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ABSTRACT. We study some properties of weighted Sobolev spaces with asymptotic conditions
appropriate to physical conditions on non compact space times. An existence and uniqueness
theorem of non compact maximal space-like hypersurfaces for asymptotically flat metrics in a
neighbourhood of the Minkowski’s metric is proved.

1. INTRODUCTION

The existence of a maximal hypersurface is an important property for a space-time. For the
initial value probelm, fundamental in General Relativity, on a submanifold with constant mean
extrinsic curvature the system of constraints can be split into a linear system and a non linear
equation ([3] [4]), for this non linear ellipic equation global results can be proved on closed
manifolds ({2]). Of primary importance is the extension of these results to non compact mani-
folds. The existence of maximal submanifold is also essential in the positivity conjecture for the
gravitational mass of an asymptotically flat space time.

In this paper we prove some theorems for the composition of spaces of functions satisfying
asymptotic conditions appropriate for a large variety of physical problems on non compact space
times. Using the method given by Y. Choquet-Bruhat [1] for compact manifolds we prove some
theorems concerning the existence, uniqueness of non compact maximal space-like hypersurfaces
for asymptotically flat metrics on R"*! of a neighbourhood of Minkowski’s metric in appropriate
functional spaces.

2. FUNCTIONAL SPACES

We define, [S], [6], [7],for 1 <p<eo, sEN, § € IR, the space M 5(R") to be the completion
of Co (R™) with respect to the norm | §J< llg®+1e 'D“flILp(]Rn) with o(x) = (1 +.Ix I*)1/2.
alss

M. Cantor, [6], prove that the Laplacian is an isomorphism between M% 5 and ME_ | 5., if

n n
— —<§<n-2-—"".
p>n—2’ p b<n-2 p

We define for 1 <p <o, s €IN, § € R the space M 5(IR") to be the completion of C5(IR")
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with respect to the norm |If||Lm(]R,,) + llgb * e |D"‘fll”,(an). If Y is an open set of R,

<lal<s
the spaces ML 5 (Y X IR"), L25 (Y X R™), N¥'5 (Y X R") are obtained by completion with respect
to the norms

s

S+lal
z IItsg;;, lo®*1e!p2DB fz, )1 | LP(RMY
lal+ 181= 0
. S+lal
W emnxyyt  Z [ gglo *lelpDf fit, x)l I o mn)
lal+ 181> 0
8 s l I
T lsup DA, )N, . + z I sup l0®* '*' DDA, )1 | .
» X)L rmy x Ui\ X p(mny
igi=0 €Y ¢ lat+ Igi=1 €Y
lal> 0
We denote:
M s X ME, = {f-g,fEME 5, eEME , }
Mo MR, = {f; f(x) = Fo(x), x), FEME (Y X R"),p €M ,(R™), o(R") C Y }.
We will prove the following:

LEMMA 1.Ifr = inf(s, t),p>1,§—s— t+r<0

M2s X M2, M s, N2 s XNE pis & NBiisipl s p

\%
2

NEs XM, S M, s _s 18| =min (0, §).

Proof. If p > l,g —s+A< g v < § + IAl from Sobolev inequalities we have

8
T lole!*dpeg|
lal=2A

|Ior”D}‘fI|Lq(lR,,)< Loy I lel <r, we have

lo'e!* *D¥f)l, <C = N0°DEfI, + lo*D~Fl,

fsa

1 1 1
with; + 5= ; and 6 +¢ > lal + v. Each term can be bounded by C - “f"M’s’,a g "Mlt),p if

—s+|ﬁ|<f 1<a<oo 4 la— (3|<— 1<b

N
8

n n
p p
<5+ p<p+la—gl.
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Thus M2 5 X M2, S5 M54, ifs—s—t+r <0and v< 5 +p.

n
LEMMA 2. Ifp>1,r<i<s58620,~-t—-s+r+1<0.
p
My oMEsC MY, N2 o ME 5 CNY mingo, 5)
- n
LYy o M s CVE mingo,s); MLy o NCs CNE, - —t<0
' ' ’ 14
NItJ,’pNOJV?,S CNe,min(p,:S); th,,'p‘m ONg,S CNg,min(p,é;)-

Proof. Df is a linear combination with constant coefficients of terms:
DQD}F(x, ¥(x)) 11 D ey with (2 \,) +B=a, T 1 = lyl. By Holder inequality, if ly|> 0, we have
k Kk

1 1
lo” D eyll, < Tlo”kDMeyll, & — =~
e A P lawe ¢ ax q
l¢® D ey Iy < Cliyl IA’pl it is sufficient that [2 —~ 5+ )\k] <

k My s kP

, V< 2 vy, To prove the estimate
k

n .

=, V<< X (6 +Ag), or using

q k

a lemma of Dionne [8] p. 22:

g—s+(|a|—lﬁl)—lyl+l<g »< Iyl + (lal — 181).

Thus
lo”*1*!DEDY, F LD kyll, < C lsuplo®8.9DEDYFI I, 1o® T DMyl
k y ’ k
with
Urgy+1/g=1/p PSTgy
0gy +0=v+lal
Thus
Iyl
lo?+ e ngD;F HD)\ky "p <Cl JS)Ié[; |065"YD£D;F| ||rﬁ,7 lly "1";1’5
k 5
with

nTgy<s—r+ll+lyl—1; 85, =v— lyl6 +16l. *)

Using a lemma of Dionne [8] p. 17 we prove the following estimate
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. n n
LEMMA 2. If 1 <p, ;—;<t~ Bl —lyl,u<8 + 181,
t — Iyl
Isup 1*DEDYf1 I, g gomy <€ Z Nsupla®* 'DIDYAN, p oy
it lal =181 €7

: ) ) e
Thus we have an estimate of | }S"érjr la®8.7DEDIFI I rg,y by a linear combination with constant
coefficients of terms

||;g}3{ 190+ XIpXDYFL I, with Ixl=Il, ..., £ — Iyl,if

n
0., <p+lpl,— - _(lal + o
By S P an <t-(Ig1+ Iyl (**)

withrg , =pif I8+ lyl=r=1¢.
The conditions (*), (**) are satisfied if we have

M 181+ p>v— Iyls + 18l; (Il)g-—t—s+r+l<0.

Thus for lyl> 1, the condition (1) is satisfied if § = 0 and v < p (for |yl = 0 we have to

estimate | sup lo”*'*'DEF(x, y)| | p and it is sufficient to supposse v < p).
Y€y

If the condition (II) is satisfied we can choose rg , if s — 7 + I8l + |yl — 1> 0, this relation is
satisfied excepting the case s =7, |81=0, Iyl = 1. In this case we have

laf+v 3 v—-§ lal+ 8 pa
Io'1*°D, FDS1, < C 10" *DyFl, 16 D51, S C IFL p o Ul p

since the hypothesis impliesv — 8§ <p, ¢ - 1> E.
p

The other relations are proved by the same way. From the demonstration of Lemma 2 we have
the estimates

FCx, (x)) Iin

<CIFL o (1 + gl 4
r.min(p,s)\ NE o ( v Mg.a)

1F(x, o(x)) NP

LCIFY, p o (L + Nl "
r,min(p,&)\ L‘;‘:p ( M?,a)

NWFGe, ¢ (xDI <CHFI, o (14 1l r
( ) Mg’p M%:p ( ¥ Mé’,s) .
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LEMMA 3.Ifp> 1,2 —s41<0,6 >0
p

(a) F € ME;" the map ¢ + F(x, ¢(x)) belongs to
€' MEs, ME_, ))and €' (VB s, NE_2 p)
(b) F € NE's” the map ¢ + F(x, (x)) belongs to
G ML 5, Ne_2 5) and €' (N 5, No_3 5)
(c) FE LYs the map ¥ + F(x, p(x)) belongs to
€' M5, NE_3 5) and €' (NE 5, N5_3 5).
Proof. We have

Fx, o(x) + Y(x)) — Fx, o(x)) — ¥(x) E(x, o(x))

=1 (=D Fax, ox) + 1 9(0) - YR dr.

On the other hand we have

LFy2 G, ox) + 19 G) V2 p L SCIWIE , 1Fy(x, 00 + 1901
$—=2, 5,6

s—2,p—68

<C||l,[/"2 lIF"z IIMpmp(1+||¢|iMp +||¢||Mp Y2

and

IF2 (x, o (x) + ty(x)) Y2 ()] e, S cuwu%a IFy2 (x, o(x) + np(x)uN,,_2 6

<cl ||2 IIF" I ope (+ 1yl + gl $=2,
¥ ¥ Np % 8 ( 1 M?,& £4 M?,S)

Thus the conclusion from IFy2 1, , .. <IFI e wand IF2 M o <IFI o
M7 ° NP5 p Nf’p

Remarks. (1) M2 s(R"* 1) CME- s(RX R™)ifs=>1,p > 1
(2)N”5(R””)CL§’ TsRXRYifs=1,p>1
(3)If8' <8, 5" <s, p> 1 the injection of M§ 5(R") into M% 5 +(R™) is compact. Let us take
{f } a sequence of M 5 with If,, Iqu s < 1, there exists f€ M5 5 and for every R > 0, using the

9
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theorem of Rellich, a subsequence {f,, x } which converges weakly to fin M% 5 and verifies

lim I, —flle(BR) =0, Bk = {IxI<R}. On the other hand we have

If,, — £l < % & — &' and we can construct a subsequence such that
fn fMg,IS(R"\BR)\ R q {fnk}

tim If, — £, =0.

0.,6(RM)

3.MAXIMAL SAPCE-LIKE HYPERSURFACES

If g is a Lorentzian metric on R”*?, S a space-like hypersurface, we denote by P, the mean
extrinsic curvature of § in (R"*!, g), Pg = Tr K, K is the second fundamental form of § as a
submanifold of (R"*!, g).

We denote by (¢, x) a point of R X R”, for the mean extrinsic curvature of the hypersurface
s(t, x) =1t — ¢(x) = 0 we have [1]

Pg, ) = W2, 9) {(Y(g, 9)9%0 — v*%(8, 0)hg 30 + Y**(8 OTap 1} r=p(x)
with
u(g, ¢) = g7P0,50,s; (g, ©) = 8% — ™ gPP x50,

The Christoffel symbols of the metric g are denoted I'}z. We denote by n = (n4g) the Minkowskian
metric on R"*1,

PROPOSITION 1. For"/p —s+1<0,8 20, p > 1, there exists a neighbourhood U of 0 in

LET 542 RX R"YX ME ((R™) such that the map: (g — n,¢) — P(g, p) belongs to €' (U, ME_, 5+2(R™)).
Proof. Let us denote gag = nag + Aag, g% = n% + k*8 the maps (hag, ) — hqg © v belongs

to €' (L%Ts X ME5;NP_ | 5) (Lemma 2). The map ¢+ (1 + 1)~ /2 belongs to

N2 (YXR™) if Y=]-¢,4e[, 0<e<l, (r»)ENXR.

There exists a neighbourhood U of 0 in L;T 5 X M 5 such that the map ¥(g — n,¢) =
(g, v) — 1 belongs to €' (U, M5_; 5) with Y(U) C Y. Thus using Lemma 2 and Lemma 3 we
have: (2 — n, ) * (g, v)~ /> belongs to & (U, NE_ 5).

Using the same technique we prove that (g — 0, ¢) + v**(g, ) is a map of &' (U, N?_, 5)

Since the functions s, are elements of LE; T 5 +5, the functions d,£,4 belong to MA;'¢, , and
there exists a neighbourhood ¥ of 0in LT 5.+2 X ME 5 such that (g — n, ¢) » I'§ (g, ¢) is a map
of @' (V, M5 2 5+2).

From Lemma 1, we have: (g — 1, ¢) + P(g, ¢) is amap of €' (U, M{_, 5.2), Ubeinga
neighbourhood of 0 in L2 T 5+ X M% 5.

Remark. We have the same proposition for an asymptotically flat metric g such that
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g1 €M§+’T,6+2-

The formal linearization with respect to W of P(g, ¢) forg=n,¢ = 01is, [1], Py(n, 0).
¥ =—Ay, A is the Laplacian. Using the isomorphism of the Laplacian between M% 5 and
M?%_; 5.+, and the Proposition 1 we will prove, by a simple application of the implicit functional
theorem, the following
PROPOSITION 2.1 p > rey , 0 <6 <nt — 2 g, g _ s+1<0, there exists a neighbourhood
Uof0inLE:T g+2 (R X R™) (resp. M%:T 5 +2(R X R™) (resp. ME:T 5.+2(R X R™) such that for
g — nE U, the space-time (R"*, g) admits a maximal space like hypersurface S with equation
t—¢(x)=0,pEM; 5(R"). The map v is unique in a neighbourhood of 0 in M%) 5(R™).

Remark. For physical case (n = 3) we can choose p>3,5>2and 0 <6 <1 — %
For the existence and uniqueness of maximal non compact submanifolds results, in weighted
Sobolev spaces, have also been obtained, under different hypothesis and by different methods, by
M. Cantor, A. Fisher, J. Marsden, N. O’Murchada and J. York. [9].
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