function in B2Q which equals 1 on B~, we deduce 

t 

f f  Ioul" u-=-'z[~ < u<  k l d x d ~  
s BO 

7 sup f U(X, "r) dx (20) ~'N --< 0@~ ~- ~) + ~ <,~(,.,) B20 

(I.2.5) 
t - - s  + " - ' - ~  

xp~ f [Ms t(20] i-~ t -- s 

t - - s  
If  ( - - ~ )  ~ [M,,t(20)] 2-o, the quantity in braces in the member further right in 

('-~) (2.5) is majorized by [M,,t(2~)] i-% If ~ > [M,>t(2p)] p-2, it is majorized by 

i t  - -  sX ~z~ + - "  
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In either case 
t 

f f Ioul"u-(~+')Z[e < u < k] dx dr 
s Bg 

{ s 
0 (e "-(~+1)) + 7 N  M,.t(2e) + 

and the lemma follows by letting e -~  0 first and then k--> o~. [ ]  

(I.2.6) 

Estimate (I.2.3) deteriorates as o~ --~ 0. The next lemma gives some information 
for the case 0~ = 0. 

Lemma 1.2.3. Let u E Z.  There exists 7 = 7( N, P) such that V 0 < s < t <= T, 
V ~ > 0 ,  V n ~ l ,  

t I p - - l  p 

f f lDu-'P- z[n < u <  n ~- I] dx dv 

~ 71n(1-F1)[Ms, t(2~)4-[t--sl 2t~-p] 
t--7- s - j .  

Proof. In (I.2.2) we let 
l " +q  

In+l, u (") l where 

and 

We get 
t 

x--> ~(x) be as in (1.1.12) with a = 1, and take ~o = 

u(,) = [ n, if 0 <  u ~ n  
/ u, if u > n 

V a > 0, In + a = max {In a; 0}. 

f f JDulPu-~z [n < u < n + 1] dx dw 
s BO 

t t i [_ 1\ 
r f  

_ _  . + , n 7 -  
8 u.+l ln+ (n + 1~ :P d x d ,  + p [ i f  I D u l ' - i l n  t u---ff ~--) dxd~ =< 

B2 ~ s 

e__s(2~. (L2.7) 
= ) ; u +  e " 

Setting for simplicity of notation 

A = B2o• t),  

we have 
( 1 )  . . . .  (.-~) . . . .  (p-~) 

;(2) ~ In 1 + f f  IDu[V-' u -~ . . - - y -u , '+ . - - i -ax  d. 
A ( k [ u < n +  l] 

~71n (1 4-1)(fjlDu'-(~'+')iPdxdv)~(f!u(~+')(P-1)dxd~)-~ 
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If o~ E (0, p -- 1) is so small that (~ + 1) (p -- 1) =< 1, both integrals in braces 
are finite. Taking into account Lemma 1.2.2 in estimating the first integral, we 
have 

P [(2) < ln (1  + 1 )  -n ~ ~ N  

[t-- s'lz@] (i-~)("-"/1 t dxd, r ) l .  { P / - -  / ~ u  (~+l)(p-i) 
L M't(2o)  + \ ~; ] ] \0 p/n~'~ I 

The last integral above is estimated by 

( i f '  ) i  / t - - s \ L  (~+~)(P-') f u(~ + 1)e'-')( x, "0 dx dz" T < t_~_~_ ) . (M,.t (20) , 
"~- x B20 

=< M, , , (20  + t - - ~ - !  - } 
Therefore 

l'- q 17 P___._ 1(2) < y~N In 1 -}- ,t(2o) @ 

As for I~ "), we write 

I(')= f ;  utln(1-1-1)~ pdxd'r+ f y  utln+~---~) U'dxdv 
A~[u<n] AA[u>n] 

- I r  A 
_ l n ( l + @ )  - 0 ~-~ ) ( n ~ - l )  .,a +JJ In + - -  Cadxdv 

ii (/ ("--?-)) <= )~e N In 1 + M,,,(2~) + ~-  In + de ~P dx dr. 
A -n  + 

The last integral is majorized by 

In(l-1- nl-~ -) f (u -- n)+ (t)dx ~ Tx~Nln (1-p-1) M~,t(2~). 
s2~ • (t} 

Therefore 

('- q l. 
Substituting the estimates of I~ (~ i = 1, 2, in (I.2.7) delivers the lemma. [ ]  

Coronary 1.2.4. Let u E X and define 
u(x,t) 1 

(x, t)-+ z ( x , t ) =  f (~lnl+'~)-Ydx, eE(O,p- -  1). 
e 

Then I Dz I E L~o~(Sr), and there exists 7 = 7( N, P) such that V 0 < s < t ~ T, 
u  O, 

t [DzlVdxdz<=7 e-1 [ ( t - -  s~zl-~_p] 0.2.8) / z {  M*'t(20)+ \ e t' ] J 
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Proof. Divide both sides of  the inequality of  Lemma 1.2.3 by In 1+~ n, and add 
over all n = 2 , 3 , . . . .  [ ]  

Estimate (I.2.8) deteriorates as e -+ 0. The following corollary gives some in- 
formation in the case e = 0. 

CorollaryI.2.5. Let u E Z. Then V O < s < t ~ T, V C > I, V ~ > O 

t 

lim f f ]Dul p 1 ~-+o u-]-ff~n u z[k < u < Ck] dx dv = O. 
s B~ 

Proof. Without loss of generality we may assume that k, Ck E N. Divide both sides 
of  the inequality of  Lemma 1.2.3 by In n and add for n = k, k + 1 . . . . .  Ck. 
This gives 

t 

f f IDulP(ulnu)- l  z[k < u <  Ck]dxd~ 
s B 0 

=< ~, (ln In Ck -- In In k) Ms,t(20) + \ 0" / J 

( = ~ , l n \ l  + ~ - ~ - )  \ 0" ] J [] 

1.3. An equivalent formulation of local solutions. Since in general I Du I 
L~oc(Sr), (I.1.3) need not hold in N'(Sr). We give another formulation of local 
weak solutions, equivalent to (I; 1.7), that will be needed in the process of  con- 
structing weak solutions of  the Cauchy problem. It says that a small power of u 
satisfies an equation similar to (I.1.3) in N'(Sr). 

Let o~ E (0, p --  1) be fixed and define the numbers 

~ = ( ~ + l ) ( p - - 1 ) p ,  dE ( p _ _ ~ ,  p - - l ) ,  (I.3.1) 

1 ( p  -- 1 --  o~)p_-~_~(1-o, 
C o =  1 __~" p 

Also let 

P f l - -  (i -- d), (1.3.2) 
p - - l - - o ~  

@ 
p - - l - - ~ "  

/ ~ - - 1  --cr  
P v = - -  u P (I.3.3) 

p 1--o~ 
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Propos i t ion  1.3.1. A measurable function u: S t - +  R + is a local weak solution o f  
(I.1.3) in Sr  i f  and only i f  

P 

v E Lfo~- l -~ (ST) , 

]Dr [ E Lfoc(Sr), [Dv ]P v -~ E L L ( S r ) ,  (I.3.4) 

- -  vP/(P-I-~) E L1 ~S ~ V k > O, O t  k lock T ) ,  

Co TiV"  -- d iv ( lDvl ' - ' -  Dv) = do IDvl" v -~ in N'(Sr) .  (I.3.5) 

Remark 1.3.1. One could obtain (I.3.5) formally from (I.1.3) by multiplication 
by u -~  and formal calculations. 

P r o o f  o f  ProposifionI.3.1. In (1.1.9) take ~p = + ( u ( ~  -s, where 2 >  0 and 
for s > 0  

u( o = [ u i f  u > e 
/ e i f 0 ~ < u - - < e .  

Set 

and observe that 
e~ = {(x, t) ~ s~  I (~o - u)+ > o}, 

u(x, t) <= 2 -1 /~176 a.e. (x, t)E g a .  (I.3.6) 

We obtain from (1.1.9) u ~ E C~~ upon multiplication by 2, 

f f {u,(u(O)-51 + IDu]~-2 Du(u(O) -~ Drl} dx dT (1.3.7) 
g2 

= 3 f f IDul, u - ~ - '  ~zEu > ~l ax a~ + z f f u,u, T ax a~ + z f f lDuI, ,T ax a~. 

We first let e -+  0 and then 2 --> 0. By virtue of  (I.3.6) 

<--~;~ u~l,7,l +�89176 l~,[axd'r 

1 
1 2 < z e z f f I ~ , l dx d~ + �89 z ' - r-4s f f u I ~ , l ax a~ 

ST S T 

- + 0  as e, 2 -+  O. 

By (1.3.6) and Lemma 1.2.2, if 3o E (o, O), then 

2 f f  IOul" ~ dx d~ = 2 f f  ID.I p u-(X+oo) u('+~ dx d~ 

1 §  . . [ p - - l - - 6 o l  

~_~ rZ 1--'~- j j  ID--r--i,,7 dx d~ 
ST 

- + 0  as 2 - + 0 .  
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We treat the first integral on the left hand side of (I.3.7) as follows 

f f  .,(u(.,)-o dx d~ 
R2 

Letting 

Next 

e---> O 

f u,(u(')) -~ ~ dx & 
#1 

f f  u~~176 f f S u ~  - f f  ,~ ax d~ 

1 
- -  l _ ( } g [ u ( ~  l-L-'l-'~]tdv--e-~ f f  2 1+'1  

ST 

first and then 2 - +  0 yields 

1 
--> 1--8  f/ul-~ 

f f l Du I"-a Du(u(O)-~ D~ dx dz 
82 

[Du (0 f - :  Du(~176 D~ dx dv + e -~ f f [Du~ I Du~ Dr l dx dr. 
ST 

= f f ,  
[u  (e) < .~ --"]'4-~ ] 

f f , ]Dv] "-2 Dv D~ dx dz. 
[ . < f i - ~ ]  

a.e. ST, letting 2---> 0 we find 

-> f f l D~ l P- ~ D~ D,7 ,tx d~. 
ST 

As e - + 0  

f f ]Du f-2 Du(u%-~ D~ dx & 
~2 

Since Z u < 2 - 1 + e  increases to 1 

f f ~ ~ ] Dv f - 2 Dv D~ dx d, 

Finally by similar reasoning, as e ->  0 and 2 - +  0 

d ff]DulPu-~ eldxd* --> do f f I D v f  v-1~dxd'r. 
t~ 1 S T 

Letting e ~ 0 and 2 - +  0 in (I.3.7) yields Vz/E Co ~ (ST) 

f f {-Co,,% + tDvt ~-2 D,~ D,j} dxd~ = do f f IO~t ~ ,~-~ ,~ dx d~. 
S T ST 

Suppose now that 

/4 ~ V 
P 

It follows from (I.3.4) that V k > 0 

u ~ Zloc(S0, I Ou Ii, ~ Zfo=(Sr), 

V:ST-+ R + satisfies (I.3.4), (I.3.5) and set 

~ (0,p --  1). 

(I.3.8) 

Let e E ( 0 , 1 )  

(1.3.9) 

(I.3.10) 

0 
~7 .k c L1o0(&). 0.3.11) 

and in (I.3.9) take the test function 
rl = (q, - u)+ (u(O)% 

where 99 E C~(ST), and ~ is defined in (I.3.1). Such a choice is admissible by a 
standard approximation process. 
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Treating separately the various parts of (I.3.9) with the indicated choice of  
test function we obtain, by direct calculation 

(a) {-cJ (u ,  ) ~(~o - u)+-  ~Co~'(u(~) ~-~ u?~(~ - u)+}& d~ 
ST 

; f ~  l ffu~-%~ = - - .  u-~(q) -- u)+z[u> e l d x d r -  1~--~ 
ST S T 

+ f f  u,(, - u)+ dx dv as e -+ O. 
ST 

Co) f f I Dv f-aDv(u(~)y D(q~ -- u)+ dx d~ 
ST 

+ ~ f f  IDv f-2Dv(u(O)e-~ Du(*)(9 -- u)+ dx dz 
ST 

= f f  IDuf-2DuD(qJ -- u)+z[u >= e] dxdv  
ST 

+ d f f  [ D r  i p - 2  a v  D(~o - -  u)+ •[0 <~ u ~ 8] d x  dT 
,s T 

+ do f f  ]Dr I" v-lu~(~ -- u)+ Z[u > ~] dx d~ 
�9 S T 

+ f f  IDuf-ZDuD(~o - u)+dxdv 
S T 

-}- do f f  I D v f  v -1 u'~(q~ -- u)+ dx d~. 
ST 

Combining these calculations in 0.3.9) and letting e -+ 0 delivers the proposition. 
[] 

1.4. Harnack inequality and initial traces. In the definition of local weak solu- 
tions of  (I.1.3) in S r, no reference has been made to initial data. We will show that 
each u E 27 has a unique non-negative a-finite Borel measure/~ as initial trace. 
Existence of  such a trace will be a consequence of the following Harnaek type 
estimate. 

TheoremI.4.1. Let uEZ.  There exists 7 = x(N, p), such that u  > 0, 
u  

sup f u(x, v) dx <~ ), u(x, t) dx + 
~e(s,t) B e 

= N(p - -  2) -k p .  

(I.4.1) 

The uniqueness of  the initial t race/z  as well as the proof  of  (I.4.1) relies on 
the next gradient estimates. 
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Lemma 1.4.1. Let u E Z. 3 y = y(N, p) such that 
< R ,  V e > O  

t 1 2 

f f (t -- r) 3- [Du ]P (u -k e) p dx dr 
s B r 

" r  u < r  

t 

f 
s 

) f, I ~ -1 t - s f (t --  r)-Y-l (u + e) p(p ) dx dr, (I.4.2) <= y 1 - k  e2_p(R _ r) ~ �9 BR 

f lDul'-I dx dr 
B~ 

( t s ) p - l  t 1 _ 1  2 
- 7 -  (t -- r) p (u + e)7(P-1) dxdr.  (I.4.3) y l q - e 2 _ , ( R _ r )  p f j 

Proof  of Lemma 1.4.1. Write (1.2.2) with x - +  ~(x) a non-negative piecewise 
smooth cutoff function in Be which equals one on B, and is such that [De ] 
(R --  r) -~. Take also, 'r k > 0, 

I 2 --  1---- 
v, = (t  - z )  p (uk + ~) p ~ X~oo(Sr) ,  

where e > 0 is arbitrary. 

Treating the various terms separately, we have 

t ~ ~ 2 

(i) f f 
s B e 

t 
�9 - - 1  e ) - < , - ,  

=< 2(p ]) (t -- r) p (uk -k $P(x) dx dr, V k > 0; 

t 1 2 
(ii) f f(t--r)TIDukf-2Du~D((u~+,)l-Tcqx))dxdz 

s B R 
t 1 2 

< (p - 2) f f (t - r) w [Duk [" (u~ + ~)--: r dr 
P s B e 

t 1 2 

+p f f ( t -  r)-Y]DuklP-lr 1--y ]Dr 
s B R 

< ( p _ _ 2 ) / t  f __.1 2 
--  (t - - r )  p ]Duel  (uk + e ) - 7  C p dx dr 
- -  2p  e 

+ I~el\~_p] p~ f ~[ ( t -  r)-;-(Uk +')~ IDr ~ dx dr. 

This last integral is estimated above by 

t 1 _ 1  
( t - - s )  f f (t --  r)p (.~ + e)-}(P-" dx dr. 

7 :-~(R - r)" ? Be 
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Combining these calculations gives 

t 1 2 

f f (t - ,;)y iDukl.(u~+e)--;r dx dT 
s B R 

< Y 1 + =7-~ r" ---  1 e)7(: - 1) = ( Z - - p ) :  e 2- f f ( t - v )  p ( u +  dxdv .  (I.4.4) 

To prove (I.4.2) it suffices to let k - >  ~ .  Indeed, since 

2 

lDukl: (Uk + ~)-TE L~oo(Sr) 

uniformly in k, and since Z[u < k] ~: S ~: as k ~ cx~, the term on the left of 
(1.4.4) can be written as 

t 1 2 

f f (t - ~)7 IDu[: (u + ~)-7 ~ Z[u < k] dx dT 
s B r 

t 1 2 

-+ f f (t -- ~)~ lDuIP (u + e)-'~ ~P dx d~ 
s B R 

t I 2 

>= f f (t - ~)7 [DulP (u + O-T  dx dv. 
B~ 

To prove (I.4.3) note that V k > 0 

t 

f f  lDu 7-' r ax dT 
s B R 

l p - - 1  

f f  1 ( t  - , , '  = (t  - , )~  : p-1 
,BR (u + e )~  , 

2 p - - 1  

(u + e)P p r dx d, c 

<~ (t --T) 7 ~ CP dxdv - -F (t -- 7:) p (u + e)-Y ~ dx 7 .  
.,B~ (u + ~)7 

We estimate the first integral on the right-hand side by (I.4.4), and let k -+ oo 
on the left-hand side. [ ]  

Proof of Theorem 1.4.1. Let ~ > 0 be fixed. Define the sequences 

2 ' 

B,  = Ben, B, = Bg,, 

and let x -+ ~n(x) b e  the standard cutoff function in Bn which equals one on B,, 
and is such that [D~,[ ~ 2,+2~. 
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Fix 0 < s < t =<- T and write (I.2.2) over the time interval (r, t), s =< v < t, 
with r replaced by ~, and with ~0 ~ 1. We obtain by standard calculations 

We set 

2n+2 t 
f u~(~)dx< f u~(t)dx + - -  f f ]DuklP-l dxdv.  

Bn Bn e V ffn 
(I.4.5) 

H .  = sup f u(x, "c) dx. (I.4.6) 
r~(s,t) Bn 

Then we let k ---> o0 in (1.4.5) and estimate the last term by (I.4.3) of Lemma 1.4.1 
with r = ~,, R = 9,+i, (R -- r) = 9/2 "+2. We obtain from (I.4.5), V e > 0 

I-I._< 
~ (  ----1 n (t -- s) 2nP~P~p 1 r t , 1 2 

f u(t)dx + 1 +  5--7.7 ! J J ( t--"c) p (u-}-e) p--~p-O dxdv 
B~ e ~ I s Bn+ 1 

2nP( t - - s ] P ~ P l  f t f ( t  1--1 2 
<= fu(x,t)dx+TT- 1 +ez_-T~p I f iB ,+ 1 --~)" (u-}-e)7(P-~ 

B2 o 
(I.4.7) 

By the H61der inequality and (I.4.6) 

t 1 2 1 N(2--p) 2 
f f(t--z)7-1(u+e)7~P-~ P (an+  1 -~-e~oN) p-'(p-1). 

s Bn+ 1 

By Young's inequality, V 3 E (0, 1) 

7 2 " P ( 1 - ] - t - - s ~ - ~ (  t f ( t  "-1 

~ ~.-1~[ t - s x  ~-~(t-q 
=< O(H,+I_I_eCu)_}_V2"T~-p6 2-p l l -}- e-~-i-r-~) ~--d \ - - - ~ ]  2-P 

__ ~ 2--p 

This in (I.4.7) gives 

1-1, <= dH,+I q- b"Co(e), n = O, 1, 2 . . . . .  u e > 0, (1.4.8,) 

where 
b = 2 p~I{2-p), Co(e, O) = f u(x, t) dx H- Bo(e, O) 0.4.9) 

Bzo 

t(t-q/__, . - s ~ l t - s ~  
.o(., / + + t - "  -"t  (i4,o  
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Iterating the inequalities 0.4.8,) 

n + l  

Ho ~ 6"H,-}- &~Co(e, 8) ~] (b6f .  (I.4.11) 
i=0  

1 
Choose 6 = ~ -  and let n -+ oo to conclude 

2 2 
f u(x, t) dx + -g- Bo(~), v ~ > O. 1to <= -y ~ 

We finally minimize the function e -+  Bo(e) given by (I.4.10). The minimum is 
achieved for 

t - - s  

and 

i t -  fi 2'--p 
:Bo(-~, 8) = 7 \ ~ ] , 7 = ~'(N, P). [ ]  

Theorem 1.4.2. Every u E S has a unique a-finite non-negative Borel measure i z 
as initial trace at t = O. 

Proof. From Theorem 1.4.1 it follows that V ~/E Co(RN), the net 

f u(v) ~ dx}~o,o 
R N 

is equibounded, with bound depending only upon []Ir/[loo,RN. A subnet indexed 
with {v'} converges to a non-negative a-finite Borel measure/z, in the sense of 
measures, i.e., as ~r' "-~ 0 

f u(v') B dx -+ f ~? dtt , u 
R N R N 

Suppose now that there exist another subnet, indexed with {-r"} and a non- 
negative a-finite Borel measure v, such that 

f u(z") ~ dx -+ f ~ dv, v ~,/E Co(RN). 
R N R N  

We will prove that /z ~ v. 
Let aE (0, 1) and write (I.2.2) with ~o ~ 1 and r as in (1.1.12). Letting 

k ~ o% standard calculations give V 0 < s < t =< T 

1 t 
:u(s) d x ~  f u(t)dx-k~-~o / B  f ]Du[P-ldxdv. (I.4.12) 
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We estimate the last term by using (1.4.3) of Lemma 1.4.1 with 
g - q 2L 

R = 2 ( l §  o and e = ~  Op ] . We obtain V 6 6 ( 0 , 1 )  

1 t 
~ / ~  f ]Dul'-ldxd~ 

(1 +a)e 

t . 2  N(2--p) 1 . . . ~ T ( p _ 1  ) ~ 

t \ ~ ( s , t )  B(1 +a)o 

I t  -- s \_l  2__0_1) 

r = ( 1  + ~ ) ~ ,  

7 + _7_ sup f u(x, ~:) -;(p-1) 
O' O" \r~(s,t) B(1 +a)~ 

) < 7 , - 2  + ~ 2 - ,  2 - ,  + d (sup f u(x,'c) dx . 
ff \~(s,t) B( 1 +a)O 

Finally, taking into account Theorem I.4.1, we deduce that 'r 6E (0, 1) 
3 ), = 7(N, P, 0 such that 

1 , 
f f ] o u  1" -~ dx dv <= 6 f u(x, t) dx + 7(8) a -  2-1; 2-p 

~' s B(1 +a)O B2( 1 q_a) e 

Substitute this estimate in (I.4.12) to obtain V 0 <  s <  t ~ T, 
u 6 6 (0, 1), we obtain 

= --P,  f u(s) dX < f u(t) dx § 6 f u(t) dx § ---7 -7 
B~o B(1 -t- a)O B2(1 -f- a)0 O'~--P 

V aE (0, 1), 

(1.4.13) 

Let s "~ 0 along {~:} by keeping t fixed. Then let t "-~ 0 along {7:"}, to get 

f dl, ~ f dv § O f d~,. 
BO BO + 0 ~  ~2(1 +~)~ 

Since tr, 6 E (0, 1) are arbitrary we conclude that 

f d l z~  fdv, v q > O .  
"o ~Q 

Interchanging the role of (r'} and (~"} proves that 

and /z ~ v. [ ]  

f dlz ~ f d~, v q > O 
B~ Bq 
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Chapter H. Uniqueness 

11.1. The uniqueness theorem. Let X* denote the subclass of X of those non- 
negative local weak solutions of (I.1.3) in St ,  satisfying 

8 
uk(x, t) <~ yuk(x, t), a.e. (x, t) E S r  

for some y = y(N, p, t), V k E R +, (ILl . l )  

li--m f f  IDul" l d x  dv ~ O, (II.1.2) 
k~+ oo 3Uf~[k < u  < Ck] U 

for every compact subset ~ of ST and for all C >= 1. In the next section we will 
construct solutions of the Cauchy problem associated with 0.1.3) for initial data 
Uo E L~or Uo ~> 0, that satisfy both (IF.1.1, 1.2); therefore Z* is not empty. 
Corollary 1.2.5 suggests that (II.1.2) is almost satisfied by all solutions in 2:. 
It would be of interest to know whether the inclusion 

X* C Z  
is strict. 

Theorem 11.1.1. Le t  u~, u 2 E ~ *  satisfy 

(ux -- u2) (t) ---> 0 in L~o~(R u) 

Then ux = u2 a.e. ST. 

as t -->0. 

II.2. Preliminaries. Let ~ > 0, B e =- {Ixl < Q}, 0 < s < t ~ T and let x -+  
~(x) be a non-negative piecewise smooth cutoff function in B(~+~/o • (s, t), a E 
(0, 1), that equals one on B e and is such that 

1 
IDOl _--< ---. 0L2.1) 

We assume for the moment that a E (0, 1) has been fixed. 

Lemmali .2 .1.  Let uE X*. For all O <  s < t <= T, V ~ > O, V C >  1, 
t 

f f[utlz[k<u<Ck]dxdz'=O. 
k'--~" c~ s B~ 

Proof. Consider (I.1.14) written for uk replaced by Uck, C >  1, against test 
functions 

, / =  r  

where x -+~(x )  is as in (II.2.1) with a =  1 and u  1: 

�9 [�89 O<--u<_�89 
Wk,c =~ U, �89 k < u < Ck,  

Ck, u >= Ck.  
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It follows from these definitions that ~ < 0, a.e. S r  and ~1 ---- 0, a.e. on the set 
[ 0 <  u < � 8 9  

Standard calculations give V 0 < s < t ~ T, u Q > 0 

t t 

f , 9  1 J  u.,axdr < f f I Ul'uZ < u< axdr 
�9 B2Q ~ BZ o 

t 

+ ln2C f f Io"c~l'='z [u > �89 k] lOCI dx d~. 
s B2O 

(11.2.2) 

The first integral on the right-hand side of  (II.2.2) tends to zero as k - +  oo 
by virtue of  (II.1.2) since u E 21". 

As for the second integral, we estimate it above (formally) by 

In 2C t 
f f IDUck] "-~ Z[u > �89 dx dr 

r s BaQ 

In 2C t (~+~)(p-~) (~+l)(p-~) 
- f f I Duck]" -~ u ~ u , X[u > ~ k] dx dr 

s B2O 

ln 2C ( p )V-l ( / t B f  p-i-~ip \p - i  ' Du T t dx dr) p 

)' 
• u (~+1)@-~) Z[u > �89 k] dx dr P. 

I f  we choose o~ E (0, p --  1) to be so small that 

(or -}-1) (p --  1) < 1, 

the estimate is rigorous and the rightmost side of  (IL2.3) tends to zero as k -+ o% 
since u E L~oc(Sr) and Lemma 1.2.2 holds. 

Combining these remarks, we see that (11.2.2) implies 

t k 
f fu,  ln[~]r189 < u< Ckldxdr 

s B20 \ 2 W k , c l  

G Sz[u, > 0] Z[u > �89 kl dx dr + 0 . 
s B2e 

In view of the definition of  Wg,c this gives in turn 

f j  I u, [ z[k < u < Ckl dx dr< 9, f f u,z[u, > 0] Z[u > �89 k] dx dr + 0 . 
s s B2Q 

The last integral is estimated by means of  (II. 1.1) and the lemma follows. [ ]  

R e m a r k  II.2.1. The assertion of  the lemma is trivial if u t E L~oc(Sr). 
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We give next a weak formulation for the difference of two solutions ul, Uz. 
First we recall that by Lemma 1.1,3, the truncated function 

u2 if 0 < u2 < k 
U2"k ~ k if u2 ~ k 

is a distributional supersolution of (I.1.1) V k > 0. We write (1.1.14) for u2,k 
against the testing functions 

= (~, - uO + ~p, v ~, ~ X~oc(Sr) 

where r is as in (11.2.1). Such a choice is admissible in view of the definition of  
Xloc(Sr) and the regularity properties (I.1.4)-(1.1.6) of  ui, i = 1, 2, modulo a 
standard density argument. On the other hand the weak formulation of  ut (I. 1.13) 
holds against the same testing functions. Therefore, setting 

W =~ U 1 - -  U2,  W ( k  ) =~ I l l  - -  U2(k) , k E R +, 

we obtain by difference the weak formulation 

f f -i-i w(,o(~, - uO+ r + JkD(,e -- uO+ ~" dx d~ 
s B( l+a)O 

t 

= --P f f Jk0P -- ul)+ ~p-I D~ dx dr, u ~ ~ Xloo(S~) (11.2.4) 
a B(1 + a ) ~  

where 

J,, IDul 1 "-2  Dul  - -  IOu2.kl "-2  
1 d 

= ? ~-{[D(~u~ § (1 --~) U2,k)I p-2 D(~ul § (1 -- ~) u2,k)} d~ 

= ( ?  lD(~ul + (1- -  ~) Ue,k) ] '-:  d~) Dw(k) 

( / + (p - 2) ~ ID(~u~ + (1 - -  ~) u,_~)I " - 4  D ( ~ u l  
0 

+ (1 -- ~) Uz,k) (~U~ + (1 -- ~) U2,k)~j d~) W ( k ) , x j .  (I1.2.5) 

Here the summation convention is adopted. Set also 
1 

Ao ~ f ID(#ul + (1 - #) U2,k)[.-2 d~. 
0 

2 
Lemma IL2.2. Ao < - -  ]DW(k)f-2. 

= p - - 1  

Proof. If  [DU2,k I ~ lOw(k)1, we have 

]D(#u~ + (1 -- ~) U2,k) I 

= lDu2a, + ~ nw(k)l >--_ IiDu2,kl ~ IDw(k)ll > (1 - ~)]Dw(k)I. 
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Therefore (/ ) 1 
Ao ~ (1 - s  d~ lDw(k)] " - 2  - - -  lOw(h)I "-2 

- -  p - - 1  " 

If  [Du2,kl < ]DW(k)], 
1 

f IOu2,k + ~ Ow(k)l ~'-2 d~ 
0 

1 

<= f IlDu2,kl + # ]Dw(k)l] ~-2d~ 
0 

1 -d~ d~), + ef [Ow(k)l + IDu2,k[) p - '  

where ~o E (0, 1) is defined by 

I Du~,k [ 
~o =-- IDw(k) l ~ (0, 1). 

2 
By direct calculation Ao < ~ IDw(/ol p-2. [ ]  

= p - - 1  

From the definitions set forth and Lemma II.2.1 we have 

Jk Dw(e) ~ (p --  1) Ao [Dw(k)] 2, 

4 
IJx] < Ao lOw(h)] < ~ ] O w ( ~ ) I  p-1 = = p - - 1  " 

We will use these inequalities without specific mention. 

(11.2.6) 

11.3. An auxiliary proposition. 

Proposition H.3.1. Let uiC Z*,  i = 1, 2, satisfy 

w(t) ~ (ul --  u2) (t) -+ 0 in L~oc(R N) as t --> O. 

Then w E L~(O, T; L~oc(RN)), V q E [1, cxz). Moreover V q ~ 1, ~ ~/ = y(N, p, q), 
such that 

t 

f lw(t)lqdx< ~' f f Iw[q+(P-2) dxdv ,  (II.3.1) 
BQ(t) ~ ~ 0 B(1 +a)~ 

for all ~ ?> 0 and for all a C (0, 1). 

The proof  is based on an iteration procedure and uses recursive inequalities 
obtained from (II.2.4) with suitable choices of test functions ~. 

Testing functions in (II.2.4). If  h is any positive number let 

W(k), h ~ -  (U 1 - -  U2,k) h : i f  W(k) < h (11.3.2) 

if w<k) ~ h 
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and in (II.2.4) consider the test function 

where 

We obtain 

f a N × (4 

249 

1 
~o = u~, L -]- --- (w~),, -~- e)" (w(jo, m e) b 6 Xloc(Sr) , (11.3.3) 

8 

e~ (0, 1), a , b > O ,  n , m ~ N ,  n > m  t-1. 

W(k)(~' --- U , ) +  ~ aX - -  f W(k)(~' - -  .,)~ ~ dx 
RN×(~} 

t 
~ t ~ P 

--  , f R f  W(") C7--~-~ ( ~ ' J  --  U0+ U' dx d3 -i- "f a:~"fJkD(~° -- u,)+~ dxdr  

t 

~p- t D~ dx dr.  (II.3.4) "~ - p  f f Jk (~' --  u , ) + ,  
s R N 

T h e  l imit  as  e --~ 0. We multiply both sides of  (II.3.4) by e and let e ~ 0, 
while k, s, n, m remain fixed. F rom the definition (II.3.3) of  ~p it follows that 
V 3C (0, T] the net [w(~)(~.~ - -  eut)+] (., 3), is equibounded in L~oc(R~'), converges 
to 

[W(k)(W~),,,)" (W(~),,,) ~] (', 3) a.e. B2o 

and is majorized a.e. R u by 

W(k)(W(k),, l) ~ (Wck),,,, -~- 1) b (', ~) E L]oc(RX). 

Therefore for all 0 < 3 ~ T ,  as e -~-0  

f w(k)(~ -- ul)+ ~,P dx --> J" W(k)(W(~),,)" (W(~),,,) b U' dx. (11.3.5) 
R N × {r} R N × {r} 

This determines the limit for the first two terms on the left-hand side of  (II.3.4). 
To examine the remaining terms we let ~ ,  i = 1, 2 be arbitrarily selected but fixed 
representatives out  o f  the equivalence classes u i, define w, w(a) accordingly, 
and let 

~ = : do~ kJ ~ .  (II.3.6) 

In using 7, as a test function in (11.3.4) we keep in mind that the truncated functions 
ui.h, i = 1, 2, V h > 0 are regular in the sense o f  (I.1.4)-(I.1.6). In particular the 
first two integrals on the left-hand side of(I1.3.4) are well defined ¥ 0 < s < t ~ T. 
We will eliminate the parameters e, k, s, n, m by letting ~: -~- 0, k ~ oo, s - >  0, 
n, m - >  oo in the indicated order. 
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Next 
t 

L~ - - / 3  " ~ f ./~ _ w , k ) ~ ;  (~ - u l )+  ~ ,  a x  dr 
s R N  

t 

f f + + ~) dI1 + __ + : - - a  W(k),n(W(k), n _~ /3)6 0 (w(k).~ + ~ W(k).. ~"Z(~3 dx dv 
s R N  

t 

- b  f . f  W(+)'m(WC+)'n + e)a (w(+)'m+ e)b-' -~ve W~),m ~'Z(ff,) dx dr 
s R N 

t 

j "  J"  w(g)(1 --/3ul)t Z(~,) cP dx dr 
s R N  

L(~" + L(~ 2) + L~(3). 

We claim that L(2 ) -+ 0 as /3 -+ O. Indeed 

t 

s B2e 

On the set ~'~ we have 

1 1 1 1)~+ b y --__< ul _ < - - + - - ( n  + 
/3 e 13 /3 

Therefore 

e [w(k) t -----< Y a.e. ~ .  

[z,?) [ <= T f / <=.1<= dx a,, 

and the assertion follows from Lemma II.2,1. 
Since k, n, m are fixed, the integrands in L~ ~ i = 1, 2 are in L~or uniformly 

in e. Moreover they have a.e. limits that are in L~oc(Sr) and their absolute value 
is majorized a.e. St, uniformly in e, by functions in L~or Therefore as e -+ 0 

t 

a + 1 ~_~v(W(k)..) , + b 
aN (11.3.7) 

t 
b l" + , 9  

b+ 1 f j (w,...) ~,,,~,~,,~,+ ,~+' r ax a~. 
s RN 

+ a ~ I', + "~b+l 
(W(k),n) - ~  l,'v(k),m) : (w(+~,,.) ~ ~ (w~),") ~+' 

b + 1 c~ ,'..,+ -,a+b+l 
: a + b +  1 ~r~"~(k)"nJ , a.e. ST, 
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we obtain f rom (II.3.7) 
a = f [ , , ,q-  "~aq-1 [ W  -t- ~b I,l'V(k),n) \ (k),m] ~P d x  

a + 1 a u  • (t) 

b 
( a +  1 ) ( a + b +  1) f l, + v,+a+l - -  I~,,(k),m) ~P d x  

RU• 
a 

+ a  + l f . .+ : b ~,V(k),,j (w(k),m) ~P dx. (II.3.7') 
R N • {s) 

b 
1 f e.,,+ "~a+b+l~Pdx 

+ (a + 1) (a + b + ) ~N•  {s} k"/(k),m] 

We combine this with (II.3.5) and conclude that the sum of  the first three terms 
on the left-hand side of  (II.3.4) has a limit as e -~- 0 that is minorized by 

1 1 
a + b +  1 f tw+ W+b+l W(k) l.W(k),n] 

R N• a-~-  b -~ I RN• 
( I I .3 .8 )  

W e  t u r n  to  e s t i m a t e  b e l o w  t h e  l i m - i n f  as e - +  0 o f  t h e  l a s t  i n t e g r a l  o n  t h e  lef t -  

h a n d  s ide  o f  ( I I .3 .4)  
t 

e f f J kD(~o - -uO+~ 'dxdv  
s R N  

t 

a f f Jk + + e) ~-' + - -  (w(k),m + e) b ~PZ(~) dx dv - -  DW(k)," (W(k),n -~- 
s R N 

t 

-t- b f f Jk + + " + e) b-' DW(k) ,m(W(k) ,  n -@ E) (W(k), m -~  ~Pz((f f  e) d x  dT; 

s RN (11.3.9) 
t 

+ f f Jk D(1 --  eu~)  ~vZ(o~ ,  ) dx dv 
s R N 

t 

> a(p 1) f f A o  ]Dw~),.l 2 + e) ~-' + = --  (W(k),. @ (W(g),m + e) b ~PZ(~.) dx dr 
s R N 

4 e  t 
p - -1  , f  a /  Ao ]DW(k)[ IOu~ [ r  dx d~ ~ . . . . . . .  u(,)  + u(=) 

By weak lower semicontinuity 
t 

lim H~ 0) > a ( p  - -  1) f f A o  Dw § 2 r.,+ w-1 Cp = (k),n kW(k),n) (W~kk),m) b d x  d r .  (11.3.10) 
e~-O s R N 

We claim that H} 2) -~ 0 as e --> 0. Using Lemma II.2.2, we have 
t 

IH~2)[ < eC(N,p) f f IDu, -- Duz,kl p- '  [Du, l Z(ff~) ax dv 
s B2~ 

t 

< = o f  
8 

t 

f [Dul I ~  x( adx + c~ f f [DU2,k[P "(r "(2) 
B2q s B2o 
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Since i Du2,k i  E Lf'o¢(Sr) the second term tends to zero as e - ,  0. As for H~2: 
write 

t 

:: I4'(2) < C [DUl Is, I < ul < dxdv  

s B2o 

where y =  I - - ( n +  l ) " ( m _  1) b. This implies 

(- < qp) ¢. ~ , . ~ . ~  <,, ,  < . x , ~ . . o  a ~ - . O ,  / _ / ( 2 )  
.t~ 6,1 ~ . .  ~ 

s B2e  

since u~ E X*. 
We finally estimate above the lim-sup as e -> 0 of the integral on the right- 

hand side of  (II.Y4). Using the definition (II.Y3) of ~ and (IL2.6), we see that 

pf' ] f ak(~o - u,)+ ¢"- ' D~ dx dv 
s R N 

< y f '  f Ao [Dv,:(ki[ + : :  (w(kx,, + ~.)" (w&.., + e) b ¢" ' l  D¢i x(~D dx d r  
s R N 

t 

' , ' d x  dT:. (II.3.11) ~- 7 J f Xo IDwtk) I eu,z(.~D CP-' ':De i 
s R N 

The last integral tends to zero as e--> 0. Indeed it can be majorized by 
t 

Ctp) [1 -l-(n -P 1)"(m + l) b] f flDw(,)! "-' 7 . ( ~ )  dx dT 
s B20 

t t 

s B20 s B20 

(II.3.12) 

The second integral on the right-hand side of (II.3.12) tends to zero as t - +  0, 
since u~ E Lion(St). As for the first integral, let ~o E ( O , p  - -  1) be so small that 
(c%-I- 1 ) ( p - -  1 ) <  1. Then 

t : :  [ "} Ip--I 7' D u i  ! Z u l  > - dx dv 
s B29 

.t (OCO -i- l)(p " I)  (~0 + I ) (P  I) 

=Tj f lDu ,  l "- ' , , ,  " u, . Z [ ,< ,>+ ]dxd . ,  
s B2~.> 

- - Ill P Z ul > d x  d z  

s B2o 

I I  1 , ' -  I - "loll / t \ I - - - : ,  ( : :  [ ) <= :'7 Dui P p,B2t, x(,,,) Ui(~° ;1)(p l) Z U: ;> d x d r  - + 0  as e - > 0 .  

k s B20 
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We examine the lira-sup as e --, 0 of  the first integral on the right-hand side 
of  (II.3.11). The numbers kE  R '  n E N  being fixed, if e is small enough 

{(x, r) 6 Sr [ 0 < ~(,~(x, r) ~__z n} ( .%. 

/ ' l ,p  N Moreover  since, w(~).,,6 L~o~(O, T; 14 ~o~(R )), 

[Dwl'~),, ,! ~= 0 a.e. on {(x, r)  ~ S t '  wd,)(x, r)  > n}. 

We write 

I 

f f ,40 J D,,'(k): (w/k,.,, -'.- e)" (w(k) .... e) b :~P ' !D~' 7.((~,) dx dr 
s R N 

t 

= f f Ao, D . , & .  i (w&,,, + e)° ( w & . , . .  ~)o ¢, , IDa: dx dr 
s R N 

t 

:- f J" Ao !Dwi'k)[ (n -~ e) ° (m ~- e) b ~ "  ' i D~ I zlw(k, > n] Z(fq,) dx dr 
s R N 

t 

' : ~ , D ;  Z ( c ~ , )  dx dr 
R N 

= K ( ' ) +  K~ a + K~ 3). (II.3.13) 

As for K~ I) the integrand tends to .40 [Owck) , . [  '~ ~ - '~ "~-~ (*~0,),,) (w(k).,,,) ~, [O~ i a.e. 
Bzox(s,  t) in a decreasing way. Therefore  

t 
I 4. a ~p - I  *'~ K~. '~ -'. f f ao tDw&,.;(w(k~,.) (wi.~.,,y ID~ldxdr. 

s R N 

The last integral tends to zero as e--~ 0. Indeed 

~,a r b  l l )  

= ,; I 4. iDuz.kl l'- d x d r  -+ 0 as e - > 0 .  KP < C(p) ~ f f (I Du,,k, . 
s B20 

The operat ion Dw~) coincides with the weak derivative of  w~) only on the sets 
j ( o  where w(~,) is bounded by a constant I, i.e. 

Dw~) Z(s l  q~) +- Dw~'k~,q). 

Since Dw~) is not well defined a.e. in the whole strip, St ,  we estimate K~ (2) above 
as follows: 

(m ~- 1) b .' 
K~ 2) ~ 7 m J J , Du~ --  Du2, k ir- l  tt~Z[UL > n T U2,k] " f (~,)  d x  elf 

G~ s B2o " 

(m T 1) b . ' 
< Y  J f i ou , l "  u~z[u, > n ] z ( ~ , ) d x d r  

(70 s B2o " 

(m -t- 1) h ' 
4 - 7 - -  J a~ f j Du2,k i p- J u~z[tq > n -k u2,k] Z(~,) dx dr. 

s B2O 
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I f  o~o E (0, p - -  1), write 

t 

f f [Ou, [p-' ~ztu,  > nl z(~D dx d~ 
s B2o 

t (ao + 1)(p-- 1) (~o+l)(p--1)+ap 

= f f l D u ,  I . - 'u ,  . u, P Ztu~>nlz(~DdxaT 
s B2q 

< ) , I f  f lDu ' . I dxd~j-7- .fu~o+,,@-,,+a, z t u , > n ] a x a  z 7. 
\ s  B20 ] B20 

Choose  O~o and a > 0 so small that  

(0% + 1) (p  - -  1) + af ~ 1. (II.3.14) 

Then  u (~~ E L~oc(Sr) and V e E (0, 1) 

f f ]Du, ['- '  u~x[u~ > n] Z(~D dx d~ < 0 . 
s B2~ 

Analogous ly  

t 

f f }Duz.k} p-' u~zEu~ > n + u2,~lZ(~Ddxdz 
s B2O 

< e l f  f l  o .  " axa, -7-- fu~Pug~O+m.-1~X[u.>n+u2.k]dxd. -; 
\ s  B20 B20 

" '  ' ' - ' - - ' r  )'-'{/ )' ~ | f  IID, , d x ~  7 fu~O+.,.-,)+~pZ[u,>n]dxd ~ 7 
\ s  1120 B2e 

We conclude tha t  

(;-) lira K~ (2) < ~,(rn -t- 1) O k E  R,  (II.3.15) 
n-->'0 

provided o% and a > 0 are so chosen that  (11.3.14) holds. Combin ing  these 
est imates and limiting processes as parts  o f  (II.3.4), we obtain  

1 
f ..,+ .,o+b+~ r 

a § b § 1 nN x{t} tW(k)'m] 

t 

+ a ( p -  l) f f A o  I o w & ) , . i  ~ ,  + , o - 1  + tW(k),.j (W(~),m) ~P dx d~ 
s R N  

1 
< f , +:,,,+ ~+b r dx - -  Yv k kVV(k),n) 
- -  a + b § 1 RN • {s} 

f f (w(~,,~) : ' - '  dx e, + r(m + 1) ~ o A o t O W & . l  + ~ + 
R 

(II.3.16) 
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/I\ 
Remark. We remark that the term involving Oq--~J holds V k >  0, 

V O < s < t ~ T .  

The limits as k - + ~  and s - + 0 .  If  n EN and k >  0 are fixed, we let 

- +  a n d -  + W(k),n Dw(k),n be arbitrarily selected but fixed representatives of the equi- 
valence classes w(~),n and Dw~),~ and introduce the sets 

8 1 = { ( x , r ) E S r l _ ~ ) , n ( x , r ) a ( p - - 1 ) a ~  - } 4C ~(x) [Dw~),. [ (x, r) 

~2 ~ (X, r)  E S T [ 15w~),n[  (x,  T) ~ a(p - -  1)ap~(x)  U(k)..(X, v) , 

where C is the constant appearing in the last integral on the right-hand side of 
(II.3.16). This integral is estimated as follows: 

!'.f "~ + . + - -  (W(k),.) (W(k),m) dx dr a~ 

C f t  f "do I Dw~k),n ](W(+k),n) a (W(+k).m) b ~ P - - l z ( e l )  dx  dr  

2C t 
! + ~ + J- (p  - -  1) O' e R (W(k),.) t (k),mS (P-IZ(g~ dx  air 

< a ( p - -  1) f t  f A o  + 2 -- tDw(k),nl etW(k),,, + aa-' (W~)m)b r 
- -  2 s R N 

4PC p t 
f.. ,+ ~p--l+a -b b 

-1- a p _ l ( p _  1)P(o.Q) p RfNI.W(k),nl (W(k),m) dx dr. 

We carry this estimate in (II.3.16), move the integral involving Dw + z onto the (k),n 
left-hand side and drop the resulting nonnegative term to obtain 

1 
a + b + 1 f I W(k),m ha+b+1 ~p dx 

R N X {t) 

1 _ f ,,,q-gu,+ "ta-I-b -- "k t,"(k),,a ~P dx 
a -I- b q- 1 RN• 

§  f ,.,.+-,,,-,+.,.w + ,b kVV(k),.) I. (k),m) dX dr q- y(m -t- 1) b 0 . 
s B(1 +a)O 

(II.3.17) 

We now let k-+~x~ while s > O ,  n, m, EN remain fixed. Since w + ~ w  +, 
we may pass to the limit under the integrals in (11.3.17) and obtain the same 
integral inequality written for w +. In particular the first integral on the right- 
hand side takes the form 

1 
a q- b + 1 f W+(Wnk)a+b ~p dx. (II.3.18) 

a N X {s} 
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As  

by 
Ha+b 

f w+U'dx-+O as s-->0.  
a Av b -@ 1 R N • {s} 

These limiting processes yield ' 

f (W+m) a+b+l ~P dx 
RN• 

t 

< 7 ( p ) ( a + b +  1) f f (w+y_~+O(w+)bdxdv 
- -  ( a 9 )  p : o B(~ + o ~  . 

: + 7 ( a  + b + 1)(ra + 1)b 0 . 

s--~ 0, the integral in (II.3.18) tends to zero since it can be majorized 

(II.3.19) 

Proof  of  Proposition H.3.1. We let n -+ oo in (II.3.19), while m E N remains 
fixed. The integrand in the last integral tends to (w+) p-1 +a(W+m)b a.e. in B(1 +,)~ • 
(0, t) in an increasing fashion. Moreover if a is so small that 

p --  1 + a E (0, 1) .... (II.3.20) 

it is dominated, uniformly in n, by the function 

(w+) p-1 +~ (w+J ~ r~oc(S~). 

The limit process gives 

f (w+y+b+l ~,dx<~/(p)(a+b+ 1) f '  f (w+) ~-~+~ (w+~) b dx &. 
RN• ~ (r p 0 B(l+a)e 

�9 (II.3.21) 

This inequality holds t r u e  V m E N; V b ~ 0, V a E (0, 1), V~0 > 0. The positive 
number a is fixed and satisfies the restrictions (II.3:14) and (II.3.20). 

The sequence {w +} increases to w + a.e. St .  Therefore we may pass to the limit 
as m - + ~  under the integrals in (II.3.21) for t h o s e  b ~ 0 for which 

Lloc(ST). 

If  b~ => 0 is one such b, letting m - +  ~x~ we find that 

(W+) a§247 ~ L~oc(ST), 

which implies that 

(W+)V-I+a+bi+IEL~or bi+l = bi+ 2 - - p >  bi. 

Let bo ~ 0 be  defined by p -- t -k- a + bo = 1. Then the previous�9 remarks 
show that 

(w+)V-1 +,+b0+i(2-;) ~ (w+)~ +i(2-p~ E L~o~(Sr), i = O, 1, 2 . . . . .  

Interchanging the role of u~ and u2 proves the Proposition. [ ]  
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H.4.  Proof of TheoremU.l .1 .  From (II.3.1) by H61der's inequality, since 
pE  (1, 2) 

f lw(t)lqdx<= (-gjop f f Iw( )lqdx e dr 
B e B( 1:1- a)e 

' .  q ~1 2qp  N(2 ~p) 
~ Y----( sup f Iw(~)l dx to q -P (II.4.1) 
- -  o'P \ O < ~ < t  B(1 +a)Q ! 

Let ~ > 0 be fixed and for n = 1, 2 ...... define 
%, 

On : (~--' 2 - t )  o' i=o Bn=Ben '  (rn=2--(n+l)P' 

A. = sup f l [ dx, 
0 < ~ t  Bn 

and rewrite (I1.4.1) over Bn and B,+a to obtain 

{ N(p--2)+pq~ 1 2--p 

A n ~ ~ 2 np ~,t/o -~ J ( A n + i )  q ( I I . 4 . 2 )  

Let 0oE(0,1) .  Then since l < p < 2  

nq [ N(p--2)+pq~ q 

A n ~  OoAn+l +)~(N,p,  (}o)(2P)-f~-Pkt/O" 7 7)2-p, (11.4.3) 

and iteration of (II.4.3) gives 

i t N(p--2)+pq,~ q n + l  [ Pq ~i 
Ao ~ OgA,+ , @ ;v( N, p, C3o) k t/e u )T~-p ~ ~ ~3 ~ 2 z-p}.  

i=0 

p__._~a 
If 6o is chosen so that 6o 22-p = �89 the last sum is majorized by a convergent 
series. Letting n - + c o  proves that for every q E [1, co) there exists a constant 
;~ = ~(N, p, q), independent of ~, such that for all t E (0, T) 

ir N(p--2)Wpq\ q 
f [w(t)lq dx < y~t/O 7 )2--p. (II.4.4) 

B e 

T o  prove the theorem we choose q so large that 

N ( p - -  2) + pq > 0 
q 

and then, such a q E [1, co) being fixed, we let ~ -+ co in (II.4.4). [ ]  

Chapter HI. The Cauchy Problem 

IIL1. Introduction. We will construct a solution to the Cauchy problem 

ut -- div (1Du I p-2 Du) = 0 in St ,  1 < p < 2 
u(., O) = Uo(') (III. 1.1) 
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under the assumptions 

U o ~ 0, Uo E Lloe(RN). (IIL 1.2) 

In particular no growth condition is imposed on x-+ Uo(X) as Ix] -+  oo. 
The solution will be in the class Z' and it is meant in the weak sense made pre- 

cise in Section 1.1. In fact, it will be in Z'* (see Section ILl)  and therefore it will 
be unique. 

I f  Uo E LI(RN), the existence of  a unique semigroup solution is known (see 
[5, 15]), even without sign restriction on uo. However it is not dear  to us what is 
the a.e. S~- meaning of Du, if  any, for such semigroup solutions, nor how the 
equation has to be interpreted. For  this reason we have chosen a simple approach 
based on a priori estimates in spaces of integrable functions. 

Let {Un} be a sequence of  sufficiently smooth approximating solutions. There 
are two main difficulties in showing existence. The first is an a priori bound of the 
type 

u, E L~o~(S~,), uniformly in n; 

and the second is to identify the weak limit inL]oc (St)  of the sequence of nonlinear 
terms {[Du n [p-2 Du,}. 

The first is overcome by a Harnack type estimate whose proof  requires that 
Uo >= 0. To deal with the second we need some time-regularity of the approximat- 
ing solutions, which is supplied by the B6nilan-Crandall regularizing effect [5] 
if uo ~ 0. 

It would be of  interest to know whether solutions to (III.l.1) exist if Uo E 
L~or N) with no restriction of  sign, or even in the case of uo E LI(R N) if the semi- 
group solution can be given a concrete a.e. meaning. We establish existence of a 
(unique) solution to (IILI.1) in Sections III.2-4. 

In the remaining sections we prove some properties of these solutions, such as 
how uo E Lfoc(RN), q > 1 reflects on the regularity of u (w III.6-I1L7). 

III.2. Existence of solutions (u 0 E C~(RN)). As a starting point we consider 
solutions of  (IILI.1) for smooth initial data. 

Let n o E N  be so large that suppuoCB,  o ~ { ] x l < n o  ), and u  
consider the boundary value problems 

--Tu.--div(lDu.lp-2 Du.) =O, l < p  < 2 ,  

in Qn ~ B n •  T), 
(m2.1) 

u.(x, t) = o, I x l  = . ,  t~  (o, T), 

u,(.,  0) = Uo(-). 

Existence and uniqueness of a weak solution to (III.2.1) is established for ex- 
ample in (LIoNs [21]) by means of Galerkin approximations (see also [19]). 

The solutions un, n = no, no -? 1 . . . .  satisfy 

u,, E W"2(O, T; L2(B.)) A L~(O, T; WI'P(Bn)) 
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with the a priori estimates 

2 

- - u .  + ess sup [IDu.II~,B n < [lDuo I]~,RN, 
~t 2,Q n O < t < T  

]lunllq,Q n G ][Uo]]q,R N, V qC [1,c~), 

and the equation is interpreted in the following sense: 

V n ~ n o ,  V 0 < R < = n ,  V O < t ~ T ,  

V 9) E W"2(0, T; L:(BR)) f~ L'(O, T; I)VI'P(B~), 

t 

f un(x , t) ~o(x, t) dx -~ f f {-u.% + [Du. [p-2 Dun D~o}dx dv 
B R 0 B R 

259 

= f Uo(X) ~o(x, o) & .  

o n  

{un} .7 u E Lz(sr) f~ L~(ST), 

and if QR~-BR• u R > O  

un,t ~ ut in L2(QR), Du. ~ Du, 
p 

]Dun[ p-2 Dun ~ Z in L p - '  (OR). 

Letting n -+ cx~ in (111.2.3) 
t 

f u(x,t)~(x, t )dx  + f f {--u~o~+ ~ D ~ } d x & r  = 
B R 0 B R 

for all R > 0 and V ~0 specified in (III.2.3). 
Fix R > 0 and V n > R in (III.2.3) choose 

~o = un~ 

(III.2.2) 

(III.2.3) 
B R 

By the maximum principle u n ~ no 

U n ~ O, l[UnllOo,Qn ~ IIU0 i]'eo,R N.  ( I I I . 2 . 4 )  

By the comparison principle applied to the pair un+l, un over Qn we have 

un+l ~ un a.e. Qn. (III.2.5) 

We view the u n as defined in the whole strip ST by extending them to be zero 
I xl ~ n, n = no, no q- 1 , . . . .  It follows that 

a.e. S T (II1.2.6) 

in LP(QR), (III.2.7) 

(III.2.8) 

f Uo~(X, o) dx, 
B R 

0II.2.9) 

where x - +  ((x) is a non-negative piecewise smooth function vanishing for 
I x ] ~ R. Standard calculations give 

t 

lim f f lDu.l'~dxd~=@ f (u2o--uE(t))r - f f ( ~ D r  
n.->oo 0 B R B R QR 



260 E. Dt BENEDETTo & M. 'A. HEmt~RO 

On the other hand, by taking q~ = u~" in (III.2.9) we obtain 
T 

-~J9 f (u~-uz(t))r d x -  f f  (z g)udxd~= f f (-~Du)~dxdr. 
B R O R 0 B R 

(m.2.m) 
Therefore 

lira fflDu,,If'gdxdT= f f  f[.Dugdx&. (Ili.2.11) 
n +  co OR OR 

If  ~ 0 ,  Vn=>no ,  V~0EC~(Sr)  

f f (fDu,~l p-2 Dun --  [D~[ p-2 O~0) (Du,~ -- D~o) ~ dx dr > O. 
OR 

Expanding this expression, letting n -+ c~ and using (III.2.11), gives V ~0 E 
cg(sr) 

f f (-~ - ID~ l "-~ D~) (Ou - o9,) r dx dv > O. 
OR 

Hence ~ =  IDul p-2 Du by M~NrY's lemma [24]. We conclude that if 
uo E C~(R N) the problem (III.l.1) has a solution u in the sense of the integral 
identity (III.2.10) satisfying 

ut< L2(O, T; LZ(RN)), 

I Du I ELP( O, T; LP(RN)), 

u ~ L~(ST). 

Moreover by the results of  [13], uE C~(Sr) where g E (0, 1) depends only upon 
N, p and the H61der norm I[uollc~(~,o), for some f ie  (0, 1). 

This construction procedure was also used in SABININA [28] in the framework 
of  the porous-medium equation. 

111.3. A priori estimates. We let (x, t) -+ u(x, t) be the unique solution of 
(III.l.1) with Uo >= 0 and u0 E C~(RN). In view of(IIL2.1) such ausatisfiesthe 
equation in the sense of (III.2.10) with Z'=~ IDul p-2 Du, or equivalently in the 
sense of  w so that the estimates of Chapter I are valid for it. 

Lemma m .  3.1. 3 9J depending only upon N andp such that V 0 < t <2 T, V R > 0, 

[ t--~ z~'~-P/ (III.3.1) sup f .odx+ LRq I '  
O<;x.~t B R B 

where 
~r -= N(p -- 2) + p. (i[I.3.2) 

Proof. For n = 0, 1, 2, . . . ,  let 

R , = R ~ 2 - ' ,  ~ = R,  + R,+I 
i=0  2 

, Q , ~ B R x ( O , t )  
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and let x -+ ~,(x) be the standard non-negative piecewise smooth cutoff :function 
in B~, that equals one on BR, and such that 

g,(x) = O, ]x I > Rn, ]D~nl ~ 2n+2/R. 

Choose ~, = ~0 in (III.2.9) to obtain by standard calculations 

2n+4 t 
sup f u(x,z) dx<= fuodx- l - - - -R-of  f lDuf -~  dxd~. 

0 <.v < t BRn B2R BR-- n 

Set 

(III.3.3) 

M. = s u p  f u(x, ~) dx, 
O<T.<t BRn 

and estimate the last integral by 0.4.3) of Lemma 1.4.1, with s = 0, r = R,, 
R = R,+I,  and 

2 "p ~ ~ / t \ 2(,-~) 
f u~ +---R- ~ f t  f ( t - -  z)-Y-' t-R-Y)P(2-P-----5 

B2R 0 BRn + 1 

1 2 
- -  7~ (P-i) " t q- t p sup f u ix, z) dx 

0 < ~ < t  BRn+I 

t ~ t ~  1--~ [ t  , 1  2 (p_ 1), 

<= f ,o  d~ + 7 2-, t~J~ ~-" + q,~)" M:~, I (m.3.4) 
B2R 

We obtain 

If  60 C (0, 1), by Young's inequality 

1 2 p2 [ t ',-y - (p - l )  [ t ~21_; 
~2~ [-~) M~.+I < 6o M~+I +7(N, pA)  2 2~-p ~ 

1 
where ~,(N, p, 60) = [~P 6g(P-~)] z-p. 

Combining these calculations, we find the recursive inequalities 

] Mn <= do Mn+I -+- ~(N, p, ~o) 2 2-~-p" Uo dx -q- 2-p , (III.3.5) 
B2 

n = 0, 1, 2 . . . . .  

The proof  is concluded by means of an interpolation argument similar to that 
in Theorem 1.4.1. [ ]  

Corollary 111.3.1. -4 9~ = ~(N, p) such that 

V O < s < t < = T ,  V R > O ,  (III.3.6) 

-~ / [Ouf - l  dx dr ~ ~ , ~ B 2 \R ~] ) �9 
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Proof. Combine (I.4.3) of Lemma 1.4.1 and Lemma III.3.1. [ ]  

From the results of w 1.2 and inequality (Ili.3.1) we obtain gradient estimates 
depending only upon the initial datum Uo. In particular Lemma 1.2.2 yields 

Lemma III.3.2. "-4 ), = 7(N, p) such that V 0 < t <= T, V R > O, 
Vo~E (0, p - -  1), 

:' [ f Du 7 dx  dr < 7 uo dx  + 
o BR = [ ( p -  1 ) -  ~)~}" B2 

(III.3.7) 

As remarked before, the estimate deteriorates as o~ "a 0. The next lemma 
supplies some information on the case o~ = 0, and it will be needed later to show 
that the solution of (III.l.1) is in 27*. 

Lemma 111.3.3. Let  o~ E (0, p - -  1) be so small  that (o~ + 1) (p -- 1) < 1. 3 y = 
y(N,p,or  s u c h t h a t  V 0 < t ~ T ,  Vk, R > 0 ,  V C > I ,  

t 

f f [Du]"u-'x[k < u < Ck] dx d~ 
0 BR 

+ In C f UoZ[Uo > k] dx. (IIL3.8) 
s2R 

The constant 7(cr ..7 oo as a "N 0 or as o~ ..7 p - -  1. 

Proof. If C > 1 is fixed, let 

[ k i f  0 < u < ~ k 

Ck=~lu  if k < u <  C k  d(k) 

Ck if u >= C k  

and in (III.2.9) take the test function 
. ( k )  \ 

where x -+  ((x) is the standard cutoff function in B2R that equals one on B•. 
Standard calculations give 

t 

f fl .l,' --~ Z [k < u < Ck] dx  dr: 
0 B R 

f f '  / f ~  ( / _ ~  min{~;Ck}k ) 

- -  R o B2R D B2R 

-= a~') + 6~:). 
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Let o~ be any positive number satisfying o~ C (0, p -  1), (or q- 1 ) ( t 9 -  1 ) <  1. 
Then by virtue of Lemma III.3.2 

t (c~+ 1)(p-- 1) (c~d- 1) (p-- 1) 

Gg'> < f f lDulP-' u " u " Z[u > k] dx d~ 
0 B2R 

( )P-1  2" t f p-l-c~ p- I  (~ 
_ P 

p -- l -- o~ --~ !B2 Du p ] u P Z[u > k] dx dT 

p-- l --c~ p ~ p--1 , dx dTJ~_~ 
_ <Y(~ dxd.)-~-(:BzfU('+l'(P-~'Z[u>k ] ! 
-- JR 2 

(~) I ]p--1 [ft f ] I _<~("P)[ f,,odx + .---7 7"-" .~'+"-"ztu>~laxa~ 7 
- -  R B4 I.O BZR 

/ t \ l-Z-]P-1 (1-~)[ " 7 t p 
(~(O(. ,p)  UodX -~- |~'~.1 2--P| P [ sup f u ( x , v )dx]  
= R B4 ~R'] I [O<-c<tB2R 

\ I --(~+ D(P-- 1) ( up I tu>  l.x) 
\O<v<t B2R 

t L I t  \ ~-L-]2(~ -1) 
j . 

- -  \ / ~ p ]  [B4R 

1--(a+l)(p-- l)  

�9 [ sup f z[u> k] dx . 

LO<~<tB2R 

The last step follows by use of Lemma III.3.1. Using it again, we obtain 

sup f Z [u>k ldx<=-v - I  f u o d x  + Z-p 
O<z<tB2R I~ IB4R "-~ " 

Therefore 

i--(~xq-l)(p--1) (._~._p) l {BfR / t , ~-2--l?-~ -~) 
p . uoex+ " " 

As for G(k 2), it is estimated above by 

f( u/ min{ , ;Ck}  ) f In k de dx <= In C Uo Z[Uo > k] dx. 
B2R + �9 B2R 

This proves the lemma. [ ]  

The next estimates concern regularity in the time variable. The proof  of the 
following lemma is known and is included here for completeness. 

L e m m a  I I I . 3 . 4  (B~NILAN & CRANDALL [5]). 

1 u 
u t : 2 - - p t  a.e St .  (III.3.9) 
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Proof. The unique solution v of  (III.l.1) with initial datum 
1 

x ~ v(x, O) = 2 p-2 Uo(X), 2 > O, 

is given by 
1 

(X, t) ~ v(x, t) = 2 p-2 u(x, 2 0 

because of the homogeneity of  (IILI.1). If  2 ~ 1, v(x, O) <= uo(x) and v(., t) 

  ooso ++)fo asma lpos t ,eo.mber  
Then 

u(x, t + h) -- u(x, t) = u(x, 20  -- u(x, t) 

1 1 

= 2a-PXP-2 u(x, 20  -- u(x, t) 

1 

= 22-pv(x,  t) -- u(x, t) 

<= 

By the mean value theorem, 

h 
u(x, t + h) --  u(x, t) < 

= 2  - - p  
- - ( l @ ~ e ) a - P u ( x , t )  for some ~E 0, . 

(III.3.10) 

If  h < O  (and ]h]<<l ) ,  2 <  1, v(x,O)>=Uo(X) and (III.3.10) holds with the 
inequality sign reversed. Divide by h and let h--> 0 in Y ( S T )  to prove (III.3.9). 

[] 
Remark III.3.1. In Lemma II!.3.4 are essential 

(i) the homogeneity of the operator in (III.l.1), 

(ii) the positivity of the initial datum uo. 

Lemma III.3.5. L e t  o~ C (0, p 1). There is a constant 7 = 7(N, p) such that 

V R > 0 ,  V O < s < t < = T ,  V 0 ~ o ~ + I ,  

f t  f (u + 1) -~  uZt dx dr, ~ 7 (R---T) 2~--p R N (III.3.11) 
s B R 

7 [ f u o d x +  . ~ 1 ,a-~l + 

Proof. Let 0 < s < t ~ T and R > 0 be fixed. Consider the cylinders 

1 Qo =-BR•  Q1 ~-B3  •189 t), 
-fir 

and let (x, 3) --~ ~(x, ~-) be a non-negative, piecewise smooth cutoff function in 
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Qa which equals one on Qo and is such that 

2 2 
ID~I < - -  0 <  < 

= R '  = ~ = s "  

At first we will proceed formally. The calculations below will be made rigorous 
later. Multiply (III.l.1) by the testing function 

u~(u + 1) -~  U ,  

and integrate by parts over Q~. We obtain 

ff(u+ 1) - ~  u:,r f f  lau['-2auD(u,(u+ 1)-~162 
f2~ 

-- p -f[ ]Du]p (u + 1)-~ ~2 dx dv 
Q~ 

+ o f f l o u l p ( u  + 1) -o-'  u,r ~ dxch. 
Q1 

- 2 f f I o . l ' - 2 O u u , ( , ~  + 1) -~  CDCdxd'r 
01 

o f f  ~ - - ( p - -  1) lDu f (u+ 1)-~ 
P 

By Lemma III.3.4 

2ff + - -  [Du f (u +  1)-~162 
P o, 

o 

+ R f f [ D u l V - x ( u +  1) - T  ( ( u +  1) --o u2~2)~dxdv: 
, 4 _ _  

01 
= ~(1) + ~(2) + ~(3). 

~(,  ~ O(p - l) 1 f f lOulP (u + O_O ~2 dx d.c" 
- - p ( 2 - - p )  s o l 

By Young's inequality 

a 8 12(p_1 ) a(3) = z f f (u 1)-~ uZ'r dx dv + -~- f f [Du (u + 1)-~ dx dv. 

Since 1 < p < 2, this last integral is majorized by 

1 f f l O u i , ( u +  1)_Odxdv+~(p ) 2-PRN. 
S O t  

Combining these estimates, we find that 

f f (u+l ) -~  2-pRu + Y-- f f IDu lP(u+l ) -Odxdv"  
Qo . S Ol 

(m.3A2)  
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By Lemma III.3.2 if o~ E (0, p -- 1), this is estimated by 

f f  IDuI~' u -(~+1) (u + 1)-t~176 d,: 
S Qj. 

< 7  (p P 

" t "  I ~ l - c ,  

and the lemma follows by formal calculations. 
To make the calculations rigorous it will suffice to show that 

Dut E L~oc(Sr) �9 (III.3.13) 

Indeed, if so, we may take in the weak formulation (III.2.9) the testing function 

u(t -I- h) -- u(t) ~2 

h 

where 0 < h < �89 s and ~ is the cutoff function in Q1. The limit as h -+ 0 is 
justified and we may proceed as before. 

To prove (II1.3.13) we refer back to the construction procedure of w III.2. 

Let Un be the unique solution of (III.2.1). By the results of [5], ~ - u ,  is bounded 

over /in• (s, t) with bounds depending only upon Iluo ll~,~u. Therefore 

--~ u,,E Lion(St) uniformly in n. 

Here, as before, we view u,, ~ -  u,, Du,~ as defined in the whole strip S rby  extend- 

ing them so as to be zero on t x [ > n .  
By the interior elliptic estimates of [10] and the boundary estimates of [14] 

(see remarks on page 104) 

]Du, ] E Lion(St) uniformly in n. 

Nextwrite the first of (III.2.1) for the time levels t -k h and t, h E (0, 1) and set 

W 
u,,(t + h) - -  u . ( t )  

h 

By difference 

wt -- h -1 div Jh -~ 0 in B n • (0, T -  h), 

where 

Jn ~- IDun( t q- h)I p-a Dun(t @ h) -- [Dun(t)lP-ZDun(t). 

(III.3.14) 
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Fix 0 < �89 s < t <~ T -- h and in the weak formulation of (III.3.14) take the 
test function w(t -- �89 s)+ which vanishes on Ix I = n and on t <= �89 s. Standard 
calculations give 

T--h T--h I ~ t-}-h [~. 

fBn o ~s 

where 

(III.3.15) 

1 

Ao,. = f ID(#un(t + h) + (1 --  ~) u.(t))]P-: d~ 
0 

(compare with (II.2.4) and (II.2.6)). By virtue of (III.2.2) 

r-h ~ t+h 

! 
B t 

u.(x, <~ 7 -~ u. <=9' [ Ouo lP dx. 
R N 

Since l < p < 2 ,  

A0,, ~ [2 IlDu~ll~o,rtN• p-2, 

and it follows from (III.3.15) that 

f flv.o(  + h)h - 
S R N  I 

<= ~- (IIDu~IIo~,RN• 2-" IIDUoIIs I {supp UO}I. [] S 

We record a simple consequence of Lemma III.3.5. 
If  x -+ r is the usual cutoff function in B2R that equals one on BR, we find 

from the weak formulation (III.2.9) with 9 ~ r V 0 < s < t <= T, 

t f f f (u,)- ~ dx d~ -- f (uD + r dx dT 
s B2R s B2R 

t 

= -  f f.,r 
s B2R 

t 

= f f lDuf-2DuDCdxd~.  
s B2R 

Therefore 

t 

f f(uD-dxdz<= 
s B R 

'!2 f f(uD+dxd~+--~ IOulP-Xdxd~. 
s B2R 

(111.3.16) 
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By III.3.9 and III.3.1 

t 1 t 

(uD + L f u ( x , ~ ) d x d v  f f dx dz < s(2 - p) 2 
8 B2R 

< Y----s-- : :  ~4 Uo dx + \ W ]  ]" 

We estimate the last integral on the right-hand side of  (III.3.16) by Corollary 
III.3.1 and obtain 

- _ S u o < , x +  nft f lDul"-~dxd~<--7 t - ~  • 
s B2R \ a~ / \ B 4 R  

' t - - - i - l "  U u~ + I"  

Combining these estimates we deduce 

Lemma III.3.6. There exists a constant 7 = 7( N, P), independent of  Uo, such that 

u  V R > 0 ,  

(III. 3.17) 

(;_0 
t p-1 (t -- s) p 2-i~ 

i lu t ldxdv<=Tt  P uodx ~- �9 
s 

I l iA.  Approximating problems. If Uo E Llloc(Rn), and Uo ~ 0 is given, we con- 
struct the increasing sequence of  functions 

Uo if Uo < n, ] x I < n 

Uo,,= ~n if Uo ~ n, Ix] < n  (IIL4.1) 

[o if ix[ ~ n 

and consider the sequence of  Cauchy problems 

8 
8--t- u, --  div (IDu, 1 p-2 Du,) = 0 in St,  1 < p < 2 

(III.4.2,) 

u.(.,  0) = Uo,.. 

A solution of  (III.4.2)n is a non-negative measurable function un satisfying 
l p  N u,E C(0, T; L/oc(RN)) i5 LP(0, T; Wfi;c(R )), (III.4.3) 

JI u. lifo,st < II Uo,. [I ~,RN, (IIL4.4) 

v o <  t < T ,  V R > 0 ,  V ~ e  VC"~(O,T;Hoo(Ru))r~L"(O,T; fV"(BR)), 

f u.(t) ~(t) dx + f f {-- u.~, -1- l Du. I p-2 Du. D~} dx dv = f uo,.~(0) dx. 
R N 0 R N R N 

(III.4.5) 



Evolution p-Laplacian Equation 269 

For each n E N there is a unique solution un of (111.4.2),. Moreover, u, 
satisfy the estimates of  w lII.3 uniformly in n. 

Uniqueness follows from Theorem II.1. For existence, if n E N is fixed, let 
vo = u0,, and let {Vo,m}, m E N be a sequence of C~(R N) functions such that 

Do, m --->- llo, n in Lq(RN), V 1 <~ q < oo 
(III.4.6) 

Ilvo,~ll~,RN < n + 1. 

If Vm are the solutions of (IILI.1) with initial datum v0,m, in the sense of (111.2.2)- 
(III.2.3), by standard energy estimate and the comparison principle 

= ( T )  
V R >  0, sup ]lvm(Z)llzwR @ IlDvm[I~,Bg• 1)2R ~v 1 §  , 

O < v < T  

(III.4.7) 

Hv,~lloo,sr~ n § 1 u mE N, 

In particular, by the results of [13], 

Vm E G~o~(Sr) 
for some o~ E (0, 1), uniformly in m. 

(Ill.4.8) 

(111.4.9) 

By a diagonalization process we may extract a subsequence, relabelled m, 
such that 

vm --> v ~ un in L2(0, T; L~oc(RN)), and uniformly over compact subsets of St ;  

Dv,n ~ Dv ~- Dun weakly in LP(0, T; Lfoc(RN)). 

Write (III.2.3) for vm and let m--> oo to get 
t 

f (v~o) (t) dx § f f {--v~ot § -~ Dq)} dx d~ = f vog(O) dx, (III.4.10) 
R N 0 R N R N 

for all q0 as in (III.4.5). 
The identification ~, ~= ]Dv [p-2 Dv is carried here as in w III.2 except for 

identity (III.2.10), obtained from (111.2.9) by taking q~ = u~, where x - +  ~(x) 
is a non-negative, piecewise smooth cutoff function vanishing for [x[ ~ R. In 
(III.4.10) we cannot take ~0 = v~ since vtE L~oc(Sr) (see Lemma 111.3.6 and [5]), 
but 

v,~ r ~(0, T; LL(RN)). 

Write (111.4.10) for the time levels t and s and subtract. Using the fact that 

-~unELl ( s , t ;L l (B~) ,  V O < s < t ~ T ,  V R > O ,  

by standard calculations and density arguments we obtain 
t 

-~uncf+~,D~o d x d ~ = O  V~0EJ(loc(Sr) (see w (III.4.11) 

lira f f . . ( ~ )  ~(~) a~ = f . o , . ~ ( 0 )  a~ v R > 0, V ~ ~ N.  (III.4.12) at-+0 ~R 
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We use (II.4.1 l) to identify 

~,~ _~ i Dun ip-2 Dun in •N • (s, T) V 0 < s < T (III.4.13) 

and derive (III.4.5) by letting s - +  0. 

III.5.  The limit as n .-~ oo. By (III.4.1) un S u a.e. St.  In view of (III.3.1) 
and Lemma III.3.6, u E C(0, T; L~oc(RN)), and there exists a constant 1' = ~,(N, p) 
such that u  V R > 0 ,  

sup f u(x, v) dx <= 7' Uo dx + ~--~1 j . 
0 < v < t  B R 

(III.5.1) 

f p - ~ - q  
By Lemma III.3.2 the sequence /un p [ ,  ~ E (0, p -- 1) is equibounded in 

LP(O, T; W~'P(BR)), u R > 0. Since the whole sequence u~ ~ u in L~oc(R N) 

p - - I  --0r p - - I  --o~ 

Un p ~ u P weakly in Lf(0, T; IZVq'P(BR)), V R > 0. 

This implies that the sequences 

Wk,n = un A k = min {un, k} 

are equibounded in LP(O, T; WI'p(Br)), V g ~ 0 a n d  

wk,, ~ u / ~  k weakly i n  LP(O~ T; WI'p(BR)) V R ~ O, V k ~ O. 

Analogously, by Lemma III.3.5 the sequence 

is equibounded in L~oc(Sr), V 0 >= o~ -k 1, g o~ E (0, p -- 1), Therefore 

V O < s < t < ~ T ,  V R > 0 ,  

2-o cq 2-o 
-~ (u  -k 1) 2 L2(s, t ;L2(Bg)) .  -~(u~ + 1) 2 weakly in 

This implies that 

uniformly in n and 

O 
-'~ Wk,n 

( ~ t  wk,,) E L2oc(Sr) 

0 
-~  (u/~ k) weakly in Lfoc(ST) u k > 0. 

Choose ~pE J(~or and in (III.4.14) consider the test function 

~0 = (v, - u )+ .  

(III.5.2) 

(Ili.5.3) 

(III.5.3') 

(III.5.4) 
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Fix O < s < t ~ T  and let 

k = ]]~0lloo,RNx(~,t). 

Then (~o -- u)+ = (~o -- u A k)+ E )(lot(St) so that 99 in (111.5.4) is an admissible 
test function in (111.4.11) and we obtain 

t 

NUn(~O- -u )++  ]Dun1" 2 D . n D ( ' ~ - - . ) §  dxd~=O. (In.5.5) 

Since u n ~ u ,  Y n E N ,  a.e. Sr  

-b7 u.(~o - u)+ = ~ un(~o - u A k)+ 

= - ~  (u. A k) OP --  u)+ a . e .  St.  

Therefore in view of (1II.5.3)' 

t t 

lim f ~ .+oo f-~Un(W--u)+dxd~= f f (uAk),(W--uA~)+axU. 
s R N  s R N 

t 

- f 
s R N  

Analogously, since un ~ u a.e. St ,  V n E N 

[Dun [p-2 Dun O(~ -- u)+ = l O(un A k)I p-  2 D(u~ A k) BOp -- u/ ,  k)+ . 

By virtue of (III.5.2) the sequence 

{1D(un A k) I p-2 D(un A k))nEN 
p 

is equibounded in Li~ 1 (St) and 

D(u ~ ~) C re(0, T; Lfoo(R~)). 

Let R > 0  be so large that 

supp {x ~ ~p(x, t)} Q BR, V 0 < t ~ T. 

Then by possibly passing to a subsequence (depending upon s, R, k) 

]D(u, A k)]p-2 D(un A k) ~ ~(k, s, R) weakly in LVP-I(s, T; LFP-'(Bg)). 

Letting n--~cx~ in (111.4.11) with ~, given by (III.4.13), we find that 

t 

f f {u ,  O p - - u ) + + ; ~ ( k , s , R ) D O p - - u ) + d x d v = O  u ~o E J'~oC(Sr). 
s B R 

(III.5.6) 
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To show that the function u so obtained is a weak solution of  (III.l.1) we have 
to prove that 

V 0 < s =< T, V R > O, V ~o C ffioc(Sr) such that (A) 

{supp x--> ~0(x, t)} ~ BR, V O <  t <  T, k = ]]~plloo,RN• 

2(k, s, R) D( v -- u)+ =- I D(u A k ) f - 2  D(u A k) DOp -- u)+ 

~- ]DulP-Z Du D(~ - u)+. 

This will identify the nonlinear term in (III.5.6). 

v R > 0 ,  flu(, -.olax=O. 
B R 

This will specify the sense in which the initial datum is taken. 

(B) 

By the estimates of  w III.3 we have 

Dr, equibounded in Lfoc(Sr), 

p 
v, 6 Lfo~l -~(ST), uniformly in n. 

Then 

1 
Co ~--~ v~ --  div ( ] Dv,, [ p- 2 Dvn) = do [ Dv,, ]P -~ in N'(ST), V nE N. 

(III.5.7) 

(111.5.8) 

(III.5.9) 

By the construction procedure the sequence {v.} is non-decreasing and 

Therefore as 

Dr,, ~ Dv weakly in Lfoc(Sr), 

P 

v .  --> v in  Lfo~ 1 - ~  ( S T ) .  

Let O < s < t ~ T  and R > O  be fixed and set 

QR = BR x (s, t ) .  
Since 

]Dv . f -2  Dvn 

j o - - I  --c~ 
P 

v. T v -  ( u §  " 
p - - 1  - - ~  

n - +  ~ for the whole sequence {v~} 

a.e. ST. 

P 

is equibounded in Lf~I (ST)  

III.5 (i). Ident i f i ca t ion  o f  ~(k, s, R). We refer back to the equivalent formulation 
of  weak solution in RN• (s, t) V 0 < s < t ~ T, introduced in w 1.3. 

Let ocE ( 0 , p -  1) be fixed and let ~, Co, fl, do be as in (I.3.1)-(I.3.2). For  
n = 1, 2 . . . .  let 

p - - I  - - ~  

P 
v . -  (u. + 1) ; 

p - - l - - o ~  
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by possibly passing to a subsequence (relabelled with n) 
P 

]Dvnlp-2 D v , ~ S  weakly in LP-I-~(QR). 

We will identify ~ as I Dv i p-2 Dr. 
If n ~ N  is fixed we have 

v, EL~(Sr) (depending on n) 

~ -  v,E Lion(St) (see [5], depending on n). 

Therefore in the weak formulation of (111.5.7) we may take the test function 

v,,( where x --~ ((x) E C~(BR). (III.5.10) 

By standard density arguments we obtain 

I 

Co~ fv~+~(t)~dx Co~ fv~+~(s)~dx+ f f [Dv, l,,_2Dv, v,Dr 
fl § 1~ R fl + 1B R s B R 

t 

= (do - -  1) f flDv,,lP~dxd'c. ( I I 1 . 5 . 1 t )  
s B R 

A S  n - - > o o  

Cot3 fvr x Coil fv~+~(s)r § f S D ~ d x d ~  
{3 § 1BR t ~ @ 1BR OR 

- -  ~P lira f f LDVn l p ~ dx dr. 0II.5.12) 
- -  1 - -  O~ n - + C ~  s B R  

Consider now (III.4.11) with Zn given by (III.4.13), and in its weak formula- 
tion over QR take the test function 

( u +  1)-~ (, o~E (0, p -  1), ~6 C~ ~ (III.5.13) 

Observe that by virtue of Lemma III.3.5 applied to u,, by weak lower semicon- 
tinuity we have 

2 - - 0  

~-7 (u + 1)r-~  L~oc(S~-), v 0 > o, + 1. 

By the H61der inequality, if ~ is a compact subset of S r 
~ 1  --c~ 1 --c~ 

f f ( u +  1)-~l(u  + l ) t ] d x d v : = f f ( u +  1) 2 "](b/ ~- 1 ) t ] ( u +  1)-T-dxdv 
OF ~f" 

=< (u+ 1)-(1+~) (u + t )2dx ( u +  1) l -~dx  < o o .  

Therefore 

~--~- (u -t- 1) 1 -~ E Llloc(Sr). (III.5.14) 
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Using the test function (III.5.13) in (III.4.11), we obtain 

t t 

f f ( u . +  1 ) t ( u +  1 ) - ~ d x d r +  f f l D u n f - l D u . ( u +  1)-~'DCdxdr 
s B R s B R 

= ~ f f  ID(un + 1)] ̀ 0-2 D(u n q- 1) D(u + 1) -(~+0 D(u + 1) ~ dx dr. (III.5.15) 
QR 

We transform the various terms in (Ill.5.15) as follows: 

t 

s B e BR(t)  

t 

f (u. + l) (u + l)-~ r dx + o~ f f (u,~ + l)-~-(u + l)(u + l)-~-l r dxdv 
B1~(s) ~ B R 

t 

o~ f f[u n+ l~ D i ) , _  ~ f (Un+ 1 ) ( u +  1 ) - ~ a x t : - } - ~ _ ~  BjR I~u § l]-~-[-(u+ ~dxar.  
B~(O 

We let n-->oo. Since un-}- 1 ~ - ~ E  
by (III.5.14), we obtain u + 1 "/~ 1 a.e. Sr  and ~ - ( u  + 1) 1 L~oc(ST) 

(~) 
t 

f + O(u+ 1)-~'r 
s B R 

1 nf(o(u+ 1)I-~r dx 
---> l __  oc B 

1 f(u+ 1),  cax 
BR(s) 

Next 

p - - l - - o ~  

P 
eo~ f ,,a+l(s) ~ ax ] 

(b) f f JDu, f -2  Du,(u -k 1)-~D~ dx dr 
OR 

= f f  JD(u. + 1)I ".2 D(u. + 1) (u. + 1) 
QR 

(c~+ l ) ( p -  1) 

(un + 1) P (u + 1)-~ D~ dx dr 
(~ + 1 ) @ - 1 ) 

= f f  l Dr. 1"-2 Dv.(u. + 1) , (u + 1)- ~ Dg dx dr 
OR 

. -1 -  o~ p - -  1 -- oo 
-+ f f Z ( u +  1) " Ogdxdr ~-- f f g D g a x m .  

QR 19 QR 

(c~+ 1)(p-- 1) 
p 
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Finally 

(c)  fflD(u.+ 1)f-ZD(u. + 1 ) ( u +  1)-(~+l)D(u + 1)~dxdr  
QR 

f j "  -- [ " i l \ ( a + l ) ( p - 1 ) u n -  i- _ f f  
: o ~  [Vvnlp 2 V v n l ~ l  p Dv~dxdr---> o~ ~ D ~ d x d r .  

QR k ~ - i - l ]  QR 

P by p  we obtain Letting n -~ oo in (III.5.15). Multiplying -- 1 --  0~' 

C0/3 r 
f vr dx f V+'r dx + f f  Sv Dg dx dr 

/ 3 + 1  / 7 + 1  BR(t) BR(S) QR 

_ o~p f f S D v r  (III.5.16) 
p - -  1 --0~Qg 

We compare this with (III.5.12) to conclude that 

t t 

lim f f lDv, lP C dx d r=  f f S Dv ~ dx dr. (Ili.5.17) 
n-+ oo S B R s B R 

Next V R > O, V n E Xloc(ST) ,  V ~ E C o ~ ~ ~ O, V n E N 

f f (I Dv, 1"-2 Dr, -- I Dn 1 ~-2 Dn) (Dr n -- D~) r dx dr >= O. 
QR 

Expanding the integrand and letting n -> oo with the aid of (III.5.17), we find 
that 

f f (~ - ion I ~ -2  on) (Dr -- On) ~ dx dr >= O. 
QR 

This and MINTY's device [24], imply that 

,E = I Dv I p-2 Dr. 

Now that the limit ~ has been identified, we conclude that for the whole se- 
quence 

p..g_ 
]DVniP-2 DVn -- ' -  ]Dvf-2 Dv weakly in Lf~cl(ST). (III.5.18) 

We return to (III.5.6) and identify ~. To this end we let n -+ oo in the non- 
linear term of  0II.5.5) as follows: 

t 

f f IDu.IP-2Du.D(w - u)+dxdr 
s R N 

t (c~+ 1)(p--2) (~+ l ) (p - -1 )  

= f  f ] O ( u . + O f - 2 D ( u . + l ) ( u . + l )  , (u. + 1) P 
s R N 

• D(~, -- u)+ dx dr 
t ( r  

= f f(lDv.l~-2Dv.)(u. + 1) 
s RN 

" D(y~ -- u)+dx dv 

v <~ ~ (o, p - 1), v v ~ J?,oo(S~). 
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Since u, /7 u and since u a kELlog(ST), k = ][%ol]~o,RN• we have 

(c~-k 1) (p--  1) (c~+ 1) (p--  1) 

(u, -k 1) P D(~o -- u)+ = (u, A k -k 1) P D(~p -- u A k)+ 

(c~+ 1) (p- -  1) 

-+ (u A k + 1) P D(~0 -- u A k)+ in Lfo~((Sr)). 

We let n-+cx~ and use (III.5.18) to obtain 

t 

f f i Du. [p-2 Du, D(~ -- u)+ dx dv 
s R N 

t (c~§ t ) (p - -  1) 

-~ f f [Dv[P-2Dv(u+ l) p D ( v - - u A k ) + d x d ~  
s R N  

t 

= f f ]Du [P-2 Du D(W -- u)+ dxdT. 
s R N  

III.5 (ii). Continuity in L~o~(R N) at t = 0. Let 
kernel supported in the ball {Ix] < 1} and for e<(0,  1) 
let 

x -+ K(Ix i) be a mollifying 
and f E L~oo(R N) 

K ~ ( x ) = e - N K ( 4  ) ,  f ~ = K ~ . f .  

The kernel K(.) can be chosen so that 

V f E  L~oc(RN), 'v" R 7> 0, tlfLI~,BR ~ ~.--N [[flh,.2R, 

][Dfl[o~,BR < Ce-(N+I)t]fJIIW2R (III.5.7) 

for a constant C depending only upon N. Let 

define 

1 
Uo if ix I < - -  

8 

u(~ = t 0  if ]x I ~ 1 
8 

.o,~ = Ko �9 U(o o ~ C y ( R U ) ,  

and let u~ be the solutions of (III.1.1) corresponding to the initial data u0,~ E C~~ 
We write (IIL4.14) for u, (constructed in w III.4) and u~ (constructed in III.2), 

subtract, and take the testing function 

where a, 6 E (0, 1) and x --> g(x) is the usual cutoff function in BzR that equals 
o n e  o i l  B R .  

Such a choice isadmissible by possibly approximating un by the smooth solu- 
tions Vm introduced in w III.4. 
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We perform an integration by parts and let ~ -+ 0, s -+ 0, a + 0, to obtain 
t 

27 f f (tD,.I'-'+ ID,~l'-')dxd~. f (un(t) -- us(t))+ dx ~ f ( u o ,  --  u0,~)+ dx + --~ o B2R 
B R B R 

We apply Corollary III.3.1 with s = 0, interchange the role of u~ and us and for 
t > 0  fixed let n-+cx~ to get 

f lu(t) - u~(t) 1 dx < f lUo -- Uo.J dx (m.5.8) 
B R B2 R 

( t ) l--{efR (~)2@ i%(P-') + 7 -~  ~ uodx + 

Now recall that since {us) are solutions of  (III.l.1) with initial datum 
u0, E C~(RN), it follows from (III.2.2) that 

t ~ 12 
i f-C'i'u* dxdv<= f]Duo, lPdx. (III.5.9) 

B R N 

By (III.5.7) 

f .  h- = \ix/<+ / 
and 

f l uXt) - U~,o ] dx ~ 7(R) e t "~ Uo dx T .  
BR Ixl 

Combining this in (III.5.8), we deduce that there exists a constant), depending 
only upon R, N, f uo dx and independent of e such that 

BeR _(N,,~+_______e~). ), 
f lu(t)--uoldx< 2 f luo--uo.tdx +r(n)~ ( f ~_uoax x,~ 

BR B2R Ixl 

t __l [ I t '@__p'[!@-l) 
q- Y _ i 2R dx �9 

This proves the continuity of  t ~ u(t) in L~oo(R N) near t = 0. 
For  t > 0 the continuity of this map follows from Lemma 111.3.6. 

11/.5 (iii). u E X* .  By Lemma III.3.4 Vn E N, Vk > 0 

0 1 u~ 
6qT (Un A k )  ~ - -  2 - - p t  

As n - +  cxD 
1 b/ 

t <  2 (u A k) ~_ --  p t a.e. S r.  

Next from Lemma III.3.3 it follows that V C > 1 

j BflOu. l'TnZL~<u.lzt,< c ~ l d x d ~ - - o  . 
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Here we have used the fact that u, /'~ u implies [u, < Ck] ~ [u < Ck]. Letting 
n - +  ~ for k > C, C > 1 fixed yields by lower semicontinuity 

t 

Remark 1II.5.1. We conclude the construction of  solutions of the Cauchy problem 
(III.1.1) by observing that the requirement 

uE X* 

in Theorem ILl  is necessary and sufficient for uniqueness. 
Indeed, if solutions in 2J are unique, they can be constructed starting from 

their traces on t = vE (0, T) to yield u E Z * .  Vice versa by Theorem II.1 solu- 
tions in Z*  are unique. 

111.6. Locally bounded solutions. We investigate here the regularity of  solu- 
tions of  (III.1.1) whenever 

Uo ~ L~o~OC), ~ >_ 2. 

2N 
- -  then u E L~o~(Sr). Such a condition In particular, we show that if p > N + r '  

on p and r is the same as the positivity of the number 

~, ~ N(p  -- 2) q- rp, ~r ~ O, (III.6.1) 

which will play a central role in what follows. 

Lemma III.6.1. I f  Uo E L~oc(RN), r ~ 1, 3 y = y(N, p, r) such that V 0 < t <= T, 
Y R >  O, 

('t-I sup f u'(x, 7) dx <= y U~o dx + ~ 2-p . (III.6.2) 
O < ~ < t  B R B 

Theorem 111.6.2. Let  r >= 1 and l < p < 2 satisfy ;r > O and assume 
r N Lloc(R ) and 3 7 = 7( N, P, r) such that uoELloc(R ). Then V t > O ,  x - + u ( x , t ) E  ~ N 

V O < t ,  u  

sup u(x, t) ~ 7t ~, u~ dx *~ + y �9 (III.6.3) 
x ~ B  R 

Remark III.6.1. The first term on the right-hand side of (III.6.3) is formally the 
same as an estimate for the case p > 2 (see [11], Theorem 1). In that context 
(p > 2) one could find only solutions locally irt time, in general. In the present 
situation, the solutions are all global in time and the second term on the right-hand 
side of (III.6.3) controls the possible growth of such solutions for large times. 

In our calculations below, we will assume that u solves (III.l.1) with Uo E 
CT(R N) so that 

ut -- d i v ( ] D u f - E D u )  = 0 a.e. S t ,  
(III.6.4) 

�9 ~ W~o~(Sr), D.,~ rL(ST). ut E Lkc(Sr),  u E l,p 
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By the approximation procedure developed earlier, whence (III.6.2) is established 
for such smooth solutions, it continues to hold for solutions of (III.l.1) with 
//0 E Lfoc(RN). 

Also, if (III.6.3) is proved for smooth u, then all the approximations to the 
solutions of (III.l.1) with Uo E L~oo(R N) are locally uniformly H61der continuous 
in S T (see [13]). 

Proof of Lemma III.6.1. If  r = 1, this is precisely Lemma III.3.1, and so let us 
assume that r > 1. Let a E (0, 1), R > 0 be fixed, multiply (III.6.4) by 

(x, t)-+ ur-1(x, t) ~(x), r> 1, 

where x -+  ~(x) is the cutoff function in B o +~)R that equals one on BR. Also, with- 
out loss of generality we may assume that u > 0 (if not, replace u by u A- e and 
then let e - +  0). Standard calculations give 

fur(t)dx<(~R)pJ ~ f u'- '+'dxdv+ fu~odx. 
BR B( 1 -}- ~) R B2R 

From this, VO<t~=T, Y R > 0 ,  Y a E ( 0 , 1 ) ,  

,,x) s (sup fu'(~:) ~ f u~odx -l--~--t~--~;,] 
\0<~<t B R B2R "~0<~<t B(1 +~r)R 

The lemma now follows by an interpolation argument similar to that in Theo- 
remI.4.1. [ ]  

Proof of Theorem III.6.2. Assume first that 

1 < - - r < - - p .  

Let h > 0 and ~r E (0, 1) be fixed and consider the sequence of  radii and time 
levels 

Rn=-R(1 -}- a 2-") ,  tn = �89 -- ff2--n). 

Set 

Bn=--BR,, Qn~Bn• n = 0 , 1 , 2  . . . .  , 

and let (x, ~) -+ ~,(x, ~') be a non-negative piecewise smooth cutoff function in 
Q, that equals one on Q,+I and is such that 

2n+2 2n+l 
0_< IDr 

- -  = -  a t  ' = o R  " 

Consider also the sequence of increasing levels 

k 
k n = k - - 2 - 7 ,  n = 0 , 1 , 2  . . . .  , 

where k > 0 will be chosen later. 
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Multiply (III.6.4) by (u i kn)+ ~Pn and integrate by parts over Qn. Standard 
calculations give 

sup f (u - k,)2+ r dx  § f f  I D(u  - kn)+ r dx  dv 
tn < ~ <t  Bn(z) Qn 

V 2"P. f f  (u - k.)% dx d. J- y 2" f f  (u -- k.)% dx &. (III.6.5) 
( aR)p on ' at  On 

Majorize the last integral on the right-hand side by 

Y 2~P 2-~ 
a't IIull~,Oo f f (u - Ic.)~+ dx dv, 

On 

and the first integral by 

' -  . .  
- ttull~.Oo f f ( u  - kn)% dx dv, 

apt On ~ apt On 

where we have assumed that 
1 

l l u l l ~ , O o  > ~ !  �9 (III.6.6) 

If  (III.6.6) is violated, there is nothing to prove. We estimate now the left- 
hand side of  (1II.6.5). 

For all ~ E (tn, t) 

f (u - k.)2+ r dx > f (u - -  kn+i)P+ (u - -  kn)2+ -p  ~Pn dx  
Bn(r) Bn(v)/Stu > k n +  11 

~ - ~  f (U -- kn+l) % ~Pdx. 
BnO:) 

These remarks in (III.6.5) yield 

(~)'-" sup f [ (u i  kn+i)+ #.]" dx + f f lD[(.-- ~.+O+ #.ll" dxd~ 
\ / -  i t n < ~ < t Bn(~) On 

<= ~ 2",M f f (u -- k,)V dx d~, ( I I I . 6 . 7 )  
On 

where we have set 
2--p 

M -  ]Iul] ~,Q_______~ (III.6.8) 
apt 

Since (u -- kn +1)+ ~, vanishes on the lateral boundary of Qn, by the embedding 
of GAGLIARDO & NmENBERG (see [19] page 62), 

%0<;~<t Bn(O 
(III.6.9) 
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where 

,.1610  

Estimating the last two terms on the right-hand side of (III.6.9) by (III.6.7), 
we deduce that 

f f (u - k.+,)% Cg dx d~: ~ [(u -- k.+O+ r dx dv -~ 
Qn 

( { )}," �9 meas (x, 1:) E Q. [ u(x, 7:) > k.+l  V 

~ 7 2 n((2-P)'q-~ +P) (M f :  (u __ kn)P+ dx dv) k (P-z)'qq e 

p 

�9 (meas [u > k,+l] A Q , ) l - q  (III.6.11) 

Since 

f f (u - k.)% ,tx & ~ (k.+l - k.) p meas ([u > k.+d/5 Q.), 
On 

inequality (III.6.11) yields 

_2 q-p / ) l+q- -P  
f f  (u kn+l)P+dxdz <--Tb"Mk q | f f ( u  kn)P+axdv 

On + 1 \Qn 

p+2 q - p  
where b = 2  q > 1. 

It follows from Lemma 5.6 of [19] page 95 that if k is chosen so that 

then 

i.e., 

q 
f f u~ dx = CM q-P k 2, C = b  (q_@)27 q~P, (III.6.12) 
Oo 

f f (u -- k.)% dx & ~ O a s n - ~ ,  
On 

IIuIG,Q~ G k. 

Recalling the definition Of M in (III.6.8), we conclude that there is a constant 
= 7 ( N , p )  such that V 0 <  t G T ,  V R > 0 ,  

(2--p)q 

[llUl[oe,B/~ • ( 4 , t )  ~ ~ q (llb/] I t \ 2(q--p) 

( /  �9 f uPdxdr 
(1 --a) B( 1 +a)R 

(III.6.i3) 
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Consider the sequence of radii and time levels 

( ~  / t (  ~=~ ) 
R~ R 2 - i  tn = 1 -- 2 - i  

i = 0  ] 

We write (III.6.13) over the pair of  cylinders 

Qn -~ BRn • (tn, t) C Q~+~ ~ BRn+~ • (t~+~, t). 

For these a = 2 -(n+~). If  for notational simplicity we set 

Y~ = IrUII~,BR • 

we obtain 

q(2--p) [ ~{ pq 
Yn ~ yln y2(qlP) l f f u~ dx dz)  l = 2  2(q-p) 

- -  q n +  [ J J  ' " 

t 2(q --p) \Qn + I 

If  1 < r ~ p  we majorize the last integral in (III.6.14) by 

( ff f ur dx dr Yn g1, 
Qn+l 

and rewrite the inequality that results as 

7P 
Y~ < f u~dxd~ #-. = q ~ n + l  

t2(q.p) \ ~ 0 B2R 

(III.6.14) 

(!II.6.15) 

provided (III.6.6) holds. 

Using the value of q given by (III.6.10), we find that 

: P u r dxd~ Yn < )d n Y I - ~  t -  
B 

By Young's inequality, V n = 0, 1, 2 . . . . .  V ~ E (0, 1) if ~r 2> 0, 

2p [ N t \ p 

Yn ~ (gYn+l + ~(~) l~'-'~n ~ t - 7  f f u ~ d x d r } - ~  . 
0 B2R / 

By an interpolation argument entirely analogous to the one in Theorem 1.4.1, we 
conclude that V O < t <~ T, V R > O 

sup u(x, t) <= ),t ~r sup f U~("C) dx 7-;, (III.6.16) 
:r R \ O < T < t  B2R 
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From this and Lemma III.6.1 

Llu(t)lloo.,R ~ Tt ~ u~ dx + -K-~ ] j 

N~_Z___ re_ I 

! 

do dx V +  
= \ - - ~ l  J 

This last inequality holds true even if (III.6.6) is violated and the theorem follows 
by suitably redefining R and the constant 7. 

If  r > p we take in (III.6.4) the test functions (u -- kn)% -1 ~ and proceed 
as before with obvious modifications. 

III.7. Condition (111.6.1) is sharp. We will show that if u is a weak solution of 
(III. 1.1) with 

Uo E L~o~(R N) 

and if N(p -- 2) + p = 0, then in general 

x + u (x ,  t ) ~  ~ L~or ), t > O. 

Let ~, t3, e > 0 and consider the function 

(~ - ~)% 
z :  9U[1n~21 ~ , 9 ~ l x [ .  (III.7.1) 

One verifies that if e <  1 and /3 > 1  

z E L'(RN), but z~  Lr(Ru), V r > 1. (III.7.2) 

Let u be the unique solution of (III.l.1) with 

Uo = z ,  N ~ 2 ,  
(III.7.3) 

2N 
P = N + I  (i.e. N ( p - - 2 ) + p = O ) .  

Let h > 0  and set 

v = (1 -- ht)+ z. (III.7.4) 

h ?> 0 can be chosen Proposition IH.7.1. The numbers e E (0, 1), t3 > 1, c~ > 1, 
so that 

U t - -  div ([ Dv [P-2 Dv) <~ 0 in ~'(S~). 

This fact being assumed for the moment, it follows from the comparison 
principle that 

u>=v a.e. S t .  
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Hence u E r x (0, T; L~oc(RlV)) but 

x -+ u(x, t ) ~  L[oc(R N) V r > 1. 

The comparison principle here is applied as follows. By the definition of 
weak solution, the truncated functions ul, ---- u A k are, V k > 0, distributional 
supersolutions of (III.l.1) (see w 1.1). Setting 

W ~ V - -  12, W(k) ~ V - -  Uk, 

we find 

V 0 < s < t <= T, u ~0 ff Xloe(Sr), u ~ 6 C~~ r ~ 0, 

(Ill.7.5) 
t 

--~ w(k)(~p-- v)+r + []Dv I p-2 Dv -- )Dug ],-2 Duk] D((~p -- v)+ ~) dxdv<=O. 

Observe that w(z)-+ 0 as v-+  0 in L~oc(RN). Therefore we may proceed 
as in the proof of  the uniqueness theorem in w II.3 and prove the analog of Pro- 
positionII.3.1, i.e., V 0 <  t ~ T ,  ' r  1, 3~, = T ( N , p , q )  suchthat  u  0, 
v ~E (0, 1), 

t 
Y f (W+) p - 2 + q  dx dr.  (111.7.6) f & <= (oR)p f 

B R 0 B(1 +~)R 

Proceeding as in the proof of  Theorem ILt.1, we find w + ---- O, i.e., v =< u a.e. 
ST. 

Proof of Proposition III.7.1. By direct calculation on the set r > 0, 

Z 
Dz = --  -~y Fx,  

where 

We will choose 

F =  
{N q- 2fl 2~ I 

+ ~ - o=F 

,~2 ~ e - -2k  

(III.7.7) 

and k E N so large that F >  O. Also 

zp-lFp-1 
I D z ]p-2 Dz = -- fly x ,  

z p -  2 F P - 1  z p -  I F p - 1  

div ( l D z f - Z  Dz) -~ - - (p  --  1) 0v a z  x + p Op+l DO x 

z p-  1Fp- ~ z p-  1Fp-2 
- - N  , - - ( p - -  1) D F ' x .  

0 p ~P 
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Since 

0) 

0i) 

(iii) 

we obtain 

div (] D z  ] p-2 Dz) = - -  

D F "  x - -  - -  

D z  �9 x = - - z F ,  

D~ "x  = ~, 

--4/3 4 ~  z 4o~ 4 
in 2 ~)2 ~- (e 2 _ e2) Jr (62 __  ~ 2 ) 2  

zp-lFp-2 
. {0 , - -  1) V ~ --  ( N - - p ) F - -  0,  -- 1 ) D F .  x}. &' 

0H.7.8) 

We calculate the expression in braces on the right-hand side of  (III.7.8) using 
the definition of  F and the fact that  NO, - -  2) + p = 0, to obtain 

z P - I F  p-'2 I2. /3(fl.-~- 1) 
d i v ( ] D z f - 2 D z ) = 2 0 ,  - 1) q-----7~[ ln2~2 (III.7.8') 

2o~(0r --  1) e" 4~fl~ 2 _Nil ( N  ~2)~__~z 1 

z p - a F - 2  
>= 20, - -  1) - -  qP 

t 2o~ 2 [ ~2 

Consider the sets 

On ~(k 1) 

e~k~) ~-- { e-2(k+l) _--< oz < e-2~}, k E N ,  

Thus 

div(]Dz[P-Z Dz) ~ 0 on g(k I). 

On Ok~ if k is sufficiently large, 

/3 > ( U - -  1), 
F ~ N  k +  1 =  

so that  

e(k 2) ~ { ~2 < e-2(k+l)}. 

z ~ - l F  p -2  [2o,(~ - -  1) 
d i v ( l D z ] P - Z D z )  ~ 20, -- 1) - - - - - - - ~  [ eZ 

0 ~ > 2 ,  / 3 >  1 and k >  1 can be chosen so that  

k 2-k" 

where 

d i v ( [ D z f - 2 D z )  > - -20,  -- 1)zP --L" -2t-lFP-t 4oq3 

= qP ( k +  1 

> _  ~' z p-1 

= (k + 1) qP 

~, = 20, -- 1) (N -- 1) p-2 (4~ + N)/3. 

1)} 2(k + 
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Finally with v given by (111.7.4) we compute in {0 < ~ < e} 

~'a(V) ~ V t - -  div ([Dv t p - 2  Dv) 

--- - -hz  --  (1 -- ht)P+ -1 div (l Dz f - 2  Dz).  

On g(k ~), 5r  0 and on g(k 2) 

z,-21 c~a(v) ~ z --h + (k + 1) ~-~]" 

By calculation on #(k 2) 

7 zP-2 
- -  < ~ ( k  + 1) z-p  e zk(2-p~ ~ v * ( k )  

( k + l )  e" = ( k + l )  

where we have used the fact that N(p --  2) + p = 0. Therefore 

~(v) < v(--h + ~*(k)). 

Choosing h = )J*(k) proves that 

~(v)__<0 on 0 < O < e .  

If  the inequality is viewed in the sense of w 1.1, then the test functions all vanish 
near 9 = 0 and the result follows. 

HI.8 .  The ease u 0 a measure and p > 2N](N 4- 1). We prove the solvability 
of the Cauchy problem 

ut -- div ([Du [p -2 Ou) = 0 in R~V• (0, oo) 
(111.8.1) 

2N 
u(., 0) = /~  ~ 0, N + I < P < 2 ,  

where # is a a-finite Borel measure in R u with no growth condition as Ix t -+ oo. 
We let Soo ~ R N X (0, cx:)). 

Theorem III.8.1. For every non-negative a-finite Borel measure # in R N, there is 
a measurable function u : Soo --~ R + satisfying 

u E C~oc(So~) for  some ~ = o~(N, p) E (0, 1), (III.8.2) 

]Du[ E Lfor (111.8.3 i) 

(x, t ) ~  Ou(x, t )E Cloc(Soo) for  some o~ = o~(N, p)E (0, 1), (III.8.3ii) 

ut E L21o~(So~). (111.8.4) 

u  u 2 1 5  T]) such that supp{x-+9(x , t )}QBq,  
u t >= O for  some 9 > 0 ,  

t 

(i) f (uqg(t)dx+ f f {--u~,+ l D u ] p - 2 D u D ~ } d x d v  = f (ug)(s)dx, 
R N s R N R N 

(III.8.5) 

(ii) lim f (u~) (s) dx = f ~o(0, x) d~. 
s '+ 0 B~ Bq 
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Proof. Let {/z,}, n E N be a sequence of C~(R n) functions and let there be a 
constant 7 independent of n such that for all ~ > 0 

(i) f #n dx <= y f dtz, 
B e B e 

(ii) f el.t, dx --> f e dt*, u ~o 6 C~~ (II1.8.6) 
RN R N 

Let Un, n = l, 2 . . . . .  be the unique weak solution of 

8 
-~- u n -- div (] Dun l~- 2 Dun) ~ 0 

Un(', o) = f,n. 

in RN• (0, oo) 
011.8.7,) 

Since p > 2N/(N -F 1), from Theorem 111.6.1 with i" = 1 (see Remark III.6.2), 
and (III.8.6)-(i) it follows that 

(Un)n~ N is locally equibounded in S~.  

p >  max r l by the results of [12, 13], there exists o~= Since also 

o~(N, p)E (0, 1) independent of n such that 

(x, t) -+ un(x, t) E Cj~oc(S~) uniformly in n 

(x, t) -> Dun(x , t) E C~oc(S~) uniformly in n. 

By a standard diagonalization process a subsequence can be selected and rela- 
belled by n such that 

u,,, Dun-+ u, Du uniformly on every compact subset ~{" of See, 

0 8 
"~-Un ~ ~ u, weakly in L2(o~f). 

Therefore (III.8.5)-(i) holds for u, V 0 < s < t < ec. 
Let e be a test function as in (III.8.5). Multiply the first of (III.8.7)n by e and 

integrate over B e • (0, s) to obtain 

f (une)(s)dx - f ~ne(O) dx <= f f [DunlP-1 IDeldxd~. 
B~ B~ 0 B e 

By Corollary III.3.1 and (III.8.6)-(i), the right-hand side is majorized by 

,( �9 - - @  - 1 )  

v(e, N,p) s7 ~ + f d~ ~ . 
B2 e 

Letting n ---> cx~ 

1 /" d '~-~(p-1) 
dx - f 9,(0, x) d# <~ 7s7 1 + j m , 

whence (III.8.5-ii). 
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Added in woof 

PHILIPPE BI~NILAN has informed us that, in a note in preparation with T. GAL- 
LOUgT, he has also introduced a notion of solution for elliptic equations of the 
type 

div ([DulP-eDu) = f E LI(D), Vp > 1, 

where-(2 is a domain in R N. Such a notion is irrespective of the sign of  u and 
could give an a.e. meaning to Du for the semigroup solution of  (0.1) if one had 
the global information Uo E LI(RW). 

A remark of  STEFAN LUCKHAUS. The arguments of §III.5(i) show that indeed 
Dv~-+Dv strongly in Lt[oc(Sr). This implies that that Vk > 0, Du,,,k-+Duk 
strongly in L~[oc(Sr). 

In discussion with DI BENEDETTO, S. LUCKHAUS found a simple way to show 
the latter. First, in (III.4.2n) take the test functions (u,,k -- uk)% where u is the 
limit of the u~ and ~0 C C~°(Sr) is not negative. The a priori estimates of §III.3 
and the construction procedure of  §III.4 can be used to establish these as ad- 
missible test functions, and some calculations show that 

Now since [u < k] Q [u~ > k], we have 

Put this in (1) and let n--> eo along a subsequence reindexed by n to get 

f f  [DUkl p q~dx dr G lim i n f f (  lDu,,ki" q~dx dr 

lizs~p f f !Du,,,,<l"  .ax < f f  lDukp' mdx&. 
ST S T 

This and Lemma II.2.2 can be used to identify more efficiently the limit of  
the nonlinear term in §III.5(i). The advantage of working with the functions v, 
and v, however is that they are not  truncated and therefore they supply informa- 
tion on the set where the solution is unbounded. Such a singularity set is non-  
void in general, as shown by the arguments in §III.7. 
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