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Abstract. The Gelfand-Zetlin basis of Uq(p:(N + 1)) modules is constructed via the lowering operator 
method. 
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O. Introduction 

The purpose of this paper is to give a constructive description of the Gelfand- 
Zetlin basis for irreducible modules of the quantum universal enveloping algebra 
Uq (~E(S Ji- 1)). 

Gelfand-Zetlin [1] proposed an orthonormal basis for finite-dimensional 
irreducible representations of the Lie algebra #~ = p: (N + 1, C). The effective- 
ness of this method is due to the fact that the branching pN ,~ #N-1 has simple 
spectrum. 

Much has been studied on the construction of this basis, in particular, 
Zhelobenko [2] illustrated it in detail with the method of the lowering operators. 
Recently, Jimbo [3] has shown the existence of a q-analog of the Gelfand-Zetlin 
basis for Uq(~7#(N + 1)). 

In this paper, with the lowering operator method we reprove Jimbo's results for 
Uq (<~:(N .Jr- 1)). 

This paper is organized as follows: Section I deals with the definition of the 
quantum universal enveloping algebra Uq(#:(N + I)) and its irreducible representa- 
tions. In Section 2, we will introduce the lowering operators for Uqfy:(N + I)) and 
investigate their properties. In Section 3, we will establish the branching law for 

Uq(pE(N + I)) $ Uq(p:(N)), and show the existence of the Gelfand-Zetlin basis for 
irreducible Uq(#:(N + l)) modules of finite dimensions with the aid of the lowering 
operators. This basis is orthonormal under a natural Hermitian inner product and 
the modules turn out to be unitarizable. Finally, we get the explicit action of the 
generators on this basis. 

The details and further investigations of the results in this paper will be discussed 
in a forthcoming paper. 
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1. Quan tum Universal Enveloping Algebra U q ( p : ( N  + 1)) 

Let q be a positive number (q # 1). The quantum universal enveloping algebra 
UN = Uq(~ f (N  + 1)) is, by definition, 

UN = Ctq • (0 <~ i ~ N) ,  ej , f j  (1 ~<j ~< N)] 

with defining relations 

q• = q+l/2,jq• qt/2,,q--l/2,, = q--l/2,,ql/2~, = 1, 

fqJ/2ej (q - ' /2 f i ,  i = j - -  1, 
q ,/2%jq -,/2~, = ~q -1/2 ej, q ,/2,,.fiq -1/2,, = ~ q ,/2fj, i = j ,  

" leJ l f~,  i ~ j - 1, j ,  

[e,,fi ] = (],j k2 -- k [  2 _,, q _ q - l (k, = q 1/2~, _ ~ )), 

[e;, ej] = [f, ,f j]  = 0, for li -J l  I> 2, 

e fe j •  - [2]ejej• ~ej + ej• lef = 0, 

- I2 f • = 0 ,  

where 

qm --m 
[m] = - a q _q-m 

is a q-integer. 
Let Uq(n+ ) (resp. Uq(n__ )) be the subalgebra of Uq(,q:(N + 1)) generated by ej's 

(resp.f/s) ,  and Uq(h_) be the subalgebra generated by q• In [5], Rosso has 
shown the following proposition. 

PROPOSITION 1. We have the triangular decomposition 

Uq(9:(N + l)) --- Uq(n ) ~ Uq(h) (~ Uq(~+ ) 

as vector spaces. 

The sequence of subalgebras U~ ~ U2 ~ �9 �9 �9 ~ UN- ~ ~ UN is specified by 

Un = C[q ~ 1/2~, (O<~i<n) ,  

We introduce an involution * by 

(q• =q• e* =f j ,  

ej, fj (1 <~j<~n)]. 

This * algebra is regarded as the 'compact real form' Uq(a(N + I)). 
Let V = V(A) be an irreducible left UN module of finite dimensions with highest 

weight 

A = ()-o, ~l . . . . .  ~N) (~j e ~ + ,  ~0 ~ ~1 ~ " " " ~ ~N)" 



GELFAND-ZETLIN BASIS FOR Uq(pd(N + !)) MODULES 

Denote by Ivac> the highest weight vector of V: 

V=UNIVaC), ejlvac) = 0 (1 ~<j ~< N), 

ql/2~,lvac) = ql/Z~'[vac) (0 ~< i ~< N). 

Let V* be the dual of V, that is, irreducible right Uu module defined by 

V*=(vaC[UN, (vac[f  = 0 (1 ~<j ~<N), 

(vaclq 1/2~, = ql/Za'(vac[ (0 <<. i <~ N). 

Due to Proposition 1, there exists a natural pairing 
(vaclb | al~--,vac)~--~(vac[ba[vac). 
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V * |  defined by 

2. Lowering Operators for Uq(gd(N + 1)) 

For 0 ~< i ~< n ~< N, the operators d.i ~ Uq(h) ~ Uq(n ) ,  which are referred to as 
lowering operators, are inductively defined as follows: 

dnn = 1, dn,n_, =f~,  

d., = (~ . i -en_i  + n  --i)fnd,,_l., --(~, --~, ,- ,  +n  - - i - -  l)d,,_l.if,,, 

where 

q., - , j  + l _  q-(., - . j  +o 
(~ , -~ j  + l )  - -1 

q - q  

The next theorem and lemma are fundamental for our arguments. 

THEOREM 2. For f ixed n, the operators d,, (0 <. i <. n) mutually commute. 

LEMMA 3. The lowering operators have the following properties: 

(i) e j d m = O m o d I . _ l  for l < ~ j < ~ n - 1 ,  

where In 1 = Z~-~l I UNej is a left ideal of  UN. 

(ii) e n d . , = d . , ( 1 ) e . + d . _ l . , ( e , - e . + n - i - l ) ,  

where d . , ( l ) = ( e , - e n  l + n - i + l ) f n d . _ t , , - ( e , - e , , _ x + n - i ) d . _ l . i f , , .  

(iii) dn,(1)d._ ,,, = d._ 1,,din. 

Putting c,. = d*,, we readily see that 

m n - - t  1 

cmd~ m -  ~ ~ ( ~ , - ~ , + k + k - l + l ) ( e , + l " " e ~ ) m d ~ m , , m o d I . - i  �9 
/ = 1  k = l  

One can show the following relations by virtue of Lemma 3 and induction on m. 
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P R O P O S I T I O N  4. 

(i) 

KIMIO UENO ET AL. 

(ei+ 1 " " " en) mdm" ~ (e i+ x " ' "  en) m -  1el+ i "" " e . _  ldni (1)men .-b 

n - - i - - I  m - - I  

+ I ( e i - - ~ i + k + k - - m )  ~ ( ~ - - e . + n - - i - - l - - 2 1 )  x 
k = l  I = 0  

x (ei + 1 e , )  m-  l m-  t mod  I .  �9 " " dni - 1. 

m n - - i  

(ii) (e,+l...e.)mdm-[m]! H I-I (~,-~,+k + k - l > m o d l , ,  
I = l k = l  

where [m][ = [m][m - 1] . . .  [1]. 

Thus  we obtain the key to the arguments  in the next  section. 

P R O P O S I T I O N  5. For  multi-indices ~ = (~o . . . . .  ~ , -  ~ ), fl = (flo . . . . .  f t . -  ~), ~ >/fl 
. . . .  d ~ - - ~  (c~ is similarly stands for  the lexicographic order.  Setting d ,  = d~,oo . . . .  

defined), we have for  �9 >i fl, 

c,,d, = 6,,~,[~]v ~ (ei--e,+k + k - l )  x 
i = 0  ( l = l  k = l  

=i , - i - 1  ) }  
X I I ( S i - - g i + k  + k - l + l + O t i + k  m o d  In, 

I = 1  k = l  

where [~][ = [~o][""" [~ . - l ] [ -  

3 .  G e l f a n d - Z e t l i n  B a s i s  

The natural  pairing between V and V* induces an Hermit ian  inner p roduc t  on V by 

(alvac>, b lvac))  = (vacla*blvac>. 

Let  /~;N = 2i. The  sequence o f  integer vectors 

i i lF ............... 1 
~LN- 1 ~"0,N- 1 [ ~ I , N -  I . . . .  ] ~ N -  I , N -  1 

L #oo J 

is  called the Ge l f and -Ze t l i n  scheme at tached to the module  / ( A ) ,  i f  each pair  o f  

v e c t o r s  P k -  I, #k sa t i s f i e s  t h e  c o n d i t i o n  /t~, k />/~i ,k  - ~ I> # ,  + Lk f o r  a l l  i, k .  F o r  e a c h  

s c h e m e ,  p u t  

d ~ = d~,t - ~od~2-  , i  . . .  d~ff - "~ - 1, 

where 

# . - # .  I = ( P o .  - # o .  I, , # .  l . - - # . - - I . - l )  
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From Lemma 3, it follows that 

e f l ~ - " ' ~ - ' [ v a c ) = 0  (1 < . j < ~ N - 1 ) .  

Hence, we see a weak form of the branching law 
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V(h)]~o~:(~)) ~ (~  v ( x ,  -Jr- 0~ 0 . . . . .  )~N "4- 0~ N _  1).  
0 ~< ~ <  ~.~-- 2~ +1 

O ~ t < ~ N - -  I 

As q tends to 1 (the classical limit), Uq(pd(N + 1)) goes to the universal enveloping 
algebra U(pd(N + 1)), and the module V(A) to the irreducible U(pd(N + 1)) module 
V(A). For 17(A), the branching law has been already established: 

0<~l~<N 1 

The weight spaces of V(A) have the same dimensions as the corresponding weight 
spaces of I?(A) and we have dim V(A)= dim IT(A) ([4]). Thus, we obtain the 
following theorem. 

THEOREM 6. (Branching law for UN ~ Uu_ 1) We have 

V(A)I.~_,  --- (~  v(2, +~0 . . . . .  2~ + ~ U - l ) .  
0 ~< ~t ~<)'t-- 2 : + 1  

Using successively Proposition 5 and Theorem 6, we show the following proposi- 
tion. 

PROPOSITION 7. The vectors I" )=(1 /N. )d" lvac> form a basis o f  the module 
V(A) and are orthonormal under the Hermitian inner product. Here 

N 

Nz~ = VI z .(#.  1,#.),  
n = l  

r.(tz._ i, u.)  

= l-I ~'---L" ---~J'n-- I + j  - i]! [~,, - #j, + j  - i - 1]! 
'. 

From the definition of our inner product, it turns out that the module V(A) is 
unitarizable: 

COROLLARY 8. For ~, r l ~ V(A) and a ~ Uu, (~, aq) = (a*~, q). 

For a Gelfand-Zetl in scheme . ,  we set 

= d.""++? - "  . . . .  d ~  - uu -11vac>. 

Then we have the following proposition. 
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PROPOSITION 9. 

where  
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e . d ~ .  - u .  - , r  

. - - 1  
= E N2u" d.  d r " - "  - t , j  . - * - ~ - ,  

�9 2 
j =o [/ty,,, - l - - / tn - -  t,. - 1 + n - j ] N u ,  + ~j(. _ t) 

~ ' . .  " .~  .'~ 

/tOn / t i n  . . . . . . . . . . . . . . . . . .  / tnn  

/ t O , n -  1 / t l , n  -- 1 . . . . . .  / t n -  l , n -  1 

/ t '  = / t O , n -  1 / t l , n  -- I , 

~ 1 4 9  ~  

/ t O , n -  I 

/ t n  - -  / t n - -  I - -  Oj  = ( / t k n  - -  / t k , n - -  I - -  ~ j k ) O < ~ k < ~ n - - 1 ,  

and~t"  + f i j (n - 1) ind icates  tha t  w e  s h o u l d  rep lace  t h e / t y , . -  l in the  (n - 1)th row  wi th  

/ t j , n _ l  + l in / t ' .  

Now we can write down the action of  generators of  U q ( p f ( N  + 1)) on the basis 
vectors I/t>. Substituting the formula for N u to Proposition 9, we obtain the 
following proposition. 

T H E O R E M  10. (cf. Jimbo [3]) 

(i) 

(ii) 

(iii) 

where  

n--I  
q, /2 . ,  l# > = q ,/2{z~ -o  uk. -mk =o u~,. _,}l/t > 

n--1  

e-I#> = Z a.+~,~.-,)..lu +5j(n - I ) >  
y=O 

n - I  

f . l . >  = Z a . , . - a . ( . -  ,)1. -6,(n --1)> 
j = o  

(0~<n ~<N), 

(1 ~<n ~< N), 

(1 ~<n ~<N), 

an + aj (. - i ),la 

= [  . . . . . .  n " - -  L . . . . . .  l', k = O [ / t k n  - -  / t j , n  --  l d(- Y - ] k = O [ / t k , n  -- 2 - -  / ty,n --  l - l -  Y 

L l'I~- ~,(k.~j) [/tk,. -- , -- / t~. .--]  + J --  k --  1][/tk.. - , --/t~..  - ,  + j -- k] J " 

a n d  # +_ 6j (k)  indicates  to replace  on ly  /tjk wi th  #jk ++- 1 in /t. 
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