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Abstract. A statistical technique is presented for determining the optimal sample size required to estimate
the true geometric mean with an allowable error at a desired level of confidence. Attention is focused on
its application in the monitoring of secondary efluent BOD, and SS. It is concluded that continuous
monitoring of effluent BOD; or 8S throughout the year may generate much more data than are required
for practical purposes. This statistical method may be used by operators or regulatory agencies to formulate
cost-effective monitoring schemes. Records of the sample size data of secondary effluent BOD, and SS
across Canada are also discussed.

1. Introduction

The question of sample size — i.e., the number of samples - is an important parameter
to be considered in the design of an effluent quality monitoring program. A recent survey
(Tables I and II) done by EPS (Environmental Protection Service) shows that in
Canada, 79.8 % and 68.4%, of activated sludge treatment plants have a sample size of
less than 40 in a year for effluent BOD, (biochemical oxygen demand at 5 days) and
SS (suspended solids), respectively. Ideally, effluent quality variables should be moni-
tored every day in order to obtain the true performance of a treatment plant and its total
discharges of pollutants into a receiving body. However, there are some constraints, for
example, manpower and money which limit the number of samples which can be
obtained. The problem is, then, obtaining the required accuracy in the estimate of a
parameter using a limited number of samples. The purpose of this paper is to present
a statistical model for determining the optimum sample size.

2. Optimal Sample Size Model

It is possible to make probability statements concerning the behaviour of an effluent
quality random variable if the form of the population distribution is known. It has been
shown (Dean and Forsythe, 1976; Niku et al., 1979) that the secondary effluent BOD
and SS data can be best described by a log-normal distribution. Standard statistical
calculations may be applied to log-distributed concentrations if their values are first
log-transformed. Therefore, where the log-normal distribution applies, the sample mean
of the logs of the concentrations X,,, ., will lie between u,, — Z, _ ., (6i,,/n"*)f and
Hinx + Zy _ o2 (65,/n*?)f with a risk of o. Expressing this as a pair of inequalities, one
can write:

Minx — Zy _ a/2(alnx/ﬁ)fs X < thnx + Z, _ oz/2(alnx/\/;l)f ¢))
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TABLE |
Sample size of secondary effluent BOD (Canada)

Types of plants Number of plants

0<n<40 40<n<100 100<n<200 200<n<366
Conventional 54 15 9 5
Contact stabilization 21 0 0 0
Extended aeration 85 6 4 0
High rate activated sludge 18 2 3 1
Overall 798% 10.3% 129, 2.7%
n = number of daily samples in a year (Source: Mundat, EPS)

TABLEII
Sample size of secondary effluent SS (Canada)

Types of plants Number of plants

0<n<40 40=<n<135 135<n<225 225<n<366
Conventional 46 14 7 18
Contact stabilization 18 1 0 0
Extended aeration 66 14 4 3
High rate activated sludge 15 3 3
Overall 68.4% 15.1%, 6.6% 9.9%

n = number of daily samples in a year (Source: Mundat, EPS)

with 100 « 9, significance,
where: X, = effluent quality variable (BOD; or SS), mg 1~ 1.

o li=n
Xy == 2 InX,, mgl-.
n

i=1

Y InX,, true mean (i.e. population mean)

of the logs of the variable, mg 1~ 1.
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0,.. = true standard deviation of the logs of the variable, mg 1~ '.

= number of daily samples collected or number of sampling days.
number of population = number of days over the period of interest.
finite population correction equal to [(N — n)/N]"2.

risk associated with a decision.

standard normal variate.
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The value of Z, _,,, may be obtained from the standard normal table. For instance,
if @ =5%, one can obtain Z, _,, = 1.96. 0;,, can be shown to be (Benjamin and
Cornell, 1970):

Oinr = /IN(V2 + 1) 7))

in which ¥V =y /o, = coefficient of variation; o, = true standard deviation of the
variable; and p, = true mean of the variable.
The antilog of the mean of the logs of the variable is known as the geometric mean.
The accuracy of the sample geometric mean may be expressed as:
error of sample geo. mean,
_ |sample geo. mean — true geo. mean |

Yo , x 1007, 3)
true geometric mean

Accordingly, one can express the errors of the upper and lower limits of Equation (1),
P, and P;, as follows:

€Xp [:ulnx + Zl — /2 (O-lnx/\/;l)f] — CXP i
exp Hin

P, % =

4)

PL’ % = €XP Uinx — €XP [:ulnx - Zl - a/Z(O-Inx/\/;)f] ]

€XP Hinx

%)

Hale (1972) also derived an equation similar to Equation (4). Wastewater treatment
facilities do not provide o, in their monthly and annual reports. Therefore, it is
necessary to express g;, , in terms of V. Substituting Equation (2) into Equations (4) and
(5) yields:

P, % =exp[Z; _,o/In(¥?>+1)/1/n-1UN] -1 (6)

P,% =1-exp[-Z, _, /(P> +1)/1n-1N] (7

Since the log-normal distribution is skewed to the right, the distance from the upper
limit to the true geometric mean is larger than that from the lower limit. Therefore, for
a given sample size, P, is less than P,. Equation (6) can be rewritten as:

2 2
= Z7 _ oI (V2+1) ®)

n2(1+P)+ Zi_opn(VZ + 1)
! N
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3. Discussion

From Equation (8), one can determine the optimum sample size required to obtain
sample geometric means within a predetermined accuracy with a confidence of
100 (1 — 2)%,. This can be approached by answering the following questions:

(1) How much variability is presented in the population of the effluent variable?

(2) What size of risk () are we willing to take of incorrectly choosing n?

(3) How close do we wish to have the sample geometric mean to the true geometric
mean?

If numerical values can be estimated for the above questions, then the sample size
may be determined. Variability of effluent BOD; or SS may be measured by the
coefficient of variation. The value of the coefficient of variation may be taken from past
experience or estimated from other similar plants (Niku efal, 1979). Lin (1974)
performed statistical analyses on secondary effluent BOD; and SS daily data of 13
activated sludge treatment plants across Canada and the northern United States; and
Niku and Schroeder (1981), 43 activated sludge treatment plants across the United
States. Activated sludge process types included in Niku and Schroeder’s work were
complete mix, conventional, step feed, contact stabilization, plug flow, and extended
aeration. It is found from Niku and Schroeder’s and Lin’s studies that the range of
values of the coefficients of variation on a long term basis (i.e., sample sizes ranging
from 200-365 in one year) for effluent BOD, is 0.32 to 1.27 with an average of 0.67,
while for effluent SS values range from 0.32-1.70 and average 0.81.

Figure 1 shows curves of the optimal sample size calculated by using Equation (8)
for a = 5% and N = 365, and illustrates several important points. It can be seen that

50( V=1.70 Coeff, of variation, V
BODsg S8
r max, 127 170
ave, 087 0.81

0.32

0.32

80 160 240 320
SAMPLE SIZE, DAY

Fig. 1. Error of annual sample geometric mean vs sample size with 959, confidence.



SAMPLE SIZE OF SECONDARY EFFLUENT BODs; AND SS§ 181

a size too small would not give the desired accuracy, and for a given accuracy with a
level of confidence, the optimal sample size increases with the coefficient of variation.
For instance, to obtain an error of the annual sample geometric mean within 109, with
959 confidence (i.e., 959 of the time), for ¥ = 0.32, the optimal sample size is 40 in
a year, and for ¥ = 1.27, about 200 in a year. It may be of interest to note from Table I
that in Canada, approximately 80 %, of activated sludge treatment plants have a sample
size of less than 40 for effluent BOD., but only about 3%, of the plants have a sample
size of greater than 200 in a year. As mentioned earlier, 0.32 and 1.27 are the minimum
and maximum values of the coefficients of variation of effluent BOD, observed in
activated sludge treatment plants, respectively. An implication of this is that any
activated sludge treatment plants with a sample size of greater than 200 in a year for
effluent BOD, observations may achieve an error within 10 %, for 959 of the time, and
that for those with a sample size of less than 40 in a year their annual sample geometric
means error of the upper limit of the 959, confidence interval will be greater than 109;.
The maximum optimal sample size of effluent SS is 225 in a year for a plant with
V=170 (Figure 1). It is clear, therefore, that continuous effluent BOD; or SS
monitoring throughout the year may, depending on the value of V, provide much more
data than are required for practical purposes.

Figure 2 depicts the relationship between the sample size and the error of the monthly
sample geometric mean. It was plotted by using 30 days per month and values of the
long term coefficient of variation for comparison purposes. One can see that it takes
about 18 daily samples for a plant with ¥ = 0.32 to achieve a desired accuracy at an
error within 10 9, with 95 %, confidence; with V' = 0.67, 25 daily samples; with V' = 1.27,
28 daily samples. This indicates that even for a plant that has most stable performance
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Fig. 2. Error of monthly sample geometric mean vs sample size with 95 %, confidence.
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(i.e., V' = 0.32), it almost requires a continuous sampling program during weekdays if
the desired accuracy of the monthly geometric mean is set at an error within 109, at
a 959, level of confidence. Thus, any attempt to obtain short term averages of effltuent
BOD; or SS with reasonable accuracy may be costly.

The aforementioned discussion is based on the log-normal distribution of the random
variable X. If the random variable is not log-normally distributed, practical implications
of the central limit theorem provide for continued use of Equations (1) and (8). The
central limit theorem states that the distribution of the sample mean approaches the
normal distribution as the sample size n increases, even when the parent population is
not normal. It would be plausible to assume the normality for the distribution of X,
if n is greater than 4 (Bendat and Piersol, 1971).

4. Summary and Conclusion

On the basis of the assumption of random and independent observations from a
log-normal population, a statistical model for determining the optimal sample size of
secondary effluent BOD; and SS has been presented. This model is also applicable to
anon-lognormally distributed effluent variable if its sample size is large. The model can
be used by a plant operator or a regulatory agency to formulate an effluent monitoring
plan for an individual municipal or industrial wastewater treatment facility, based on
actual historical operation data.

To achieve an annual sample geometric mean error within 109 at a 95%, confidence
level, the optimal sample sizes for activated sludge effiuent BOD4 have been found to
range, depending on the coefficient of variation, from 40-200 in a year; and for effluent
SS, from 40-225 in a year. In Canada, most activated sludge treatment plants have a
sample size of less than 40 in a year suggesting their annual true geometric means have
not been accurately estimated.
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