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Abstract. The Gelfand—Zetlin basis of U (g/(N + 1)) modules is constructed via the lowering operator
method.
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0. Introduction

The purpose of this paper is to give a constructive description of the Gelfand—
Zetlin basis for irreducible modules of the quantum universal enveloping algebra
U, (gf (N + 1))

Gelfand—Zetlin [1] proposed an orthonormal basis for finite-dimensional
irreducible representations of the Lie algebra gy = g#(N + 1, C). The eflective-
ness of this method is due to the fact that the branching 4y | gy ; has simple
spectrum.

Much has been studied on the construction of this basis, in particular,
Zhelobenko [2] illustrated it in detail with the method of the lowering operators.
Recently, Jimbo [3] has shown the existence of a g-analog of the Gelfand—-Zetlin
basis for U, (g/(N + 1)).

In this paper, with the lowering operator method we reprove Jimbo's results for
U,(g£/(N + 1)),

This paper is organized as follows: Section 1 deals with the definition of the
quantum universal enveloping algebra U_(#/(N + 1)) and its irreducible representa-
tions. In Section 2, we will introduce the lowering operators for U, (#£(N + 1)) and
investigate their properties. In Section 3, we will establish the branching law for
U, (pf(N + 1)) | U (¢£(N)), and show the existence of the Gelfand—Zetlin basis for
irreducible U,(££(N + 1)) modules of finite dimensions with the aid of the lowering
operators. This basis is orthonormal under a natural Hermitian inner product and
the modules turn out to be unitarizable. Finally, we get the explicit action of the
generators on this basis.

The details and further investigations of the results in this paper will be discussed
in a forthcoming paper.
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1. Quantum Universal Enveloping Algebra U,(#/(N + 1))

Let ¢ be a positive number (¢ #1). The quantum universal enveloping algebra
Uy = U (gf{(N + 1)} is, by definition,

Uy =Clg*" ™ (0<i < N), e, f; (1<j < N)]

with defining relations

gE\ g 11 = qil,’zslth/ZE,’ ql/2s,q—l,’2a,~ - q—-l/Zs,ql/Zs, =1,

qlﬂej q_nz L i=j— 1,
ql/ZB,ejq—lf‘Zs, - q_”zej, ql/2£4qu—|/2st = qlf'-’fj, i=j,
e} f:;» l-‘,ﬁj - lajs
ki—k?

e, f]=08;————— (k,=q¥Ha-1-a)),
oo f1=0y" == =4

[eis eJ] = [f;aj:r] =0, for |I _Jl > 2’
ejzeji'_[Z]ejejile,-+ejilej? =0,

=205 05+ 5000] =0,
where

qm —-q -m
m|=————
ml =4 =
is a g-integer.
Let U, (r.) (resp. U,(n_)) be the subalgebra of U, (g£(N + 1)) generated by ¢’s
(resp. f’s), and U, (k) be the subalgebra generated by ¢*'*’s. In [5], Rosso has
shown the following proposition.

PROPOSITION 1. We have the triangular decomposition
U (gf(N + 1) 2 U,(2.) @ U, () ® Uy(n,)
as vector spaces.
The sequence of subalgebras U, c U, << Uy _, = U, is specified by
U,=Clg*'* (0<i<n), e, f (1<j<n).
We introduce an involution * by
(g 2)*=q*V=, e =f, fl=e.

This * algebra is regarded as the ‘compact real form’ U, («(¥ + 1)),
Let ¥ = F{A) be an irreducible left T/, module of finite dimensions with highest
weight

A=(J~n,fl|s---,j~1v) (JQ.JEZ+,A()>A|2"'?1N)-
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Denote by |vac) the highest weight vector of V:

V="Uy|vac), ¢lvac)=0 (1<j<N),

g'*|vacy = ¢'"*lvacy (D <i<N).
Let ¥* be the dual of V, that is, irreducible right Uy module defined by
V*=(vac|lUy, <vacf,=0 (1<j<N),

{vac)g'? = g'*(vac] (0<i<N).

Due to Proposition 1, there exists a natural pairing V*® }J —»C defined by
{vaclb ® a|—vac)—{vaclbalvac).

2. Lowering Operators for U, (3/(N + 1))

For 0 <i<n <N, the operators d,, € U (8) @ U,(n_), which are referred to as
lowering operators, are inductively defined as follows:

o =1,  dpp =]
dy =<6 — & tn—Dfdy _\,— <& —8 1 tn—i—13d,_ ),
where
g et g ey D

(o, —g +1>= pp—

The next theorem and lemma are fundamental for our arguments.
THEOREM 2. For fixed n, the operators d,, (0 <i < n) mutually commute.
LEMMA 3. The lowering operators have the following properties:

(i) ed,=0mod/l, , for1<j<n—1,
where I, =Z2""Uye, is a left ideal of Uy.

(it) e, d,=d, (e, +d,_, {e,—g,+n—~i—1,
where d,(1)={s, —¢,_+n—i+13fd,_ ., —<e,—,_+n—idd,_ . [h

(wi) d,d, ,,=d,_, .4,

Putting ¢,, = d%, we readily see that
m o n—1 1
emdn=l] Il <& —tux+tk—t+13e - e)"dnmodl,_,.

I=1 k=1

One can show the following relations by virtue of Lemma 3 and induction on m.
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PROPOSITION 4.

() (e -e)dni=(e, - €,)"" 1"3‘.‘+1 ey dy(1)Me, +
n—i—1

m—1
+ ] Ca—tx+thk—m) Y (e,—g,+n—i—1-20)x
k=1 =0

x(ei+l o .en)”‘7ld::'71 mOdInfl'

n—i

() (eyy re)mdn=[m [ [] <&i—&4e+k—1>mod1,
=t k=1

where [m]! = [m][m — 1} - - - [1].
Thus we obtain the key to the arguments in the next section.

PROPOSITION 5. For multi-indices o = (o, . .., 0, _ L, f=Fo.- ... Bp_1)a =8
stands for the lexicographic order. Setting d%=d3, - dmy-y (c5 is similarly
defined), we have for a > £,

n—1 LA
cidt =80t T {1 T <oi—orat k=D
I=1k=1

i=0

@ n—i—1
x [T 11 (s,——s‘-+k+k—l+1-+—oz,-+k>}mod1,,,

I=1 k=1

where [a]! = [op]! - - - [, 1]

3. Gelfand—Zetlin Basis

The natural pairing between ¥ and V'* induces an Hermitian inner product on V by
{a|vac), b|vac)) = {vac|a*b|vac).

Let g, = A;. The sequence of integer vectors

. How Haw *octccrerreeee Han
Hy 1 Bon—-1 Han_1" " "Hrn_an_1
i E = -
H Hoi Hu
Ho Hoo

is called the Gelfand-Zetlin scheme attached to the module F(A), if each pair of
vectors p, _,, 4, satisfies the condition p,, = g, = p, .14 for all i k. For each
scheme, put

d# —_ d-'{l*#‘od&‘z*-“l [ d#ﬁv*l‘h’—l,
where

.un_.un—l=(1uOn_#0,n—h'“’nun—l,n_#n-l.n—l)'
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From Lemma 3, it follows that
ediy~#-ilvacy =0 (1 <j <N —1).

Hence, we see a weak form of the branching law

V(A)lvq(;r(m) = ('B V(A +ay, ., An H oy )

O, €A—4 41
0gig N1

As g tends to 1 (the classical limit), U,(g¢(N + 1)) goes to the umversal enveloping

algebra U{4£(N + 1)), and the module ¥(A) to the irreducible U(gf/ (N + 1)) module

V(A). For ¥(A), the branching law has been already established:

P(A)

Uigr(Ny = @ V("ll + g,y Ay Fay )
DSa <Ay,
0N

The weight spaces of V(A) have the same dimensions as the corresponding weight
spaces of F(A) and we have dim V(A) =dim F(A) ([4]). Thus, we obtain the
following theorem.

THEOREM 6. (Branching law for Uy | Uy _ ) We have

V(A)|UN_I=0 6:—) ) VO 40, ..y Ay + a2y 1)
sasd— 4
0$_1€N*l+1

Using successively Proposition 5 and Theorem 6, we show the following proposi-
tion.

PROPOSITION 7. The vectors |u> = (1/N,)d*|vac) form a basis of the module
V(A) and are orthonormal under the Hermitian inner product. Here

N
Ni = n Tn(#nfl-r.un)a

n=1
rn(ﬂnf 1s P’rx)

— [um _“j,nf 1 +j'_ l]' [um _ﬂ;n +J —i— 1]!
ogisysn—1 [ﬂz,nfl —Hn +j— I.]!Osiqfsn [.u’i,nfl_.u]n +j—i— l]!

From the definition of our inner product, it turns out that the module F(A) is
unitarizable:

COROLLARY 8. For £, ne V(A) and a € Uy, (€, an) = (a*&, n).
For a Gelfand—Zetlin scheme pu, we set
E= dﬁ"ﬁl' —Hn.. . d#N'v - My “VﬁC}.

Then we have the following proposition.
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PROPOSITION 9,

e,din b1

n—1 o)

= Z Nﬂ’ — dn_udﬁn—#n_l—ajé,
1=0 [.uj,n—l — Myt n _J]N.u’+6_,(n—l)

where
( . Y
MOn ﬂln .................. .u’m
Mot Bpp—1 ™70 | LS
po= Hon—1 Hin-1 ,

L Hon—1 J

Hn —#n—1—51=(ﬂkn _yk,n—l_éjk)ﬂskSnfl’

and p’ + 6,(n — 1) indicates that we should replace the y;, | in the (n — 1)th row with
Himr+1in p'.

Now we can write down the action of generators of U (g/(N 4 1)) on the basis
vectors |#). Substituting the formula for N, to Proposition 9, we obtain the
following proposition.

THEOREM 10. (cf. Jimbo [3])

() q1f2£n|#>=q”z{zﬁzuﬂkn*Zz_:sl)‘-‘k,n—l}|u> 0<n<N),
n—1

(i) enl.u>= Z au+.sj(n71),,.\|.“ +6;(n—1)> (l<n<N),
=0

n—1

(lll) .ﬂ:lﬂ) = .20 aﬂ,#—ﬁi(nfl)lﬂ _(s_[(n - l)> (1 gn SN)’

f=

where

L &ln— 1

:[— H'i:=0[tukn _F'tj,ﬂfl +}_k] z;%[”k,n—Z_y;,nfl-'-j_k - 1] ]“2
T2 20wy hn -1 = tm— 1+ =k = g1 — Byu 1 +J— k]

and p + 3,(k) indicates to replace only j, with py +1 in p.
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