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A B STR ACT. We study some properties of weighted Sobolev spaces with asymptotic conditions 

appropriate to physical conditions on non compact space times. An existence and uniqueness 

theorem of non compact maximal space-like hypersurfaces for asymptotically flat metrics in a 

neighbourhood of the Minkowski's metric is proved. 

1. INTRODUCTION 

The existence of a maximal hypersurface is an important property for a space-time. For the 

initial value probelm, fundamental in General Relativity, on a submanifold with constant mean 

extrinsic curvature the system of constraints can be split into a linear system and a non linear 

equation ([3] [4] ), for this non linear ellipic equation global results can be proved on closed 

manifolds ([2]). Of primary importance is the extension of these results to non compact mani- 

folds. The existence of maximal submanifold is also essential in the positivity conjecture for the 

gravitational mass of an asymptotically flat space time. 

In this paper we prove some theorems for the composition of spaces of functions satisfying 

asymptotic conditions appropriate for a large variety of physical problems on non compact space 

times. Using the method given by Y. Choquet-Bruhat [ 1 ] for compact manifolds we prove some 

theorems concerning the existence, uniqueness of non compact maximal space-like hypersurfaces 

for asymptotically flat metrics on R n§ l of a neighbourhood of Minkowski's metric in appropriate 

functional spaces. 

2. FUNCTIONAL SPACES 

We define, [5], [6], [7], for 1 ~<p ~<oo, sElq ,  ~ E IR, the space MsP,8 (lq n) to be the completion 

of C~o(~ n) with respect to the norm l a~< s II 08 + Is IO~fllL p O Rn) with o(x)= (1 +. Ix 12) 1/2 . 

M. Cantor, [6], prove that the Laplacian is an isomorphism between M S ~ and M~s_ 1 ,n + z if 
n n ~ 

P > n - 2  " ~ < n - 2 - p .  

We define for 1 ~< p < oo, s E IN, ~i E ~ the space NPs,8(R n) to be the completion of C~o (IR n) 
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with respect to the norm IlfllL~(mn ) + 0<~ls I< [ioa+ I~ IDafllLp(~n). If Y is an open set of  ~ ,  

the spacesMsP,~*(Y X ~n),LPs:*~ (YX Rn),N~s,'~ (YX Rn)  are obtained by completion with respect 

to the norms 

$ 

Ilsup Io~+l~lD~D~tf(t,x)l II LP(lRn ) 
Ial+ Ill= o t~Y 

$ 

IlfllL.(n~n x y) + Y, II t~ySUp 1o ~+la Inat3af(t,~x~t X)I IILp(n~n ) 
lal+ I#1>o 

II sup IDatf(t, x)l IlL=(mn) + Z II sup Io 6+ talD~D~t~t, x)l ULp(mn). 
t ~ Y  t ~ Y  I#1=0 lal+ I/~1= 1 

l a l > 0  

We denote: 

Mp,= o ~p = {f; f (x)  = F(~o(x), x), F E M~s,~ (Y  X F,n),~o E MOt, o(F, n), ~o(R n) C Y }. 

We will prove the following: 

n 
LEMMA 1,1fr=inf(s, t),p > 1 , - - - -  s - t + r < 0  

P 

N~s, s XNP, p+~ Q, N~+IS+pI_, p~>O; 

N~s,~ XMPt, p ~M~,p+16t_;  181_=min (0 ,~) .  

n n 
Proof. I f p  > 1, - - s + X < - ,  v ~< 8 + IXI from Sobolev inequalities we have 

P q 

IlaUDXfllLq(~n) << . Y, Ilal~l+~D~fULp(~n). If I~l <~r, wehave 
lal = h  

ilal~l+ vO~(fg)llp < C ~. IloeDOflla �9 IIo~O~-allb 

1 1 1 
Ufll~s p 6 t, if  w i t h -  + - = - and 0 +~0~> Icd+ v. Each term can be bounded by C.  IlgllMp p 

a b p 

n { n  n 
- - s + 1 3 1 <  ~ l < a ~  - -  t +  1 ~ - 3 1 < -  
p a p b 

0 ~ 5 + 3  ~ o + l ~ - # l .  

l ~ b < ~  
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n 
ThusMsP 8 • M~,p~--~M~r,~+p i f -  - s - t + r  < 0 and v~< 5 +p .  

P 

n 
LEMMA 2 . I fp  > 1,r~< t~< s, 6 ~> 0, - - t - s + r +  1 < 0. 

P 

MPt'~~ sCMPr, p; NPt,'~ ~ C N P m i n ( p , 6 )  

LPt,~~ C N~r, m in (p ,  6 ); 
n 

Mq'=oNP~ C N~ p, - - t < 0  t,p s,6 , 
P 

NPt,'~~ CN/~r, m i n ( p , 6 ) ;  LP,'p ~ oNsP,6 CN~r, m i n ( o , 6 ) -  

Proof. Dafis a linear combinat ion with constant coefficients of  terms: 

DOxD~yF(x, 7(x)) II DXky with (~  ?,g) +/3 = a,  E 1 = 13'1. By Holder inequality, if 13'1 > 0, we have 
k k 

IIo v II DXky Ilq ~< IllloUkDXgy [Iqk , ~2 1 1 - , v <~ ~ v k. To prove the estimate 
k k k qk q k 

k Msp, 6 it is sufficient that  E - s + Xk < - v ~< 2 (5 + 3,k), or using 
k + q k 

a lemma of  Dionne [8] p. 22:  

Thus 

n _ < n  --s+(1~1-1/31) I~,1+1 
P q 

v <  1~16 +( la l -1 /31) .  

with 

Thus 

II o v+ Is I~t~ r~_x~y, F II DXky lip ~ C Ilsup Io~ Ilrt~,,r Iio ~ II DXky IIq 
k y k 

1 / r~ , v  + 1 / q  = 1 / p  P <<" rt3,'r 

Op,~+O~v+ lal 

I[ o v+ la Ir~# r ~ F  sup i o0 O,~D~xD~FI ilrt 3 ~ ILv I11Wlp - x - y  H DXky lip ~< C II y~ ' t  
k ' Ms, 6 

with 

n / P a , y < s - r +  1/31+ I ' r l -  1; O#,~>~v- 1715 + 1/31. 

Using a lemma of  Dionne [8] p. 17 we prove the following estimate 

(*) 

487 



L E M M A 2 ' . I f l < p , -  - < t - 1/31 - 13,1, /~ --.< ~ + 1/31, 
n n 

P q 

t -  I i ,  I 

Ilsup laUD~xD~fl IILq(]Rn ) <~ C E II sup Ila 8+ la ID~xD~f I i iLp(~n)  " 

Thus have estimate o f  II sup ,, _ a . ,  , l lao#,~xD~Fi  IIr~,~ by a linear combinat ion with constant  w e  an  
yE,y 

coefficients o f  terms 

II sup ao+lxlnxnvFTl~x~y . . . . . .  lip with IXI= 1/31, t -  13'I,if 
yE3t 

O#,l,<~p + 1/31, n_ _ n < t -  (I/31+ 13'1) ( * * )  
p r~,~, 

with rt3,~ = p if 1/31 + 13,1 = r = t. 

The condit ions (*), (**) are satisfied if we have 

(I) 1/31 + p  > ~,,- 13,1a + 1/31; (II) n - - t - s + r + l < O .  
P 

Thus for 13'1 > 1, the condi t ion (I) is satisfied if 6 />  0 and u ~< p (for 13'1 = 0 we have to 

estimate II sup la v+ Is ID~F(x, y) l  lip and it is sufficient to supposse u ~< p). 
ye-r 

If  the condi t ion (II)  is satisfied we can choose r#,~ i f s  - r + 1/31 + 13,1 - 1 > 0, this relation is 

satisfied excepting the case s = r, 1/31 = 0, 13,1 = 1. In this case we have 

_ l a l +  u n  ~ n a  Iio L, yrL, yllp <<. C IlaV-nDyFIIoo Ilo lal+ nD~llp <~ C IlFIIMp,o. UyllMp 
t,p s,5 

n 
since the hypothesis  implies u - 6 ~< p, t - 1 > - .  

P 
The other  relations are proved by the same way.  From the demonstra t ion o f  Lemma 2 we have 

the estimates 

IIF(x, ~(x))lt p ~CIIFIINPt, ~ (1 + II~llMp )r 
Nr, min(o  ,6 ) s,& 

IIF(x, ~O(X ) ) ll NPr, m in (p ,8 ) <~ CIIFII L p' p (1 + II,,0llMsp )" 

IlF(x, ~o(X))IIMpt, ~ <~ClIFIIM~,O ~ (1 + ll,~ll )r 
MsP6 " 
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n 
LEMMA 3 . I f p >  1 , -  - s +  1 < 0 , 6 / > 0  

P 

(a) F E MPs,~ the map ~ +* F(x, ~ (x)) belongs to 

~.1 (MPs,~, MPs_ 2 ,p) and ~1 (NPs,8, NPs_ 2 ,o) 

(b) F E N~s,~ the map ~o +~ F(x, ~(x)) belongs to 

~,1 (Mf,~ , N f  _ 2 ,~ ) and ~" ~ (N~,~ , N~_ z ,~ ) 

(c) F E LVs,~ * the map r ~ F(x, ~ x ) )  belongs to 

~1 (Mp,~, N~s_ 2 ,~ ) and ~ '  (NPs,6, N~s_ 2 ,8 ). 

Proof. We have 

F(x, r + qJ(x)) - F(x, ~o(x)) - ~(x) Fy'(X, ~o(x)) 

1 
= f (1 - t) Fy'~ (x, ~ x )  + t i f(x))  �9 f f2(x)  dt. 

0 

On the other hand we have 

tt t! 
[IFy =(x, 9(x) + llFy= (x, ~(x) + t~,(x)) ~= (x)limp - :  ,~ <. C II r II~, ~ tq,(x) U~g_: ,~ _ 

"< CIl~ IIMps,~ UFy=" IIMp'~ o (1 + II~llMsP ~, + II~bllMsP ) s - 2 ,  

and 

" < CII~klIMp ~ IIF)'~ (x, ~(x) + t~(x)[INps_2, 8 IIFy~ (x, ~(x) + t~(x)) @Z(x)llNsP_ 2 ,6 

<C[l~bllMp,~ IIFy'~ IINp.~,~ (1 + II~bllMp 6 + II~llMp )S--2. 
, s,6 

Thus the conclusion from 11/7y% IIMp's-2,p~ • IIFIIMps, b= and IlFy2" IINff' 02 P ~ IIFIINps,'p~" 

Remarks. (1)Mff,~(R n+ 1) C Mp,O~ ,6(R X R n) ifs ~> 1,p > 1 
(2)N~s ~(Rn+ 1) C o ~ , Ls-1 ,~(R X R n )  ifs/> 1 ,p > 1 
(3) I f 5 ' <  6, s' < s, p > 1 the injection of  MVs,~(R n) intoMVs;~,(R n) is compact. Let us take 

(fn } a sequence ofMPl ,~ with Ilfn IIM~ ,~ <~ 1, there exists fEMPl ,~ and for every R > 0, using the 

489 



theorem of  Rellich, a subsequence ( fn~)  which converges weakly to f i n  M{ ,, and verifies 

= 0, B~ = (Ix I ~< R }. On the other hand we have lim Ilfnk -- fIILP(BR) 2 

Ilfn -- flIM~ ~< ~ 8 -- 8'  and we can construct a subsequence (fnk }such that 
,8 (R n \B R ) 

l i m  [fn k - -  l iMp = O. 
0,5 (R n )  

3. M A X I M A L  S A P C E - L I K E  H Y P E R S U R F A C E S  

I f g  is a Lorentzian metric on ~(n+ l, S a space-like hypersurface, we denote by Ps the mean 

extrinsic curvature of  S in (R n § ~, g), Ps = Tr K s, Ks  is the second fundamental form of  S as a 

submanifold of  (R n+ ~, g). 

We denote by  (t, x)  a point o f R  • R n , for the mean extrinsic curvature of  the hypersurface 

s(t, x)  = t - ~(x) = 0 we have [ 1 ] 

with 

u(g, qo) = g ~ ~(g, ~) = g ~  - u-m g~:~xsa,s .  

The Christoffel symbols of  the metric g are denoted F~#. We denote by 7/= 0taa) the Minkowskian 

metric on R n+ 1. 

PROPOSITION 1. For nip _ s + 1 < 0, 8 ~> 0, p > 1, there exists a neighbourhood U o f  O in 
poo  n Ls$1,6 + 2 (R X R n ) • MPs, ~ ( R n) such that the map: (g - r~ , ~) ----> e(g, qo) belongs to <g 1 ( U, MPs_ 2 ,8 + 2 ( R ) ). 

Proof. Let us denote g~t~ = n~# + ha#, g~# = n a# + k a#, the maps (ha#, ~) ---> hat ~ o ~ belongs 

to :g ~ (LsP_: ~*,~ X MsP,~ ;Ns p_ 1 ,~ ) (Lemma 2). The map t ~ (1 + t ) -  1/2 belongs to 

N ~ ' ~ ( Y X R  n) if Y = ] - e , + e [ ,  0 < e < l ,  ( r , v ) E I N X I ~ .  

There exists a neighbourhood U of  0 in LsPl]*,~ X MsP,8 such that the map ~b(g - 7/, ~o) = 

/a(g, ~o) - 1 belongs to :gt (U, N~s_ 1,8) with ~k(U) C Y. Thus using Lemma 2 and Lemma 3 we 

have: (g - 77, r +-> ~t(g, ~a)- 1/2 belongs to cgl (U, N~_ 1 ,~ ). 

Using the same technique we prove that (g - 77, qo) ~ 3,a#(g, r is a map of  r (U, N~s_ 1 ,~). 
p c o  0 o  

Since the functions ha# are elements of  Ls~$1 ,~ + 2, the functions O~:g~a belong to MPs ', s + z and 
�9 p o o  

there exists a neighbourhood V of  0 m Ls~ l ,~ +2 X MPs,~ such that  (g - r~, qo) ~- P~,~(g, ~0) is a map 

of  c~I (V, M~s_ 2 ,~ + 2). 

From I_emma I, we have: (g - 7/, so) 4-> P(g, qo) is a map of :~ i (U, .M~s_ 2,6 + 2), U being a 
p~ 

neighbourhood of 0 in Ls~g1,6+2 X MsP,8. 

Remark. We have the same proposition for an asymptotically flat metric g such that 
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The formal linearization with respect to q~ of P(g, ~) for g = r~, r = 0 is, [ 1 ],  P~(r/, 0). 
~b = -A~,  A is the Laplacian. Using the isomorphism of the Laplacian between MsP,~ and 

Ms p- 2 ,n + 2 and the Proposition 1 we will prove, by a simple application of the implicit functional 

theorem, the following 

n n n 
PROPOSITION 2. l f  p > ~--  2 , 0 <~ 8 < n -- 2 -- - ,  - - s + 1 < O, there existsa neighbourhood 

.p l~ 
p ~  p o .  

Uo fO  in L~s~l ,~+2 (R • R n) (resp. P ** M~I ,~+2(R • Mst~1,8 +2(R • R n) (resp. R n) such that for 

g - ~7 E U, the space-time (R n+ 1, g) admits amaximalspace like hypersurface S with equation 

t - r = 0, r EM~,6 (Rn): The map ~ is unique in a neighbourhood o f  O in M e ~(Rn). 

Remark. For physical case (n = 3) we can choose p > 3, s > 2 and 0 < 5 < 1 ' -  3 
P 

For the existence and uniqueness of maximal non compact submanifolds results, in weighted 

Sobolev spaces, have also been obtained, under different hypothesis and by different methods, by 

M. Cantor, A. Fisher, J. Marsden, N. O'Murchada and J. York. [9]. 
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